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INTRODUCTION

1.1 INTRODUCTION :

Syandard statistical methods were developed on the
assumption that elements of the population under study from
wﬁich samples are drawn are identically and independently
distributed. These properties can be ensured when samples of
elements are either drawn from infinite papulation or with the
help of simple random sampling with replacement, in the case
of finite population. The assumption of independent - selection
of elements (and hence independence of observations) greatly
facilitates in obtaining theoretical results of interest.
Also, the assumption of independence yields mathematical
simplicity that becomes desirable as we move from simple
statistics such as mean to complex statistics such as ratios,
proportions etc. Independence is often assumed automatically
and needlessly, even its relaxation would permit broader

conclusions.

Although independence of sample elements is typically
assumed, it is seldom realized in the procedures of practical
survey work. Randomization of the sample would be unnecessary
if the population itself were randomized, but "well mixed

urns" are seldom provided by nature or created by man.

 One of the most striking features of developments in
statistics is the rapid growth of interest in sampling
methodology covering both theory and practice. Survey sampling

has significantly helped in providing estimates of important
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population characteristics for scientific planning. Early :
landmarks in the literature of sampling theory were papers
byTolhvpW(1923), Neyman(1934), Mahalanobis(1944), and VYates
(1946). Five classics in five years were Yates(1949), D;ming
{193Q) Cochragn—~ (1953), Hansen et 2al.(1953) and Sukhatime
(1954) who outlined the boundaries that have broadly defined

the develaopments of methods in this subdiscipline of

statistics.

‘Generally, the literature of survey sampling concentrates
on providing estimates of simple statistics like mean and its
standard error and consequently confidence intervals. Although
recently methods for estimation of complex statistics from
complex survey designs were developed but s5till there is need
of further refinement and development. Inferences based on
standard errors are acceptable on the assumption that survey
samples are large enough toc vyield the needed approximate
normality in spite of non—independence of cbservations.’
Standard errors should be computed in accord with the
complexity of sample designs, neglect of that complexity may
be source of seriocus bhias. On the other hand, trying to cbtain
more exact but complicated statistics than standard errors

would become two difficult for complex selection designs.

1.2 BASIC PROBLEMS IN CATEGORICAL DATA ANALYSIS @

There are mainly two types of problems encountered in
categorical data analysis. These are (i) Measures of

association, by which the degree of relationship between any



two variables can be measured (ii) Testing of hypothesis,
under which various hypothesgs of interest can be tested. The
development in case of measures of association is confined to
same specific areas, where as, testing of hypothesis in.
categorical data analysis is widely applied. The categdrical
data analysis in survey sampling is mostly confined to the
testing of hypothesis because of its practical utility t&
study the structure of the population under consideration and
drawing inferences accordingly. Broadly, there are three types

of inferential problems in case of categorical data analysis

from survey sampling.These are :

(i} To test whether the sample proportion is equal to a
certain fixed proportion.
{ii) Testing of independence among categorical variables,

(iii) To test the homogeneity among a set of proportions.

The above mentioned problems generally occur in  many
large scale surveys. For example, and investigator may wish to
compare sample proportions for categories of variables such as
proportions of farmers growing high vyielding varieties of
crops with known population proportions from the previous
surveys. This can also be wused to check the quality of
sampling as used by Brackstone and Gosseline (1973).  More
generally, we might make comparisaons among several different

surveys from the same population or among different regions of

a country or among similar surveys from different countries of

the world. The problem of testing independence among

]



categorical variables is very common in almost all surveys.

1.3 TESTING THE HYPOTHESIS :

Karl Pearszon in 1900 introduced goodness of fit test.
which had a revolutionary impact on categorical data analysis
as it was the first inferential statistical method. This test
statistic was susequently used for testing the independence of
attributes. Later on likelihood-ratio test also gained
popularity for same type of testing problems and it was proved
that this test also follows chi-sguare distribution with the
same degrees of freedom as original chi—sguare test. BGeneral

method of application of these tests are discussed below.

1.3.1 CHI-SAQUARE TEST AS GOODNESS OF FIT @

Consider the null hypothesis {Ho} that k paramétersgﬁgntﬁy‘

of a multinomial distribution are equal to certain fixed value

k
£ Ja-vhere r._ = 1. Under Ho, m = n r , i=1,2, =< —5k..
{”éﬁogﬁv;‘h z(-.:a io ) i i io? S
»

where mitgwxhe expected number of observations in the i-th
category. For the sample counts {nt}, Pearson proposed the

following test statistic: ;

(n.--m.)2
k i
=g .
i=1 i

For large samples, X*has approximately, a Chi-squared null
digtribution, with k-1 degrees of freedom. The above

statistic. is called Pearson Chi-sguared statistic.



For a multinomial sampling of sample size n, ntbas the |

binomial distribution with index n and parameter_ r . For

large n, by normal approximation to binomial, nijand P, = niin)-
has approiimate normal distribution. More generally, by the :

central limit theoYfw. the sample proportions p anén

———— nkbg)' have approximate aultivariate normal}*

+

distribution. Let z%rdenate the covariance matrix under null

——

hy?oth951s af Yn p, and let r, = (rlo———, fﬁ—uo’ Under, -~ Hs,
since n(p—ro) converges to N{(O, ED) distribution, the
quadratic form.
» ~1 -
n {p ro) r . r.)
has distribution converging to Chi—square with k—1 degrees of

freedom. The covariance matrix of vn p has elements

o.. = ~-r.r. if ifk3
ij i 3

ri(1~ri) if i=j

-1 E S
The matrix ¥  has (i,j)th element when i#3 and
ko
R T 1
{ - + - ) when 1 = j. This can be varified by -
B - ko

putting E,E.—’ = I With this substitution direct

calculation simplifies to .

1.3.2 CHI-SQUARE TEST OF INDEPENDENCE :

In two way contigency tables with multinomial sampling,

the null hypothesis of statistical independence is H°*-¥~q,

ri+‘ﬂpfor all i and j. To test Ho, we could use Pearson xz‘

statistics, with o,  =n r . = ar, r .2 where m is the
IR P A 14 +] i

<



expected number of observation in the (i,i) — th cell. Let B, 25

= np, p+j . The X®’statistics then equals

Pearson (1900, 1922) claimed that replacing {mij} by estimates
{é;j} would not affect the distribution of X2. Since, there
are k=1J categories for cross classification, he argued that
X2 would have asymptotically Chi—-square distribution with df =
IdJ-1. On the contrary, since {mt.} are determined by

i
estimating {ri*} and {r+j ¥s the Chi-square distribution has

df = (Id-1) - (I-1) - (J-1) = (I-1} (J-1}

The dimensions of £Fi+} and {r+j} .reflect the constraint
~E»ﬁtgw3**hz S Pearson’s error was not pointed out until 1922
St 5 Pl LN
i i

by R.A.Fisher, in an important article that helped tn clarify

geometrically the notion of degree of freedom.

1.3.3. LIKELIHOOD - RATIO TEST :

- The likelihood ratio test is a general purpose way of
testing a null hypothesis Ho against an alternative hypothesis
Ha. In this test, the likelihood is maximized under Ho, and
alspo under the condition that Ho or Ha is true. Let A denote
the ratio of mavimized likelihoods, which can naot e)ceed. 1.
Wilks (1935, 1938) sﬁowed that — 22log A has 1limiting
chi-square distribution under Ho as n + w . The degrees of

freedom equal the difference in the dimensions of the



parameter spaces under HoUHa and under Ho.

For the multinomial sampling in a contingency table, the
kernel of likelihood is 0. r . ", where »r >s0  and

1 i
N - T "='].1 -
zlzjtij (-4
F

Under Ho, independence {(all rij = r,+r+j), the 1likelihoodis
i .

n, n . n n .

~ 14 + § ~ i+ +j
maximized when r, = —— and r = s SO v, = .

BRI * n v n?

. In the general case, the likelihood is maximized whggﬁgiﬁ,=Anij/n

The ratio of the likelihoods equals

nij
o, 0, tn;, ngy)d

n n
n T 0n ij
i

It follows that Wilk's statistics, denoted by G?, is

nij
& = -21logA=2FFn . log
iy ) ﬁij
~ P+ P
where { @J = }—————;———— are estimated expected
frequencies under the assumption of independence. This
statistic: is called the likelihood ratiao chi—-square

statisticsr. The larger the value of ”E’; the more evidence
there is against the null hypothesis. For large sampleg, éz%as
a chi-squired distribution under Ho with df = (I - 1) d - 1).
When independence holds, the pearson statistic; xz and
likelihood ratio statistic 6 have asyaptotic chi-square
distribution with df = (I-1) (J-1). In fact, X> and & are

asymptotically equivalent . In that case X2 - éz converges in

prubability to zero.



data

i)

ii)

iii)

METHODS OF SAMPLING IN CATEGORICAL DATA ANALYSIS :

All the methods of sampling in the case of categorical

can be broadly classified into three groups given below:

METHOD I : Many of the tables obtained from survey data
are abtained by what is sometimes known as method I
sampling. Here, the only frequency which is pre-set is

the total frequency. Other frequencies in the table

"become known only after data have been collected and

tabulated.

Method II 3 In this method of sampling the sample sizes

"to be taken from several populations are fixed, i.e.

marginal frequencies for one of the variables involved

are fixed and classification on the other variables

becomes known later. Stratified sampling and cluster

sampling give rife to tables of this type.

Method III : Method III sampling occurs particularly, in
controlled comparative trials. Marginal frequencies for
one of the two variable typically a 'type of treaflment'
variable, are fixed in advance, but the selection of
which units are to receive which treatments is made at
random by the researcher, that is, classification on this
variable is not an inherent property of the units, but
something controlled by the researcher. This method of
sampling might occur in studies of survey methodology,

for example in the study to compare face—-to—face and



telephone interviews, when we might fix the number of

interviews of each type in advance and determine
randomly, exactly whot is to be given each type of
interview.

The sampling scheme has a bearing on the theoretical
model describing the table and on which methods of
analysis are appropriate. Sampling method I is also known
as multinomial sampling model, and sampling method II as
product—mul tinominal, though strictly these terms apply

only to simple random sampling with replacement.

1.5 EFFECT OF CLUSTERING, STRATIFICATIDN AND WIEGHTING :

In most surveys the assumption of independence is far
from realistic as discussed above. Any large scale survey
in=valves either stratified multistage or cluster sampling and
correlations between units in the same cluster or stratum can
have substantial impact. There are two reasons which are
mainly responsible for wide spread application of cluster
sampling. Although, the first intention may be to use the
elements as sampling units, it is found in many surveys that
no reliable 1list of the elements of the populatiaon is
available and that it would be prohibitively expensive to
construct such a list. Even when the list of individual units
is available, economic considerations may point to the choice
of a larger cluster unit. When cost is balanced against
precision, the larger unit may prove superior. For example, a

sample of farms independently and randomly selected is likely



to be scattered over the entire area, and thereby provides =a
better cross-section of the population than an equivalent
sapple of the same number of farms clustered together in few
villages for which observations are likely to be correlated.
On the other hand, it will cost more to survey a widely
scattered sample of the farm than an equivalent sample of
clusters of farms, since the additional cost of surveying a
neighbouring farm is small as compared to the cost of both
locating and surveying a second independent farm. Survey
designs involving two or more stages of selection, in which
the universe is divided into primary units is followed by
additional stages of selection, may be considered to be
clustered samples as well. Hence, the sampled primary units
forming the clusters, are used for the purpose of estimating
sampling variability. A common situation of eclustering occurs
in otherwise simple random samples when units of the sample
may contribute more than one observation to the cross
classification. For example list of the households of the
village may be available andfganple from this may represent
simple random sample for all practical purpose. Data collected
on a household basis could appropriately analysed as if from a
multinomial distribution. At the same time collection of data
on more than one person in the household would lead to a
clustering effect. As pointed out earlier due to the
clustering any standard technique which will be applied to the
data will not only give the distorted picture of the situation

but also mislead the researcher appreciably.
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Stratification covers a lardge class of circumstances in
which seme data is known about the universe prior to sample
selection, the universé is grouped into strata on the basis of
these data, and samples are selected from the strata
separately. In many applications, the stratification actually
reduces'variance#elative to simple random sampling. 1In one
special case, the strata are identical to the levels of one of
the variables in the analysis. As long as multinomial samples
are selected from each, maximum 1likelihood theory gives
generally the same results as for the simple multinomial
distribnution, for most log-linear models. In other cases,
however stratification may have effects on the variance that
are omitted from the standard maximum likelihood analysis. On
nan§ occasions, samples are selected at different sampling’
rates from individual strata. A common rationale of
differential probabilities of selection 1is to increase the
reliability for special subgroups of the population. In order
to represent consistantly the original population, weights are
typically applied to the observations, usuoally the ihverses of
the probabilities of selection or closely related quantities.
Differential weights make any of the results from maximum
likelihood theory for the multinomial distribution difficult
to interpret without further adjustment. Once an appropriate
representation of the sample designs 3is found in terms of
replicate observations weighted date. presents no additional

difficulty.

1.6 DESIGN-BASED INFERENCE FOR LOG-LINEAR MODELES :

11



Common analytic models, such as 1linear redression,
log-linear nmodels, and gdeneralized linear rodels were
initially developed in the context of explicit stochastic
nodels, for example, the normal or multinomial distributions.
Developments in "robust” estimation avoid specifie
distributional requirements, but often maintain assumptions
not typically encountered in survey sampling, for example,
that the error terms of the models are independent and .
selected from a symmetric population. Many researchers
familier with one or more of these analytic models have
applied them directly to sample survey data without
recognition of the possible consequences of the sample design
on the wvalidity of inferences based on the usual

distributional assumptions.

Log-linear models, which expresse the logarithm of the
expected frequencies for categorical responses as a linear
function of unknown parameters, encompass both factoral
models for cross-classfied categorical data and logistic
models for one or more dependent categorical or continuous
predictors. Bishop, Fienberg and Holland (1975) provided one
‘ of the earliest books in this rapidly expandindg field. Many
log-linear models, particularly those for fully
cross—-classfied categorical data, involve a large number of

paraneters. The three most typical problems of inference are.

i) To compute standard errors and confidence intervals for
the individual estimated parameters.

ii) To test the significance of the contribution of specific

12



sets of parameters to fit the nodel.

1ii) To test the overall goodness-of-fit of the nodel. In
the context of simple random samples, standard results in
maxinﬁm likelihood theory provide: an answer to these
questions, although Pearson Chi-square test rightfully
enjoys greater popularity than the likelihood-ratio

chi-square test as a solution to the third problem.

The effects of complex sample designs on the analysis of
categorical data have received considerabie attention. Complex
sampling designs typically seriocusly affect the Pearson or
likelihood ratio chi-square tests for categorical data models.
A number of alternative tests have been proposed under various
sets of assumptions about the nature of complex design. Three

approaches described below represents general solution:

1.6.1. THE WALD TEST : The wald test was proposed by Koch,
Freeman and Freeman in 1975. It incorporates an estimate of
the covariance matrix of the estimated cell frequencies into
both estimation under the model and testing. Although this
approach was the first of the three general solutions to be
introduced, the specific manner in which ‘the estinated
covariance matrix of the estimated cell probabilities is
incorporated 1leads to appreciable instability in nany
applications. Recently some modification to the wald test was

proposed to lessen the effect of this source of variability.

1.6.2. ADJUSTHENT TO ORIGINAL CHI-SQUARE : -
13



This procedure was proposed by Fellegi (1980) and Rao and
Sott (1981, 1984, 1987) and employ the standard estimation
methods of maximum likelihood estimation applied to the
weighted. cell estimates as if they were cell counts from a
multinomial distribution and adjustments to the usuel
chi—square test was done accordingly. Two principal forms of
these procedures are available. In the first, relationships
‘between the variance under the multinomial distribution and
the sampling variance under the complex design are examined
for both the cells and margins. These relationships are then
incorporated inZto an adjustment factor by which chi-square
tests are divided. The procedure compares the resulting
chi—square test to the chi-square distributed on the same
number of degrees of freedom as appropriate under multinomial
sampling. The method is particularly useful in applications to
the published tables if the required information about the
variances under the complex design for the cells and marginal

table is also available.

The second method proposed by Rac and Scott inlcorporates
an’ estimate of the covariance matrix under the complex design
for the cells of the estimated cross—classification. In
practice this method requires returning to the original data
to -campufe the estimated covariance matrix, since such
matrices are rarely published. The method is again based on an
adjustment to the original chi-square tests, but in this case
both the test statistics and the original degrees of- freedom

are altered and interpreted according to an approximation due

14



to Satlerthwaite (19446). The second method requires more
extensive calculations than the first, but its perfaormance is
sufficiently superior that it clearly represents the preferred

method over the first, when such calculations are possible.

1.5.3. THE JACKKNIFED CHI-SQUARE TEST :

It was proposed by Fay(1985) and employ. replication to
determine the effect of complex sampling design on the
original chi—-square or likelihood tests. This method also
emplofés standavd maximum likelihood estimators applied to the
observed cell estimates, as do the methodsof Reo and Scott.
The behaviour of the chi-square test recomputed aceording to a
replication method reflecting the complex sample designiSused
to derive a3 new test of significance. In practice, an
application of the Jackknifed test reéui;és access to the
original data in order £o form the necessary replicate

: gsamples.

1.7 VARIARCE ESTIMATION ARD INFERENCE :

" Complex sample designs usually involve selection schemes
that lead- to statistical dependence among the selected sample
units. Often, this dependence takes the form of a positive
correlation between members of the sample. This positive
correlation leads to negative bias in estimates of wvariance
based upon the assumption of simple random sampling.: To
produce at least approximately unbiased estimate of 'vaiiancé,
aspects of sample design w=must be taken into account in

estimating variance. The following design elements have an

15



impact on the estimation of variance and will be discussed =

i) Hith or without replacement sampling
ii) " Stratification

iii) Unequal probability of selection

v) Multiple stages of selection

v) Certainty selection of clusters

In spite of the fact that most complex sampling designs have a
net increase in variance over simpler sample designs, certsin
aspects of the sample design can actually result in a decrease .
in variance. The use of without replacement sampling is one of
these, under simple random sampling, the variance 1is reduced
by a factor equal to one minus the sampling rate. In nore
complex sample designs, an analogous situation exists. For
simplicity, estimates of variance are calculated under the
assumption that with replacement sampling has been used’
because in without replacement sampling unbiased estimates of
variance require known joint probabilities of selection of all
sampled units. Formula based upon with replacement sampling
reéuire knowing only the probability for selection of each
sampled units. Additionally, sampling past the first stage is
not explicitly taken into account in with replacement
formulas, since this is not necessary for obtaining unbiased
variance estimates when with-replacement sampling of first

stage units is used.

The simplicity of variance estination wunder the

assumption of with-replacement sampling has a price. Ghen

16



with-replacement formulae are used for without-replacement.
designs, the variance estimates are biased. This bias is
actually equal to two times the reduction in variance brought

about by using without replacement sampling. This results
in an interesting paradox. Without-replacement sampling is .
used to lower variance, but easiest approach to variance
estimation results in treating estimates as if they were less
precisely measured than would have been the case had with
| replacement design been used. Often, the first-stage sampling
rﬁte will be low enough, or first stage component of varisnce
small enough, that is reasonable to assure this effect will

not be too dreat.

Often, prior to selecting the sample, the population is
grouped into strata based upon characteristies thought to be
related to wvariable or variables of interest. This
stratification usually reduces the variance of the population
estimates. The stratification of the primary sampling units
can be taken to the point where only two are selected from
each stratum. This allows maximum stratification to be used
while still allowing for the estimation of variance. If the
stratification 1is ignored when variance is estimated, a
positive bias will be introduced because the resulting
estimate of variance will contain a "between Strata variance
component. When. stratification has been carried out to the
point where only one unit is selected per stratum this
"between strata” component is not easily avoided. 1In this

situation similar strata are combined so that a “within

17



strata” variance component can be estimated with what is hoped

to be a little, albeit positive bias.

The above discussion is for the estimation of variance
for linear statistics. Most statistices of the interest grg not
linear. Generally, we apply approximation method for the
variance estimation in the case of non-linear statisties. In
sunmary, approximate variance estimators are required for the
following reasons.

i) No explicit variance estimator is available because.
design does not allow for one in the case of systemsatie
sampling or one PSU per stratum designs.

ii) AdjustmentS have been made to sample weight

iii) The variance of non-linear estimator is desired
iv) It is too much trouble to use one of the exact

formulsa.

[

1.7.1 ALTERNATIVE APPROXIMATE ESTIMATORS :

Two different approaches are currently in widespread
use for the estimation of survey sampling errors for complex
parameter estimators, namely 1linearization and replication.
The method of linearization provides a general approach
through the use of linear approximation to the nonlinear
estimation of interest. Explicit formulas for the sstimate of
variance for these linear approximations can be desired.
Variance estimation is achieved by estimating the variance of
a linear combination of simple estimators whose variance is

close to that of the copnplex estimator of interest. It is

18



important to keep in mind that the linearization approach does
not actually yield an estimate of variance. Instead <the
linearization approhch provides a linear approximation to the
quantity for which variance is to be estimated, after which
the usual text book formula for variance of a linear

statistics 1e¢ applied.

, Replication (sample re-use) methods repesat the
estimation process on a sequence of subsets of the full
sunmnary data set; and then compute the wvariasnce from the
variation samondg these subsample estimates. The available
replication methods differ as to their specification of sample
subsets or replicates and subsequent variance estimation
formulae. Three general approaches in use are known as
balanced repeated replication (BRR) or balanced half-sampling,
Jackknifing or Jackknife repeated replication, and
bootstrapping. Each method has variations of application which
affect the number of replicate estimates derived in a given
case.

Even for relatively simple quantities like mesns and
totals, +typical survey estimators involve the use of
non-response and ratio adjustment to the weighting, resulting
weights that are random quantities, dependent upon the sample
actually selected. A question to be addressed when comparing
linearization with replication is relatively contribution of
these adjustments to the variances of the parameters
estimates. While linearization can be undertaken in a manner

accounting for this weight variability, such variance
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estimation does become cumbersome, whereas it renains
relatively straight forward with replication. On the other
hand, if the variablity in weights can be safely ignored, for
many parameters estimated from surveys, linearization can be
undertaken straight forwardly in a much less computationally
intensive manner than replication. Kish and Frankel(1974)
sugddested that the contribution of such variation in weights
to variation can reasonably ignored, whereas Lemeshow (19879)
cautions against this. Lemeshow's finding from simulation
studies sugdgested that a substantisl increase in bias and
variance of variance estimates could result from ignoring

variability in weights.

1.7.2. INFERERCE :

A number of investigations have been conduncted into
the properties, both theoretical and empirical of
linearization and replication. Though these studies did not
investigate the effect of non-response and post-stratification
adjustments, the results are still of some interest. Important
among the empirical studies are the work of Kish and Frankel
(1874) and Frankel (1971), who undertook a lardge scale
empirical study comparing properties of linearization, BRR and
the Jackknifing. They concluded that there was evidence that
linecarization gave some what greater accuracy (as measured by
mean square error) in variance estimation, but that
replication methods and in particular BRR, gave confidence

interval coverage which has slightly closer to the noninsal
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coverage rate. Subsequently investigations have in the nain
concerned on the aspects of bias and precision of variance
estimation. It‘was showed that Jackknifing in a number of
forms and linearization were almost equivalent, while BRR was
not nearly as equivalent to the other two procedures. These
results were mnmainly for multistage designs in which two
primary sampling units (PSU's) are selected independently per
stratum. For ratio estimator, many studies concluded that all
methods performed weli when the coefficient of variation Ffor
the denominator, was below 10 percent, with a larger
coefficient of variation for the denominator, BRR and the
bootstrap became substantially positively biased, while
linearization and Jackknife variance estimators showed slight

negative bisas.

One might régard the results of such investigations
as indications that the less biased methods of linearization
and Jackknifing are superior to BRR in terms of the resulting
quality of variance estimation. Since the practical advantages
and disadvantages of BRR are similar to +those of the
Jackknife, if this conclusion is well-founded then it seems
that BRR should begin to lose favour. However, it wmnust be
renembered that the primary purpose of variance estimation in
surveys is for making inferences about the parameters of the
population, rather than about sampling errors. Thus, as
suggested by Kish and Frankel (1974), the coverage of
confidence intervals formed from variance estimates would seen

to be of primary importance in assessing the relative nerits
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of variance estimation technigues. Such assessment involves
consideration of the joint properties of the. parameter
estimate and its variance estimate, making investigation of
this issue complex. Investigation suggests, in considering
confidence intervals, BRR was some what superior to
linearization and Jackknifing. Studies also indicate that

use of the confidence interval coefficients derived from an
appropriate t-distribution may improve confidence interval
coverage.but that the use of the number of strata as the

degrees of freedom may not always be appropriate.

Thus, in considering the relative gqualities of these
different methods of variance estimation, further developments
and emperical investigation appear warranted. Such studies
should also include lconsideration of bootstrap methods to
assist in determining situations in which these present a

better practi@l. alternative than the established methods.
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REVIE¥ OF LITERATURE

2.1 REVIEWOF LITERATURE :

The early literature on categorical data analysis deslt
primarily with summary indices of association. The subject
sparked heated debate among statisticians such as Karl Pearson
and G. Udny Yule about how association should be measured.
Pearson (1804, 1813) envisioned continvous bivariate
distributions underlying cross-classification tables. He
believed that we should describe association by approximating
a measure such as the correlation for that underlying
continuum. His tetrachoric correlation for a 2 x 2 table -was

one such wmeasure. Suppose a bivariate normal density is

collapsed to a 2 x 2 table having the same margins as observed.

table.The tetrachoric correlatioqis the ~ value of the

’ cotrelation P in the normal density that would produce oaell -

probabilities equal te sample c¢ell proportionas. Pearson’s
contingency coefficeint was an attempt for I x J tables to

approximate an underlying correlation.

Yuole (1800) preferred to work with the defined category
structure. Yule's perspective led him to define & =
(6-1)/(6+1) as a measured association for the 2 x 2 *table,
where 6 is the cross product ratio. Yule believed that it was
possible to define meaningful coefficients without assuming

anything about underlying continvous distributions.
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Pearsén's approach relates closely to the 1literature of
psychophysical paired -comparison experiments, as reviewed by
Bock and Jones (1868). In such experiments each subject is
asked to choose that member who is exhibiting the most defined
attribute between a pair of stimuli. Each subject nay Jjudge
one or many pairs, singdle or multiple times. Responses to a
single pair may vary, across subjects or from time to time for
a given subject, in accordence with a continéous probability
distribution of percieved within pair stimulus differences.
Proportions of choices within pairs exihibiting different
physical stimulus differences are used to draw inferences
about underlying probability distributions of perceptions.
Such experiments are attributed to phﬁsiologist Vierordt, who
utilized a standard stimulus as one member of each pair. They
become prominent in the mid-19th century through publication
by his student Hegelmayor (1852),and extensive development by
Fechner (1860)using the Gaussian distribution.

Cross—-tabulation of the same subjects responseé to each of: two

‘stimuliks paire thus gives & double dichotomization .of.oar
bivariate contineous distribution which was turned 201';;8 “‘be
compatible with Pearson’s approach although analysis‘ was+* mot
conducted from that point of view at the time. Hesponses :of
two sets of subjects to different pairs produce. 2 x -2 :table

in which one dimension is non-stochastie due -to' - the

exPerimbntaI‘désign while, within each level, distributions of
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the other differing only in location are partitioned at =zero.
The analysis of these “constant method ° experiments was
considered by . other statisticians of the time, notably
Spearman (1808) and Urban (1808) who gave 1least square,
solution. Twenty years later Thurstone (1827 a, b, e, 1828)
provided a ¥igorous mathematical underpining to psychological
scaling, in which underlying contindous distributions
generating quantal response data were fundamental. These and
subsequent writings of Thurstone have been compiled
{Thurstone, 1858), and - * further development in the area of
paired comparison experimentation is reviewed by Boeck and
Jones (1968), David (1863) and Bradley (1976). The Bradley -
Terry - Luce (Bradley and Terry, 1852; ILuce, 1959) 1linear
model for logistic transform of choice proportions has played

a major role in this evolution.

If the stimulus difference from standard is identified
with same measures of dose of a pharmocologic agent, and the
paired-choice replaced by a biological quantal responze such
as'death, the statistical issues underlying paired choice-
psychophysibal experimentation are seen as quite close to
those of quantal bioassay. There an attempt is made to measure
the potency of a drug in the face of considerable biological
variation in respornsiveness of which only a quantal indicator,
usually of destructive nature, is observable. The concept of
percieved stimulus level transmutes to that-of +tolerance”™, =a

hypothetical dose level minimal to elicit the quantal response
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from a given animal under experimental conditions.

Thurstone’'s’. discriminal process becomes a . tolerance
distribution® across animals. Each of several doses is
administered to a (usually different) set of animals, and
propoitions of responses to each dose are utilized %o draw
inferences about tolerance distributions. A measure of
location of an estimated tolerance distribution, often the
- medium (called LD50 or ID50 for a 80X 1lethal or effdctive
dose), is used to summarise the potency. Using the Gaussian
distribution of underlying tolerances, Gaddelum (1933), Bliss
(1934, 9,b, 1835) =and Fisher (i935), introduced probit
analysis.HMotivated by both theordtical considerations and
computational rigop¥ of probit analysis Berkson recommended
substitution of very similar logistic for Gaussion tolerance
distribution inaseriés of papers from , 1844-1853. Such logit
analysis could be accomplished by solution of linear equations
as opposed to the iterations necessary for probits, because of
similarity of the two tolerance distributions, essentially the
same results are almost always obtained. Gurland et. al.,
(1960) introduced a multicatedgory logit analysis. Finney
(1971) provides acomprehensive discussion of quantal bioassay

methods

Logolinear model analysis has rapidly become a major tool
of statistical practice for deciphering maltidimensional

contingency tables arising through product-multinomial or
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product-Poisson sampling. It is widely accepted that the
general multiplicative model provides a natural framework for
exploratofi examination and testing of various hypothesis of
statistical indipendence among variables or related
distributional homogeneities, while within this framework many -
generally interesting parameterizations of patterns of
dependence are available. Dyke and Patterson (1852) used logit
analysis to model proportions pertaining to good and poor
knowledge of cancer facts, in relation to a linear combination
of categorical prédictors involving exposure to media. This
application substantially departed fvom the earlier literature
in that the concept of stimulus or dose no londer proceeded
directly from the problem or a natural model for it, but it
was simply an index of multiple gqualitatively distinect
categorical contributors. Truett et al (1967), in an effort to
develop multivariate predictive insights from the Framinghan
heart study data, examined a quantal model where cases and
nomals (classified as such after longitudinal observation) are
described by vectors from contindous multivariate normal
distributions with different means and equal covariance
matrices. Walker and Duncan (1967) gdave maximum conditional
likelihood solution based on the product binomial logistic
nodel. Their method and related extension of Theil (1968) for
nultinomial data allow qualitative as well as quantitative
predictors. Bishop (1969) demonstrated the identity - of
logistic models with only qualitative predictors and certain

log linear models Ffor multiple ecross-classificctions. Later
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Grizzle and Williaos (1972) further elucidated the
relationship. Nerlove and Press (1973) developed a logistic
nodel for multiple dependent variables based upon an
underlying log 1linear equal association structure, and a
linear model for the relationship of log linear main effects
to categdorical or continbdous exogeneous variates. Lachenbruch
(1975) and Goldstein and Dillton (1878) gave the details of

discrete discrimination.

" There was controversy over apprbpriate definition of
association. Bartlett(1835) used the ratio of cross—prdduct

ratios in layers of a 23

table to measure second order
interaction, and Norton (1945) extended this idea to the 2 x 2
table. Lancaster (1951) commenced development of an entirely,
different approach, based on chi-squared partitioning using

marginal distributions.

Goodman and Kruskhal (1854, 1958, 1863,1872) clarified
the situation for two dimensional tables, but the three way
problem proved much more difficult. Roy and Kastenbaum (1858)
defined second-order interaction in an r x s x t table
following Bartlett s approach. Their paper represents one of
several important contributions by Roy and his students some
of whom among others were Bhapkar, Diamond, Mitra and Sathe.
The use of factorial design contrasts among logs of cell
p}obabilities to define all orders of interaction in higher

dimensional table is apparently due to  Good
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(1958,1960,1963,1965) and was further elaborated by Goodnan
(1964).

Lewis (1962), Bhapkar and Koch (1968 a, b) and Darroch
and Speed (1878) discuss aspects of disagreement in this area,

nuch debate has concerned the propriety of :

i) Linear representations of interactions in the tsbles

‘resulting from multiple samples (as opposed to those

originating from the cross-classification of one
sanple) and

ii) defining interaction in terms of marginal

distributions (as opposed to internal slices) of a

table.

Lancaster (1957,1969) and Lancaster and Hamdan (1964) have
made modern contributions in the original framework of Pearson
Though other strategies also see much use, Good s approach has
assumed a dominant role, thgﬁgh developnent by Darroch (1962),
Birch (1963, 1964, 1965), Mosteller (1968), Ku and Kullback
(1968), Ku et al. (1971), Bishop (1969, 1871), Haberman
(1874a) Placket (1974), Bishop et al (1975), Gokhale and
Kullback (1978) and others.

An additional general problem of interest is that of
standardization of tables, a problem which may arise in
several fornms. Deming and Stephan (1940) consider a pethod of

adjusting a given observed table to conform to marginal totals
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rnown a priori to describe the population of interest. This
has been called the “external constraints problem’ by Gokhale
and EKullback (1878), the former authors developed on iterative
proportional fitting algorithm, known also as raking, to
approximate a least-square solution to the problem. Their
algorithm has proven of general utility as it converges (when
applied to fit margins of an observed table to a uniform
table) to the maximum 1likelihood fitted cell counts of
log-linear model (Dorroch, 1962; Birch (1963). Gokhale and
Kullback (1878) discuss both external constraints problem and
this latter “internal constraints problem’ extensifely. Direct
and indirect methods of standardizing rates for comparison, in
order to exclude effect of extraneous variables, have been
extensively applied in demodraphic and epidemiologic
literatures i.e. Bunker et al. (1968), Fleiss (1973), Shryock
snd Siegel (1973), Breslow and Day (1975), Bishop et al.
(1875), Freeman and Holford (1880). The first reference, the
National Halothane Study, reports on U.S.A hospital survey to
investigate occurence of a rare event massive hepatic damage
subsequent to surgical anesthesia. The significant stimulus
that this study provided to the development of categorical_
data.nethodology, as well as that provided by the Framinagham
Heart Study mentioned earlier, is worthy of historical
emphasis. In view of Bishop et al. (1975) and other related
references, Fienberg (1978) notes that “Standardization is
basically a descriptive tech:pique that has been made obsolete

-——-° by log linear analysis. However, standardization is
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likely to continue to see frequent application in the research

—

literature. Fienﬁerg’s comment not _ with _ standing,
ocesionally it might be desirable to use log linear modelling

in support of it, rather than as a replacement.

" The preceding relatively brief sketch of the 1literature,
;or which the bibliographics of Killion and 2Zahn (1976) and
Singer (1879) have proved quite useful, should convey a sense
of variety of issues which may be addressed directly by
log-linear modelling. These share the feature that
unconditional or conditional hypothesis of independence or
¢ homogeneity are of central concern relative to individual cell
probabilities. However, many statistical problems involving
contigency tables or more general. Catedorical data structures
can not be so characterized but comment on the simultaneous
use of log-linear models and standardization is meant to
sugdgest that even in such situations, log 1linear wmodels may
play an important role. Thus scientist may be directly
interested in issues such as marginal symmetry for repeated
measurements or split-plot types of experiment (e.g. Koch et
al 1977), measores of sgreement in observer reliability
studies (e.g. Landis and Koeh (1977) or denerally in variation
of essentially nonlogarithmic functions of cell probabilities
across subpopulations (e.g. Bhapkar and Koch, 1868 a, b)

Forthofer and Koch (1973).
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The philosophy of using log linear model with data set of
increasing complexities encourages both intellectuals and
computational economics and implemented in practice by
numerous statitician in various frame works over a long period,
its formal development is motivated by growth curve mpodel
concepts as described by Potthof and Roy (1864), G@Grizzle and
Allen (1969), Koch and Greenberg (1871). Tolley and Koch
(1974) developed a two stage application of this approach for
categorical data analysis. The first stage smoothing procedure
involves the selection of a model which paramet_rizes salient
characteristics of the data. The model is then sapplied to
relevant subsets of the data with estimates of parameters
descriptive of each subsets, obtained by maximization of a
corresponding partial or marginal likelihood function,
formulated as (explicit or implicit) functions of the observed
data . Applications of this procedure to biological data sets
are presented by Koch and Tolley (1975) and Koch, Tolley and

Freeman (1976).

The class of multistage procedure for the categorical
data analysis is known as functional asymoptotic regression
néthodology, which provides efficient para:peter estimates and
consistent covariance estimates from some underlying first
stage model, and utilizes weighted least sgare aldgorithm to
examine these at later stages. This use of functional

aéymptotic regression methodology, described by Koch et al
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(1976) and Landis et al (1878), is also implicit in the work

of Nelder and Wedderburn (1972) and Haberman (1874 a). More,

recently it has been described by Gokhale and Kullback (1878)

and Haberman (1978).

Three general strategies for filting 1log linear =models

have been widely promulgated in forms suitable for use by the

researchers. These are:

1)

Iterative proportional filling of hierarchical analysis
of variance models, analogous to factorial ¢ross
classifieations and subsequent reduced models for

continéous data, marginal tables suffi€ient for model

" parameters are used to find maximum likelihood,

I1)

II1)

minimum-d¢scrimination estimates and associated
likelihood ratio, 1information, or Pearson Chi-squared

test statistices.

Weighted least squres fitting of asymptotic regression
models to 1log 1linear functions of observed = cell
frequené:jes, leading to linearized minimum-—modified

{Neyman)} chi-sqared estimates and Wald statistics.

Function maximization techniques of a more general
mature i.e. Newton-Raphson or iterative weighted least -
squares or modifications there of, leading to the same

class of solution as method - I.
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Method I is just an appropriate application of the raking
algorithm of Deming and Stephan (1840), shown relevant and
explored for log linear model fitting by Darroch (1862). Birch
(1963), Bishop (1967), Fienberg (1870), Haberman (1972, 1973a,
1974a), Daroch and Rateliff (1972), Gokhale (1871), and
deseribed by Goodman (1870), Ku and Kullback (1974), Bishop et
al (1975) and elsewhere. Method 1II, with computational
ancestry in logistic models of Berkson, was developed by
Grizzle and williams (1972) as an application of the general
procedure of Grizzle et al. (1968), who in turn had
synthesized earlier work of Wald. (19843), Neyman (1949) and
Bhapkar (1961, 1966, 1970). It is also used by Theil (1870).
Mantel (1966), Walker and Duncan (1867), Cox (1870), Gokhale
(1972), Nelder and Wedderburn (1972), Haberman (1974 a,b),
Nelder (1974), Bock (1975), Schmidt and Strauss (1875 a,b)

have been prominent advocates of method III.

The paper by Nathan (1968) can be regarded as the
starting point of the application of standard tech:niques of
categorical data in survey sampling. Cohen (1876) investigated
a very special case of the general problem of testing goodness
of fit from complex samples. He assumed a simple random sample
of n clusters consisting of two units each. This sample of 2n
units is classified into r cells. In the model studied by when
if T, is the probability of unit 1 of a cluster being in cell

i, then the probability of the two units being in cells i and
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j respectively is

~
H

(1-a) l'i‘l."_j if i#3

i

ri[a + (1-a) ri] otherwise
for values of * a ~ between 0 and 1
Let there be m categories and denote the  npumber of
observations in the sample of n units whieh falls into the
i-th category by §i’ i=1,2, ----,m where T §i = n.To test
the null hypothesis Ho, in cae of chi-square statistics for
goodness of fit is

E (?i/n) = r. i=1, 2, ——,m.

i
The statistics is computed as

X% = > . S S ——

Under this model it can be easily shown that
V(§i) = (1+a)2n ri(l-ri), i=1,2,-—-,m
The design effect as defined by Kish and Frankel (1974) is
Deffi = Var (§i)/n r;(1-r;)
The design effect as defined by Kish and Frankel (1974) is the
ratio of the varisnce under the sampling design to the
variance under simple random sampling with replacement. In
other words design effect is a measure of deviation in
variance under the sampling design under considerstion with
respgd;to simple random sampling with replacement and denoted
by "Deff". So the design effect is equal to (1+a) for all i.
Cohen shows that the statistic iZ/(1+a) is distributed as

chi-square (under Ho) with (m-1) degrees of freedomn.
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The most sustained work on tests of independente from
complex samples has been carried out, by Hathan
(1969,1971,1972,1973,19875). He also reviewed the work of
several other authors, such as Bhapkar and Koch (1968) and

Chapmnan (1966).

Consider the usual contingency table. Let there be I rows
and J columns, overall sample size is n, Pij‘s are estimated
proportions of frequencies in the (i,j)-th cell (i=1,2,---,1;
j=1,2-——,3). The statistics

(nP.. - nP. P.)
XZ = E ——rd B e (2.1)
3

™M

has approximately the chi-square distribution under the null
hypothesis, if n is based on simple random sapple and is
sufficiently large. The quantities Pi_and P.jare obtained by
summation over the missing subscripts. Under the null
hypothesis the expression
Pij - Pi_ E’_j (2.2)

has zero expected value but gdenerally an expected value
different from zero if the null hypothesis does not hold. The
zero expected value of (2.2) is the result of number of
variance and covariance terms in E(Pi_P.j) cancelling. Under
simple random sampling and null hypothesis we have

E(P_P, ) = «=,_r # Var(P;) +E Cow(P, ;, P,)

(kx )# (i,3)
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1 1
ij + - rij(l—rij) --% rkj Tik

n n

(k,k) # (ij)
= E (Ptj) -{(2.3)

In case of complex surveys the variances and covariances
in the above equation have to be multiplied by their
respective design effect, therefore may not eanceyhut, thus

the expected value of Etj— P.t_l"j may not be equal to zero

even under Ho.

The workSof both Rathan and fhapkar and EKoch start out
with construction of an expression involving estimates of rij’
ri_and'r_j which has zero equcted value under Ho, even in case
of complex samples.For this purpose they both resorted to
balanced repeated replication and make use of the fact that
the two half-samples of any replicate are uncorrelated under
the assumptions. Thus, if %:tt %zf), ?f?’are estimated, under
a complex sample design, from the first half sample of the
k-th replicate and ?:ti ?;fﬁ ?ft’are the corresponding

quantities estimated From the second half sample, HNathan’'s

test is based on the expression

(k - plk), S(k)_ (k) JS(k) S(k)g(k)
Uijeﬂ) = p{ s p0- B PR pORYS (2.4)

and Blapkar and Koch's is based on
(k)

- p(k) p(k)_ g(k) R(k)
Uij By = Pij Prc IE':‘u': Prj (2.5
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Both (2.4) and (2.5) have =zero expected values under Ho.

Chapman'SQtGSt is based on Ugg)(c):§§§)_§§k)§(g)

i. B3 (2.6)

and it does not necessarily have =zero expected value even
undef Ho.

Now if an estimate i can be constructed for the
covariance matrix for (I-1) x (J-1) 1linearly independent
quantities among the I x J, Uij values, and if U is
corresponding vector of these values, then

RPN : - @mn
would, for large enough n, and apart from a suitable constant
multiplier, be either distributed approximately as F or as Xz,
depending on whether § is estimated from a large enough number
of degrees of freedom. In the case of simple random sampling
each cell of covariance matrix of (2.2) is readily estimated

approximately as

L. - 1
vij,fg = ; Pi_P_j(l—Pf_) (1~P_g) for (i,3) = (f.8)
1
=-- P

P - P
n -J

P P.g for (i,J) % (f,8)

i.
and resulting estimate of V is based on a 1large number of
degrees of freedom so (2.7) would be distributed as
chi-square. In the case of complex samples the anologous

estimation can not be carried out without some very strong

simplifying assumptions.

Alternatively, one may observe that even in the case of

complex sanples the vectors U(k) in (2.4 - (2.8) are
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jidentically distributed and hope to derive estimates of
variances and covariances from

K (k) = - (k) -

E-.-l(gi-‘i = Ui Gy - Ug) - (2.8

Now if the K replicate values of Uﬁg)were independent, the
expression (2.8) above, divided by (k-1), would provide an-

unbiased estimate of Vi However, far from independent,

i’ fa-
they are highly correlated. In the case of U(kzﬂ) the
correlations are very close to one which was also described by
Kish and Frankel, that for all replicates the sum of two
analogous non-linear statisties, computed respectively from
the two half-samples is very nearly the same for all K
replicates and is identically the same in the case of linear
statisties. In order to correct (2.8) for the correlation
involved, one would have to estimste these correlations and
that, in turn, again requires strong simplifying assumptions.
Horeover, when the correlations are close to one the numerical

behaviour of the estimate is very bad.

Thus ,whichever of the two methods of estimating the
covariance matrix is attempted, strong simplifying assumptions
are needed in case of complex samples. Nathan (1873) 4#s forced
to make the assumption, among the others, that for each
stratum h there is & number n, which depends only on the
number of final units selected in the stratum h in each of the
two primary sampling units (PSU), and if Pijha is the estimate
of the proportions in cell (i,j) derived from PSU a (a=1,2) of
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stratum h, then n, Pﬁhq has approximately the nultinonial

distribution with paramters n, and r However, this

ijh*
assupption implies that the expected value of an estimate
Pijha derived from any selected PSU econditional on that PSUO
being in the sample, depends on the stratum only not on the
selected PSU. Thus total between PSU component of variance is
assumed away. Other assumptions of Hathan, less important to
his development assume away the effects of stratification and
disproportionate sampling in different strata as well.

In the light of the comments above, it is not too
surprising to find that the test statisties proposed by Nathan
behaves very badly with respect to its achieved significance
levels. The simulation results reported in his paper (1873)
are flawed, as pointed out by the author in his own subsequent
paper, Nathan (1975). The results reported in (1975) refer to
stratified cluster sampling with a self-weighted design, so
the traditional Chi-square Test can be applied to serve as a

measure of comparison.

Fellegi (1980) proposed two tests after the careful
examination of the problem of estimating the variance of
non-linear statistics from complex samples, in the light of
existing literature. The first test was obtained with the help

of linear approximation of uij and it can be shown that
1

E (U;5) = 0( ;_)
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2 4
E U ) =Var (U ) + 0( - )
i} 2

N

Fellegi proposed the first test statistics as

u' vy "u - (2.9)

where L is the number of strata and o={(I-1){(J-1) t’is

approximately distributed by F{m,L-m).The second test is more

heuristically constructed than the first. As we knowthat

E (x?) = E (4-r,) deffi
i
Where deffi = Var (;i)/" ri(l—ri)

Fellegi (1980) suggested the simplest approach which take into
account the sample design, to correct Pearson Chi-squared
statistics by some form of average design effect. The adjusted
Chi~squared statistics was simply calculated using the
following formula

2 2 _

xa = X/ b - (2.10)

Where b is the "average” design effect. Further, it was shown

by Fellegi that the average cell design effect can be used as
adjustment factor.

- n I J ij
Hence, h = —— ¥ B - n
10 =y g=1 Fiy P50
1 K ~(k} ~(k)2
where Vij = ——— ¥ (Pij - Pij)
/¥ k=

Rac and Scott (1279) proposed calculating the adjustment based

upon the average eigen value of the following matrix

-1
D = Pb v
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Where h A = P -P P
i i i i

h

I
Can )
J
‘.

-
T

V(h} is the variance—covariance matrix of h
and VD {th) is the variance—-covariance matrix for h
under the null hypothesic of independence and
multinomial sampling.

It can beseen thatX2 has asymptotic mean and variance

(1-1)(J-1)
E(x®) = g &5 E(W ) = (I-1) (J-1) 6.
t t
t=1
(1-1)(J-1) (I-1)(J-1)
v = g vy =236 3
t=1 t=1

respectively. Rao and Scott showed that the expectation and

.

variance can be written in terms of the variance of hij s

(I.—l) (J—'l )6- = z 2 ————————— and
i=1 §=1 Fi.F.j
2
(I-1)(3-1) 1 J I J [Cnv(hij, ht'j_)]
> 6 =L £ E L
t=1 i=1 j=1 i‘=1 j'=1 P; (1-P, JP,- (1-P ..}

One approach suggested by Rao and Scott is to standardize X2
=0 as asymptotic mean equal to (I-1){(J-1}), which is what would
be expected. if X2 actually asymptotically faollows xz»
distribution with (I-1){J-1) degrees of freedom. The adijiusted

Chi-squared variate takes on the farm of (2.10) where
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n

b= =Dk

t.

v
P

™M~

J .. b §

i
T -
v. . 1=4% t.

i=g4 j=1 3
This expression is based upon a linear approximation to hij in
terms of Pij's. It can be seen that this approximation only

required estimates of the variance of cell proportions and row

proportions.

Rac and Scott have asloc proposed a wmore complicated
approximation that standardizes for both the asymptotic
expectation and variance following the approach af
Satterthwaite (1946). In this approach Pearson’s Chi—-square
sttistics is standardized to have asymptotic expectation » and
variance 2v, where

HES
v = - {2.13)
2
Eé,

This is done by modifying Pearson’s chi—square statistic to the

following :
s
o L
X = X — s - (2.14)

L &%
Which is then treated as Chi—-squared variate with v degrees of
freedom. As with the Chi-squared statistics that has been
standardized to have correct expectation, the correction

factor can be based upon either V‘htj’ ht’j')’ which can be

calculated using replication, or upon the variance—covariance

)
Fellegi and first Rao and Scott statistics are simplest to

matrix of linear approximation to the hij‘s using Pi"s. The
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calculate, but are thought to be excessively conservative. The
second Rao and Scott statistics attempts to compensate for the
suspected conservatism shown by the simpler statistics, but it
is not clear at present time if this is generally achieved in
practice. Iﬁ general, the Satterthwaite adjusted statistics

which does reguire more computational efforts is likely tolthe

best approximation.

Raoc and Scott (1984} considered the analysis of
multidimentional contingency table with . the bhelp of two
log—-linear models for r. where r 1is a vector of true
proportion in the population. The first madel }S of the form

lcsge r-o= H, (91) 1+ )(1 91 . - {2.13)
Where loge r o= (loge Pi) which is vector of laog—proportions X1
represents a given design matrix, and 6& denotes a vector of
unknown parameters. The function “1(81) takes a value
depending on the parameters 91 such that the sum of
prababilities over the cells of the table is one. The second
is '

loge r = p{eyl + xe - {2.18)
Where X = (xl,xz); e = (91,62 }. The purpose is to test the
improvement of mpodel (2.16) over model (2.15) when the model
(2.16) is assumed to be hold i.e. to evaluate the hypothesis
8, = 0. As a special case (2.16) may be taken to be the
Saturated model, that is, the fully parameterized model that
fits any sets of positive probabilities exactly. In this case

the test represents an evaluation of the over all fit of the
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codel (2.13).

tet P1 = 1Pﬂ) denote the maximum likelihood estimates of
the cell.propnrtion S under the model (2.15) based on the
multinomial likelihood, and F; = (Pﬁ) denote the
corresponding estimate under wmodel (2.16). The Pearson
chi—squaré test for this comparison is given by

2 _ _ 2
X = nL (P, -P7P, (2.17)
and the likelihood ratic Chi—square by
= - 2-
& 2n L P, log, (P /P ) (2.18)

The method employing Satterthwaite approximation as proposed

by Rac and Scott regquires the matrix

P = (Pij), where
P,. =P, -P2
ii i i
P...=-FP.P- for i # 1°
ii ii

and estimated covariance matrix V egual n times the estimated
covariance matrix of P under the complex sampling design.

Then, let

bl -

X, = (I - X (X P X)" X P) X,

W= P X)X,V X))

The sum of eigen values of M’may be found as the trace of 'M:
and the trace of H*H* gives the sum of squares of the eigen
values of r?. The satterthwaite approximation 1is +to compute
the integer K’ nearest to [Tr(Mu)]zl tr (H*Hr), and to compare

2 : . . A . .
x=(K'/Tr(H*))X2 to the Chi-square distribution with K degree
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of freedom.

Fay (1983) proposed a method based upon recomputing the
Chi—-square Fest (2.17) and (2.18), or difference of Chi-square
testi of two nested models, each compared to saturated model
for a series of replicate sample based on sample data. Each
replicate is of the form
R L e T I TIEE e |

where Y = (y,s====3 v,,)s H is the total number of strata, J_

is the number of replication$ in the stratum h, where

(hyi)

T W =0 - (2.19)
3

for each h, such that the usual replication based estimator of
Vt, the sampling covariance matrix of Y under the complex

sampling design is given by

v - ¢ - y(hai) (hyd)
h

i

{(x}) W = {2.20)

Where (x) is standard outer product i.e. usual cross product

matrix.

Let Xﬂ” (Y) denote the valus of the Pearson

2 N

Chi—square test for evaluating the fit of F; and (2t

corresponding to F;. Define

heddy _ 2 (7 + wlPedly,

R . = {xzu)(va-w £

ha
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2 - -
- € X%, - x2 () 3 -~ (2.21)

(2)
k¥ = ¢ R
= z h E hj - (2-22)
h 3
viayn R 2
= Lb ER,; - {2.23)
h i
1/2
tx, 2 Wy -x 2y - 2
2 (1) (2)
3 - (2.28)
1/2
% 2 — 2 —
(V78 OX7 (V) - X7 o (N3

Where K+ is Ka when laetter is positive,0, otherwise. A similar
statistics, Gj s+ is abtained by replacing X2 by Gz throughout.
‘The test procedure is to compare XJ or GJ to critical value

tabulated in Fay (1983 or 1985).

Some of the relatively less important work in categorical
data analysis in survey sampling are, @ paper by Shuster and
Downing (1976) who proposed methods for testing independence,
quasi independence and marginal symmetry in contingency tables
which are derived for a wide variety of sampling schemes,
Cowan and Binder (1978) analysed the effect of a two stage
sample design on the test of independence in a 2 x 2 table,
Brier (1980) used Dirichlet-multinomial distribution as a
model for contingency tables generated by cluster sampling

schemes, Holt, Scott and Ewings (1980} emperically study the
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survey design effect on test of goodness of fit,test of
homogeneity and test of independence. Similarly other
important emgérical studies in this regard aré by Raoco and
Hidiroglou (1981}, Kumar and Raoc (1984), Fay (1984), Thomas
and Rao-(1984), Thomas and Rao (19835), S5ingh and Kumar (1986)
and Fay (1989) etc. Rac and Scott (1987) obtained the simple
upper bounds on 6. For models not admitting direct solutions,
also requiring only cell ‘deffs’ and marginal ‘deffs® not
depending on any hypntgesis. Certain aspects of multivanate
analysis of the data from possibly complex survey designs are
discusssed in terms of a large sample methodology involving
weighted least squares algorithms for the computation of Wald

statistics by Koch, Freeman and Freeman (19735).
2.2 DRIENTATION OF THE PROBLEM

Methods for analysis of categorical data have been
extensively developed under the assumption of multinomial or
product-multinomial sampling. In particular the standard
Pearson Chi-square statistic' and likelihood ratio statistics
are used to test hypothesis in contigency tabhles. For the
analysis of multi-way contingency tables log-linear models are
applied extensively. These methods are often used by
researchers in subject matter area to analyse éample survey
data, even though the multinomial assumptions are voilated

because of clustering and stratification used in survey

design. Ignoring the effect of survey design and using
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Chi-squalfeg or 1likelihood ratic statistics could lead to
unacceptably high type I error. Alternative statistics that
take account of the design have been recently proposed by many
authors. Few of them designed for use with published tables,
require knowledge of only cell design effects, whereas other
statistics require knowledge of the full covariance matrix or

access to the original data file.

| In the first chapter of this thesis the concepts of the
subject matter related to the categorical data analysis are
summarized briefly. A comprehensive review of literature
related to the categorical data analysis in general and in
case of survey sampling in particular is presented in chapter

" two.

Chapter three deals in detail with the effect of
stratification and clustering on asymptotic distributions of
standard Pgarson Chi-square test statistics for goodness of
fit (simple hypothesis) independence of attributes and
heterogeneity of proportions for two way contingency table. It
has also been shown that all these three Chi—-square statistics
are asymptotically distributed as weighted sum 6f‘ xf; random
variables, where weights are related to familiar design
effects used by survey samplers. Many simple corrections to
the ordinary Chi-square are also presented, few of them re%bhﬂ,
only the knowledge of variance estimates for individual cells

whereas others require knowledge of full variance-covariance



matrix of cell proportions.

The impact of survey design on standard multinomial based
methods for a multiway contingency table has been investigated
thoroughly in chapter four, under nested 1log-—-linear madels.
Here also, the asymtotic null distribution af Pearson
Chi-square test statistic is obtained as a weighted sum of
independent Xz, ;andnm variables, and the weights are then
related to familiar design effect further, simple corrections
to Pearson Chi—square are discussed for® both, whenever the
model admits direct solution of the likelihood equations under
multinomial sampling or when the model does not admit a direct
solution of likelihood equation under multinomial sampling.
The - adjustments to the ordinary Chi-squance through
Jackknifing and balanced repeated replication approaches are

also discussed.

In case of categorical data analysis, generally sampling
design is ignored while estimating the parameters like cell
proportions and variance covariance matrix of proportions
which often leads to biased estimation of these parameters.
This leads to further distortion of the real situation when
standard methods of categorical analysis are used in  survey
data. So, chapter five deals with various estimators of these
parameters like, Horvitz—-Thompson estimator, combined ratiao
estimator and post-stratified estimator. Further, various

methods used for estimating variance covariance matrix in case

o1
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of complex surveys i.e. linearization, Jackknifing and BRR
techniques are compared theoretically for combined ratio
estimator.

Finally, all the statistics proposed in previous chapters
are cémpared with each other through Chi-square tests of
indépendence with the help of loglinear madels fitted to

survey data of a research praject.
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ANALYSIS OF TWO-WAY CONTINGENCY TABLES

3.1 INTRODUCTION :

Methods of analysis of categorical data have been
extensively developed under the assumption of multinomial and
pdeuCtL multinomial sampling. Researchers in subject matter
areas, have long been using these multinomial based wmethods to
analyze sample survey data, but most of #he commonly used survey
designs employ stratification or cluster sampling or both and
hence do not satisfy the assumption of multinomial sampling in
real sense. Operational and cost considerations often dictate
the use of a complex cluster design. Such analysis often ignore
the sample design and apply standard statistical methods
appropriate for random sampling partly, because of the
availability of computer packages, and wealth of survey data
published in tabular format. It is somewhat unfortunate that
this combination of software, incorporating traditional
statistical methods, and the published survey data is so readily
interfaced. It is therefore, important to study the effect of
survey design on the standard statistical methods and suggest
modifications accordingly. Rao and Scott (1981), Holt, Scott and
Ewings (1980), Fellegi (1980Q) and others investigated the affect
of clustering on traditional Chi-square tests. Their results
indicate that distortion of nominalsignificance levels due to
clustering could be quite severe. In this Chapter the approaches

of Rag and Scott {1981) and fFellegei (1980} have been focllowed



rg discuss the methods of analysis of two dimensional

contingency table in survey sampling.
3.2 CHI-SGUARE TEST OF GOODNESS OF FIT:

Consider, first of all, the chi—séhare statistics as a test
of goodness of fit. First, assume a simple random sample. Let
there be k, categories and denote the number of observations in

the sample of n units that falls into the i- th category vy,

k
where i = 1, 24...4 k. 50 we have § Y, = n. tet the null
i
hypothesis (Ho) to be tested be E(%/n) =Ty i=1, ————,k3; where
i is expected proportions in the ith category. Now the

Chi-square test statistic to test the above hypothesis is given

as

It is well known that, under Ho, x2 is distributed
asymptotically as Chi-square with (k—1) degrees of freedom.
This asymptotic Chi-sguare distribution does not hold under
complex designs.

tet us consider the relatively simple case of stratified
sampling. Under Ho we have

g —
= r -\.:-2

E|n
Where Tin is the expected proportion in the i-th category of

h-th stratum. Consider, i'= W ;nﬂ as a statistic, in this
h

Case to estimate the number of observations in the i—th category

54



of the population, where N& is the stratum weight for the h—-th

stratum
h=1,... ., L, taking the expectation of ;i we get,

E ¢ y.L) =% Nh E(yih)

h
=nfuWr. - (3.3)
h
putting the value of E( i} from (3.3) in to equation (3.1) we
get
= 2
2 = { Nhyth n L “hrih + ¥ “hrih nri)
E (X)) = E ,
nr,
4 1
i=1
- 2
x (Ehwhyih nzhwhrih) k=1 (np woro -ni-ilz
| ) »:
. nr, , nr
iz i i=1
k -1 2
(k—-1) = E (xzst) £ L (nr)™ £ G, - nr)
i=1 h
2 X -1 2
2 E ( a'_) = {(k-1) - i‘_\'jltnr'i') Enh(r.‘h— nr.) (3.4)

Where th denotes the x? statistic for stratified sampling-
From equation (3.4) it is clear that expected value af el
reduces as a result of departure of the sampling design from
simple random sampling with replacement. In case of self
weighting designs (i.e. the inclusion probability of each wunit

in the population is same for a self-weighting sampling design).

We have



x (y.—nr 32 x Wiy.)
ExX*) = L ;r — =L nr‘
i=1 i i=4 i
k B
{(i-r ) Viy.) k
= } = = L (1 -r) deff (3.5)

Kish calls the quantity U"deffi” as design effect. The
analogous quantities canc be defined for covariances. It was
found that in the case of multistage stratified cluster sampling
"deffi" is always greater than one so equation (3.5) will always
be greater than (k-1). However, the "deffi" can be smaller than
one, depending upon the sampling design and variable measured.
Again consider the case of self-weighting designs, we know that
E \(\')ii\)= nor. Here expectation is taken over with respect to
the -slampling design into consideration. For other designs we

encounter the problem of non-centrality as ¥ involving

non—central distributions, so it is natural to consider a more

general statistics for Ho: r, = r, .
i io

bS ;
- i}—:z ¢ P rio)/rio

Where P, is an unbiased {(or consistent) estimator of s under
sampling design p(s) and § p= 1. If np = V,L then this reduces
to the usual statistics given by equation (3.1). Kach, Freeman
and Freeman (1975) proposed generalized Wald statistics for
testing Ho which is given by

Y

—_— —-— . -1 —_
sz =n { p ro) Vv {p ro) {3.7)
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where p = (pi,..., px—a)'

r = (I gessa I |

o o1 O ,K-1
and V/n = estimator of the covariance matrix, ¥/n of
p.

It was shown that Xz is distributed as xidunder Ho for
sufficiently large n. However, in many situations it is not
passible to estimate covariance matrix and consequently sz, s0
it is important to study the effect of survey designs on the
distribution of ¥. Further, it was found through empérical
investigations that Wald statistic is very inconsistent in  many
practical situations. In the case of simple random sampling the
Wald statistics reduces to the following statistics.

-1

¥ =ntp-r) P (p-r)

-

where Po is the value N of P = diag(r) - rr’ for r=p, and F /n

is the covariance matrix of i/n for multinomial sampling, where

3.2.1 ASYMPTOTIC DISTRIBUTION :

It is clear that ¥ will not follow central chi—square
distribution under any sampling design .,except in the case of
simple random sampling with replacement. We now loock to the

problem of asymptotic distribution of ¥. The population
proportions can be written as mean of the variable yt(l), where

yt(l)is defined as follow:
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(i) .
Y = 1, if the t-th population element

belongs tao i—th class
= O, othrwise.
Hence, the estimator P; for the proportion T of the i-th

category can be of the form.

= (1)

Py = L W.(s)y,
Les

where Nt(s) is some weight attached to the sample. Again

1" p = L W is) vigy
tes
where 1 = (11, ————— = lkd)' any vector of constants
k-1
and Y = _E li Y, (1)
i=1

We
Iflhave the central limit theorem for means for specified design
-

i.e. if
N L
i (p -~ 1) > N (0, V/n)
as n > oo
Then . L .
n (1'p—1'r) ———3 N {0, 1'V 1/n)
as n > o
where n "Cav (pi, pj) = vu and V = (vu). Hence, p is

approximately (k-1)—- variate normal with mean vector r and
covariance matrix V/n, for sufficiently large n. If a
consistent estimator, G, of V is available then generalized Wald
statistics i: ngal be distributed asymptotically as x:_gnder Ho.
The carrect

asymptotic distribution of %% can be directly obtained from
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normality of p with the help of following thecrem.

THEOREM :
k-1

Under null _hypnthesis Hao: r = ros ¥ may be written asi}'__':l roi
Niz, where Wi z?y N {0,1} and HWi's are independent. Aoi sare the
eigen values of Do = Fb—l Vh, Aot 2 hee 2, ————,Z AD,k-1 2>0)
where VG/n denotes the covariance matrix VW/n for r = ro-
PROOF @

Let z = (p—ro) + E (z) =0

The variance — covariance matrix of z = V /.. Now, if

an

central limit throrem holds for r = g pdf of z can be written
r-
as

~4/2 1

~1,2 Cu-1
| Vosn| Exp { ;0 z Vo z ]

péz) = (2n)

Any homogenecus quadratic form in LI may beexpressed as

z
*Tx-1

g (z)

f
J
N
v
N

i
J
P
N
N

where Po @ = (a_j) as a symmetric matrix. The distribution of G(z)
v
can be found out as

Pr [a{z) syl =14 pz(z) d z - (R}

-4
nz'p zX
° b4

This can be reduced to standard convenient form. Since Vo is a
positive definite and symmetrical, it can be factored as

Ve = L L’

where L is a non—singular lower triangular matrix . Since, L is

non-singular, the change of vriable z = L'z is permissible.

Since
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z
[ ¥ 1>

2
|

From the above we can write (A) as

and i i Vo

~1ck~4>
2

[ 2 (z) < = (2 tp[- = z
P {z) v] (2ny ¥ nJs Erp'[ 5 zwz(“]dzu)

nz (LPL ) z Sy
(1) ° 1)

- (B)

1

The matrix L° PO_ L is symmetric, so if A is a diagonal matrix

of eigen values of L’ Pn.iL and M 1is associated orthogonal

1

matrix of eigen vectors then H'L'F'O_ L M= A Hence, if further

linear transformation W = M z,, is applied (B) becomes
11> __
2 " .
Pr [@iz) <= y1 = (Zn) Yn S Exp [- 3 W Wl du
n waAauw

Thus the distribution of @ is same as that af
k-1
W oA W = Xi ”21
, =1

t
Where the variables ll\l_L ‘s are independently distributed as N({Q,1)

and numbers )\1?_ Az, —m—— 2= A

2 are the eigen values of L’

F':L which is equivalent to eigen values of Do = P:Vo. It
follows that attention can be focussed on the distribution of
n 2
g (W) =LAl Wi,

=1

In general, then ¥ is distributed asymptotically as weighted

-

k-4 -~
sum T Xoi Wi, where Wi o 7 N{0,1).
=1 i )
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X k-1
COROLLARY 1 : —_ < ¢ oW
Xo1 i=1
x
2 _ _ rey -1 _ asy _2
where EW =n(p-r )'Vo (p-r_) 7 x

under Hao.

If the largest eigen value can be specified , (or a
reasonable bound can be set), we can obtain, an asymptotic
conservative test by treating lekz as xi where X*Z Aot

4
COROLLARY 2 =

R x;dfnr any ro if and only if Vv = X P for
some canstant A, that is V(g} = X\ rttl—ﬁ}/n, and Ccv(pipj)

= - A r./n.
L |

3.2.2 DESIGN EFFECT :

The general result discussed in the previous theorem can
alsoc be put in the form of finite sampling terms. Let us assume
that there are two categories i.e.k=2. Now D = Py reduces to
the ordinary design effect "deff" as

n V(pi)
P, (l—p‘)

where variance V is taken with respect to the sampling design
into consideration. For general k, D can be thought as

multivariate extension of “deff’. In particular

x = Sup[EVC |CPCI]
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= Sup [ vigcipi) Vsars (;:h €, w;r,t/n) ]
¢ i=1 i=1
where Vers = Variance operator under simple random sampling
with replacement i.e. multinomial sampling
If x4 = largest possible "deff" taken overall
individual P, s and overall possible linear
combinations of pi‘s.
The oaother M's represents the deffs far special linear
gnmbinations of<pi's._Thus it can be termed as "generalized

deffs” that are consistently estimated by Ai's, the eigen values

of D = Piy.

khere P = diag (p) —p p °
p = { P‘, _____ ) pk_‘)
?2 k-1 Aoi 2 k-1
Now = <
Ae F‘l s WS F—:b’: (From coll. 1 )

Garollary 2 says that ¥ = x?bd for any Mo It means that noat
only all the individual cells have the same deff A but the deff
of all covariance terms are also egual to A. Which may be an

impractical condition and rarely satisfied.

3.2.3 SPECIAL CASES :
Three special cases are discussed to show the implication

of general result discussed above. These are

(I} Simple random sampling without replacement
N
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(1I) Stratified random sampling (proportional allocation)

(111} Two stage sampling.

(I} Simple random sampling without replacement :

) n
In this case we have V = (1- - ) P where N

N

. 2 -
uvlation size. Now X° = n - - 2
pop v ( p o} Votp—r) x|,

is finite

A—
substituting the value for V! e get

o

ni(p-ro) P lip -~ ro)

= 4
)ey ~ X s
n

(1 - -
N
In other way
n
?'—'(1—-)22):-1
N
as both N and n —> o in such a way that (N-n) also tends to
. n
infinity. Thushi = Aot = {1- — } for any ro, so
N
2 n 1.2 2
cz(l-;)x"'zk-i

(11) Stratified random sampling (proportional allocation) :

Let us consider L strata and s = (51, —_——— SL) is

stratified sample from the population under consideration, where
Shis a random sample of size m drawn from the h—-th strata, h =

1, 2, ———, L= Em = n- Suppose m i = 1, --k3 4¥e the

hif

observed cell frequencies in the stratum h, Nh is the

population proportion of elements in the stratum h and i

the proportion of elements from stratum h belonging to i-th

is

Category.
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Then

L
=L W r,

h=1

and
L i
p= I W .

h=1 m
h

But under proportional allocation

m =n
wh

h
=0, -
i Vi
|2 h h nw " n
where, E =Y,

With this design, p is approximately (k-1)}-variate normal, for
large my s with mean r and covariance matrix V/n, where V can be

obtained as given below

Define
\.p'h,tj =1, if j—th unit of b—th stratum falls in the i-th
category.
= 0, otherwise
_ 1 ;? mhi
Yi T 7T b Yy 57T = By
, =t M,
— L _ L
Y, = L W v, = L W p,,
h=1 h=1
L L Y
Vip)= L "?h Vip,} = L i 70
h=1 h=1 mh

b4



put for the proportional allocation m= nwh

1 L
vVip) = :. LW -rn
=1
_ 1L .
- T LW,
n n h=t

In the matrix natation we can write

L
v = P - }:Wh (rh—r) (rh—r)'
h=%

P - H (say)

where
™ = (rhz,___’ h, (k-1> “s
Now consider
L
ccve = € [P-% Nh(r'h - r) (r'h -r} jc
h=1
L 2
=C°'"PC~- T Nh[C (rh-r)]
h=1

from the above equation we can say that

‘cve L

0s ——— =1 - W [ C(r, -7
C'PC h=4
C°PC
or Xos < 1 v r
o
k-1
and 0 =g w=x x|
i=s4

Hence, from the above it can be concluded that the Fearson

statistic 3(‘215 always asymptotically conservative in case of

stratified random sampling. The extent af conservatism may be
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seen by noting that ¥=0 if L z K and stratification is perfect,
that is all elements in a stratum belong. to the same category.

Again if L < K we have

since R(H) is

k-L 2 2
X2 L W ~ X,
1=

1
at the most (L-1) and hence at least k-L of the Ai‘'s must be
equal to one. Thus ¥ is asymptotically well approximated by
2 (k—-L)
x, ~if — =2 1 or k is large and L is relatively small.
k-1
(k—-1)
Now consider the special case for L=2, for which the eigevalues
Al ctan be evaluated explicitly. We have
D = PV =PHP-{lilr-ritr-r)
+ wz(rz—r)(rz—r) 31
- _ ot _ ey _ _ .
=1 P {l'J‘(r'1 rir, r) +Nz(r'2 r) (rz r )1
But r=HWr + Wr
11 2 2
So,
— o
D=1 P [!.»\I‘(r-1 I»J‘r‘ l«llzrz)(r'1 lalir'1 Nzrz)
+ Nz'(l"2 - Wr - !"er"z)(l"2 - Wr, - Wzrz) ]
_ gt _ _ _ _ .
=1 P [Wliil !»\ii)r1 Wzrz} {1 I»li)r1 Wzrz}
+ wz {(I—Nz) rz—w‘ri}{(l—wz)rz—wiri} ]
_ gt 2 _ _ . 2 _ i ea
=1 P w‘wz (r1 rzltrl rz) + I'wl:l Nz(r-1 r"z)h"1 rz) ]
_ _ ot _ - .
= 1I P [wiwz(w1+w2) (r'1 rz) (r1 rz) ]

=1

~4 _ - . RS +h) =
P [!«l"la\lz(r'1 rz) (r'1 rz) ] (. Ni wz i)
=1 — A (say)
Since rank of A is one which impljeg that k-2 of its eigen values

are zero. The remaining non—zerc eigen values are found as
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Tr(A) =HWW E = &% (say).
=4
r.
1A
where 0= 6t < 1 . Hence X1 = m——= hba = 1 and
_ Y
qu = 1 & so that
2 k-2 , T .2
= Z Ni + (1—60 ) W et
r=4
= %%+ (1-607) x
k-2

Where 6ot is the value of 6* at r = ro. Thus unless k is small,

¥ is asymptotically approximated by x?bq in the two strata
case.
(II1) Two - stage Sampling :
Suppose we have R primary sampling units (PSU"'s) and
Mtdenﬁses the secondary units in the t-th PSU (t=1,2,—,R)}.
So, Y, Mt = N, where N is total number of secondary units in
t=1

population.Consider the following commonly used sampling design
: Let r PSU's be selected with probability proportional to size
of Mtwith replacement and then a sample of size m was drawn with
simple random sampling with replacement from each PSU's. Hence,
total number of secondary units selected in the sample is  mr.

Again let m be the total number of secondary units falling in

1i
the i-th category in the 1-th PSU. In this case we have :

r
p = L p/r = /n
L=41
where n = (Y;-“_—y Yk)

where P .= (p « —, P )’



Also.

mli.
P 5
i = m
and R
f‘i = E Mt l"u/N

t

where rltis the proportion in the t—th PSU belonging to i-th
category. With this design, p is approximately (k—-1}-variate
normal, for large r, with mean r and covariance matrix V/n where

V can be obtained as given below:

Define
Yoi = 1, if the k—th S5U of t—th PSU belongs to i—th
1
category.
= 0, octherwise.
Now 1 m
ptt = - E ytkt
m k=1
and 1 r
= - L p,
rot=1
Hence,
1r
E(p_t) = El{ - £ Ez(pt.t/t)}
rm ot=1
1r
=Et-Z r,
rot=4
R
=T . M /N
“ t=1
- = r
L3
Again

Vip) = V‘Ez(p,L ny + Eivz(pi/f.)

ir r'u(l—ru)
= Vi( ;:E ru) + EI["‘ ™ 1
' =4
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So finally, we get the variance covariance matrix in the form

given below

R
VEart 1) g W (r, - ritr, - 1)’
) t=1 t

r+ (m1) A1 {say)

M

i
—— and r = (r , —, r .
N t (M * k-’

where, Wt

. -1
Denocte the eigen value of P~ A, by piz pzz, ——— =, Z Ppy”
Then A = 1+(M*1)p,‘-ond
k-1
¥ = T [1+(m-1)p 1] w2

i=1

Where Pio is the value of P, at r = ro.

Also
C°"A C
3 <1
cC°"PC

so the Pos £ 1 for any P, and we have

-1 2 k-1
< _ .
W <1+ (m-1)p 1L W

=9 i=4

2

MK‘

-

IA
»

k-1
< [1(m-1) p_1 LW
i=1
k-4 2
mE Wi tSince p.z ol
=1

A

xz

Thus, from the above we can conclude that g gives an asymptotic
conservative test The P, is called the generalized measure

of hbmogeneity, which is analogous to the measure of
homogeneity based on intraclass correlation p. The measure p is

"nortable” in the sensethat it is less sensitive to cluster size
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than the "deff.”

3.3 EFFECT OF SURVEY DESIGN ON TEST OF GENERAL HYPOTHESIS :

Consider the following more general hypothesis about r,

which is the vector of ultimate cell proportions.

hypothesis of interest is

Ho : hL(r) = 0, i=1,2,~--,b

Suppose the

oh(r)
fssume — is contingdous in the neighbqghnnd of the true r,
or.
3
ohi (r)
ji=l,—=,.k-1. Also, H(r) = ( } and rank of H{r) is b. Now
o r'j

with the help of linearization we get
h (p) =h (r) + H (r){pr)

Alsoc by considering the assumption that

- |
Yn (p-r) > {0, V) as n
We get
- asy
Yn [h(p) — h(r}] —>N_ [O,H V H1
Where h(r) = th(r), ==, h (r}1°

and H = H(r)
If V¥, ic a consistent estimate of V then we can

NWUEtatistic as given below

Yol

xﬂ(m=nhwmmvHWhm)
Where H =H(p)

Here sz(h)‘~ x?b {under Ho.)
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Alternatively, if the sampling design permits the calculation of
direct estimates of GL/n of covariance matrix of h (p), say
using BRR or Jackknife methods, we could use this estimate in
place of linearization estimate ﬁ G ﬁ' in egquation (3.8) . For
the case of

simple random sampling with replacement which is alsoc equivalent to
multinomial sampling we replace V by Pb as given below:

_ i -~ ~ A g _
X th) =n h'(p) (H, P, H ") "hip (3.9)

1

Where g; 5; g;' is any estimate of H P H° when our null hypothesis
in true, under actual sampling design. This can be applied in
secondary data analysis from the published report for which no
estimate of V or of HVH' is available. The asymptotic
distribution of thh) follows directly from standard results of
quadratic form.
Theorem :

Under the null hypothesis Ho: h(r} = 0,

b

¥ih) = L &oi bfi, where &i‘s are eigen values of

1=14

(HP H )Y (HV H'). 6% 62 ——- 6 20 and Wik, -— W are

independent xﬂ.random variables and &ei is the value of &
under Ho.The &i’'s can be interpreted as design effects of linear
combinations, Li’ of the components of H p. Obviously, we have

‘KéZlﬁL;Z Ai-; for i=1,2,~——-b, since L  are particular linear

combinations of P, S.
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3.4 CHI-SQUARE AS A TEST OF INDEPENDENCE :

Now consider the problem of testing the independence of
attributes in two way table. Supposeqtwo way table is having
I-rowSand J-columns i.e. total number of cells are equal to 1J,
then our hypothesis of interest is

Ho: h (r) =r . -r r
L3 i Lo+
i= 4,2,--3-1

i = 1,2,-——,J-1

Where r = (r. r_—yr_ 1}
11, 12, 1J-1
5 X
r. = r nd r = r
i Ly edr,;=L r
i=1 i=1
where QJ is population preoportion in {i,j)th cell. The usual

Pearson statistics for testing Ho. is
2 I J 2
i ¢ = n.z ‘.z (pi.j - pi.+ p+j) / pi.+ p+j - (3.10)
=4 =1
which can be rewritten as

X =nh (p)'(F;‘ ® 3_‘,’ Yh (p)

Here, @ denotes the usual direct matrix product, pu. ig the
estimate of rﬁ under the sampling design under consideration,
hi{p) is the column vector of htj(p)'s’ and ?} and ;j are the

values of PI = diag (rx) -rr and P} = diag (rJ) -~ rJrj

respectively, for r = p, where r= ('}+,———,'}-1+)'and
r =(r , e— r Y'The generalized MWald statistic for
g +1 +,J-1

testing He is given by

g 'A_‘ —
x’nm =nh(p) "V, ‘h(p)-(3.11}
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Where Vh/n is an estimator of Y/n, covariance matrix of h(p).
The statistic given by (3.11) is asymptotically distributed as
3@ for sufficiently large n, where b = (I-1) ({J-1). The
estimator ;L/ncan be obtained either by linearization method or
directly by using balance repeated replication or by Jackknifing

method, if the sampling design permits calculation of a direct

estimate.

~ 3.4.1 ASYMPTOTIC DISTRIBUTION :

The hypothesis Ho: h, (r) =r, -r. r _is a special case
i} i} i+ +j

of the general hypothesis Ho: h(r}=0 with k=1d and b =

b
(I-1)(3-1). Thus X is of the form X*(h) hence XI = T boi W’

o i=1

under Ho, where &i‘s are eigen values of 1% = (H Po H')'I H v

M) and &io is the value of & under Ho.

3.5 CHI-SQUARE TEST AS A TEST OF HOMOBENEITY :

In the case of multinomial sampling, it is well known that
the test statistics for independence and homogeneity are
identical, but this property does not carry over to more complex
sampling designs and the effect on asymptotic distribution of
Pearson statistic can be very different in two situations.
Consider the problem of testing homogeneity for r populations
given independent samples from each population. Let the sizes of
the samples from r populations are m,m, --—nr respectively.

Let P, = (p. , -—-p ), denote the vector of estimated

Lt i(k-4)

proportions for the i-th sample and suppase that



f?{ (p, -r, ) > N(O, W)

i=1,2,~=r

as ni > o
Now ocur hypothesis which is to be tested is
H: rn =r, i=g,-=~,r

The usual Chi-square test of homogeneity is
2

r k (r.. — p)
XZH = £ m J - (3.12)
i=d j-1 p.
i
k n p :
Hhere p. = ;E'“‘J“—JJ-T'The above mentioned statistic has
i =1 ‘
L ni
i
2 distribution under Ho with independent

X (pegrck-13
multinomial sampling in each population.

3.5.1 ASYMPTOTIC DISTRIBUTION :

For finding the asymptotic distribution, suppose sample size

n
increases together in such a way that ——=f ; ol fi <1,
L n L
i=1,2,-~r. Suppose also that 1’n.t (p, —r) > N{Q V) as
n T >or. Then if we let P, be r(k-1) dimensional vector
defined by
p. = (p, _p) it follows that
_ L
41 (p - r.) >N(O,Vo) as n >
r
where n=F n. ro = (Psp" = p)
1=
r
and V =@ (W/T)
o . i

74



under the assumptions above we can write

2 - - . —
)("l = n(po r) B (po r)

o o
where B = Fe P!
P = diag(r)—(ri(r}-
F = diag{(f) ~ ff°
£ = (f1""’fr)
Now Rank (B) = R{F)IR(P)
= (r—-1){k-1)
Sc we have
2 (r-d4y(k-1>
w =L d W . W, N(O,1) ¥V i
i=1
Here, ci’,,SL dé,~-——,du“”m_” are the eigen value of
A = B Vo
{1-f1}Ds — faD2, -———, -—f1 Dr
~f2 D1 (1—f2)Dz2, ———,-f2 Dr
| b |
l l I
—fr D1 ~frD2,—— ,~{1=-Fr¥Dr
where D = P_’%., i=4,2,-~,1 .

3.6 MODIFICATIONS IN TEST STATISTICS FOR SURVEY DATA :

It is clear from the above discussion that ordinary
Chi-sguare statistic for testing any type of hypothesis i.e.
goodness of fit, independence of attributes and homogeneity
follows weighted chi-square in case of survey data. Where

weights are given by the esigenvalues of the corresponding design
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matrix. It was also found through simulation experiment that
size of thE.tESt considerably increases and consequently power
of the test reduces. Hence, applying the Chi-sguare test
statistics as such is quite misleading, results in wrong
conclusions. There are several modifications which can be
classified into two broad headings; these are (i) first order

corrections (ii) second order corrections.

3.6.1 FIRST ORDER CORRECTIONS 3

Most of the corrections falling in  this category are
based on division of original chi-square with the averageofthe
eigen values corresponding toc the design effect matrix.

(a) Correction for goodness of fit test:

In case cons%stent estimates of ii oFr Joi's are knowhwe - can
apply the method of Solomon and Stephens (1977} to find out the
distribution of weighted Chi-square asymptotically. However, we
can know il or hei only if we know V or VYo under Ho. Further if
we know V aor Vo we can also apply the Wald statistic which is
simple, but not very consistent in some of the particular
situations. So, it is better to have some simple approximation
to the asymptotic distribution of X¥* that reqguires only limited

information about VY. Simplest approach is to modify the

statistic as given below :

N
xz = X /Ao - (3.13)

The X?C,i5~distributed asymptotically as
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k-1 hoi

Y = r x ) W as xi random variable under
i=1 o] v -1
Ho, wheré
k-1

Ao = L N/tk-1)

i=1
k-2 Xoi
Ao, = {: 1 (3.31)
1=1
and Ai‘s are the eigen values of D = Py
where P = diag(p) — pp’
Now we have k-1  Aoi x-1 Aoi
E(y) = ¥ EQW ) =% = (k-1)
izt Ao izt Ao
o E(w?) = 13
So, E(y) = E(x:_1 ) =k-1 - (3.18)
Again
Viy) = E(y’) - [E(y) T - (3.15)
Consider 2 k-1 )Lgi. k-1 Aoi Aoi- 2
E(y’') =ELE w +p— W w? 3
i=3 A3 i hoZ
k-1 hzoi ) k-1 Xoi Xoi-’
=f —— E(K*) +§ ——————
i=t Ao> igic Ao’

[. w3s are i.i.d]}

¢ vl ) + [EWE TP

k-1 Aoi Aoi-
+ L —
igi- Xo?
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k-1 Aot k-1 A3¢

- T —~112 _
= 3 ; > + (k—-1) h 2
i=1 Ao i=t Ao
k-1 kgi 2
= 2 2 +  (k-1)
i=14 Ao

Putting the value of E(y’) in (3.15) we get

. 2
1 Aot

Kk -

Viy) = 2 % "
i=1 Ao

k-1 kzoi

i=1 7&.02

The above equation can also be rewritten as

k-1 {hoi - Xo)?
V(y) = 2(k-1) +2 [ - (3.186)

. 2
i=1 Ao

So we can see that it is larger than V(z2b4) = 2 (k-1) unless
all loi's are egqual. The most important point in this

modification is that i. Only depends upon the estimated
variances of cell proportions (or eqguivalently the estimated

cell deffs)

Since,

~ Trace (P ~'V)
Ae =
k-1
- k Yii x v, 1-p)
izg pi(k—l) i=1 pi(l—pi)(k—l)
k d (1-p)
= L
izd k-1
Dt_
where d = —'‘'~——which is estimated design effect of the
' p, (1-p.)

i-th cell. It can also be noted that ii is not generally the
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i/k It 1is alsoc well known

™M>x
o

same as average cell deff B. =

o

that some information about the estimated cell deffi is often
available but the knowledge about the covariance tere is less
common pérticularly in secondary data analysis from published
reports. Similarly, we can modify the test statistic in case of
testing the independence of attributes and homogeneity of
proportions from several populations. A brief description about
them is given below.
{b) Correction for the test of independence: (et us consider
the first order approximation in the case af testing of
independence of attributes, where our null hypothesis is of the
form.
Ho = hij(r) =TT Fiw Ty

i=1,2, —=1;3 j =1, 24 ———,d
A modified test statistic is similar to the Xz for goodness of
fit problem and is given by

= I
) 1o}

{(3.17)

~

é,

where 8. is given by
X J
6.=% }: v,”.(h)/(b P, p”.)
1=t =41

I v .
=§=1 j§1 (L= p 3= p )6 /b

Hence, ;__(h)/n is the estimator of variance of hij(p) and 31515
t

the estimated design effect of hij(p) i.e.
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el

~ , . . (h)
&, .= ‘i

ij _
P, P, (1 pi+)(1—p+j)

+J

But 6ij's are seldom available in the published reports so X. is an
adequate substitute under this conditions

~ I J

“=L L -p )d /13-1)
=1 31

However, even 2. requires the estimated ‘deff’ Etj for all the
ipdividual cell estimates pij, and this information may not be
available, especially for large two—-way tables.The best we can
do for many applications is to have some information on deffs of
marginal row and column proportions. Ideally we would like an
approximation for é. based on marginal deffs but it is found +to
be in consistent with almost any value of 5. There is fair
amount of empérical evidence that suggests that . tends to be
smaller than average deff of either margin in parctice. Thus,
it may be possible to find empérically based approximations that

work well in practice.

{C) Correction for the test of Heterogeneity : Now first order
correction to the test of heterogeneity will be considered
briefly because it can be obtained by proceeding on the similar
lines as in previous cases. As previously shown that

(r—-14>(k-1)

¥, = ¢ du’ - (3.18)
i=g
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Where di's are eigen values of A

{1-fs)}D1 - f1Dz, ——, —f1Dr
—~ fz2Ds {1-f2)D2 —-——,—¥2Dr
A = I | l
- Fr Dr - - - - {1—Fr )}Dr _
n, —e
where fi = “—;} and Di = P "Vi is the design effect matrixz for
the i~th population + = 1,2, -—, r. As usual the ordinary

Chi-square test is conservative with proportionally allocated
stratified sampling. For more complex design we can fall back on

the modified test statitics xf!/ d. Now

r
(r~1){k-1)d = Trace(A) = £ (1-fi} Trace (Di)

i=4
so that (1-Fi ) _
di

o
Il
upqg -

i=g {r—1)

where, di is the average design effect of the 1i-th population.
Thus d can still be calculated simply from information about
cell variances for each population. Notice, that as r becomes
large d will tend towards the unweighted average of the di‘s
praovided no single nm dominates the others. Notice, also that d
is simply a weighted average of a population design effects and
should stay relatively stable as r increases.

In general we can say that if our null hypothesis is of the

b
form Ho: hir) = 0 and X’(h) = ) Soithi? then the first order
i=1

correction can be applied as
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xZ(h)

I - (3.19)
- b . 6.
where 5. = F &i/b and &. is consistent estimator of & under
Ho: for example, 6i's fould be eigen values of
Mo A Fa T Y N A N

(H P H - Y*HVH') or (HPH )"(‘h. However, in general 3.
requires the knowledge of full 0 or %h unlike {. It has been
shown by Das Gupta (1953) that é. lies between the average of b
largest Ai's and b smallest Ai's so that 6. should be close to
A. if b is large compared toc (k-1). The &i's can be interpreted
as design effects of linear combinations of Li of the components
of H P. Obviously we have A1 = & Z A&—x for i=, -- b, since

Liara particular linear combinations of pi’s.

3.6.2 SECOND ORDER CORRECTION :

As it may be noted from the above discussion that first
order correction to the chi-square statistic is based on the
principle of standardization of the Chi-square statistics
obtained from the survey data such that its expected value
should be equal to the standard Chi-square test statistics ‘i.e.
Chi-square statistic from the data Dbtgined through simple
random sampling or from infinite population. As far as second
order corrections are concerned we standardize our Chi-square
test statistic such that, its expected value should be equal to
its degrees of freedom and its variance should be egqual to twice
its degrees of freedom as expected in the standard case. For the
second order approximation we take the help of Satterthwaite

approximation (1946), so this method is also known as
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Satterthwaite approximation method. Here, we discuss briefly
only the second order correction for testing the goodness of
fit, other, second order correction for independence of the

aftributes will be discussed in the next chapters. Suppose we
k

have the information about L xiZ then we can apply the
i=41

Satterthwaite approximation as follows

X
S - 2
) - . ~ X v
1+ a°
(k—-1)
where 5 =
(L + a%)
-~ k ( 3\\. - 5\.) 2
and a = ) which is square of the
i=1 L(x-12) A%.3

coefficient of variation of Ai's. Note that

k-1 2 " x P
¥ A = v, © /(pp)
- - i) 17}
i=41 i=1 )=1
ka o, k a,
Y V(E AWT)= 28 AT
i=g i=4

so thata® and » can be easily calculated from G It is also
clear that treating ch as xzk-x under Ho will %tend to under
estimate the upper percentage points of true asymptotic
distribution, since V(y) 2 V(x® _ ). However, this effect will
be small if the coefficient of variation of the Ai’'s is not too

large.

3.7 CONSTANT DESIGN EFFECT :
For a given sampling design p(s) the design effect (deff)
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as defined by Kish is the ratio of variance of an estimate T
under the sampling design under consideration with respect to
the variance of the eétimate under simple random sampling with
replacement. Mathematically it is given as

Var (T)
deff(T) =

Var (T)

ers
where Var"ar9 {T) denotes the wvariance under simple random
sampling with replacement. From the above definition it is clear
that "deff" measures the deviation in variance which is due to
any sampling design with respect to simple random sampling with
replacement.
Let us suppose design effects of pt's are constant i.e.

V(p ) =6 Vers (p ) =& r_ (1-r_ )/n

oi
where, i=4,2,~-,k
k-il 2
The distribution of ¥ is T &iWfi so the expected value of X’is
=1
k-1
EQF) = § & EM))
i=1
k-1
= L 6.1
1=4
_ -1
= Tr(Po V)
where Eo = diag (ﬁo) LS N
so the inverse of PB is given as
Po™' = [diag(g 11" + 11
r
ok
1
Hence, F;-’V‘ = llc:liag(ro)]_l V+ —11°V
r
ok
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&a . 1

Tr (P V) = Tr [{diag(r }37'V] + Tri— 1 1°V]
r
ok
k-1 vii 1 k-1 k-1
=L T, Y T L L oy
i=1 oi ok i=zs j=1
k-1 vit 1
= 5B — + Var{i-r —-—— r )
iz r o ok-1
ot ok
k-t Vg " koY
= z + = E
i=1 ro. r i=q ro.
ot ok - ot
Hence, with the help of Tr(Po"w we have
Sr (1-r )
k ot ot
E(X) = ¢
i=1 r.
oV
k
=6 F.i(l~rﬁ) = &(k—1)

xz

Hence, 5 has the same first moment as a xz

random variable with (k-1) degrees of freedom. Thus when design
effects of cells are assumed o be constant, the Pearson
statistic will have, as a first order approximation, the
distribution of xz random variable with (k-1) degrees of
freedom. In other words, for complex sampling designs with fixed
design effects, the tests are based on ¥ can be approximately
done using xz table. It can be shown the except for case k=2

these assumptions do not imply that V(p) is equal to 6F;.

3.7.1 Constant Design Effect Models:

{(I) Altham’'s Mbdel for Two—-stage sampling:
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Consider that the survey population consists of R PSU‘s and

let Mt the number of SSU's in the t-th PSU, t=1,2,--,R; such
it .
that ¥ M
1
t=1

N

Define

axi= i1, if A-th population element in the t—-th
PSU is  in i—th category.
= 0, octherwise

Model approach assumes 2

t)\ia'z» a random variable with

assumed distributional properties and the expectations, are
taken with respect to the assumed model. Following Altham
(1976). We assume the following general model: The random
variables aki in different clusters are independent and

el Zt)u
and e (AAi - i) (ZUH — i) = bij, Afu.

) = @ -{3.20)

where € i=s expectation operator with respect to the model. It

can be observed that values in the above model (3.20) '%re

independent of the PSU label, so a form of exchangébi}ity

between clusters can be assumed. Also, this model is not

suitabhle if the clusters are different. Let us denote the two

stage sample by s, where s = (sf S, 7 sr) where 5[genntes
r

the sub-sample of size m such that } m =n where r is total no
=41

of PS5U's selected. Then sample cell frequency can be written as

r m r
n =L £ Z,=E m, (say) - (3.21)
t=1 A=1 L=1
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n

L 1 » 1
et=- - —g g
n n A=

Hence

n,
This indicates that m = -}1- is a model unbaised for .. Let n
. AN

= (nl,rz. =~y 0} ', Also we know that

sl =nm

Cov(i

k-4
r ml.
ni‘ ) '.z=1 Az.=’. zxxt
- ml r mL
Vin) = E L V(Z,)+ £ E Cov(Z, Z
* =g A=1 l=2 AgX"’

r M r M
+E I COV(ZIM., K,M) +% ¢
1L A=a 1317 A\’

r r
= FH m (lm I + F“ml (ml")bu
Lo V(Zg,, = = (Z:M ¥ - EE(ZLM”z

= n -n2={n (1-r )]
1 3 t 1 v

Wi

for every s

lkﬂ R'ki)

Also clusters are independent of each other.

) of
n nitl—ni) +[f m z

Vin ) = v
l=41

The above equation can be written in the matrix notation as

r
A +[f m°

nvV =
B8 l=1 1
where
v = v/
8
A = diagl(l ) - "’
B = {b .}
vl
= AP k-l
or v = A+ (m -1)B
g 08
r 2
vihere "29 = T m1 /n .
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From the above equation we can find a close simnilarity
between the two-stage sampling design expression for the
variance—covariance matrix . The only difference is that
equation in the previous case is obtained with thehelp of
sampling design PPSWR and requires no assumptions about
popualation elements, while in this case we need the assumption
of exchangeability of model(3.20). Of course, the design and
model /are usualﬂ/intémately related and we would normally feel
more secure about the results based on the exchangeable model if
the sample was choosen with self-weighting design. The general
hypothesis about the parameters of the model is given by

Ho: hi {n)y =0, i=1,2,---,b
so, the )Ezch) is given by

2 _ A‘ ~ A Ay ~
x(h) =n h () (H P_H "} hil)

Since, m‘ N *g in different clusters are assumed to be
independent, it follows that
-~
Yn (-1 )-?.N(O,Vs)forlargern

Hence,

Yn [h () - h (1)1,H V. H)
where H = H{1)

But as we know

b
¥*th) = L oi W2
i=1
where &oi. = 1 + {(m -~ 1) p.(h)
R (o3 1 %

where P, (h) = eigen values of (HAH" Y™ (H B H")

Lemma (Altham):

a8



e

B = A - B is non—-negative definite.
*
Proaf : Consider B = A - B and letn AL = (2 Z )
i i tAL Tty
k
We can writen, =n +§ @
1 il i}
i
So, * k-1 2 X
C'BC = F = G+ ¥ n. (& -0)¥ 2o

Since, ., Z ©
i
Henée, with the help of above lemma we can say that p (h)<1 for
L
i=1,2,¥-,b. So conservative test can be given as

X2 th) )
~ X (under Ho)}
k-1

mos

3.7.2 Constant Design Effect for Stratified two stage Sampling:
Consider the case where whole population is divided into L

strata. Let Rh be the number of PSU's in the h—th stratum, Mht
is the number of SSU's in the t—th PSU of the h—-th stratum, is a
stratified two—stage sample in which ", is the number of PSU's

selected from the h—-th stratum and mk is the number of SS5U's

selected in each of the selected PSU’'s.

Let th 1, if (h.,t,A)-th element is in the i-~th

Ai

category.

0 otherwise.

Further, assume that model (3.20) holds for each stratum
seperately Then, if n = (n , -~ n _1fE(nh) =n IN. and
the covariance matrix of nhcan be expressed as

n

nhvh = h Ah + nh(mh - 1) Bh
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Ah = diag (ﬂh) - ﬂh ﬂh

L
Letl = F Nh l’]h
h=1 .
N L
Then 11 = E—gu” n /.

where Nh is the weight of the h~th stratum
E () =n

The covariance matrix of 1 is given as

L

2 -

v, =L W vhs/ ™
n h=1
In the case of proportional allocation with
nhln z W , V_ reduces to
Vs =} Nh {Ah + (mh - i)Bh]

h=1 N
But as we know Ah - Bh is non—negative definite as in case of

] - . [ 4 ‘ ’
previous section.We get C V;C =¥ Nh m (c AhC) <=m C (th Ah)C

X .
m C [A - E N% (l'Ih - n)<nh -a) 1c
< mcac
where mt = Mman (mh)

Thus the largest eigen value of {H A H')_itH VB H’} does not

exceed mt. Hence Xz(h)provides an asymptotic conservative test.

X
m
When Bh = pAh, m = m Y h
CAC = [1+(m1)p] C (} W, A)C

£ CLi+(me)plC

< (1+{m1)pl €A C

Hence, X2/[1+(m—1)p] is asymptotic conservative test provided a

value for p can be specified.

90



ANALYSIS OF MULTIDIMENSIONAL CONTINGERCY TABLE



ANALYSIS OF MULTIDIMENSIONAL CONTINSENCY TABLE

4.1 INTRODUCTION:

In categorical data analysis, when the observations have
more than one characteristics of interest, it is often the case
that we would 1like to study how these characteristics
interrelate. The study of these associations and interactions
can be nicely formulated using log-linear models. For the
secondary analysis from published reports containing multiway
tables, the researchers may not have access to the necessary
information (e.g. the full estimated covariance matriyx of cell
estimates) for implementing the méthods such as Wald statistics
or developed by Nathan'(1975) etc. At best report might contain
some information about variance estimates (design effects) for
marginal totals or cells. Consequently, it is of importance to
assess the impact of survey design on standard multinomial based
methods and suggest simple corrections requiring only minimal
information on the design effects(abbreviated "deffs"). Even
when the necessary information is available, it is not clear
that methods based on Wald sttistics would necessarily perform
well in finite samples, especially when the number of cells in
the +table increasg8 . This also leads to unstable sample
estimates of the covariance matrix. It would be desirable to
obtain improved corrections to standard methods utilizing the

detailed information and study their finite sample properties

g1



relative to those of Wald statistics and others. In this chapter
we discuss some of the methods particularly the papers by Rao
and Scutt(1984).using log-linear for multiway classifications.
These methods have been used in developing the relevant theory

and test procedure in subsequent chapters.

4.2 NOTATION AND BACKGROUND :

Suppose that we have an r-dimensional contingency table
nith independent variahles xl,xz,...,xr, each having
respectively P sV seces vr categories. When r = 3, the indices
i,3,k can be used to denote a given cell in a table. For example
r1ﬁ will denote the expected proportions in the cell i,j.k.
This nptation can be generalized by using a single symbol
usually @, to denote complete set of subscripts. Thus, r will

e

be the expected proportion of an elementary cell ©O.

We generally consider hierarchical maodels as defined by
Birch{1963). This means that the cell expectations are permitted
to be log-linearly related in such a way that a suitable set of
marginals , usually called the minimal set of fitted marginals,
is sufficient for the parameters. Tables of sums of none
elementary cell will be caled cnnfigqgtinns and will be denoted
by letter C (Bishop et.al.{1973)) . For example, in a three-way
ctontingency table, the table of partial sums xij+: r ijE
obtained by summing over the third variable, will be denoted by

G2, As the third variable has been removed by summing, the

Subscripts of C refer only to the remaining two variables.
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configurations corresponding to minimal set of fitted marginals,

as defined above, will be called the sufficient configurations.

Bishop et al. {19753, page &8) outlined a method to derive
sufficient configurations for comprehensive, unsaturated and
hierarchical models. For such models, if sufficient
configurations are given, it is +trivial to write down the
log-likelihood function, log m, - Alsec , it can be shown that
number of independent parameters in the model can be expressed

in terms of numbers of cells in the sufficient configurations.

Indeed, when only Cb is the sufficient configuraticn of the
model, it is clear that the number of independent variables in
the model is equal to the number of cells in CB' Ié other words,
if ueis the set of all linearly independent u - terms whose
subscripts are subsets of 8. (which is, in this case, the set of

all linearly independent parameters for the model) then the

cqrdinatéty of u, is equal to the number of cells in C . This

2] (=}
result implies that if the sufficient configurations are Cbi,
i=1,...,k and ue,'s sets are defined as above then
R
u_ = .. i 11 linearl
e ueg Ug, s sUgy will be a set of a of a Y

independent parameters and cardinality ofu can be fouund using

the inclusion-exclusion principle. For instance, the three
dimensional contingency table with no three factor effect,
1 = i ‘ + ii)+u (ik)
og L u + u‘(x) + HZ(J) + uatk) ngf R R R
+533(jk) with i=1,...,1I3 3 = 1,2,...,J;

and k = 1,2,...,K, has (2, a3, and Cas as sufficient



configurations. Let u be the set of all linearly independent

parameters then

card(u) 1+ (I-1)+(J-1)+(k~-1)+(I-1){I-1)

+ (I-1Y(K-1)+(J-2)(K-1)

It

I + JK + JK - I-J-K+1
= card(t&z) + card(taa) + card(uza) - card (uizﬁ u g
~- ecard ( u N uzs) - card(uﬂn wor o+ card(ulzn u N uzs).
The formula for the number of independent wvariables will be
simpler if the hierarchichal log-linear model is decomposable. A
hierarchical model with sufficient canfigurations Cei,
i=1,2,---,1 is decomposable if and only if the class {6i} can be
cbserved in such a way that each 6i is composed of one set of
elements which are missing in all 6s for s> and one set. ¢t
which is contained in some Gr, for some rX. In other words, we

have
6 = 6."u ¢ .

: .* . .* PR . N
with 6. n ¢ = 0, euj?ia,;— 0 and $ < 6, for some s > i

Further if such an ardering is possible, a version may be
found in which any prescribed set is the last one. For example,
three way contingency table with sufficient configuratinﬁ_ Ca2,
C4s and C29 is not decomposable, since the subscripts of any €
can not be decomposed into two disjoint subsets satisfying (A)
but the seven dimensional hierarchical laog-linear madel with
sufficient configurations Ci2a, Ci2¢, Cess, Csi3s and Cs? is

decomposable. An ordering of 6i which has (5,7} as the last set

is
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{1,2,43, {1,3,63, {1,2,3%, {2,3,9}, (5,73
where the bold elements do not belong to any set that follows.
An ordening.that'has {1,3,6% as the least set is
£3:7%F, {2,3,83, {1,2,43, {1,2.3}, {1,3,56)
Usually, to obtain a particular ordering, it will be easier +to

start with the last set and work backwards.

4.3 MULTINOMIAL SAMPLING :

Here, some basic results about the log-linear model under
the multinomial sampling will be discussed just to introduce the
application of 1log-linear wmodels in the categorical data
analysis. The standard results for these models are given in
Bishop et al. {1973), Fienberg(1980) and Agrestti {1990). Let r
= (ra.;.:,rT) be the vector of cell proportions such thﬂt’;é:k =
1. The observedcounts in each cell from the random sam;ie of
size n is given by n = (nl,nh emas nT)'. Now, as we know that n
has a multinomial distribution, where T, n,_ = n. Let p = nn and
define

4 = log r
The log—-linear model assumes that for a parameter vector 0 =
191,4;5;, Qr)', we have
H() = 1 (611 + X B —  { 4.1)
Where X is known T » r matrix of full rank r(= T-1) and X'1 =0,
1 is a T-vector of 1°s If r = (T-1), we have a saturated model.
For instance general log-—linear maodel for 2x2x2 may be written

as

Hige = H +op (D (5) + H (k) + u (13) +
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Lﬁs(lk)+pza(Jk)+Fﬁza(i’j’k)

Where i=1,2; j§=1,2; k=1,2.
Now we impose the following constraints.
2
z H(i)= o » M 1)= —p (2)
=1
2
: “12(”) = g = 2 “12(1'” = ”,uﬂ(.l,_)) etc.
J v 1)
similarly, H, (21) = -¢a2(11) etc.
Here
M, (1) ’ g4
“2(1) Hyt2
“3(1) He2s
&= (11) =
M2 H= Hyz2
“1511) ? Hass
“2511) Maa1
”14%1)_ Has2
Moz
_ Hem
1 1 1 1 1 1 1
1 1 -1 1 -1 -1 -1 -
X = 1 -1 1 -1 1 -1 -1
1 -1 -1 -1 -1 1 1

26



So we have

log r= p(B)L+X6 (4.2)
r= ExP{;(G)l} Exp{X 6}
1'r = 1 EXP{;(B)I} Exp {X &}
1= 1 Exp {£(€)13 Exp{X 63}
£ (©) =1log ( 1/ L'Exp X 6 )
This is also known as normalizing factor. Under multinomial

sampling, it is well known that likelihood equations are given

by

X v =% "n - (4.3)

where r = r(0)is the maximum likelihood estimator (MLE)}) of r

under the model [ r,= 1. The method of Iterative proportional
t

fitting (IPF) is often used to determine (4.3) whenever (4.3)

does not admit explicit solution. The MLE r are easily obtained

for hierarchical model .Now, from Bishop, Fienberg and
Holland(BFH,1975) ‘fection 14.8.1 we bhave the following
results.
~ asy . 1
n (6 - 8) > N [o (XP X) 1 - (4.4)
R asy . - .
Y (r - r)y —> N (O P X (XP X} "XP] - {4.%)
These results are asymptotic in distribution.

Suppose now that linear expression X & can be decomposed
asX & + X 6_ where X and X_ are full rank, X is Txs and X is
11 2 2 1 2 1 2
Txu accordingly 91 is sx1 and 62 is uxl (s+u=r) Consider the
problem of testing
Ho: 6 =0
2

against the alternative
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FL: 8z % 0
P S T
Let efeir etc. be the maximum likelihood estimates under the

full mndellt. Alternatively, let éy and r. denote the estimate

under Ha. The 1likelihood ratio statistic for the above

-~

hypothesis g = 2n ¥ Py log (pt/rt) - 2n T ptlng (bt/r )

Under Ho, this statistic has asymptotically xz distribution

with u degrees of freedom. This statistic is alsco

asymptotically equivalent to the Pearson statistic.

o~
2 y o~

_ A—A -1 -‘\— _
X P = n(r r Dn {r r) {4.5)

and the Wald statistic

X= nex P X o -(4.7)
where Dn = diag(r)

P =D -rr’ - {4.8)

4.4 EFFECT OF SAMPLING DESIGN :

Suppose a sample, ;, of n ultimate units is drawn according
to a specified survey design, p(;), and let ; denote a
consistent estimater of r under p(s), T €.= 1. Assume a central
limittheorem for the specified design is available which ensures
that ¥n (; - r) converges in distribution to a NT(U,V) random

EaY

>0, i.8. p is approximately T-variate

vectory, say y. as n
normal with mean vector 0 and singular covariance matrix V/n for
sufficiently large n.

Let s be set of all possible T-dimensional probability
vector i.e. JT = {r: r z o and ET r. =1} and © is a subset of

i=1
r-dimensional Euclidean space called parameter space as @ ranges
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over the values of 6, r (8) ranges over a subset M of Sr. Assume
the following regularity conditions which are given by Birch
(1964) along with the assumption that model is correct i.e.

r=r{é). Also throughout we assume r < (T-1).

(i} The point @ is an interior point of ©, so that 8 is not on

the boundary of o© and there are r—dimensional
v
neighbgrhood of 6 that is completely contained in o.
{(ii) r. = Q(é) > o for all i=1,2,——,T. Thur r is an interior

point of fT and does not lie on the boundary of fT .

(111) The mapping r : © >fT is total differentiable at @,

S0 that partial derivatives of r. with respect to

ejexist at & and r(€&) has a linear approximation at

"8 given by.

, artte)
rlte) = ri(e) + (e -6 —/—/—

j=4 .
J

+ 0l & —~60); as® —> O
ar
{iv) The Jacobian matrix (————}, Whose (i,ji}l-th element is
art(e ) 26
- is of full rank (i.e. rank r}). Thus r{6}) maps a small
8’9j

U .
r—dimensional neighbcrhood of r(8) in M .

(v) The inverse sampling r ': M——> © is contindous at r{ie}) = r.
In particular, for every € > 0 there exists a 6 > 0 such that
Ll Fa
e -6l 2 g, then I r{@) —r@) Il 2 6.

{vi) The mapping r: o »f is continuous at every point 6 in o .

~ ~
Under the regularity canditions given above and assuming r = r(0)
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s

where @ is estimated by MLE

6 =0 + (an)? A'Dr',"'z

{Section 14.8.1.BFH(1975)1]

I

where A

"’z(ar .

diag (r)

and Dh

from regularlty cond;tlun (iii) we get
472 A(B _ 9)

r -r = Dh
Now consider the log-linear model
H = ue) L + X6

With the help of above model we get

_ 12
A = Dn

where P = Dh -rr

P X

Now

172

T % r matrix whose (i,i)—-th element is

- _— ' . —1_
XPDH DnPX-XPX [..PDnP-—P]

A'Dn 2p - r) = X°P Dn n;’z(;;—r; =

Py o~
Since the asymptotic covariance matrix of p is D{(p) =

(4.9) we have the asymptotic covariance matrix of (p) as

D) =E (6 -0 ) (B — 6

X (P-r)

)’

=[ (X°P X)X (p —-r)(p-r)'X (X'PX)™* }

=(X‘P X3t X'E[(; -r) (p- F)* ]x(x'

1

D8t = = (x'P P xvx eyt
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P Xy

. D(p)

= V/nj}

- (4.7)

- {4.10)

From

- (4.10)



)
Hence, the covariance matrix of r is given from(4.3) as

D(r) =E(r-r)(r—-r) =E [Px(g ~ 8o - 9)'X'P'1
L . 3

=P XE® -8)(@ ~6) 1P
So,
- .
D(r) = P X D(O)XP ~ (4.11)

In the case of multinomial sampling we have

1 1

n(“e)=r—],L (XPX)Y* (XPX)CXP X =£(X'P x)™

¢V =P)

As we have from (4.4) and (4.5)

6~ 6 + (XP X0 X(p - r) - (4.12)

el

r.r+PX@e-6) - (4.13)

From (4.12) and (4.13) we get
r-r=PX (XP)'%p-r
Now for finding covariance matrix of residuals p — rwe proceed

as follows
p-r=(p-r-(r -

= |(p -F1- PX(XP X27* X" (p - r>}

=1 -p x(x’Px)"x'] (p - r)

Fal Fal

Dispersion of - (p — r) is given by

Dip - £) =E |(p -r)(p-r)*
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]
o ——
[
I

P X (XP x)“x'](p - p-r)° [1 - P x(x'le"x]'
=[1 - P X(XP x;"x']t—:(& —r)p - ) [1 - P X(XP x)"x']

=[1 - P XX P x;"x']D(S) [1 - P X(XP xf’x‘}

 —
-t
i

P X(X P x)"x']v[x -x et x’P]

[.-.D(p)=

In the case of multinomial sampling it reduces to follwing fore as
V=P

2l

V] - {4.14)
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Dip—-r)= % [r - P X(XP x)"x']P[:—X(x'P x)"x'P]
_ 1 ‘ -1 ] ‘ -1, ]
=~ [P -PxoX'P T'XPR| I - xex PP

1 . -g ] 1 . -1 ]
== [P - PxaxX PO X P~ o [P PXYTIXP

+ %[chx’PX)"X’PX(X'PX)“x'P}

= % [P - Px(x'ny“x'é]- % [ch{Px)"{P1
1 . -y
+ = [PX(X PX) ' X F}
1 . -y -
== [ P - PX(X PX) X F] - (4.15)

The diagonal elements of (4.14) provider the asymptotic
variance of the residuals which are useful in detecting model

deviations.

4.3 NESTED MODELS :
These nested models are discussed earlier in the- case of
multinomial sampling. Here an attempt will be made to analyse

the sample survey data problem with the help of these nested
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models. Let X = (X1, X2), accordingly @ = (61, 62) ‘where Xi is

Txsand X2 =T »x u correspondingly 61 is s x 1 and 62 is u x 1

where s + u = ?, ﬂ}=0, and Xél = 0. As stated previously
we are interested in the null hypothesis H: 62 = 0O so that under

H we get reduced model Mz, where as first model (full model) is

Ead L

>~ Ll
denoted by M. Let 61 and = r(61) denote the “psuedo MLE” of

"~
Ea
r

61 and r respectively, under Mz obtained from the likelihood

FaY o FaY
equation Xi'r(e’) = Xi'p.The consistency of p ensures that of r

Eal

under Fe(L Et = 1).The Pearson Chi—-square statistic is given by

~ -~ ~ EN
~ ~ ~ A
2
r r

2 S

¥ =ngp (r, -

t

and the likelihood ratio statistics is as given below

Eal

6 = 2n L rolog (r/r)=2nF p log (r /r

N0y

-~
-~

= 2n:E P, loge (pt/ rt) =2n T P, loge (pt/ ro)

= &- 6 (say) (4.17)
2 1
BFH (1975) proved in Lemma 14.9.1 that for multinomial and
product multinomial sampling i (or 6%) 1§ asymptotically
distributed as xz . But it is clear that same situation will not
u
present if our data is taken from survey sampling with some

complex survey design due to clustering and stratification.
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4.6 EFFECT OF SURVEY DESIGN ON NESTED MODELS :

As discussed above the clustering and stratification affect
the nested model considerably so here we will try to find the
asymptotic null distribution of ¥or & for any sampling design
p(s).We have equation (4.12) as

-~ L . -1 PR
6 — 6 = (X PX) X (p-r)
and equation from (4.13) as

r-r=PXe -e)

An anglogous result is given as

~ ~ -

r —r = PX1{6s — 61) {funder Hol

50
r-r=(r-r}—-(r -r}
Fay
= PX(@ - 8) — PXu{(61 — 641}
3; - 61 o
=P (X1 Xz) 82 - O2 - X1{61 - 61)

i

=P |X(6s — 81) + Xz2(62z — 62) — X1(Bs - en]

”~

= P ‘X1(51 - B81) + ngz - X1(31 - 91)]

-

funder Ho: 62 = 0}

We can have analogous result from the equation (4.12) as
o

61 - B1 = (XiP X1) Xi(p - r) - {4.18)

Now expressing X PX as partition matrix we have
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xpx = | x| Poxel | xape xPe

XzP¥s XzPXe

Using the standard formula for inverse and with the help of

{4.12) and (4.18) we get

B1 — B1= (Bi— 61) + (X1P X1)7'(X PX2) 62
a0
-

F-r="p [ Xi (O1 —61) + X2bz - X((B1 — B1)

. - -
+ (X P X)X PX)8,3 W

-~ . - A
=P'[xe — XX P X)YUX'P X0

Zz2 2 1 1 1 1 2 2
) ) , L n
=p [xz X (X,P X)) (XP xz)] 0,
= P X6©

~ ‘ -4 ’
where Xz —‘ [I - XI(X‘P X‘) XlP] Xz

N
)(2 is also known as projection of xz on the orthogonal
complement of the space spanned by the columns of Xi, where the

N
inner product is defined with respect to P (XzPX2 = 0).
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Now as we have

el ”~
”~

xz=n(.r—;)'oﬁ
=né; X PD'PX 8

ne, (X PX)e, [Note that P D-;I/z P=P] -(4.20)

i

Now considering (4.10)andthe formula for the inverseof the

partitioned matrix we get

D (&) = t
2

3

. - . a A e ~ 4
(XZP Xz) (XZV Xz) (XzP Xz)' - (4.21)

Hence, we can say that 92 = Nu {8,D (#)1 and using the standard
result of the distribution of Buadratic eguations we get that '

Ay

T &i%?where Nf” xf,independentvaariable and 61ase the

eigenvalues of D(gé) (Q;PQ;)n which is equal to
N F "\.r -_1 A s As N’ r -1 Arr N Ay ~ -4 Ar v ~r ]
(xszz) (szxz)(szXz) (XZPXZ) or (XzPXZ) ( XZV Xz). In case

of multinomial sampling we have V=P and the above formula
reduces to I. Hence, in case of multinomial sampling 61 = 1,

i=1, ———, u and we get Z = xz under Ho.

It can be noted that XZ p is a vector of contrasts in the

Pi'S.gince, Xz 1 = 0 because X1 1 = 0 and Xz 1 = 0. The

~r L Ar s A

covariance matrix of x2 p is (xzvxz)/n for the survey design

s

used, while (XZP;;)/n is the corresponding covariance matrix for
multinomial sampling. Thus 51r-36 Jare the generalized design
effectdas discussed in the case of two way contingency table.
For the contrast vector ;; ; the largest eigen value, 61 say, is
the largest possible deff taken over all linear combinations of

Fa Sl

the elements of the vector sz.
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4.7 WALD STATISTICS :

”~
Let us consider a consistent estimator of VW/n as V/n,
Fal
the covariance matrix of p. Again, let € is any T % u matrix of

rank such that C X = 0 and C'1 = (. Also C‘XZ is a

non—-singular matrix, in particular if X; x2= 0 a convenient
choice of C would be Xz. Then our null hypothesis & = 0 is
equivalent to H 9 = C’'u = c'xzez = 0. Under Ho: ez = 0 this

reduces further as €'y = O. Hence the proposed wald statistics

S

for testing H is based upan r,is given by

2 A' e o~ _1 Fal
Xw = 0°{D (&)]  © - {4,22)
where @ = C y and D (9) is the estimated asymptotic covariance

s ”~
matriy of 8. Also, u is the log-probability vector of T x 1. Now

since we have vn (r — r) > N [0.D (r)]
~ A ' 310!37' ~ ~
and log r = log r + — l{(r-rm+ 0 r-ri)
- er

which can be written as
"Ny Fa
u-u= Dn {(r - rl

SO

D(D)

it
m

€ (u — p) (u—y)c]
L

= E c'Dﬁ‘ (r - r) (r - ry ot C]’

T - -1 — _
= £ Dy D (m) DH C = I (say) {(4.23)

~ ) . ~
where D{r) is given by (4.11). Now by replacing r by r and V by
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P oy
V we get the estimator of D (8).The Wald statistics given by
equation (4.22) is independent of the choice of € matrix and if

no estimator of V/n is  available we simply replace it by

multinomial covariance matrix in D(8).

A | . o SR
D(OD) n c Dn PX (X PX) °X PDn c
=ex et xe-
n - :o
() -3 =
P Dn c Ccl
With the help of the above equation we get the +test statistic

alternative to xz or G?.

e ~ . - . .
X, =noex (xPot x'cite. - (4.24)
The true asymptotic distribution of ;2 under Ho is a weighted

sum of independent x:random‘variables

A, s u
2 ~ 2
Xw = ; r”*
i=1
-1
where r T, are the eigen values of I; ZB Now we will try
to show that X: is equivalent to x* under the null

hypothesis, which implies that XZ= T 6udfand [é;,—-—,éu] is

identical to [r;, r,e ~=s T, Jj. Under the null hypothesis H : eé

=OWehave 8 =8-0=C - ~C 0% (r-r
~ c'oy' P x (6 — 8) [using (4.13) 3

Also note that

€D

-1

I PX =C'X = (U,C’Xz)

e nly L o
£ c DyP=2C"1

Hence,
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B=cCX (XPO™ X (p-r)

Again using the formula for the inverse of the partioned matrix we

get
o = cxe
2 2
Xc=Cx (X PX)Y*' ¥ ¢
2 2 2 2

and C X (X PX)~?

Hence, with the help of (4.24) we can write as

~p ~ . . ~, . -1 .o~
X, = ne XC [sz (XP X)X c] €xe,
=né6, (X P X)6r~ Ve - (4.25)

Y C'Xz is non-singular]}
Now another multinomial Wald statistics which is possible is
based on a weighted least square estimator (WLS), @, of €& and

Ay,
denoted by Xz(l) » We will try to show the equivalence of e

and 22 (1).
w
Let F be any matrix of order (T-1) x T of rank (T-1) such

that F1 = 0. Let f = F u, where u is a vector of

il

log-praobabilities of order 7 x 1 where;ﬂ= log P Now assume

the cental limit theorem we have

Yo (7 - £) = N(O, v

where f = Fu = F X 8,

~ Fpty p-t -
v, = F o'y o F [By.5-method]

If we assume the multinomial sampling, we have
-4 -1 " _ -1
Vf = F Dn P Dn F = F Dn F .
The weighted least square estimator of 6 under the model f =-F X ©

is given by
1, — -1

é=(x'F'\Tf‘Fx)' XF V4 ——  (4.26)
where ) V=F D;lbe;‘F'

e
The asymptotic covariance matrix of 6 is given by
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5 =} E Vi gyt o
D (8} n (X F VJr F Xy = n Veu(say)

Now partitioned 6 as (61 92) and correspondingly Ve as

qsli vaz
Vb- =
vbz: V'922

Hence, a Wald statistic which is asymptotically xz under
u

H: & =0 is given by

e

= 5yt
w (1) - n 62 822 62

s

~ {(84..27)

Ar

provided V is available. Here,one thing we can note that 8is

independent of the choice of F. To prove this let us consider

8 which is a non-singular matrix, let

3 %
f =Fu
FF=6F
S0 Vz =GV G
f b4
Hence, F" V}; Fn = FG6 (6 Yf 616 F
= ﬁdd*@’E%F
= F V,'F.
s

so from the abhove derivation it is clear that @ is independent
of the choice of F.Now, let us consider a particular choice of F

as

I

X P

F
- g —

Where F; is a (T-r-1) x T matrix of rank (T-r—1) with the

L

F

properties F X = 0, and F 1 = 0 with this choice we have
TXPX
o

— -

F X =

But as we know that Yf = F qn v 551#} with this particular
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value given by F we have

Voo = XF:’ ] o;'vot XF, )
X P otV o
= 1 (PX F )
\ Fog'v o
] [ x'v 0P X X v o'F;
Foop‘voo'Px Fo v 'F

XvXx xVv D;F;

-1 -1 -1
| Dy VXF, 0TV O,

Now putting V = P for the case of multinomial sampling we have
XPX XP Dﬁ‘r-‘1
f -1 -1 ~q "
Fil:)n PXF D].l P D].l F4

X PXXF
1

]

-1 ’
AR

XPX O
-{4.28)

-7
a Flnl'l Fl

I
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Fa Ar ~1 PN
Thus by replacing V by P = D; ~ pp’in (4.26) and {4.27) we get
the statistics when V is not available and it depends upon the
assumption of multinomial sampling. Consider the equation (4.26)

and replace Vby P we get

-1
~n PR _!.,, -4 ._1 . . _1“' -4 ‘4 a
6 =1 xF "D PD*F ! mx X F = ™ F F
[ ( o p } (FDP P 5 ) M
- P _11_1 "’-,, -1,_1 ~
= XF(FD;F)FX]XF(FD"‘JF) F u
L
- -4
(XPX 0) (FD¥F3* | X P X (XP X D)
= p 0
i -
-1 f.-1 X; s ~
®»(F D~ F ) H
p )
-1
=[x Fx(Fn;f;‘F)"(xpx)] (X P X) (FD‘;‘F)“xpp
~N -1 _10 » " .y 11 ,-1 " N
= (X P X)HF DFF ) (X P X (X P X) (F D3 FI) X Pu
= (XPX)XPu — (4.29)
Hence,

N

-0 = (XPX)VXP (- w
Now using ; - u = q{dt: - r) we have
6-6=0PF N XNFDr-r)
From the equation (4.13} we have

6~ =(XPX)'XP o' P x 6 -6)
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(XP X) (XP X) (6 -6)

oy

{6 — ©) - (4.30)
Moreover, Vé reduces ta (X P X)! so that

Voo, (X, P Xz)'i, Thus under Ho: 6, = 0 we have

o, Nt e

2 e -1
Xw {1} —DBZ(XZPXZ) 92

e apr oy
~ ne, (XPX)'e ~x

fBy (4.25)]

In the special case where M is a saturated model we have s

- )

+u=T-1. Also, in the case of saturated models we have r = p
and D(r) =v/n under the given survey design p(s). For the case

. . . ~_P . s 1 - 4 -
of mP1F1n9m1a1 sampling D(r)= /n. Noting that C Dh P Dh c =

C'DE‘C. We get the result that 6i's are eigen values of

5%, = (c'nﬁ‘cf’(c'nﬁ’vnﬁ‘c:).xn this waywe can

observe that we can obtain 6i's without calculating the
projection matrix Xz.

Consider the approximation given by SatterthTWaite

(1946) .Under the null hypothesis the distribution of X is

X 2 u
= —— ~x°
® (1+a®)s. 1+a ?
1 T (61 - &%)
Whereb.= — % &i and a® = . which is nothing
R fu & 1

but square of the coefficient of variation of the &i,s5.But we

can prove that it is not necessary to evaluate all &8i. We can
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see that E (X°) = Eiéi and V (x%) = 27 6%, where E and Vdenote
the asymptotic expectation and asymptotic varine operators.

Consider again 2

-~
nir -
¢ i

IREE

)

r
t

Fat
—— o~

M or-r) =~ y . N_ (0, B)

"l ey el
where B= (btl’ =P XZD(BZ)XZP and D(ez)isgiven by (4.21)

Hence, E(X%) = Lb,/ r,
i
similarly V(vf ) = 2bft
and cOv(vf, vf ) = bel, ttv=1, —, T

So variance is given by

Vi) =2F%F b5/ (r r)
1 il t
I1f the estimated full covariance matrix V/n of cell estimates

-

available, then x: is employed as an alternative to
wald statistics by estimating a and & obtained from B in place
af 'a” and ‘6°. The asymptotic sygnificance level of xz for

desired nominal level of a can be found and consequently the

design effect may be obtained as

2, _ 2 2 = 2 2 -1 2
SL (X7) P[ x Z xu(a)] P [xv 2z {1+a” 6.% xu(a)]

is camputed to a , where x: is the upper a — point of x:.
4.8 MODIFICATIONS TO X':
The first order correction to Xz(Dr Gz) can improve

the ¥ statistics adequately i.e. we can treat X°,8. ar 62/6. as

2
xu under the null hypothesis Hi where 8. may be written as
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us.=Trace| 3 ¥ -3 &' ™
(x,pP L x_v Xz)}

=Trace| (X P X)"2(x'v x)]
. -4 .
Trace [ (XIP Xl) (le Xi) ]

= (8 + ul\. - sh1. (say) -(4.31

[

In the case of saturated model F& the above equation can be

written as
(T -5 -1} 6. = (T-1\. — 8 A1,
{7  stu = T-1.1]

where{T-1) A. = L (l-ri )dt
t
i

- A
whered = —————= cell" dESlgh‘ Q‘H‘G‘Ct_ Of\ F
t - t
r (1-r )
L t
vV = (vu). For 7 >> s, &6. = A. and it 1is expected that

lei_will also perform well in the large tables if s is fairly
small. It can be noted that A. is independent of H as the Ffirst
order correction proposed by Fellegi (1980) where 3. = ¥ Gt/T
where as g. is full dependent on the null hypothesis under
. consideration.

1t can be shown that 8. can be computed knaowing only cell
deffs, d1 and the deffs of collapse tables (or marginals),
whenever model admits explicit solution. For example, the no
three factor interaction hypothesis is the only hierarchical
hypothesis that does not permit explicit solution in a threeway

table. Using the notation of BFH({(1973} a hypothesis leading to
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direct estimate is of the form.
re = [{1 pe.l] / [l} Pg; 1 - {8.32)

s By
where pbiis the marginal toptal of pe corresponding to 6i.
~ ~

Similarlyp isthemarginaltntalofpecnrrespondingtnaLFor
i

example consider the example of three-way table,

8 = (1i3k), 61 =(i k), 62 = {3 k), E& = {k}
Again, consider the hypothesis that variable 1 and 2 are
conditionally independent given the level of the variable (3).

Now using the equation (4.32) we get

noC Zg Pg 100  {pg/ry)

% 75199, |19, o

+Ej [rﬂj Pa; 1“"%}

Now ~
A A A Po " e
2% Rglugep9=2zp9 loger9+loge 14—
2] 2] o
”~ o~ 2
o "o (P " )
~ 2%p log r, +
e & ® To 2 o
~ 2
(p, — 1ry)
~ - e . 6 -{4.33)
2 zpb loge ra*t L
e e g

Similarly
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ZL Py, 100 Py, V2L Py, 109, rg,
= &i

-~ 2 -
*Ei (]Jve_t réi) frei -{4.34)

and
Eed
2 Tp;Pp;109, Py, 2 Ly, Py, loa, Ty
”~,
2
(pﬁj rgj)
L7 I -{4.35)
To; - (
9]
Putting the values of (4.33), (4.34) and (4.33) in above equation
we get
-~ 2 -~ 2
& (Pg ~ Tg! Py, = oi?
4 5 - LT
n s G i
- ) , =
(pej - raj)
T
D
O

[ £ 2% p»e[luge r'e--{:llogerei +zjlngergj] =0 }

[from (4.32)]

or E G: = :9 (1 - ra) t:le - EL{ Ee-;“_rei )l:lei_+z:j2‘gj(.l--l"gj)dgj }

~ {4.348)
b -~
here n v (pe)
de = , which is the design effect of Po under
o (1 - re)
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the null hypothesis -~

dg, = s which is the design effect

dﬁj = s which is the design effect of marginals p

rlbj { .l--rBj )

" ”~ o~ o ~ o~
The estimated deff (:I6 af de is given by da[ pa(.l—pa)f s (1-r )]

where cl9 =V (pe) ! [ Pg (1-pe)/n ] is the estimated design effect

Al - FaS
of Pg irrespective of H, and V (pe) is the estimate of variance of

o~ A
p . It is common practice to repart 4@ rather than d .

a e e
Hence, we have ~
Pe
~ ”~ -~ ”~ -~
ué. =z —T_—-(l'pe)da—n' r (1“P9.t) dai.
(2] Fo i

+zj{rﬂju—3m) Sm} - (4.37)
It is an important result which can be used to prepare
cotingency Tables from the survey data.
For example consider I x J Table and let our null hypothesis
is r_lj =r., ri\j {=3 uiz(ij) =0, i=1,—-,1; and j=1,—,d.
50 the equation {4.37) can be written as
(I-1) ¢(Jd-1)6. = Et Ej (1-r r+j)dij - {“.(l—r,u_)di(r)

- }:j (1-—r+j)dj (c)
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where . and r+j are the row and column marginals, d.{r) and
¥ 18

d{c) are the design effect respectively, and d. is tha deff of

3 4

&j. Hence, x?/6. can be computed knowing only the cell

proportions bh and the design effects of the above mentioned
guantities. Similarly for IxdxK table under the hypothesis of

complete independence ier . r  r we get
i+ +3+ 3k

(IJK -I-3-K+2)6. =zizjz; (1—l",u_+ r+j+ r;+k)duk
-'I; {1=r )5 {(r)- E. (1-r )d (c)
(X2 ) Hr )

—E (1_r++k)dk(1)'

Where r, r _ and r are the three way marginals and d  (r),
L4+ ++k L

+j+

%(c) and dk(l) are the corresponding marginal deffs dnk is the

deff of ;u&!when the model does not permit explicit solution
for ; and ;, 6. can not be expressed in terms of only cell deffs
and marginal deffs.

Again let us consider that one of the margins of IxJd table

is fixed. Let n be the observed frequency in (i,jlth cell,
asn+istﬁéfixed row marginal. Take
: o~ n L) n

i i+
ang r. . P where
i)
n

where =
P - Picis

jeir?

Fkuare the cell proportions within the i-th row population and

P ,are the corresponding survey estimates (Ej Pj‘c) = }:, o
= 1)
n,
T+
- = = = P =P s
Hence, H: rij ri+r+j {=> Pj‘c) Et n jeiy j ay

L;Ej Pj(i:=1]

Which is equivalentto test of homogeneity across the populations.
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n,
i+

Since%+= - ,wegetV(pH)=o
Hence, _ (l—rk+)dun = p - (4.38)
n V(pi.j)
Also (1--ri’+ - tﬂ) dﬁ = - - = (1—Pj) dyu‘ {4.39)
A +J
N V(pj(i)) .
where d . = — which j-t ceu}defﬁin}h%i—th

P (1P )
i i

row population under the null hypothesis

Similarly ~
n V(p+j) n,
Ar ) d = - =L Th Yty
+ ]
n,
Note p+j = 2; o Picis - (4.40)
n,
~ , 1+
nVe ) TR TR Yan (1-p;)

fAssume that sampling iz done independently with in each row
population. Hence using {(4.38), {(4.39) and (4.40) in (4.36) we

get

n,
(I-1) (J-1)56. = 2‘ Ej (l—Pj)dj('u [1 p— ]

which agrees with the result of Rao and Scott(1981).

4.9 MODELS NOT ADMITTING DIRECT SOLUTION TO MULTINOMIAL
LIKELIHOOD EQUATION :

Consider those models which are not admitting direct
solution to multinomial likelihood equations. The é&.

Corresponding to a nested model M* closest to the original model
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M can be used for modifying the statistics under consideration.
X

Let the model M closest to the model M and admitting direct

solution of r i.e. a model r,o= q}et) is given by

eﬂ

po= p 1 +x o
[a)

» L
where X 8 = X" 8" + X" ™", X" is Tur” matrix of rank %, X

is Tu(r~f.) matrix of rank (r—r*) and (r—r‘) is
as small as possible. This method can be further improved by

-
finding an approximate upper bound of 6.. Let 62 = Zn ¥ p log
e

t

Fal .r‘ .
(ﬂ / rt) be the likelihood ratio test of goodness of fit of model
ﬁ“ and rt be the pseudo-MLE of r, under M*. We have

& = (T-r-1)é.
G2

m* m

= (T-r-1)6."

Where E is the asymptotic expectation taken over the model M and
E' is the asymptotic expectation taken over the model M which
admits direct solution. Since, model M and rf is assumed to be
close we have rl(a) - rtteg) = (1/Yn) a applying the method of
linearization as used previously we get

) T
E 62 = (T-r"-1)6" +L & / r ()

t=1

Hence note that E?z > & consequently we get
T

(T-r~1)6. < (T-r" -1)61 + L & / r, (8) (4.41)
i=1
» L -4 T 2
=> 6. < (T-r-1) 7 (T-r -1)6". + (T-r-1)" L & 7/ r (®)
i=1

The second term of the equation can be estimated from the
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sample but it can be seen that it is very small relative to the
first term and can be neglected. Soc we get the nearly
conservative cﬁrrectian as given below
x?f [ (T-r-1)7* (T—r?—l)gf ]
(4.42)

or &/ [(T—r-n" (T-r"-1)5% ]

The above mentioned correction is more conservatiwe than x?!g* or
A
/6. because of the fact

(T-r=1)"* (T-r"-1) 6% > &°

An exact upper bound to 6. under M can also be obtained
from some sepgration inequalities for eigen values (Scott and

Styan, 1985) we have

T-r-1
<« 2% A/ (T-r-1) (4.43)
i=g "
where, Xl Z e XT_l >0 are non—-zerp eigen values of DB‘V. 1f

%1'5 are not available, a simple upper bound of &. depending

upon the all deffs dt can be obtained from (4.43).

T-r-1 T-1
(T-r-1)6 = A S L A = (T-1) A. = Tr DV
=1 i=1
. T
=z (i-r)d (4.544)
i=4
Pl
nVar (pt)
where d = is the design effect of t-th cell.
i r, {1 ~ rt)
However, the upper bound (T-1i)A/ (T-r-1) on é. 1is not

likely to be good unless r is small relative to T.

4.9.1 NESTED HYPOTHESIS @
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~

iet us consider the hypothesis ﬁ21 : 6; = 0 given
following model M, this is also known as nested hypothesis
= 3 + +
M H (@) 1 xle‘ xzez

As we know that Pearson statistic is given by

LAY

#(2/1) =n g (r-r) 7
i

-~
Eal

where . is the pseudo MLE under H2 1and r is pseuda MLE
the full model given above. Similarly, the 1likelihood -

statistics is given by

& (2/1) = 2n T p, log (r, / )

T

= 6 (2) - 6°(1) = 2n L'r,_ log

Ny

o3

Here (1) = 2n T ;; lag

?
>

62(2) =2Zn ¥ P, lt:uge (pt/ r)

Again it can be shown that

&1y ~ r L L

~
t r

From the equation (4.14) we can see that

I -PX (XP X' X° is an idempotent matrisx

r

sa D(p-r =3an‘a
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Wwhere A =1 -PX (X PX) X

Hence E(1) = n(p - r)'A'D“A (3 - r)

n (4.43)
Ltet X = (X’, Xz), e = (6l 62)
’ -4, E1 oo
and X PX)" X tp-r) = X (p — r) {(say)
Ez2
Then from the equation (4.12) we have
6 — o E1X (p—r)
1 1 =
92 - 92 sz {(p—r)
Under H e = 0 we have
2.4 2
az = sz (p — r}
But as we know that -~ ~o2
(rt - rt)
8 (2/1) ¥ T =
t :
t
Now again with the help of equation (4.20)
We can write
§(2/1) ~ X=n o6 (XP X )6
2 "2 2 2
s . s LY o~ ’ -
so 6(2/1) =n (p - r} X E, (X,P X,) EX (p—-r) - (4.46)

Since, Ya (p — r} > N(D, V) as n

7 o

It follows from (4.45) and (4.46) that
Tor—g 2 2
€ (1) ~ L n. bf, where W= ~ x
" *+ 1 * 1
v=1
u »2

& (271) ~ ¢ v, Nt . where Ntz ~ x:
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i=1

> ———
n, > o and r, 2 7, z s = Yo > o

A first order correction to them 5 given as

& (2/1) X2 (2/1) ,
~ ~ - ~ox
Y- Y. u

[ X}

where p. = ; yi/ u um:len--Hz.1

=1
fs we know that

uy. = E 6%(2/71) = E 62(2) - E 6%(1)

So . the correction factor computed or its upper bound is found
depending upon the fact whether models under consideration i.e.
M and M admit direct solution or not. The upper bound can be
found exactly the same way as discussed previously.

So an upper bound on ». is given by

u .
¥ £ £ A /u
i=1 v
where iAi,s are the eigen values of QB’V. If Xi,s are nat
avaiflable, a simpler upper bound depending only on the cell
deff, di' can be obtained as given below
u
uy. £ LA (T-1)x. =T (l—rt)dt.
i=1 t
4.9.2 DESIGN EFFECT OF F-STATISTICS :
Consider the case when we use the F-statistic on the data

obtained through some survey design. The statistic under

consideration for the above discussed problem is given
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8%¢2/1)/u

62 (1)/(T-r-1)

With the help of the above statistic we want to test Hz. 1
by treating this statistic F-variable with degrees of freedom u

and (T-r—-1) respectively. Applying the first order correction

to (1) and 6%(2/1) we get

2
. Y- xu /u
F = "
Be X Ter-1 / (T-r-1)
where
n. = ¢ ni/ (T—r-1)
¥- = % yi/u

Hence, F reduces to F-variable provided that

oy
Y = n. and xi and xiq_l are stochastically independent.

From the book of "Linear Models" (Searle Page $S9) we have this

theorem.

Theorem = Let X ™ N{(u, V); then the quadratic forms " & x and
*»° B ® are distributed independently if and only if A V B =0 or
equivalently BV A =0

Now with the help of above theorem and egquations (4.45) and

(4.46) we get the condition that & (1) and G6° (2/1) are

asymptotically distributed if and only if

_— v e on .
(A DI'I Ay V IX Ez (XzP Xz) EzX

It
Q



“Yn (p-r) ——> N (O, V) (4.47)

The condition (4.47) only holds if V = AP for some constant i.

Since

AVIX

k.[I—PX (x'Px)"x']Px=o

In this case . = . = A. and F is asymptotically distributed as

Fivariate with u and T-r—1 d.f¥ under Fg .

4.10 CONSTANT CELL AND MARGINAL DESIGN EFFECT:

Again consider the equation discussed above as

E(Gf) = g (1 —re)de—?é:u - rg ) dg

i i

L (1-ry ) dy
i6, i i

where qs's, d9 - de ‘s are cell and marginal design effects.
i i
When the cell and marginal degign effects are all equal te é, the

above equation reduces to

E(c;':) =6 | L Urgy)mLL (U-ry)+ L L (1-ry)
) i 8, ) j

=5 (T-1) - Ei(cells in Ci—l) + :#ND of cells in C )

~1
e 9

=5 [ T- Ei (No of cells in Céi+ Ej Mo aof cells in Céj)

=& ({ T- no of independent parameters in H1)
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Similarly

E(& 2/1)) é (T- no of independent parameters in g ‘)
Thus E(6) = us. = E(6°(2/1)) - E(G%(1))

= & [no of independent parameters in H1

-~ no of independent parameters in tb]

=46 u

or 6. =58

has asymptotically xz distribution

'
Hence, under Ho:— = —
‘ o)

with u — degrees of freedom, where u is the difference of the

number of independent parameters in two models.

4.11 A JACKKNIFED CHI-SGUARE TEST:

This test was propaosed by Fay ((1985) and based on a
modified Jackknife procedure applied to the Pearson or
likelihood ratioc test statistice themselves that is closely
related to the work of Raoc and Scott especially to their
proposed statistic leé. Under some asymptotic conditions, leé.
rejects null hypothesis at a rate significantly higher than the
nominal level. The Jackknifed test incorporates an additional
adjustment to avoid this property. The Jackknified statistic
presented here includes a quantity K" based on variability in Xz
or & over a set of replications. Under the null hypothesis,
K 7k . iz a consistent estimator of &, where k is the number of

degrees of freedom. So we can use le(kf/k) as an estimate of



/6. The guantity K" is readily computed even when no—-closed
form expression is available for estimates under log-linear
models. One of the disadvantages of leé., however, is its
rejection of the null hypothesis at a rate much greater than the
nominal level when the carresponding 6j'5 vary substantially
from one another. The Jackknifed test incorporate a correction
to aveoid this problem.

Let us suppose that Y represents an observed

cross—classification, possibly in  the form of estimated

population totals for a finite population derived from a complex

surveys. Let Y + W wp represents pseudoreplicates i=1,2, ---,
1 and j=1,2, -—- Ji. Now the asymptotic theory for Jackknifed
test requires that

z, w? =a0 - - (4.48)

for each i. let Cov*(Y) iz an estimate of covariance of Y and
given as below

Cov'(Y) = £ b, E, W'l g yh? - (4.49)
where whﬁo “Lp denotes the outer product of Nad) and bi
is fixed set of constants appropriate for the problem under
consideration. Assume that “LP is uniformly small relative
to the sampling variance of Y, this assumption is made to apply
the asymptotic theory.

Let ¥ can be represented as the sum of n, i.i.d random
variable fp which is regquired for the application of the
standard Jackknifing techjpique. The standard leave-one—out
replicates. ¥ > = v -7Z¥may be reweighted to the same

n

expected total by the factor ;:Iand written as
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n . n
(i ny n

= —z4ry - - »
n -1 v - n-1 ¥ -2 n-—1 n—1 z
(n-1) + 1 n o
= N J
n -1 v n—-1 z
(Y - n Z‘j))
= Y - vy - (4.50)
Here we can see that o Y - n z¢9?
wh? = ' the subscript i is
n -1
n—-1
fixed at 1,b =
i n
Also
WP = ny -~ nv L
z = ~ 1 = 0 5o it is also
; n

satisfying the condition required for this theory. Now assume
that the universe may be considered to be divided in to L
strata. The Jackknife tech3nique may be adopted to this problem
if the samplel are selected independently from each stratum and
if Y may be represented as

. i
vy = ¢ ™, where h = 1,2,~—,L and Z"
L2

]
is the n i..d. random variable within the stratum h. For each

stratum h we have
hi th,id, _ h. _ _
Y+ W = Y+ [ (g, 1 y-n 7 ] / tn - 1) (4.50)

This has the same expected value” as Y

thjr _ h,jy_ h, _
Here W = [zj,z n Z ]/ (n 1)
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4.11.1 BALANCE HALF SAMPLES :

As it is well known that alternative approach to the
variance.estimaticn in the case of complex survey design is
balanced half sample, selected to represent all source of
variability with in the sampling design. Let in a design with
two selection in each of the strata, half samples may be formed
by picking one from each pairs of scelections. Let fhﬂ),
h=1,2,-—,Z, represent the estimates of the totals, each based on
half samples where each may be represented as

(h,1>

(h,1>
P4

=Y + (2 Y)

- (4.31)
Here, dhz)z y - gt , dnn = inn -y
An additional modification is necessary, however, since the
asymptotic theory as discussed in the case of Jackknifing
B Y

requires Wh to be uniformal} small relative to the variation

of Y and the half — sample estimate lacks this property.

So
Wt = d (Zm Ly
whg) - _ w(h,i)
1
and & = T .
(2d°L)
generalizes the notion of half- sample replication. The

asymptotic conditions may be met by allowing d to converge to O
in a suitable manner. The sequence of half-samples may be based
on either independent selection or balanced repeated

replication.

4.11.2 STATISTICS :



The Jackknifed values of test statistics require refitting
the given log-linear model to the replicate Y + N‘h’j) and

recomputing test statistics, X° (Y + dhﬁ) , g2y wh?

) for
the new tables proposed by Fay(1985). The standard formula for

Xz and G6° are given below

(p: - rf(pﬁ))z

¥(p') =n ¢ —
i r.(p)
t
W
P
»* »*
& (p )=2n z; P, lnge

—_—
r. (p 7

Now for weighted Y (or Y + “hp) the sum of the cell estimates

th, j»

of ¥ (or ¥ +w ™) replaces n in the sual x* or G2 Using the

biJackknifed statistics XJ is defined as

1 e
s 2
2 2 102 2
XJ = X {Y) -{K) V// g X'({y)
= {4..352)
where F = (Y + w ey - X2 - (4.53)
K = L b TP . - (4.54)
h h 3 h)
2
Vv = E bh ? Phj {4.55)
and K takes the value for positive K and Iero otherwise. A test

of difference of two chi-square test under nested model lt and Mz

isg
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given by

1

[ € (Y) -6 (V) ]’2 - Y2

(2) (1)

J 1
7’

{ v/ as: (v - sﬁf (Y)} 2 - (4.56)

where

Phi = sz, (v + whivy o G: (v sw'Pr ity

2

4 ¥ - (4.57)

2
- (G(z)(Y) - G(

It is clear when M1 is a saturated model then (4.57) becomes the

direct analogue of (4.52). The only difference is instead of & we

use chi-square in the equation (4.52). We will now discuss the

properties of this limiting distribution under the null

hypothesis.

4.11.3 PROPERTIES OF THE LIMITING DISTRIBUTION :

1)

(2)

(3)

(3)

We have the following limiting or asymptotic properties as
n—>
Population proportion r are fixed and satisfy the linear model
in question.
The sample proportion estimated by Yn are consistent for the

population proportion r, and there are constants g and h dependin?

n n
L
an n such that h% (Y; - gn ry ——3> N(O, V) with non-zerao
covariance V .
The Whps introduced above are such that as n >
n

max h | WL» ] >0

. .. D | 21

€1, 32
Covariance estimator when multiplied by rﬁ converges in

probability to V.

The condition (4.48) is strictly satisfied for each n.
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Undesr these conditions, XJ and GJ are shown to have as there

limiting distribution of

1 1
r x /2 X /2
2 - -
t X(.\.) 6 1
1=41 i=1
X =
J 1
r re
Xk 2 k
1 1L éx 2% 6. ~ (4.58)
" 7L 17
i=1 =1
.

Where xi i = 1,2,-—,k are set of independent Chi-square
variate, each on single degree of freedam. 61'5 are set of
non-negative weights depending on V and model in the question. k
is the degrees of freedom of the test for multinomial sampling.
In the case of multinomial sampling tS_L =1 ¥ i so the above
equation (4.58) reduces to simple monotonic transformation of

Chi-sguare distribution

1 1
t, 2”2 ‘2
X, =272 () - k) - (4.59)
Thefnorefgenera]{relaticmship between X° léandXJmaybe seen by
expressing . 1/2 , . 1/2 1/2
XJ = A 2 X (Y)/(k fx} -{k) - (4.60)

1
Ve

2.

where A { a4 vy v } /(k v)

For equal & 's, A converges in probability to one. Comparison
L

#*

af XJ /A to the distribution of (4.39) gives a test

asymptotically equivalent to the comparison of X215
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ESTIMATION OF PARAMETERS

9.1 INTRDUCTION :

Sample surveys are generally designed to produce reliable
estimates of simple descriptive parameters such as population
totals, means and proportions. The sampling design that best
meets desired objectives i often complex and clustered because
of cost and operational constraints in designing and
implementing survey. As discussed previocusly, there has been
growing trend to use survey data for gstatistical analysis,
beyond the estimation of simple descriptive parameters. In case
of categorical data analysis in survey data, the modification to
the ordinary chi—square or likelihood-ratic test statistics is
necessary to &raw the required inferences correctly. Further,
these modifications can be improved by estimating the various
parameters of interest by taking care of the survey design
applied for collecting sampling units. Hence, there is a need to
adopt suitable estimators for the parameters, namely cell
proportions and their variance-covariances. In this chapter
some methods of estimation of these parameters are discussed.
The various techenigques of variance estimations for complex
surveys are discussed and compared in the case of categorical

data analysis in survey sampling.



5.2 THE HORVITZ-THOMPSON ESTIMATOR :

Assume that N is the total number of sampling units in the
population and n, is the number of units selected with the help
of sampling design pi(s). Let (i.j.)-th cell of the contingency

table have ﬂd element in the population, and let L denote the

inclusion probability of the k-th element where i=1,2,—/—,13
j=1,2,———,J. Define, Yuk =1, if k-th wunit of the population
falls in (i,j)-th cell and Y = 0, othernise. The

ijk
HorVitz—Thnmpson estimator for the proportion of (i,j)-th cell

is given as

- N Yijk Sijk
P = ¥yr— -{5.1)
Yyr k=1 N l'Ik
where,
ik = 1, if k € 5 and Sijk = 0O, otherwise Bt's variance

can be given by following equation

2
-~ 1 N Yi.jk Yij%
Vip )=—— (I N - 1) -
gy 2 N k=t X ¢ ki o, 1, {3.2)

and its estimate of variance as proposed by yates and 6rundy

(1953) is given by
2

T - -{5.3)
| X4

3.3 COMBINED RATIO ESTIMATOR OF FROPORTION :

Most common sampling design in  survey sampling is
stratified multi-stage sampling because of its advantages over
the other sampling techniques. Let us assume that the population

is divided inTto L strata, N is the total number of primary
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sampling units (PSU’'s) in the h-th stratum; n“ is the total
number secondary sampling units in the t-th PSU of the h-th

: N
h
stratum and let Fk =¥ M :Denote total number of SSU's in

ht
the population by ™ ;;; weight for h-th stratum by Mh / M. Let
the PSU's are celected with simple random sampling with
replacement, and letﬂ}1t denote the probability of selecting
t—-th PSU from the h-th stratum. Similarly, let Iyuk be the
probability of selecting k-th S§SU from t-th PSU of h-th
stratum.
Define
\r’,LMk = ;1’ if, k—th 55U from t—-th PSU of h—-th stratum falls in
> i-th category.
= 0O, otherwise.
% = 1, if, k—-th 8580 from t-th PSU falls in the h—-th
stratum.
= O otherwise.
Again, let Mm’denote the number of SSU's selected from t—-th PSU
of h-th stratum and n be the number of PSU's selected fram the
h-th stratum. The estimate of total units in the t-th PSU of

h—th stratum in the i-th category can be given as

~ 1 ;? Yihtk

z = vt —

tht Mt x=a Mk
where k =1,2,———, m, .

h=1,2,——, L
t=1,2,~~—, n,
The estimate of total number of units in the t~th PSU of h-th

stratum is given as
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-
z
iht
let ziht— n
M, O,
zht
e T
i
R SR
1
z. = h z
ih ihi
1 nh t=4 t

b}
% T n T e
h t=4
— L ——
z = T “&ﬁ,
h=1

So, the combined ratio estimator is given by

. 1

p = _ = B8 (say) - {5.4)

p 2~
r4

MNow, as we know its mean square error can be given as

MSE (B8) = E(6 - 8)°
2

i
= E| — )
r4
z - 2
= E | ——— where E(z) = I
z
_ _ _ _ 2
[ z - Z .- 8 (z—1I) ]
t t - —
= E (e 2 = 1
Ez ks
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1 . — — —
= = [ V(zi) + 62V(2) - 26 Cnv(zi,z) } - {3.3)

22

So, the estimate of mean square error is written as

—
e e 1 L Nﬁ 2 zi L Ni 2
MSE (B8} = — r . + T 5
Z | n=t ™ Thazi Z n=a ™ h=
% L u»zy
- 2 r .
z he1 nh hzzt
- (93.6)
Where,
1 n
2 = T a2
E%z ?P_l %ﬁz (ﬁw zh)
n
z T 2
Shzt - n -1 zh (zi.ht Lh)
h L=1
1 n _
hzzi | n, —1 Eh (zh0 7 2t 3,7 3)
h h=4

5.4 ESTIMATOR OF MEAN SQUARE DUE TO POST-STRATIFIED WEIGHTING :

We can get an estimator of mean square error due to

post-stratification weighting by considering the stratification

according to various catagories and replacing Whm in eguation
{5.6) by (y,"“'k - %) (William, 12&60). We get
W [y W
-~ 1 L h 2 i L h 2
MBE (8) = — L — s, + T s
P z° h=t 'k hoi ZZ h=t hz
2 bl. L W:
- — L n hzbi |~ (9-7)
h=4 n
where, _
“ 1 Yiree ~ 3
B = ¢
tht Mt k=1 L
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ht
M,
~ 2}
e, = r%. § B
h t=1
— L —
&g = L Wb,
h=
2 1 n 2
Shoi T n T (b, ~ b))
n-41 t=4
1 nh
Shzvi n, -1 F_’ o 7 B 0 20

9.5 POST-STRATIFIED ESTIMATOR OF PARAMETERS :

Consider the case of stratified two—-stage sampling. Let
61 anﬁ'ez be two independent sets of subscripts. For example, if
in a survey four characteristicg of a sampling unit are measured
and their levels are denoted by i.j.m,1 then 61 = {i;i¥; and 62
= {m,1l}. Suppose we have information for the combination of
variables associated with the subscript in 92 by their
projection from a previous survey. Here, each subscript is
varying between one to the number of categories of the

corresponding variables. Define the variable for the

62y61(htk>
k—-th sample element in the t—-th first stage unit of the h—th

stratum as one if element belongs to ei—th category and ez—th

group and is zero, ctherwise. Similary 92%“ is equal +to one

k
if (hix)—th element falls in ez—categnry and is Iero, otherwise,
where h=1,2,--L; t=1,2,-—, n, 3 Kk = 1,2,—/, mht.The sampling
weight attached to (htk)th element is denoted by %uk The

estimate of total count in ei—th category is given by
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a N N N
N, = £ teo,s Mo,y o)

oz
where
Ny, = £ L |IW Y, B
62 61 "4 " htk 92 Githtk) E{: 92 elxhu (say)
N = ¥ £l ™ % =YL L _.B (say)
9’2 h t l: k hik 9z htk hot ez ht
Now, the proportion for the ei—th category is given by
- Mo
61 N
el e e L)
where N91 =% 62N91 and N = } N61
62 61
similarly. Unadjusted estimate of proportion is given by
o
N
~~ o1
) = - - {(3.?)
©1 N
“w “ o -
where N61 = gz 62”91 and N = EB; N91
. . .
where N is Horvitz—Thompson estimator L EW vy 0o

h t k

The estimated variance-Covariance of the above estimator was
given by the help of the following equations. Consider that the
first stage units are assumed to be sampled with replacement

within strata, then it is well known that

n n
Cgv (;5‘ I:I") = E ——f———— ):h [B
' - - h
61 61 b=y nh 1 s G1(ht>
- B - By, -(5.
BGUh;] [Beuht) Beuh) ] ( 10)
where Beu)n: F Benhu / nh
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Now, with the help of the paper by William (1960). The estimated

covariance of post-stratified estimataor Kl » and ?1 - is simply

o1
obtained by changing Yemﬂ.k; to Yaxchtk) - zaz 62 ei/ezN)
oz xhtk) = euhu z:492 82 eg ezN) Bzaht
L nh
so Cov (N, - byl L b (ZeIM - IZe1h )
1 heg nh-l

Ao T Zomn

where zem euhu Eaz 82 61/ 82 etht
And
Beuhu =L 628610:1).
82
zexh = zt zem/ nh

The estimated variance is aobtained by putting 61=391'.The
.
estimate p_tis the ratio of two post~stratified estimates hence

e oo
estimated covariance of Pa, and Po: is obtained by changing

Y91(htk> to Yei(htk) = [Yez(htk) -g o2z 61/ GzN)

x el
62 "htk ] - pi. [ Yﬂhtk) R lon 61/ g2’ 02 nk ]

where Yﬂmm = F Yel(htk),l.e. Beuhu is replaced by
E whuc Yeuhuo = [ Beuhu - pi. Brhu ]
- Eaz (62 e /azN) ( ex—pi.ezN) which leads to

following equation
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Ll

Cov (p91! pe") = N-z 0’919;

where o o, 15 the equation obtained through the above

replacements.

5.6 COMPARISON OF VARIANCE ESTIMATION TECH:NIQUES FOR COMPLEX

: SURVEYS FOR COMBINED RATIO ESTIMATOR :

Many large scale surveys now involve large number of strata
with relatively few primary sampling units (P5U's) selected with
in each stratum. In recent vyears, problems of statistical
inference based on the data from such stratified cluster samples
have received considerable attention. In particular, four
general methods of estimating the wvariance of noen—linear
statistics, such as ratic or proportions have been advanced-
These are : Taylor expansion or linearization, the Jackknife
procedure, balanced repeated replication (BRR) and bootstrap
tech{nique. Now, the asymptotic theory for all the above methaods

will be discussed under the following regularity conditions.

(1} Masx (nwh)/nh)=0 (1)as n >w, which allows L to be

either bounded or unbounded. If the stratum sizes
are bounded i.e. max nh=0 (1) which reflects our
intention to focus on surveys with large number of

strata with relatively few PSU's selected with in each

stratum, the above condition is equivalent to maxhwh=
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-1
8(n ") These two conditions roughly say that  the

allocation of sample across strata should not be
disproportionately small relative to the stratum weights.
-1

Second condition is satistifed only if maxhwk= 0o (L)

and n/L = 0 (1), that is, if no stratum is of
disproportionate size and average sample size per stratum

is bounded above.

{2) Y whshjk= 8 (1}, where Shjk=E(vhi.j-vhj) (Yh\.k - th).

This condition means that the weighted avarage of withTin

stratum covariances is bounded. This, together with the

regularity condition (1) implyeS that Var (yl - Yj)
=D(dd), elements 9;—%are of order not qgreater than
-0.5 . S . . -0.5
n in probability which is denoted by Op {n }

~

(3} E@) = 0G(1)

(4)  Ety, - ¥)° = 0™,

(3) There exists a closed bounded neighbq#hnnd B of Vj such
that all third derivatives are continbous and bounded in
B. The condition (84) is satisfied if, (1) holds and
weighted average of within-stratum moments (sixth order
and lower) is bounded

consider
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B

where

So,

Similarly,

s0 E(E)

It

N

- = & (say)
z
L .«&
£ — =z
h=1 M P
L mh 1 n
L —— " z,
h=1 M h t=1 tht
L mh 1 ;? ziht
z — ———
h=1 M nh t=1 Mhnht
L 1 1 n zihk
— h
z n
h=1 M h t=a2 I
ht
E, [Ez (z,t/t)]J
L 1 1 Eh Z’iht
E o Ein
m 1 11
p=t 7 nrz.t:i ht
L ih i _
p = —— =P = 7 {say)
h=1 M M v t
L —
= E W -
b, b “»
L mh 1 n
= E — — h 4
h=1 M n t=1 ht -~
L Mh 1 ;r zht
= X w
h=1 M nh i=1 nht
-— L 1
= E[Eéz/t)] = E{ L =
1
M h=1 M
L h _
= ¥ e i = 1 (say)
h=1
estimators of

Now various variance-—covariance

Y 4
1 ht
M ter Ty
complex survey

were developed and compared for the categorical data analysis.
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]

jete = - or 6 = 7,
1
i
- i
1t 13 )
(1) Jackknifed Estimator : Let 6~ = o e
z
1n - 2
vihere, 3h=T£h3htand gh"=nh9—(nh - 1)5”' where, '?,:t

ht=1
is the unbiased estimator of iifrom the sample after omitting
t—th selected PSU fram the h—-th stratum. Similarly, z''is an
unbiased estimator of I after omitting t—-th PSU from the h-th

stratum. t = 1,2,——,&L; h=1;2,——.L3i=1,2,~~—, I. #We can also

express
?:n = M ?t
1
™= ow
where,
St _ .= - _ -
z = L Wz, + W (n oz - 2z /(0 -1)
h'gh
= E Wz, m Wzt W ngz -z, 0 g )
™ _ ¥, Fine
= E W = <+ -1 + L - -
o Sk s h ik n_,
- E Wz, YWz, -z, 0/ tn, —1)
= = z - - -(5.11)
Z W (7m0 e, D)

Similarly we can write

2t z p -
z =z + W (z -2/ -1} {(5.12)
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Jone (1974) proposed the following estimator

6 = (n+1-L) 8 - E (n_ ~1)8" -(5.13)

Two other Jackknife estimators can be constructed with the help

of the “pseudo—Valus" o™ as

“h
9;2) = :_'l.._‘z T et ~(5.14)
h t
- L 1 n
“h -
Bj = % T - 2h o { {5.15)
h=1 h t=1
Assume that L 2 2
Bias (5},) = Bias (8) - E (ﬁj)
where R = é - Bj
Now 519 - g _ ﬁ(b
b} b]
S0
BY = 5 - (n+1+L) 6 + £ (n,_ -1) "
3 h h
L ~
= L (n)6+F (n -1
h=1 h
L S
= § (n -~1) (6" ~ &) -{5.16)
=1
Similarly, we can find
N2y . L -4 -~ -~ ._(5 17
B = ¥ n n (n-1) (8 — 8) -17)
b h n h
h=4
am = ! §u> —(5.18)
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Now under the asymptotic frame waork, by linearizing & we get

Z

)

~Z) (z - I)
1

2

A

1

R CRE B R CIE P

~{5.19)

~ - - i 1
e = & - (2 -Z)
z
1 -
- (z
—ZZ i
Now, by neglecting higher order terms we get
-—2
& -8y =z -1 = + ';; (z,1 - Zi

!

So, the estimated linearized variance can be written as
-2 2 2
~ 1 zi L Nh 2 L hk 2
v {(8) = — — L s +§ T8
L 22 z h=1 l’!h hz he1 nh hzt
-2 > _ -(5.20)
- hed nh hzzi
where 1 n
52 = h (; _ ; )2
hz n -1 ht h
hy A7
2 = _ 2
Szi . n—1 i (2,7 %)
h t=4
1 n - _
Shzzi . on -1 g (z 0 7 Zin) (™ 3
h t=4
z.
Fal — t ——
= - - - -{5.21
=3 d 8. Z . z. . (zht z. ) { )
sg from (5.21) we have
. 22 z
1 n ~y 2 zi 2 i
= -2 — .
n, -1 Eh Eht Shzi. * -2 Shz - hzzi
h t=1 z
so, equation (5.20) reduces to
W
1 v h 2
» (8) = b s 7 -{5.22)
h
L 2 h=r Th €
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where

2, 2
&h Sht

1

n
(n -1) s =g
N t=

fAgain by expanding éht to get

the variances of Jackknife
we get ~ht - -
% % % 1
o= - - T (z"- ) + — M- )
estimator z z z z
z 1
+ 5 -ht - -ht - ~ht -
/ oy { =z z ) ZTE)(Z —zi)(z-—z)
z
From equation (5.11) we get
. A "o A W T
= + - — —— -
® ® n -1 -2 (zh zht) * n -1 = (zth iht)
h rd h K4
2 -
W, % _ i i, 1
* 2 -3 (zh —.zht B 2 -2 (zth- zint
{n_-1) z (n_-1) z
h h
= -3
(zh zht) + Op (n ") {(5.23)
Now, we have the following Jackknife variance estimators.
n -1
~ L h n - ~
»® ) = ¢ - T " - g"? ~(5.24)
) h=1 n t=1
n -
@ = L h n ht S 2
v ¥ () =g — T ©e™- e ~(5.25)
i h=1 h t=1
L nh_1 1 L N 2
v?iey =7 ft--¢ ¢ o -(5.26)
! h=1 nh t=4 h=1 t=1
n —1 2
L h n 1 L
~ bk “h
“w@=r — ¢ et - L © -(5.27)
! h=1 h i=1 h=1
L 1 n
~ “~“h w )
»® (8) = 1 — T (et 922 ~(5.28)
! h=41 (nh 1 ) 1=1
L n "
~ *ht (3r.,2
v 8) =L T T (s 6?) -15.29)
' h=t 'h ' h t=1
The most commonly used estimator is »Z(8)which can alsoc be

1
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written as

1

- L n
(2> _ g ~ 5
»? (&) = ¢ — 7 (" 8 -(5.30)
3 WL Nt L=g
Since we know that
hto o 1y mht
2] = nh 2] (nhh 1)'\:t
n 6 -6
e h
or ] =
nh -1
oy LY 1 Fal s
or (eht - 6)2 = _~_____2 © - eht)z
(nh - 1)

Now, calculating the variance of Jackknife estinator we have from

(3.23) as
2 =2 2
. “, % ", 1
" -8y = (z. — 2. ¥ + — (z -z, )?
n ~1 =4 h hi n -1 -2 ih iht
h h
r 2 -—
wh zt _ _
-2 -9 (zh - zht) (Zth— ztht)
n -1 z
! h
—
- Nh TS Z.L _ _ .
-2 n -1 -= (zh - zht)
h z
\ P
r hlh 13 Zi‘ _ _ .
— - - £
A I o ZoT Zon) 3, ht?
) h P z
“h 13 22,L
-— 2 —_ _
* n -1 vl C R N R AT T
h r4
13
wh 2 _ P o -4
- - -z +
Y - (zth ziht) (Zh ht) pi{n )
h 2
oo

So, the variance of the Jackknife estimator is written as
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L n1
2, o ’ -~
@) = ¢ T (8"t~ )2
_; h=t_ h L=y . _
z W
i L h 2 ) | L wh 2 zt L Wi
= — > s + — ¢ . -2 =37 — .
4 wz h=g nh hz ? hed l'lh Zi ;3 h=1nh %\zzx
L h i n 2ZL - 2 _
h E“ n. i, -1) n -1 F: 3¢ (27 20 BT 2
-
2z, _ 2 _ ,
- S e C S B LA
z z
2z,
tl
+ {= -z )2 {z -z )
74 ht h iht ih
~ L w: 1 ;:h s
v (8) - ¢ 1 Op(n ") —(5.31)
" nh(ﬂ:h 1) (h -1) t=1 ht qht
where - ;‘
1 _ z, _ ht
e T2 B T EA T (3, T2 | =TT ~(5-32)
) z z
2 % i
S T - S (2, 7 3Y ~(7,~3) tz, -z,
2 ~
G T T2 [ (2, — 3 8, ] =(5-33)
z
The equation (5.31) can be further written as
@ A - L h 1 n ®ht
v, {8 = v (6) - F — — "
3 L her PRPRTLY -l 3
X - —2"‘ (z. -z ) g
-2 ht h ht
z
~ L w:\ 1 2 n -
= p (B) + z { -1) v { -1) — Zh ;tt (zh’._ zh)
L h=t  "h'Ph ™ 2% t=4
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~ 2 v

= v (6) + — T — ~2 -(5.34)

l-;:-l het nh(n 1) ezh
N~ _
where (nh—l) s;zzh = Efi e, (zht - zh)
Further,
~ - Z L h —2.5
vJ(B) = v (8) + — ) nn <) Se%m + 0Op (n ) -{5.35)
7T h=t h

where

2 n -.2 -
(nh 1) E‘ezh = ?j’. (Eht - el (zht - zh)

Now an attempt will be made to study the asymptotic relations of

(i)

. . (1) {2)
v, . First consider v and »

n ol N n LS Fal Fal FaY
From ¥ (8"'- &2 = ¢ (8"'- "% + n( - e’ -(5.36)
t=g 1=4
We have from (5.23) as
2 -
W z
1 n - h i
5h= n z:"'é\m=e+n(n -1) -3 Si
h ot=1 2 n Ch z z
h 1 i,
. s . +t0p (n ™)
nh(nh 1) '1;2 hzzi
= 6 + 0p (n %) —(5.37)
Hence,
6" -6 = op (n" Y
So v‘jz’(e) = v‘j" + 0p (n° %) -{5.38}
Similarly
P = wP e op n™) ~(5.39)
]
f“ - vg>+ ap (n'3) -{3.40)
j i
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Now for any
hod L -~
e = & - B
(2

Define;a as an estimator of vj)in equation (5.30) with g is

replaced by 6 we get

b, = VP +2BEpe-6M" +B L (n -1
3 J h
h h
because
" L 1 n
S Shi_ .2 o (aht o |
v, = L T {(e"-6)* + B + 2B (8 e)} £ (n -1)
L h=1 lh h n t=1
“hi ~.Z -1
= £ — (@™ -8 + F L (n-1)
N . . b h
«BWE Ty £ @M
h=1 h b 1=4
(2> Y L M '\:h 1\2 -
= p +2B § (6-6) +B z("h'“
) h=1 h

From (3.37) we have

Jj = v‘jz’ +0p () ~(5.41)

This imply that

v = ¥+ op (n™%) ~(5.42)
v‘j"’ = v+ op (n™%) ~(5.43)

{(2) B R R Estimators of & :

Mc carthy (1966, 1969) proposed the BRR
method when = 2 for all h, based on a number of half-samples
formed by deleting one P § U from the sample in each stratum.
The set of R— balanced half —camples used may be defined by an R

» L design matrix (6n)1 < r S Rand 1 £ h =L, where &h is + 1

or -1 depending upon whether the first or second sample P § U in
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the h-th stratum is in the r—th half-sample and T 6h'= O for

r

hth’ . Define

{r
z —_

r -
ih  “im if 5, 1
- r _—
=z, if éh = -1
Similarly,
(§ 7] r =
h “ha if 6 1
—_ - r I
= "'hz if 67’) 1
(r - r
i T En TG, Bz
1
where Az = -
Sa th 2 (zthi zi.hz
L]
(rs zthl * zthz
- r
th * 6)1 (A zl.h)
2
f r = (r = - - -
s0 1 6h i, z. Z, and if & 1
then 27 = z Similarly we can define for 2"
ih ith2 . h
(1) = r
z =z ot 6h (A 2z )
1
where A 2z = ; (2h1_ zhz)
Let ™= nz"
—‘{'r) L ' (r> L > r
where z’ = r Nh z, r Nh z, + 6h (A z;h)
h=4 h=4
L _ L ,
= +
L Nh Z, T Nnéh A z,
h=1 L h=4
- - T
= %_*’E wkéh Az,

Similarly we can find out

= -
z = = 2 h T A z,

The one B R R estimator of 6 is given as
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~ 1 nr ~
6, = - L &~ ~(5.486)
Rj=1
:('r)
i
where 3") =
=tr>
z
By expanding 3” we have
z, 7
— — — t — -—
& - o - (27X 1) + 1 (2727 ) 4 (7'72 3)?
32 3z i =3
z Zz 1 Z
NSt 0 o B {(r) _ 37 _
, = { y Zi) (z Z) {5.47)
Assuming the regularity conditions
L r L r
Cov T Nh 6); A Z, T whéh Azh
h=1 h=1
1 L -
= = 7 w: §,, =0 () -(5.48)
2 h=a
where Sz = [ (750~ Zin? (B 7 5 }
Firstly with the help of (5.19) we can write
B{6) = E (B) -6
Zt _ - 1 _ _ - -
=5 E (z -Z) - ':;"E{z,t - Zi) (z - 1)
Z Z
Zt L 1 L
= —Eyp Wiz -2 -—=¢ wi E tz,- Lz - 1)
2‘3 h=1 h h 22 h=1
L W - 1L W ~(5.49)
1 3
= =z - I
7.'3 h=1 nh hz -Zzh=1 nh hzz i

Now, with the help of (35) and {37) we under assumption (4) we get

pTy=€1'"") -8

2B (8) + 0 (n™%) —(5.50)

This immediately suggests a bias reducing BRR estimator
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& =8 - (8 -8) =20 -8 ~{5.51)
With B (6 ) = O¢n )
The stability of 9B can be further improved by using
i 1 R INES T E S
eB = R L (8 - ec ) -(5.52)
r=1
in the place of eain (5.51), whereéé’ is based on conplerent of

r—th sample.

For n = 2 the BRR variance estimators are given by

v o, _ 1 ary_ o2 _
vy (@) = - Z; (e 8) = L {3.53)
2 2 1 R Dery  Tiry,2
v (@) = — {e - 8 U = ~-{5.54)
B c DRR-D
g
v(m(e) - T [ (6°7°- 8)% + (8'7’- 8)2 ] —(5.55)
B ¢
2R r=t 1
=p = = (p + v )
BRR-S 5  BRR-H PRR-C
where, e;r) is the estimator based on the complement of the r—th
_ 1 Siry N2
half-sample and Yorr-c - R §E1(9° a}

To compare BRR-Variance estimators we get general smooth

functions g(.) than {5.47) by noting from (5.44) and (3.45) that

- L
-r) .y r
= +
z z, b wh 6h A z,
h=1
and
= = L r
= z +% wh éh Az
h=1
- - —-(ry
Alsa, let (zfr)— 2 ) =A zfr
1 1 t
and (E‘rl ;) = Az

With the help of above equations we get
-{r -
z. -
L ~ 1
9 = — =g - —2
z z

A o, é
z

—(r)
Az
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t 1
* 7 AT - — A" A
-2
2 - z
1 62‘ _ 2 _ )
+ — - = (A z(r))3+__ (A z(r>)2(Az.tr))
31 2 2 '

N
N

~ - - i -
é‘(r) =8 ~ AT 1 Az, A zm]z_ A (nA—m
-2 = i -3
r z z
zi’ —{(r> .9 i = -
- — Az +r—(az'"% (a2 -{5.57)
4 -3 v
z z
Hence, noting that A = A —::”and A z M=y ;”we can
t e

write from egquation (5.37) as

-z, z
Y Pl A — v —
1 (9(r> —9(”) - A;r)+1_Az,‘r)~"-(A z(n)s
2 ¢ 1? z t z*
(r» 2 (rs
+ > (A =z ¥ (A )

But from eguation (5.34) we know that
I r -

= — €r>_ oer)
¥BRR-D L (@ e )

4R r=4 ©
2—2
1 R i (ry . 2 1 —-(ry .2
== ¥ — (A ¥y — Az )
R e z* 22 ‘
_ A“(r)A'Z"(r)_‘_____(A (ry,e
—3 1
_z_ z
Z,
t {r> .9 {r)
- (A ) (A )
z
z,
v (r> .9 -{r>
- Az 7Yy (az, )
4 1
1
+ __: (A (r))z (A (r))z
rd
+ Op (n 2% -(5.58)

161



With the help of eguation (3.20) we can rewrite this
fallows
Vo reD = vL(B) + B + Op (n"%-%
= v _(8) +0p {n%)
where -
(R 2 _
B == — =z
R r=1 z
z z
v -(r) .3 —{(r) v el B I |
-z Y (az,) - — (az ")
-5 -4
z z
—(r) 1 —(r> .2 —(r)
g az”y+ - VP
z
= Op (n?2)
Similarly we can find
¥ R 1} Tiry .2
vy ®) = v ow ﬁ}: ("""~ 8)
. r=
with the help of equation (3.47) we have
v;1) @) =» (6) +A+B+C+0p (n% %)
v_ (6) + Op tin*%)
where . 25? zzx
1 v —¢r),d =) 2
A=z2L { -~ ¥+ (a ¥ (A
r=1 z
zi =(ry . 2 =(r) 2 tr?
+ 2 (A Y Az ") — (A )y (A
-4 -3
z =z
4z° 8z,
1 R i —rs .4 v ~(r>.3
cC = — % (A ) o az )
4R r=1 z
N 4 (ry 2 —(r). 2
(az)+ (A ¥ taz ')
"
z

equation

—{3.59}

={53.560)

—-{5.61)

—-{5.63)

as



Finally,

1
v = (v + p )
BRR-S 2 BRR-H BRR-C

-2.5
v + B+ C + 0Op (n )

= ) -2.5
Y ORR-D + C+0p(n )
=v +0p (n?) ~(5.64)
~
L ¥ g =P (6) A+ B +C+0p (n)]

To study the bias behaviour of BRR Variance estimators, we need

the following results, the proofs of which are given below :

(1) E(A) =0 (n) ~{5.45)
Proof : As we know that
2372 2z,
1 R v —(r) .3 ' -(r).2 ~-(r}
A = = T — (A 2z )y o+ (A = Y =z )
et~ -4 *
R r=1 z

rd
— — s 2 — —
2 — WETUP AT - — Ty ]
-4 1 -3 1
3
‘-\.

Now, as we know that if we expand—/- , iyl and — about

z I

N

r4

i i 1
— , — and — respectively and take expectation, thaen rest of
=5 =4 =4
Z Z b4
the terme reduce to zero and A becomes
o 272 42,t
" ——
E¢a) = % T - — E ()Y + —E (4 707742
R r=2 it 7
-y 2 —-tr) —{r) . 2
I (A =z )y - — E (4 =z ) (& =z, )
1 =4 T
z
Z, 6z, 2
-— e —(z -1yt (2, L)
Z—z z4 . 1-9 ¢ i
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2 _ _ 2 _ 1
+—— {z-I)+ —(z-7) } +
7° yad

!
e,
~
4
-

- - 2 — 2 _ 2 _
2 (z - 7) + f%; !'.z,t - Zi) + *%; (z -2+ — (z - 1)

¢ [ Ea I « E (a2 (4 207 a7 850700 ]

And as we known that AE?”%A;”=Gp (n"*"%)s0 we only need to

prove that

1

E (A;(r) )3 = E(A;(”)z (Az;(r)) = E(A_z-(r)) (AE;”)z =0 —{1A)

and
E [(E -7) + (Ei— ) ] [(Az—‘“)3 + (A2 772 (Az_i“)
+ (AZ") (Az';”)"’ ] =0 -(1B)

Therefore,

L
- } .3 + 3
T Y = {z w: 6 (4z.)° +§ L w: Gy (Azh)’(Azh,z
r h=g h b

r r r

*L L L W WW (D8 6 6 ) (A2) (Az, Az )
thh’th“ r

where 6; =T 5;

r=41

. The expectation of second and third terms are

zero because of independence in stratas. Now we have to prove only
that

3 =

E (Azh) a

Now as we know that

)

h 2 h1 h2

(z, = %)

Az = (z -2z )

fet d
hi

and d,
iht
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.. 1
S larly, w t A = = -
imL Y We ge Zn 2 ‘dtm di.hz)
It follows from the above
. s 1 .
E (A %) = BE (dhl dhz)

: 3 3 _
snE(dm dhz) = 0

since different stratar are independent of each other.

Similarly we can prove that

EwzVPz™) = Ewaz™raz")2 =0
For the second term (IB) consider t
1
- = —(r> .3 3
E (?!h 'h) (A =z } e E [(d’“ + dhz)(dhs dhz) ] a

= 1
and E [(zh‘ %Y) Azh1 =3 E [(dh1 + dhq) (dhq - dhz) ] =0

Similarly because of independence of defferent strata other terms

are equal to zero. Putting all the results in E(A) we get

E (A) = O{n )

(II) Now, we have to prove that

W 2
1 R —(r). 4 L h -3
E | R a2z ") =3|E —¢g_| +00)
r=% h=t 2
=D + 0(n ) (say) ~(5.66)

ZZ22

Proof : We can prove it from the independence 1in different
strata and E (A 1h)=E(A zh)=D the left hand side of the
1A

equation (5.66)}is equal to

L 2 2
g Wz +35 ¢ hﬁbJ:'{E(Azh) E(A 2, ) }

o h g W

2
Pog
. o hz}

jmrc

oY) + 3 {

=D + O(n Yy
Z2ZZZ
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Similarly, we can prove the following terms

R
1 - ~ i
E | 5L 4z ") Azl } =D + 0tn~?)
— . 13 zZ222,
i r=1 1
I 1 R ~(r) 2 =
E | 5 L (az7)% a 272 =D + 0(n"?)
' | 222, 2,
L r=1 T 1
and _
1 = —{r> —¢(r>,.3
E |z L z")az"? | =p + 0(n"?)
13 ZZ Z Z,
L r=1 L 2 " %

From the equation (5.65)and (5.66) and under regqularity

canditions from (5.58) we have the bias of v as
-2 _ BRR-D
z, 27,
1 1
B {» } = By ) + D -
BRR-D L 30 2222 =5 ZZZZ,
Zl Z i
- — D + 0(n ?) —(5.67)
—4 22% 2
4 Tl
Where
L . LY
= 3 E
22221 h=l 1 z h=4 2 Shzzi
2 2
L wh 2 L wh 2
Yy L 5 3 5
22z h=1 2 hz T S
LW T
+ Z E
h=1 2 hzzi

h=t 2

L h L h
Dzz z z =3 [ L — Shzz ] L —— S:z
2.2, i h= .

Again from (5.61) we have

B(v ) =By _ ) +i R}:: z T i (a 2%, 2™
BRR-H BRR-D Rro1 -26 - i
1 -(ry. 2 -(r) 2 -3
+ %; (A z ") (A z, Y+ 8 {(n 7)) —{5.58)

In addition from S5.61 we have
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) = B(w ) + 0 (n°

B ir-s BRR-H ) =(5.69)

_ ey _ -2
N = vL(a) A+B+C + Opi(n"”)

But we can write (9.68) as

B (v ) =B (v ) +

BRR-H BRR-D

which imply

Bias of BRR Variance Estimators :

The bias of BRR variance estimators was found for nh = 2.

From equation (5.58) » can be written as
BRR-D

-2 2 2
zi. L Nh 2 1 L wh 2
=-——, L s, Y 2 L T 5§
BRR-D 4 h=t 2 hz z2 heg 2 hzi
2z L W
- _; T - ghzz
] h=t 2
G 1 R —(r) 2 —(ry. 2 -2.5
o Y (Ae )" {aAz )7+ 0p (n 777
z R r=12
- i ] R —(r>,2 —(r).2
=p (8) + — =T (&e }© (Az ) ({5.70)
~4 R
Z r=4
where
—r) L r
Ae =T I*iéh A Eﬁ
h=1
=< L r
Az = % Nh 6h Azh
h=1
& “ 51 Bhe
Az TR T %
Similarly, from (5.&61) we have
2 1 Rr _ _
v = » (B - — - F (A& '™
PRR-H L

fa R r=sa
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2 —ry |2

3 1 ® —r)
* -, - L e) 7)Y +op (077 -(5.71)
i .R r=1
~ 3 1 = -(r.2 -
orres © YL 8+ 7 - L (ae’ ") (Az ) 240p(n~2 %) —(5.72)
z R r=2
Let uF
1 L h E?
a = = }E_i = o2, -(5.73)
- h
2 3
1 (v W, 2 (L Y, ,
b= — £ g T 5 z 0 -(5.74)
z* | h=1 ™ xh | h=s m, eh
1 [ L H: Y2
c= — T 5 =0 . ~{5.75)
24 Lh=i nh ezh ]
Hence, Szzh = E (zm - Zh)
- _E 42
Szeh E (Eht Eh)
San = Bz, — L) (g -K)
= - E 2 -7
‘.-.»"ezzh E (eM Eh) (zM Zh)
Eh = E (eht)= 1]
Now, we try to prove that
i 1 R —(r). 2 ~ry.,2 -3
— E|ZE e ™) az'")? | = b-2c0(n™) ~(5.76)
z r=t
Proof : From the R.H.5. of (5.76) we have
1 L Ni E? H: E?
— L r —
74 ves ™ zh non eh

2 L h 2 -9
-— }Eﬂ l:— ‘.-392h + 0(n 7))

=b-2c +0(n>)
since we have

Z.
— — — L — o
= — - Z )
®h Zin Zi.h = (zh h
r4
-r) L r
Ae = Y} Nnéh A e
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L
- r
A =
z T WhéhA 2,
h=1

so L HS of (5.76) multiplied by 7 gives

1 r L T
- ¢ Ely W(ae) +T WWS'S Aehe
R oy Ty P h g WO O ABAS, ]
- ) ;

s | T (A2 +F WWE & Az Az
L“=J{ h th W HhOn OnhE, 5ﬁd

r L T
E [g W s e )’ Woaz)? }

h=1
{ z
h

The above derivation was obtained because of independence in

W,

t
9
>
A
e,
Sl v
o
u %
¥
L
+
L]
———
™
N |
n
[
N
R
N
+
)
J
]
w

different strata.
From the equation (3.22) we get
B[»(6)] = -2a+b+0 (n?) —{5.77)

Now from (5.70), (5.71), (5.72) and (5.77) we have

= -3
B (vann-n) = B(uL) + 2(b + 2c) + 0 (n ")
=-2a+3b+4c+0(n) ~(5.78)
and
= = -3
B (?BRR—H) =B (vnnn-s) B ‘”L) + 3(b + 2c) + 0 (n7)
= -2a + 4b + bc + 0 (n) -(5.79)

The preceeding results show that

B(v ) = B (v ) > B (DBRR_D) > B (v

Bias of Jackknife Variance Estimator @
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Now, an attempt will be made to find the bias of Jackknife

variance estimator. From (5.34) and {(5.77) we have
]

B | v (&) B (8) 2 x T e -3
v, = v + — _—
: L = L 2 ¥ 7= S.,2,,* 007}
h=2 nh h
nh—2
because E (s-ezzh y = nh Sozzh forn 2 h2
s0
(z) o~ _ ey -3
B [vj {(6}1 = R [vL(e)] + 2a - 2a°" + 0 (n )
= b - 2a +0(n?) -(5.80)
where
1 L N‘: CSozzh
a’ = = & -
_Z-s h=1 nz n -1

h

On the basis of this asymptotic method of comparison we can

draw the following conclusions. The Jackknife estimation

~2) 3y

Bj and Bj of ® do not in general achieve bies reduction

b

~,
where as the Jackknife.Estimator(%1accnmplish6 bias reduction.

The BRR estimation Bn of © has bias twice as large as that of 3,
but bias -corrected BRR estimator §D accomplishos bias
reduction. For stratum PSU sizes nh=2 for all h, the BRR
variance estimator Y RR-D and linearization wvariance estimator
vbig)areidentical. The six Jackknife variance esticator 1{i’(§),
i=}, ————, 6, are asymptotically equal toc higher order terms.
Further it can be shown that for the common two PS5U's per
stratum design thg)and Léu(g)are asymptotically equal to
higher order terms. This result suggests that choice between v
and:%bshnuld depend more on non-statistical considerations

such as computational costs. Unlike Jackknife variance

estimators, BRR variance estimators and vL(B)are tloser to each
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Fay
other. YRR and vann-s, however are closer to vL(B)than

YoRR 5" As for as biases of the variances are cnncernd biases of

BRR Variance estimators p and v

are equal and are
R-H DBRR-S

greater than the bias of BRR Variance estimatar vann-n which in
turn is greater than the bias of linearization variance

estimator vL(e).
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ILLUSTRATICN

6.1 INTRODUCTION :

The data for this emperical investigation was taken from
the project entitled "Pilct sample survey to evgolve a suitable
sampling methodelogy for estimation of inland fishery rescurces
and cat&h in & regicon of Orissa“. The survey was undertaken
jointly by the Indian Agricultural Statistics Research
Institute, New Delhi and The Directorate of Fisheries, Orissa.
For estimégtinn of catch of fish from fresh water resources,
the survey was conducted in the rounds. In the first round,
all water units in the selectd gram panchayats were enumerated
and data were collected on their characteristics sﬁch as
seasonality, extent of utilization for fishing purpose,
pisciculture techlniques followed etc: data on catch of fish
from selected ponds and tanks were obtained in the second
round. The district selected for estimation of fish catch from
fresh water units were Cuttack, Bolangir and Sambalpur. On the
basic of the available frame of sampling units from the state
Directorate of Fisheries namely, the distribution of Ponds and
tanks in Gram Panchayats in each selected districts. It was
decided to follow two stage stratified sampling design. Hence,
the districts are treated as strata—- and blocks within the
district, ponds and tanks as primary sampling units (PSU’S} and
secondary sampling units (8SU'S) respectively. Because of

variations in the number of blocks among three districts, two



blocks from Bolangir, three from Sambalpur and nine from
Cuttack were selected by probability proportional to size with
replacement (PPSWR) samﬁling using number of water units in
each block as sizes. Then for each selected block water
units i.e., ponds and tanks were selected by simple random
sampling without replacement. The number of PSU's and the
number of §5U's are given in the tables VII and VIII of the
appendix, which are used to calculate weights attached with
each of the SSU's. 8Six contingency tables are formed from the
data of the project mentioned above, and these are given in the
appendix from table 1 to table VI. 1In these tables the number
of 88U°'s falling in cell of the contingency table are given
according to the attributes it posses, where as various
categories along with codes of the variables under study is

given in the table 1X of appendix.

6.2 METHODS OF COMPUTATION :

fA special class of statistical technique called log-linear
models has been formulated for the analysis of categorical
data. {(Haberman, 1978; Bishop, Feinberg and Holland, 1973).
These models are useful for uncovering the potentially complex
relationships among the variables in a multidimensional
contingency table, In log-linear models, all variables that
are used for classification are independent variable and
dependent variable is the number of cases in a cell of

cross—tabulation. In this chapter log—-linear models for
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two—dimensional tables are used for simplicity to describe the
general procedure for multi- dimensional contingency table.
Dencote row variable by * and column variable by Y, then the
log—-linear model for two— dimensional contingency table is
written as

log mi'j = u + px(i) + py(j) + ny(i,j) {6.1)

where, ﬁd is observed TfTrequency fTor (i,j)th cell of the table,

px(i) is denoting the effect of variable X on ith row of the

tahlie, similarly, py(j) ig the effect of variable vy on .fh
column, pxy(i,j) is the effect of association between wvariable

X, ¥ and ¢ is general mean. The estimate of the wvarious

parameters of the above saturated model was obtained as

o~

px(i) = log r

- (T log r  )}/I

i+ +
i " h

0

py(]) log r+j - (E log r*h)/J

i

il

pxy(l,J) iog mu - z log mU/J - z log mu/I + : z log mU/IJ

J he v

o~

u = log n + (E log rh+)/I + (E log r+h)/J

where, i = 1,2,...,I; 3 = 1,2,...,J3.
The parameters {px(i)}, {pyij)}, pxy(i,j) satisfy

F ux(i) = ? px(j) =0

F #xy(i,j) = ? uxy(isj) =0

For main effects of log-linear wmodels, the parameter
estimates corresponding to the first k-1 categories of the

variables are given, where k is the total number of categories,
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where as for the association parameters, the number of
estimates are (I-1){(J-1).Standard error for the parameter
estimates are also 6btained . Now, consider the model for the
independence i.e that does not contain all possible parameters,
s0 it is also called unsaturated model and given as

log hﬁ= potop (1) + o (5) (6.2)

where , i=1,2,~——,I; j=1,2,————,d.

Here, mijis ne longer the cbserved freguency in  the {i,j)}-th
cell,but is now the expected frequency based on the model of
independence
Let,:£={;&ﬁ }denote the maximum—likelihood estimates of the
proportion under unsaturated model (6.2) based on the
multinomial-likelihood and h} ={ péﬁ}dennte the corresponding
estimates under saturated madel (61) . the the various

statistics are given as

1} OGDINARY CHI-SGUARE STATISTICS :

¥ =nE Elp, ;- P07 p
i

2) ORDINARY LIKELIHOOD-RATIO STATISTICS :

€ =2n L T Py tog (F aij 7 £ )

3) MODIFIED CHI-SQUARE STATISTICS [Felligi, 1980)

2 = x%/b
F F

X

]

v
; o | i
Where, bF = 13 z ?
13

P 7 Py

cell

where V. is the variance of corresponding proportion pnj
i}

4) MODIFIED CHI-SQUARE STATISTICS [Rac, 1981}
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\

E = _0 i
Nhere,. bn :}: "
T2 1i)

5) MODIFIED CHI-SBUARRE STATISTICS [Rac, 1981)

X2 = x%/n
RD RD
. v V., v
Nhere, b = __-—__l_:_ [E: | A - z 114 —E 1+
RD (I-1)(3-1) L p 1i+p!+j j P i+ 3 p i+j

&) MGdIFIED SATTERTHWAITE CHI-SQUARE
Let X is design matrix of saturated model and V is Wriance—

covariance matrix . Also, ﬂés design matrix for unsaturated

log-linear model described above . Thep, let
Xz = (1 - XI(X‘le) X’F‘)X2

~ = ~ s ~ —’_ ~ ~

M (xszz) (XZVXZ)

Where, X = (X1= Xz)
then degrees of freedom for Satterthwaite approximation was
calculated as

v = (Tr (M3 Trin™m®

and Satterthwaite Chi-square was given hy

2 _ v 2 2
1 = — X xv

, R ST
7) JACKKNIFED CHI-SQUARE :

Let each replicate is of the form Y -Hfhp,h=1,———,L;
j=i,—/——.n . Let Xfng) dencte the value of Pearson chi—-square
test for evaluating the fit of %;and Xfm(Y) the test for

evaluating the fit for E&.SD, the jackknifed chi-square is

calculated as
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{x’iz)( 1372 o hyr2

i z 2 1,2
ey

z
Where, V' =% b [ .
hd Ri’
K'=LbER,
b J

Rf.,- =X _ty + W) _ ® ()

(2 (¢4

b = (nh—l)/nh

n = number of PSU's in h~th stratum and k'
k* when latter is positive, 0, otherwise. The tabulated
Jackknifed chi—square is calculated with the help of fnlkging
formula
X, = 72 O %2 - VK]
where xiis tabulated ordinary chi-sguare at k degrees of

freedom.
6.3 CALCULATION FOR LEVEL OF SIGNIFICANCE :

The level of significance for each of the above mentioned
statistics were obtained with the help of following relations.
The Satterthwaite approxniation treats

xz

2 =

=3

6.(1+c%)

k/{1+C®) degrees of

As x:, a x? random wvariable with »

is



freedom, where @ = JPi/k, is average of eigen values of design
effect matrix and c is the coefficeint of variation of eigen
values of 'design effect matrix. Hence, the asymptotic
significance level of ¥* under Ho is obtained approximately as

SL(X®) = Pr [X® = Xz(a)]

ne

Pro[X2 > X (a)/{0-(1+C°) 3]
where Xi {o} is the upper a—percentage point of a xz random
variable with k degrees of freedom. The modified statistics are
asymptotically of the form X(b.) = X?/b., where b. is average
af the estimate of some parametric values bi’ Hence wusing
Satterthwaite’'s approximation, the asymptotic significance
level of X'(b.) is obtained as
SL DXF(b.)1 = Pr [X*(b.)Z X2 {c)]
= pr X 2¢b.0C () 16 (1451 1]

The significance levels are estimated by replacing the
estimated 9_L and g.. If the coefficient of variation of Bi'ﬁ is
large. the modified statistics XZ(G.) may not provide
satisfactory approximations. In such cases if 3. and E. are
available, the Satterthwaites correction is

Fk,o0 = xX* 0 x2(en3/€0. (1+C%)22 (03]
Would contral the size of the test

Pr (X (k,a)2 Xi(a)]: o

Further, the level of significance is calculated by the help of
the approximation given by Johnson and Kotz. From Jehnson and

Kotz (19270), we transform ¥ variate to N {0,1) variate using

t = A/B

13 12
F

Where A = - {1 — 2/9k }
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B = (2/9k)¥2

PrIX <F]=1-P(t) for t > 0}
By Hasting approximation

NNRRANANNNN

0
= P{-t) for t < O
P(t) = 0.5 (1 +ct+c t? +ct +ct*)y*
1 2 3 d
€, = 0.196854, c_= 0.115194,

Cy= 0.000344 €= 0.019327

6.4 RESULT AND DISCUSSION

Results of this empérical investigation are presented with
the help of eight tables. Estimates of the parameters along
with its standard error of the saturated 1log—-linear models
forvarious contingency tables from the survey data were given
in table number 1 to 6. With the help of this table our
log-linear models can be completely specified and the effect of
various categories of a variable can be studiei. The log-linear
models with these parameters completely specify the contingency
table under consideration and hence difference between
expected number of units falling in a particular cell and the
observed number of units for that particular cell is equal and

consequently leads to zero chi-square and likelihood values.

Table 7 show the calculated values of various test
statistics under consideration for the same set of contingency
tables. It was found that the values of ordinary chi-sguare
statistics are very high and closely followed by &. There are
two reasans for these high values, these are (1)

non—independence of sample observations because of imposed
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sampling design and (2) dependence of chi—square and likelihood
ratio test statistics on the sample size, which is generally
high for largé scale surveys. Other statistics presented in
table 7 are obtained by suitably modifying the calculated
values of ordinary chi-square for the case of survey sampling,
hence gives reasonably low values when compared to the cordinary
chi-square statistics and likelihood chi-sgquare statistics. The
above fact is true for all the contingency tables used for this
-study.

Table 8 shows the size of the critical region for wvarious
test statistics considered in table 7, that is, their a&actual
rejection rates when null hypothesis is true. The tests were
evaluated at the nominal ©0.03 level. This table clearly
indicates the inflation produced te the size of actual critical
region of the ordinary chi-square test statistics due to the
sampling design (i.e. non—independence. of the sampling units)
in to consideration. the size of the actual critical region is
as high 97.8104% when evaluated at nominal 5% level. As
expected the size of the critical regions of likelihood
chi—square statistics are slightly higher than ordinary
chi-square for all contingency tables. Further, the actual size
of the critical regions for the modifications prosposed by
Fellegi (1980} i.e. Xi and Rap (1981) i.e. xz are found to be
very conservative at nominal level of 0.05, except for the
contingency table of seasonality vs depth at the time of
monsoon. This exceptional behaviour for the contingency table

in respect of seasonality vs depth at the time of monsoon may
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be attributed to it less degrees of freedom associated with the

chi-square i.e. are, for which the approximations used may not

be very accurate.

Now observing the actual size of the critical region of
the Rao’s (delta) statistics i.e. X . it was found tha its
actual critical regions are slightly higher than nominal
critical region except for the case of contingency table of

seasonality vs depth at the time of monsoon, the resaon may be

2 2
same as for Xpand Xn.

Comparing the second arder correction to the ordinary
chi—-sguare i.e. Satterthwaite approximation {19446} with
Jackknifed chi-square procedure proposed by Fay (1983}, it was
found that Satterthwaite chi-square i.e. XZ are having actual
=ize of the critical region very near to the nominal critical
region i.e. 0.05% except for the above discussed contingency
table, where as Jackknifed chi—square was again found to  be
very conservative for the nominal 5% level except for the
contingency tables for seasonality vs source of water unit and
utilization of water unit vs sail type. The reason for the
first case may be the same as discussed previously and for
latter it may be due to its higher degrees of freedom. As
discussed by Fay(1985), a heuristic argument affers an
expla:pation for this observed conservation, when one of the
&i's i.e. eigen values of design effect matrix, say 61 is

substantially larger than the other, numerator and denominator
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of the Jackknifed. Chi-square statistics will be positively
correlated, which could have effect of reducing probability of
entreme values. Althuuéh, Fay{(1989}) in his Monte carlo design
shown that Jackknife chi-square perform slightly better than
Satterthwaite approximation but as pointed out by him that this
superiority may be due to the fact that he used multinomial
distirbution for the comparis on of these statistics, which is
rarely found in case of survey sampling. Hence, with help of
the results obtained in this empérical investiZgation, it can
be concluded that Satterthwaite correction to the ordinary
chi—-square performs better for all practical situations in case
of survey sampling. Although, it is too early to conclude about
these methods in general, there is strong need to investigate
the methods in detail with the help of simulation experiments

and empérical investigations.,
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TABLE-1

Estimates of Parameters of log-linear model for BSE contingecy

table
Parameters Cofficient Standard Error
PB(I) 0.22538 0.01354
pE(l) -0.04939 0.01354
My (1,1) -0.34692 0.01354

Note : B= Seasonality
E= Depth at monsoon
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TABLE-2

Estimtes of Parameters of log-linear model for B%C conningency

table

Parameters] Cofficient Standard Error
uB (1) Q.22950 0.0458719
uc(ll 3.45907 ©.046798
uc {(2) 0.188846 0.08351
Mc(3) -0 .83921% 0.13027
yc(4) -2 .35982 0.22833
By t1s1) -0.195695 0.6798
H {(1,2) ~-0,.1829%5 0.08351
uBc(l,S) 0.82671 0.13027
unc(1,4) 0.19415 0.22833

Mote : B=Sesonality

C= Source of water unit
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TABLE-3

Estimates of parameters of log—linear model for C2E contingency

table
Parameter Coefficient Standard Error
M;(li 3.43259 0.074833
uc(Z) 0.14462 0.09283
MC(S) -0.41214 0.10427
uc(4) -2.79241 0.27878
H (1) -0.30325 0.07563
fop (1.1) 0.25547 0.07633
MCE(Z,l) 0.90114 0.09285
Mo (5:1) 0.04142 0.10420
Hop (3:1) -0.50147 0.27878

Note

©
i

Source of water unit

E= Depth at monsoon
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TABLE~-4

Estimates of parameters of log-linear model for C&H contingency

table
Parameter Coefficient Standard Errar
ucil) 3.34008 Q.&68676
uc(2) 0.1330% 0.084692
pc(E) —-0.43800 0.10108
Hc{4) ~-2.54218 0.22789
pﬂ(l) 0.53521 0.06570
pcﬂfl,l) 0.00063 0.06676
Heo, (221) ~0.14436 0.08692
HCH(3,1) —-0.07286 0.10108
HCH(4,1) ~-0.11156 0.22789

Note : €= Source of water unit

H = Extent of silting
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TABLE-G

Estimates of parameters of log-linear model for BIM contingency

) table
Parameter Coefficient Standard Error
uB(ll 0.09822 0.02140
uM(l) Q.81274 0.02827
#u(2) 1.19531 O.02638
K, (3) -0.24757 0.04036
uu(4) -0.28064 0.04038
Hy,,(1s1) 0.056109 0.02827
My (152) -0.36352 0.02638
HBM(I,E) 0.33054 0.040356
“nu(1’4) Q.46753 0.04035

Mote : B= Seasonality

=Utilization of water unit
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TABLE-6

" table

Estimates of parameters of log-linear model for MIG

Parameter Coefficient Standard Error
yutl) 0.80174 0.03656
#H(Z), 1.08704 0.03584
#M(S) —0.32579 0.03547
#M(4) —-0.2608% 0.05214
Hcfl) 0.32545 0.03733
Ha (2) 1.27491 0.0318%9
M, (3) —-0.39638 0.04685
HMG(l,l) 0.19872 0.050561
HMG(l,E) -0.19307 0.04418
Huo(l,B) —-Q.44872 0.07105
Hyuo (Z2,1) -0.09371 a.05014
uMG(Z,Z) 0.06921 0.04204
Hyo(253) 0.31463 0.05929
HMU(S,I) -0.03228 0.076467
o (3:2) 0.29939 0.06301
B, (3:3) ~0.05063 0.09489
MG (4,1) —-0.27475 0.7702
By, (4:2) 0.10445 0.05078
o {4,3) 0.27241 0.08495

Note: M= Utilization of water unit
6= Soil Type

ias
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TRBLE - 7

Calculated Values of Various Test Statistics

Classifying 2 2 2 2 2 2 2 2
Variables & v S & I i 1 H 10} X
F R RD 5 k i
BXE 1 T 75,5470 781.9877 24,9481  24.70B0  137.4786 137.8500 137.6300  B.51%2
ByYcC 4 2 89.9809  100.5402 3.9299 3.7140 9.3696 1.4992 3.9580  2.152¢0
C1E § 3 64,3577  67.8347 2.2620 2.4637 6.7211 §,7241 3,734 1.4012
EIH 4 3 16,4902 16,6140 0.7398  0.7384 .4156 3.9882 4,8420  [,31468
Bt 4 3 7749177 805.0244 15,3938 15.7924 33,0474 24,7431 30,0800 52157
¥i6 12 9 284,5834 281,743 &.4277 6.4620  13.809F  10.9440 13,8006  0.9956
Hote :- B = Seasopality 6 = Soil Type
C = Source of water Unit H = Extent of Silting
£ = Depth at Monscen # = Ytilization of water unit



TABLE - 8

Percentage Level Of Significance of Various Test Statistics

Llassifying 4 2 2 2 2 2 2
Varizhles & ) X § i X 1 X H
f R RD 5 j
BIE { i 77,3362 77.8454  18.86h6 18,8003  38.304@  38.3804 3.8613
BXC 4 ? 97.8184 98,5772 4.1637 §.7264 19,8189 4,5882 7.8687
EXE § 3 77,2579 79.1682 2.52%8 2,222 7.34%8 §.7411 2.2943
CIH § 3 26,8641 24.8932 B.4e05 8.7992 5.9335 4,7618 2.1463
BIH 4 3 73,8668  98.3963 17183 2.5088 5.7946 §.761% 8.5762
Hie 12 9 67,6831 56.8925 3.7758 44493 16.1338 3.5128 8.4495
Hote :- B = Seasonality B = Seil Type
€ = Source of water Unit H = Extent of Silting
£ = Depth at Honsoon B = Utilization of water unit



SUMMARY

Frankel and Kish have drawn sattention to the problems
thet: arise in the application of standard statistical
method to survey data analysis which is based on the
assumption that observations are independent.

'In most of the situations of survey data analysis, the
assumption of independence of observations is rarely met in
actual practice. Any 1large scale survey will involve
stratified multi-stage ssmpling and correlations between
units in the same cluster (or stratum) can have a

substantial impact on the statistic under considerstion. The
impact on linear statistics of the sample design used in
obtaining survey datas is subject of much of sampling
literature. Recently, considerable attention has been paid
to study the impact of sampling design on non-linear
statistics and to the problem of estimating st 1least the
first two moments of such statistics. In this thesis the
problem of estimating the cell proportions and $he variance-
Covariance matrix for contingency tables has been
investigated. Also, the behaviour of the chi-square
statistic computed from s complex sample survey data to test
the hypothesis of goodness-of-fit, independence  of
attributes and homogeneity of proportions 1is studied.
Further, alternative tests for two-way as well as multi-way

cross-classification ha#ebeen discussed in detail.



Chapter one of this thesis introduces the subject of
categorical data analysis in survey sampling whereas chapter
Two provides a brief and critical review of this subjeect
along with its background. Chapter three is confined to the
categorical data analysis of survey data from two
dimensional contingency tables. In this chapter the effect
of stratification and clustering on the asymptotic
distributions of Pearson criterion functions for goodness-
of-fit (simple hypothesis), independence of attributes and
homogeneity of proportions has been investigated. It has
been shown that these statisties are asymptotically
distributed as weighted sum of independent %2, random
variables, and fhen relate weights to familiasr "deffs”. The
“deneralized deffs” has been discussed, which is useful for
studying the effect of survey design, and also for getting
corrections to chi-square statistics which 1leads to
conservative tests. These simple corrections of the chi-
square statistic require only the knowledge of variance
estimates (or deffs) for individual cells., Also, the
correction requiring estimate of full variance-covariance
matrix which is also known as Satterthwaile correction or
second order correction is discussed in detail . Effect of
constant design effect has been considered. Moreover, the
nature of chi-square statistics under constant design effect

model has been observed and it was found that in both the



cases ordinary Chi-square statistiec is multiple of 8

constant factor which can be calculated easily.

In chapter Four, the generalizstion of statistical
methods discussed 1in chapter three has been discussed for
multidimensional contingency tables. The asymptotic
distribution of chi-square or equivalently likelihood ratio
test statistics is obtained as a weighted sum of independent
X2, random variables under nested log-linear models. An
important special case of saturated model is also
investigated. A simple correction to chi-sguare (or
likelihood) statistics is obtained, which requires only the
cell "deff” and the "deffs” of collapsed tables (marginals)
whenever, the likelihood equation under the multinomial
sampling admits explicit solutions. Further, similar type of
correction which leads to more conservative test than above
is considered for the models not admitting direct solutions
to the multinomial 1likelihood equations. The effect of
constant design effect is also observed for multidimensional
contingency table. Moreover, the method of Jackknifed chi-
square which 1is baséd upon recomputing the chi-square tests
or differences of chi-square statistics of two nested
models, each compared to the saturated model for a series of
replicated samples based on the sample data is also covered

in this chapter.



Chapter five of thesis is related to the estimation of
the parameters’ involved in the categorical data analysis of
the survey data like, cell proportion and its variance-
covariance matrix. The methods of H-T estimator, combined
ratio estimator and post-stratified estimators have been
considered and their estimated variances obtained. The
various methods of varisnce estimation for complex survey
like linearization, Jackknifing and BRR have been compared
for the case of combined ratio estimsator under stratified
two-stage sampling design in which units at the first stage
were selected with PPSWR and in second stage with SRSWOR. It
has been shown that the Jackknife estimator §3¢1?
accomplishes biss reduction where as in case of BRR-
technique this reduction is for bias-corrected BRR
estimator. The results also show that choice between

variance estimator due to linearization VL, and any varisance

()
estimator due to Jackknifing Vs s i=1,2,----,8 depends
more on non-statistical considerations, such as

computational costs. BRR and linearized variance estimators
are close to each other while Jackknife variance estimator
are smaller than these two. Variances estimated through BRR-
techniques have more bias than the variance obtained through

linearization.

In chapter six the theory developed in the preceeding
chapters ha$. been applied to the data of a sample survey

conducted at IASRI. The dats have been drawn from the Pilot



Sample Survey to evolve a suitable sampling methodology for
estimation of in-land fisheries resources and catch in &
region of Orissa. Sampling design of the survey was
stratified two stage sampling where first stage units were
selected with PPSWR and second stage units were selected
with SRSWOR. 8Six cvoss-tabulations were obtained with the
purpose of demonstrating the effect of various modifications
to the ordinary Chi-square and to study the relationships
among various factors like, seasonality, depth at the time
of monsoon, extent of silting etc. related to the water
units (i.e. ponds, tanks etec). First (k-1) psarameters (i.e.
all independent parameters) of the main effect and
interactions of log-linear model under consideration for a
particular contingency tables are estimated along with their
standard errors. The values of ordinary chi-square and
likelihood ratio test statisties were exceptionsally high and
the corresponding size of the critical regdion was also as
high as 87.8%. This may be due to the effect of non-
independence of the primary sampling units and large sample
size. First order correction like X2p, X2Zr were found to be
very consarvative whereas the size of type I error for the
second order correction i.e. Satterthwaite approximation was
found to be very near to the nominal size i.e. 0.03.
Further, Jackknifed chi-square was also found to be
conservative for most of the contingency tables under
consideration. This may be due to exceptionally higher eigen

values of design effect matrix. Hence, from this empé¢rical



investigation, it can be concluded that Satterthwaite
correction is foﬁnd to be superior than the Jackknifed chi-

square for the survey data.
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APPENDIX



TABLE-I

CONTIGENCY TABLE OF SEASONALITY VS DEPTH AT MONSOON ( BRE)

B 1 2 Total
E
i 996 1906 2902
2 2201 1051 3252
Tatal 3197 2957 6154




TABLE-II

CONTINGENCY TABLE OF SEASONALITY VS SOURCE OF WATER UNIT ( BRC )

B 1 2 Total
c
1 2919 2735 5654
. 2 112 102 214
= 111 13 124
4 10 5 15
5 45 102 147
1 Total 3197 2957 5154




TABLE-III

CONTINGENCY TABLE OFDEPTH AT MONSOON VS SOURCEOF WATER UNIT ( E$C )

E 1 2 Total
c
1 2691 2963 5654
2
127 87 218
3 45 79 123
3 6 9 15
5 33 114 148
Total 2902 | 2382 6154




TABLE-1IV

CONTINGENCY TABLE OF EXTENT OF SILTING VS SOURCE OF WATER UNIT ( H2C )

H 1 2 Total
c
1 4212 1442 5654
2
147 &7 214
> 89 35 | 124
P 9 & 15
5 126 21 147
Total 4583 1571 6154




TABLE-V

CONTINGENCY TABLE OF SEASONALITY VS UTILIZATION
OF WATER UNIT (BzM)

R 1 2 Total
M
1 1044 759 1803
2 -
1001 1702 2703
3
578 1464 742
4q 523 169 694
S 49 1563 212
Total 3197 2937 &154




TABLE-VI

CONTINGENCY TABLE OF SDIL TYPE Vs UTILIZATIO OF WATER UNIT ( 6IM )

B 1 2 3 4 Total
C
1 550 961 134 158 1803
2 545 1662 399 97 2703
3 141 509 67 25 742
4 118 447 99 30 694
5 &7 107 25 13 212
Total 1821 | 3686 724 323 6154




TABLE-VII

INFORMATION ABOUT SAMPLE SIZE

Total No. of No. of selected
District S85U's SSU's
Bolangir 84733 433
Sambalpur 3993 445
Cuttack 26387 S276




TABLE-VIII

District Block No. MNo.O0f SSU's Selected
1 01 152
1 02 129
2 01 178
2 02 111
2 03 158
3 01 459
3 02 354
3 03 120
3 04 799
3 05 347
3 06 450
3 o7 1084
3 08 89
3 | 09 222




TABLE -1IX

INFORMATION ABOUT VARIABLE VARIABLE UNDER STUDY

Variable (code)

Name of the categories—code

Seasonality (B)

Source of water unit(C)

Depth at monsson (E)

Soil type (G)

Extent of silting (H)

Utilization of water
unit (M)

(a) Perrenial-1
{b) Seasocnal ~2

(a) Rainfall -1

(b) River channels-2
{c) Sewage -3

{d) Coastal water—4
(e} Others . &

{a) 0-2 mets —1
(b)Y >2 mets -2

{(a) Sandy -1
{b) Clay -2

{c) Loamy -3
{d) Others -4

(a) Patially silted-1
(b) Badly silted -2

(a) Fish cultivation -1

(b) Not fish cultivation -2
(c) Irrigation -3

{d) Multiple purpose —4

{e) Others—5









