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INTRODUCTION 

1.1 INTRODUCTION: 

standard statistical methods were developed on the 

assumption that elements of the population under study from 

which samples are drawn are identically and independently 

distributed. These properties can be ensured when samples of 

elements are either drawn from infinite population or with the 

help of simple random sampling with replacement, in the case 

of finite population. The assumption of independent- selection 

of elements -(and hence independence of observations) greatly 

facilitates in obtaining theoretical results of interest. 

Also, the assumption of independence yields mathematical 

simplicity that becomes desirable as we move from simple 

statistics such as mean to complex statistics such as ratios, 

proportions etc. Independence is often assumed automatically 

and needlessly, even its relaxation would permit broader 

conclusions. 

Although independence of sample elements is typically 

assumed, it is seldom realized in the procedures of practical 

survey work. Randomization of the sample would be unnecessary 

if the population itself were randomized, but "well mixed 

urns" are seldom provided by nature or created by"man. 

r One of the most striking features of developments in 

statistics is the rapid growth of interest in sampling 

methodology covering both theory and practice. Survey sampling 

has significantly helped in providing estimates of important 

1 



population characteristics for scientific planning. Early ~ 

landmarks in the literature of sampling theory were papers 

byT~Lryv~1923), Neyman(1934), Mahalanobis(1944), and YQteg 

(1946). Five classics in five years were Yateo(1949), DQ~ing 

(1950) Coch~~n~ (1953), Hansen et al.(1953) and Sukhatl~£ 

(1954) who outlined the boundaries that have broadly defined 

the developments of methods in 

statistics. 

this subdiscipline of 

Generally, the literature of survey sampling concentrates 

on providing estimates of simple statistics like mean and its 

standard error and consequently. confidence intervals. Although 

recently methods for estimation of complex statistics from 

complex survey designs were developed but still there is need 

of further refinement and development. Inferences based on 

standard errors are acceptable on the assumption that survey 

samples are large enough to yield the needed approximate 

normality in spite of 

Standard errors should 

non-independence 

be computed in 

of observations. 

accord with the 

complexity of sample designs, neglect of that complexity may 

be source of serious bias. On the other hand, trying to obtain 

more exact but complicated statistics than standard errors 

would become two difficult for complex selection designs. 

1.2 BASIC PROBLEMS IN CATEGORICAL DATA ANALYSIS: 

There are mainly two types of 

categorical data analysis. These 

problems 

are (i) 

encountered 

Measures 

in 

of 

association, by which the degree of relationship between any 
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two variables can be measured (ii) Testing of hypothesis, 

under which various hypothes~s of interest can be tested. The 

development in case of measures of association is confined to 

sQme specific areas, where as, testing of hypothesis in. 

categorical data analysis is widely applied. The categorical 

data analysis in survey sampling is mostly confined to, the 
I 

testing of hypothesis because of its practical utility to'· 

study the structure of the population under consideration and 

drawing inferences accordingly. Broadly, there are three types 

of inferential problems in case of categorical data analysis 

from survey sampling. These are: 

(i) To test whether the sample proportion is equal to a 

certain fixed proportion. 

(ii) Testing of independence among categorical variables, 

(iii) To test the homogeneity among a set of proportions. 

The above mentioned problems generally occur in many 

large scale surveys. Fqr example, and investigator may wish to 

compare sample proportions for categories of variables such as 

proportions of farmers growing high yielding varieties of 

crops with known population proportions from the previous 

surveys. This can also be used to check the quality of 

sampling as used by Brackstone and GosSisline (1973).· More 

generally, we might make comparisons among several different 

surveys from the same population or among different regjons of 

a country or among similar surveys from different countries of 

the world. The problem of testing independence among 
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categorical variables is very common in almost all surveys. 

1.3 TESTING THE HVPOTHESIS : 

Karl Pearson in 1900 introduced goodness of fit test. 

which had a revolutionary impact on categorical data analysis 

as it was the first inferential statistical method. This test ~ 

statistic was susequently used for testing the independence of 

attributes. Later on likelihood-ratio test also gained 

popularity for same type 01 testing problems and it was proved 

that this test also 10110ws chi-square distribution with the 

same degrees of freedom as original chi-square test. General 

method of application of these tests are discussed below. 

1.3.1 CHI-SQUARE TEST AS GOODNESS OF FIT: 

Consider the nu 11 hypothesis (Ho) that k parameters ~~',:"~{..J> , , 

of a multinomial distribution are equal to certain fixed value 
k 

{.c;_J~"",,,,'1tlere E r. ::::: 1. Under Ho" m
t 
= n r \ 0"· i==1.,2 " .... :;:'.-.r-.,;Jc ',-

~'~I.C>~,',f 1>=, 'I. 0 

where JJl_ i11!:,..j:he expected number 01 observations in th2' i-th 
;'1. . 

category. For the sample counts tn. }, 
'I. 

following test statistic: ; 

2 
(n .-m.) 

.2 k 1 1 

X-=E 
\.=1 

m. 
1 

Pearson proposed the 

2 For large samples, X has approximately, a Chi-squared null 

distribution, with k-1 degrees of freedom. The above 

statistic. is called Pearson Chi-squared statistic_ 
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For a multinomial sampling of sample size n" nt,l;:las the~. 

binomial distribution with index n and parametet;:=<, For 

large n, by normal approximation to binomial" n,,_.(and Pi. = ni. ~n) -

has approximate normal distribution. More generally, by the • 

central limit theoli'n1. the sample proportions p 

, n /'0)' 
k-~ 

have approximate multivariate 
,.. 

normal "" 

distribution. Let E denote the covariance matrix under null _ ,0, 

hypothesis ol"{n p, and let r == (r -- r ') Under, H:>, 
o t. 0 ' k-t.,o 

since n(p-r) 
o 

quadratic form. 

converges to N(O, 'r') 
'""0 

-t. n (p -r ). E (p - r ) 
0 0 0 

distribution, the 

ha~ distr~bution converging to Chi-square with k-1 degrees of 

freedom. The covariance matrix of "{~ p has elements 

-t 

The matrix Eo has (i,j)th 

t. 

( r ' + r ) 
="i.o~·· ko 

-t. 
putting E I: = I 

o 0 

when i 

With 

= -rirj if i#j 

= r. (l-r.) if i=j' 
1 1 

~ 

element-- when 
rko 

i#j and 

= j. This can be varified by 

this substitution direct 

calculation simplifies to ~. 

1.3.2 CHI-SQUARE TEST OF INDEPENDENCE: 

In two way contigency tables with multinomial sampling, 

the null hypothesis of 

fl+ 
r for 
• ~'j 

all i and j. 

statistics, with Q, j -, 
,,1. ' 

statistical 

To test Ho, 

n r. = nr. 
I. j 1.+ 

5 

independence is Ho r:~r~', = 
, -I.].., 

we could use Pearson ; X2 

r • where m.. is the 
+ j , I. J 

I 
I 



...... 
e>:pected number of observiltion in the (i ,j) - t.h cell. L~t @. '.' 

\.-,.l 

= nR\. + p .• The X2 st.at.ist.ics t.hen equals 
+J 

J I 

=EI: 
j=1 i=1 

..... 2 
(.n. , - m, , ) 

\. J 1. J 

m, , 
I. J 

Pearson (1900, 1922) claimed that replacing {ro. ,} by est.imat~s 
I. J ..... 

{~.,} would not. affect the distribution of 
"I. J 

X2. Since, there 

are k=IJ categories for cross classification, he argued that 

2 X would have asymptotically Chi-square distribution with df = 
IJ-l. On the contrary, since {m .. } are 

\, J 
det.ermined by 

estimat.ing {r. } and {r. }, t.he Chi-square distribut.ion has 
\. + + J 

df = (IJ-1) (1-1) (J-1) = (I-1) (J-1) 

The dimensions of {r, } and {r,}. reflect t.he constraint 
1. + + J 

E r.:. ~= E r: "'" Pearson' s error was not. pointed out unt.il 1922 
~M ..... ~~~t-~""" ~~ l'. h. ~ ~+ j 
.1.' J 

by R.A.Fisher, in an important article that helped to clarify 

geometrically the notion of degree of freedom. 

1.3.3. LIKELIHOOD - RATIO TEST: 

, Th~ likelihood ratio test. is a general purpose way of 

testing a null hypothesis Ho against an alternative hypothesis 

Ha. In this test, the likelihood is maximized under Ho, and 

also under t.he condit.ion that. Ho or Ha is true. Let. A denote 

the ratio of maximized likelihoods, which can not e>:ceed. 1. 

Wilks (1935, 1938) showed t.hat. 2log A has limiting 

chi-square distribution under Ho as n + 00 The degrees of 

freedom equal the difference in the dimensions of the 
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parameter spaces under HoUHa and under Ho. 

For the multinomial sampling in a contingency table, the 

kernel ot likelihood is n. 
\. J 

'1: . E . r .. =:1 1 ~ J :.1.J • 
~ 

n .. r .. \.J, where 
\. J 

r .. :>".0 
\.J 

and 

Under Ho" independence (.all r. = r. r .), 
... j 

the likelihood IS 

n. 
A \,+ 

maximized when r .. = and r 
_.,. '. \. +_:i' ; ... 

n 

\.+ +J 

n 
+ j 

= +j n 

n. n . 
"... L + + J 

, SO r .. = 
1. J 2 o 

'. In the general case, the likelihood is miilximized wb-lIJ..£1;"j; =.0i-j/o 

The ratio ot the likelihoods equals 

n n ( ) nij 
1. j n i + n+ j 

nn n n n 
n. . i j 

\. J 

It tollows that Wilk's statistics, denoted by G2, is 

n .. 
~J 

SZ = -2 log A == 2 EE n. log 
\. j .... 

i j m. 
n i + n+j 

... j 

..... 
where { m .. = } are estimated expected 

1.J n 

frequencies under the assumption ot independence. This 

statistic!, is called the likelihood ratio chi-square 

statistic~-. The larger the value of? ,- the more evidence 
".-

there is against the oull hypothesis. For large sample~, ~has 

a chi-squired distribution under Ho with df = (I - 1) J 1). 

When independence holds, the pearson statistiC;. X~ and 

likelihood ratio statistic ef have asymptotic chi-square 

distribution with dt = (I-I) (.J-l). In fact, X2 and fil are 

asymptotically equivalent. In that case i2 - G2 converges in 

probability to zero. 
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1.4 METHODS OF SAMPLING IN CATEGORICAL DATA ANALVSIS : 

All the methods of sampling in the case of categorical 

data can be broadly classified into three groups given below: 

i) METHOD I : Many of the tables obtained from survey data 

are obtained by what is sometimes known as method I 

sampling. Here, the only frequency which is pre-set is 

the total frequency. Other frequencies in the table 

"become known only after data have been collected and 

tabulated. 

ii) Method II : In this method of sampling the sample sizes 

to be taken from several popUlations are fixed, i.e. 

marginal frequencies for one of the variables involved 

are fixed and classification on the other variables 

becomes known later. Stratified sampling and cluster 

sampling give rije to tables of this type. 

iii) Method III : Method III sampling occurs particularly, in 

controlled comparative trials. Marginal frequencies for 

one of the two variable typically a 'type of trea~ment· 

variable, are fixed in advance, but the selection of 

which units are to receive which treatments is made at 

random by the researcher, that is, classification on this 

variable is hot an inherent property of the units, but 

something controlled by the researcher. This method of 

sampling might occur in studies of survey methodology, 

for example in the study to compare face-to-face and 
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telephone interviews, when we might fix the number of 

interviews of each type in advance and determine 

randomly, exactly wh~ 

interview. 

is to be given each type of 

The sampling scheme has a bearing on the theoretical 

model describing the table and on which methods of 

analysis are appropriate. Sampling method I is also known 

as multinomial sampling model, and sampling method II as 

product-multinominal, th04gh strictly these terms apply 

only to si'mple random sampling with replacement. 

1.5 EFFECT OF CLUSTERING, STRATIFICATION AND WIEGHTING : 

In most surveys the assumption of independence is far 

from realistic as discussed above. Any large scale survey 

in~volves either stratified multistage or cluster sampling and 

correlations between units in the same cluster or stratum can 

have substantial impact. There are two reasons which are 

mainly responsible for wide spread application of cluster 

sampling. Although, the first intention may be to use the 

elements as sampling units, it is found in many surveys that 

no reliable list of the elements of the population is 

available and that it would be prohibitively expensive to 

construct such a list. Even when the list of individual units 

is available, economic considerations may point to the choice 

of a larger cluster unit. When cost is balanced against 

precision, the larger unit may prove superior. For example, a 

sample of farms independently and randomly selected is likely 

9 



to be scattered over the entire area~ and therebv provides a 

better cross-section of the population than an equivalent 

sample of the same number of farDs clustered together in few 

villages for which observations are likely to be correlated. 

On the other hand~ it will cost more to survey a widely 

scattered sample of the farm than an equivalent saaple of 

clusters of farms~ since the additional cost of surveying a 

neighbouring farm is small as compared to the cost of both 

locating and surveying a second independent farD. Survey 

designs involving two or Dore stages of selection, in which 

the universe is divided into primary units is followed by 

additional stages of selection, may be considered to be 

clustered samples as well. Hence, the sampled primary units 

forming the clusters~ are used for the purpose of estimating 

sampling variability. A CODDon situation of clustering occurs 

in otherwise simple random samples when units of the sample 

may contribute more than one observation to the cross 

classification. For example list of the households of the 
~ 

village Day be available and(sample from this may represent 

simple random sample for all practical purpose. Data collected 

on a household basis could appropriately analysed as if from a 

multinomial distribution. At the same time collection of data 

on Dore than one person in the household would lead to a 

clustering effect. As pointed out earlier due to the 

clustering any standard technique which will be applied to the 

data will not only give the distorted picture of the situation 

but also mislead the researcher appreciably. 

10 



Stratification covers a large class of circumstances in 

which same data is known about the universe prior to sample 

selection~the universe is grouped into strata on the basis of 

these data~ and samples are selected from strata 

separately. In many applications. the stratification actually 

reduces-varianc~elative to simple random sampling. In one 

special case. the strata are identical to the levels of one of 

the variables in the analysis. As long as multinomial samples 

are selected from each, maximum likelihood theory gives 

generally the same results as for the simple multinomial 

distribnution, for most log-linear models. In other cases, 

however stratification Day have effects on the variance that 

are omitted from the standard maximum likelihood analysis. On 
~ 

many occasions, samples are selected at different- sampling-

rates from individual strata. A common rationale of 

differential probabilities of selection is to increase the 

reliability for special subgroups of the population. In order 

to represent consistantly the original population, weights are 

typically applied to the observations~ usually thei~verses of 

the probabilities of selection or closely related quantities. 

Differential weights make any of the results from maximum 

likelihood theory for the multinomial distribution difficult 

to interpret without further adjustment. Once an appropriate 

representation of the sample designs is found in terus of 

replicate observations weighted data presents no additional 

difficulty. 

1.S DESIGN-BASED INFERENCE FOR LOG-LINEAR KODELBS 

11 



Coggon analytic mode1s~ such as linear regression~ 

log-linear ~odels7 and generalized linear Qodels were 

initially developed in the context of explicit stochastic 

mode1s~ for example~ the normal or multinomial distributions. 

Developm.ents in "robust" estimation avoid specifio 

distributional requirements~ but often maintain assuDptions 

not typically encountered in survey sampling. for example, 

~hat the error teras of the models are independent and 

selected from a symmetric population. Many res~archers 

familiar with one or more of these analytiC models have 

applied them directly to sample survey data without 

recognition of the possible consequences of the sample design 

on the validity of inferences based on the usual 

distributional assumptions. 

Log-linear Dodels~ which expresse the logarithm of the 

expected frequencies for categorical responses 

function of unknown parameters. encompass 

models for cross-classfied categorical data 

models for one or Dore dependent categorical 

predictors. BishoP7 Fienberg and Holland (1975) 

as 

both 

and 

a linear 

factoral 

logistic 

or continuous 

, of the earliest books in this rapidly expanding 

provided one 

field. 'Many 

for fully log-linear models~ particularly those 

cross-classfied categorical data, involve a large number of 

parameters. The three Dost typical problems of inference are. 

i) To compute standard errors and confidence intervals, f~r 

the individual estimated paraaeters. 

ii) To test the significance of the contribution of specific 

12 



sets of parameters to fit the Bodel. 

iii) To test the overall goodness-of-fit ·of the codel. In 

the context of simple random samples, standard results in 

maximum likelihood theory provide~ an answer to these 

questions~ although Pearson Chi-square test rightfully 

enjoys greater popularity than the likelihood-ratio 

chi-square test as a solution to the third problem. 

The effects of complex sample designs on the analysis of 

categorical data have received considerable attention. Complex 

sampling designs typically seriously affect the Pearson or 

likelihood ratio chi-square tests for categorical data models. 

A number of alternative tests have been proposed under various 
• 

sets of assumptions about the nature of complex design. Three 

approaches described below represents general solution: 

1.S.1. THE JALD TEST: The wald test was proposed by Koch~ 

Freeman and Freeaan in 1975. It incorporates an est~mate of 

the covariance matrix of the estiaated cell frequencies into 

both estimation under the model and testing. Although this 

approach was the first of the three general solutions to be 

introduced, the specific manner in which the estimated 

covariance matrix of the estimated cell probabilities is 

incorporated leads to appreciable instability in 

applications. Recently some modification to the wald test was 

proposed to lessen the effect of this source of variability. 

1.S.2. ADJUSTMENT TO ORIGINAL CHI-SQUARE 
13 



This procedure was proposed by Fellegi (1980) and RQO and 

Sott (1981, 1984, 1987) and employ the standard estimation 

methods of maximum likelihood estimation applied to the 

weighted. cell estimates as if they were cell counts from a 

multinomial distribution and adjustments to the usual 

chi-square test was done accordingly. Two principal forms of 

these procedures are available. In the first, relationshi~s 

'between the variance under the multinomial distribution and 

.the sampling variance under the complex design are examined 

for both the cells and margins. These relationships are then 

incorporated in~to an adjustment factor by which chi-square 

tests are divided. The procedure compares the resulting 

chi-square test to the chi-square distributed on the same 

number of degrees of freedom as appropriate under multinomial 

sampling. The method is particularly useful in applications to 

the published tables if the required information about the 

variances under the complex design for the cells and marginal 

table is also available. 

The second method proposed by Rao and Scott in:corporAtes 

an' estimate of the covariance matri:>: under the complex design 

for the cells of the estimated cross-classification. In 

practice this method requires returning to the original data 

to compute the estimated covariance matrix, since 'such 

matrices are rarely published. The method is again based on an 

adjustment to the'original chi-square tests, but in this case 

both the test statistics and the original degrees of- freedom 

are altered and interpreted according to an approximation due 
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to Satlerthwaite (1946). The second method requires more 

extensive calculations than the first, but its performance is 

sufficiently superior that it clearly represents the preferred 

method over the first, when such calculations are possible·. 

1.6.3. THE JACKKNIFED CHI-SQUARE TEST; 

It was proposed by Fay(198S) and employ. replication to 

determine the effect of complex sampling design on the 
, 

original chi-square or likelihood tests. This method also 

employ*s stand~Y~ maximum likelihood estimators applied to the 

observed cell estimates~ as do the aethodsot Rao and Scott. 

The behaviour of the chi-square test recomputed according to .a 

replication method reflecting the complex sample design is used 

to derive a new test of significance. In practrce. an 

application of the Jackknifed test requires access to the 

original data in order to forD the necessary replicate 

sallples. 

1.7 VARIANCE ESTIMATION AND INFERENCE : 

Complex sample designs usually involve selection schemes 

that lead- to statistical dependence among the selected sample 

units. Often~ this dependence takes the form of a positive 

correlation between DeDbers of the sample. This positive 

correlation leads to negative bias in estimates of variance 

based upon the assumption of siDple random sampling.' To 

produce at least approximately unbiased estimate of vari~ce, 

aspects of sample design must be taken into aocount in 

estimating variance. The followins design e.legents have an 
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ililpact on the estimation of variance and will be discussed ,: 

i) 1:fith or without replacelilent sampling 

ii} 

iii) 

v) 

v) 

Stratification 

Unequal probability of selection 

Multiple stages of selection 

Certainty selection of clusters 

In spite of the fact that most complex sampling designs have a 

net increase in variance over simpler sample designs~ cert8~n 

aspects of the sample design can actually result in a decrease 

in variance. The use of without replacement sampling is one' of 

these, under simple random sampling, the variance is reduced 

by a factor equal to one minus the sampling rate. In Iilore 

complex sample designs, an analogous situation exists. For 

simplicity, estimates of variance are calculated under the 

assumption that with replacement sampling has been used' 

because in without replacement s8Jllpling unbiased estimates of." 

variance require known joint probabilities of selection of all 

sampled units. Formula based upon with replacement sampling 

require knowing only the probability for selection of each 

sampled units. Additionally, sampling past the first stage is 

not explicitly taken into account in with replacement 

formulas, since this is not necessary for obtaining unbiased 

variance estimates when with-replacement sampling of first 

stage units is used. 

The simplicity of variance estication under' the 

assumption of with-replacegent sampling has a price. Uhen 
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with-replacement formulae are used for without-replacement 

designs # the variance estimates are biased. This bias is 

actually equal to two times the reduction in variance brought 

about by using without replacement sampling. This results 

in an interesting paradox. Without-replacement sampling is 

used to lower variance~ but easiest approach to variance 

estimation results in treating estimates as if they were less 

precisely measured than would have been the case had with 

replacement design been used. Often~ the first-stage sampling 

rate will be low enough~ or first stage component of variance 

small enough, that is reasonable to assure this effect will 

not be too great. 

Often, prior to selecting the sample, the population is 

grouped into strata based upon characteristics thought 

related to variable 'or variables of interest. 

to be 

This 

stratification usually reduoes the variance of the population 

estimates. The stratifioation of the primary saDpling units 

oan be taken to the point where only two are seleoted from 

each stratum. This allows maximum stratification to be used 

while still allowing for the estimation of variance. If the 

stratification is ignored when variance 

positive bias will be introduced because 

estimate of variance will contain a "between 

is estimated~ a 

the resulting 

Strata variance 

component. When_ stratification has been carried out to the 

point where only one unit is selected per stratum this 

"between strata" component is not easily avoided. In this 

situation similar strata are cO'labined so that a "within 
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strata" variance component can be estimated with what is hoped 

to be a little~ albeit positive bias. 

The above discussion is for the estimation of variance 

for linear statistics. Most statistics o~ the interestars not 

linear. Generally. we apply approximation Bethod for the 

variance estimation in the case of non-linear statistics. In 

summary~ approximate variance estimators are required for the 

following reasons. 

i) Ho explicit variance estimator is available because. 

design does not allow for one in the case of systematic 

sampling or one PSU per stratum designs. 

ii) Adjustmen~have been made to sample weight 

iii) 

iv) 

The variance of non-linear estimator is desired 

It is too much trouble to use one of the 

formula. 

1.7.1 ALTERNATIVE APPROXIMATE ESTIMATORS: 

exact 

Two different approaches are currently in ~idespread 

use for the estimation of survey sampling errors for complex 

parameter estimators. namely linearization and replication. 

The method of linearization provides a general approach 

through the use of linear approximation to the nonlinear 

estimation of interest. Explicit formulas for the estimate of 

variance for these linear approximations can be desired. 

Variance esti.ation is achieved by estimating the variance of 

a linear combination of simple estimators whose variance is 

close to that of the cogplex esticator of interest. It is 
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important to keep in mind that the linearization approach does 

not actually yield an estimate of variance. Instead the 

linearization approach provides a linear approximation to the 

quantity for which variance is to be estimated, after which 

the usual text book formula for variance of a linear 

statistics .is applied. 

Replication (sample re-use) methods repeat the 

estimation process on a sequence of subsets of the full 

summary data set; and then compute the variance frOD the 

variation among these subsample estimates. The available 

replication methods differ as to their specification of sample 

subsets or replicates and subsequent variance estimation 

formulae. Three general approaches in use are known as 

balanced repeated replication (BRR) or balanced half-sampling~ 

Jackknifing or Jackknife repeated replication, and 

bootstrapping. Each method has variations of application which 

affect the number of replicate estimates derived in a given 

case. 

Even for relatively simple quantities like means and 

totals, ·typical survey estimators involve the use of 

non-response and ratio adjustment to the weighting, resulting 

weights that are random quantities .. dependent upon the sample 

actually selected. A question to be addressed when comparing 

linearization with replication is relatively contribution ~f 

these adjustments to the variances of the parameters 

estimates. While linearization can be undertaken in a manner 

accounting for this weight variability, such variance 
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estimation does become cu~bersome~ whereas it reaains 

relatively straight forward with replication. On the other 

hand~ if the variablity in weights can be safely ignored~ for 

many parameters estimated from surveys. linearization can be 

undertaken straight forwardly in a much less cOQPutationally 

intensive manner than replication. Kish and Frankel(1974) 

suggested that the contribution of such variation in weights 

to variation can reasonably ignored~ whereas Lemeshow (1979) 

cautions against this. Lemeshow's finding froD si~u1ation 

studies suggested that a substantial increase in bias and 

variance of variance estimates could result from ignoring 

variability in weights. 

1.7.2. INFERENCE 

A number of investigations have been conducted into 

the properties. both theoretical and empirical of 

linearization and replication. Though these studies did not 

investigate the effect of non-response and post-stratification 

adjustments. the results are still of some interest. Important 

among the empirioal studies are the work of Kish and Frankel 

(1974) and Frankel (1971). who undertook a large scale 

empirical study comparing properties of linearization. BRR and 

the Jackknifing. They concluded that there was evidence that 

linearization gave some what greater accuracy (as measured by 

mean square error) in variance estimation, but that 

replication methods and in particular BRR. 

interval coverage which has slightly closer 
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coverage rate. Subsequently investigQtions have in the Qain 

concerned on the aspects of bias and precision of variance 

estimation. It was showed that Jackknifing in a number of 

forms and linearization were almost equivalent 2 while BRR was 

not nearly as equivalent to the other t~ procedures. These 

results were mainly for ~ultistage designs in which two 

primary sampling units (PSU·s) are selected independently per 

stratum. For ratio estimator 2 many studies concluded that all 

methods performed well when the coefficient of variation for 

the denominator~ was below 10 percent~ with a larger 

coefficient of variation for the denominator~ BRR and the 

bootstrap became substantially positively biased, while 

linearization and Jackknife variance estimators showed slight 

negative bias. 

One might regard the results of such investigations 

as indications that the less biased methods of linearization 

and Jackknifing are superior to BRR in terms of the resulting 

quality of variance estimation. Since the practical advantages 

and disadvantages of BRR are similar to those of the 

Jackknife, if this conclusion is well-founded then it seems 

that BRR should begin to lose favour. However, it must be 

remembered that the primary purpose of variance estimation in 

surveys is for making inferences about the parameters o~ the 

population, rather than about sampling errors. Thus 2 as 

suggested- by Kish and Frankel (1974), the coverage of 

confidence intervals formed from variance estimates would see~ 

to be of priQary importance in assessing the relative oerits 
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of variance estimation techniques. Such assessment involves 

consideratio~ of the joint properties of the parameter 

estimate and its variance estimate, making investigation of 

this issue compley.. Investigation 

confidence intervals~ BRR was 

suggests, 

some what 

in considering 

superior to 

linearization and Jackknifing. Studies also indicate that 

use of the confidence interval coefficients derived from an 

appropriate t-distribution may improve confidence interval 

coverage, but that the use of the number of strata as the 

degrees of freedom may not always be appropriate. 

Thus, in considering the relative qualities of these 

different methods of variance estimation, further developments 

and emperical investigation appear warranted. Such studies 

should also include consideration of bootstrap methods to 

assist in determining situations in which these present a 

better pract~lt alternative than the established methods. 
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REVIEW OF LITERATUaE 

2.1 REVIEVfOF LITERATURE 

The early literature on categorical data analysis dealt 

primarily with summary indices of association. The subject . 

sparked heated debate among statistici~such as Kar1 Pearson 
t 

and G. Udny Yule about how association should be measured. 

Pearson (1904~ 1913) 

distributions underlying 

envisioned continWous 

cross-classification 

bivariate 

tables. Be 

believed that we should describe association by approximating 

a measure such as the correlation for that underlying 

continuu •. His tetrachoric correlation tor a 2 x 2 table 'was 

one such Beasure. Suppose a bivariate norDal densLty is 

collapsed to a 2 x 2 table baving the same margins as observed. 

table. The tetrachoric correlation/is the· value of the 

correlation p in the normal density that would produce oell 

probabilities equal to sample cell proportions. Pearson~s 

contingency coefficeint was an attellpt for I x J tables to 

approximate an underlying correlation. 

Yule (1900) preferred to work with the defined 

structure. Yule~s perspective led hill to define 

category 

G = 

(8-1)/{8+1) as a measured association for the 2 x 2 ·table~ 

where e is the cross product ratio. Yule believed that it was 

possible to define meaningful coefficients without assuming I 

anything about underlying contin~ous distributions. 
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Pearson's approacll relates closely to tbe l,iterat.ure of 

psychophysical paired -comparison experiments. as reviewed by 

Bock and Jones (1968). In such experiments each subject is 

asked to choose that member who is exhibiting the most defined 

attribute between a pair of stimuli. Each subject may judge 

one or 'many pairs~ single or multiple tiaes. Responses to a 

single pair may vary, across subje~ts or from time to time for 

a given subject, in accordence with a contin~s probability 

distribution of percieved within pair stimulus differences. 

Proportions of choices within pairs exihibiting different 

physical stimulus differences are used to draw inferences 

about underlying probability distributions of perceptions. 

Such experiments are attributed to physiologist Vierordt, who 

utilized a standard stimulus as one liember of each pair. They 

become prominent in the mid-19th century through publication 

by his student Hegelmayor {1852),and extensive development by 

(1860)using the Gaussian distributicm. 

Cross~tabulation of the same subjects responses to each o~ two 
-~ - ...... .JfI'r.,t;:;,~ ~,_~_ ,",*fl ~ 'Of!' _~_~ ...... ~ _~_,"""""'..:t.~ __ ~~, -~l."""",,. G5' 1i 01;$4 4:: ___ I""~"''_',"* #~noIo ___ --

stimul~B pairs thus gives a douDle nioho.to.izatioo ,-of, ..... a· 

bivariate contin'eous distribut-ion which was turned flto ;":be . 

cOllpat ible with Pearson" s approach although analysiS ,_ was"'" 'not 

conducted froD that point of view at the tille. ResPOn1:ies:;- 07 

two sets 6f subjects to different 'pairs produce~ ~x- ~2~ltabte; 

in which" one dimension is non-stochastio due ~ ~tOT ~ the' 

experimental design while, within each leve~. distributtons' of 
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the other differing only in location are partitioned at zero. 

The analysis of these • constant method experiments was 

considered by. other statisticians of the time, notably 

Spearman (1908) and Urban (1908) who gave least square, 

solution. Twenty years later Thurstone (1927 a, b. c, 1928) 

provided a .,igorous mathematical underpining to psychological 

scaling, in which underlying continiJous distributions 

generating quantal response data were fundamental. These and 

subsequent writings of Thurstone have been compiled 

(Thurstone, 1959), and (~ further development in the area of 

paired comparison experimentation is reviewed by Bock and 

Jones (1968), David (1963) and Bradley (1976). The Bradley 

Terry - Luce (Bradley and Terry, 1952; Luce, 1959) linear 

model for logistic transform of choice proportions has played 

a major role in this evolution. 

If the stimulus difference from standard is identified 

with same measures of dose of a pharmacologic agent, and the 

paired-choice replaced by a biological quantal response such 

as death, the statistical issues underlying paired choice' 

psychophysical experimentation are seen as quite close to 

those of quantal bioassay. There an attempt is made to measure 

the potency of a drug in the face of considerable biological 
. -

variation in responsiveness of which only a quantal indicator, 

- -
usually of destructive nature, is observable. The concept of 

percieved stimulus level transllutes to that 'of tolerance",' a 

hypothetical dose level minimal to elicit the quantal response 
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from a given animal under experimental conditions. 

Thurstone's'· discri.inal process becomes a tolerance 

distribution' across animals. Each 

administered to a (usually different) 

of several doses 

set of ani.als, 

is 

and 

proportions of responses to each dose are utilized to draw 

inferences about tolerance distributions. A measure 'of 

location of an estimated tolerance distribution, often the 

. medium (called LD50'or ID50 for a 50% lethal or eff~tive 

dose), is used to summarise the potency. Using the Gaussian 

distribution of underlying tolerances, Gaddelum (1933), Bliss 

(1934, 9,b, 1935) and Fisher (1935), introduced probit 

analysis.Motivated by both theorltical considerations and 

computational rigo~of probit analysis Berkson recommended 

substitution of very similar logistic for Gaussion tolerance 

distribution in~series of papers fro. ,1944-1953. Such logit 

analysis could be accomplished by solution of linear equations 

as opposed to the iterations necessary for probits, beoause of 

similarity of the two tolerance distributions, essentially the 

saae results are almost always obtained. Gurland eta al., 

(1960) introduced a multicategory logit analysis. Finney 

(1971) provides acomprehensive discussion of quantal bioassay 

methods 

Log linear model analysis has rapidly become a major tool 

of statistical practice for deciphering multidimensional 

contingency tables arising through product-multinomial or 
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product-Poisson sampling. l·t is widely accepted that the 

general multiplicative model provides a natural framework for 

exploratory examination and testing of various hypothesis of 

stat1stical indipendence among variables 'or related 

distributional homogeneities. while within this framework.any 

generally interesting parameterizations of patterns of 

dependence are available. Dyke and Pattersoo'(1952) used iogit 

analysis to model proportions pertaining to good and poor 

knowledge of cancer facts~ .in relation to a- linear cOllbination 

of categorical predictors involving exposure to media. This 

application substantially departed ffom the earlier literature 

in that the concept of stimulus or dose no longer proceeded 

directly from the problem or a natural model for it. but it 

was simply an index of multiple qualitatively distinct 

categorical contributors. Truett et al (1967)~ in an effort to 

develop multivariate predictive insights from the Framingham 

heart study data~ examined a quantal model where cases and 

nomals (classified as such after longitudinal observation') are 

described by vectors from continGbus multivariate normal 

distributions with different means and equal covariance 

Ilatrices. Walker and Duncan (1961) gave maxillum conditional 

likelihood solution based on the product binomial logistic 

Bodel. Their method and related extension of Theil (1969) for 

multinomial data allow qualitative as well as quantitat~ve 

predictors. Bishop (196S) dellonstrated the identity ~ of 

logistic models with only qualitative predictors and certain 

log linear Iilodels for multiple cross-olassificc.tions. ,Later 
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Grizzle and lHlliams (1972) further -elucidated the 

relationship. Herlove and Press (1973) developed a logistic 

model for multiple dependent variables based upon an 

underlying log linear equal association structure, and a 

linear model for the relationship of log linear .ain effects 

to categorical or contin~ous exogeneous variates. Lachenbrnch 

(1975) and Goldstein and Dillton (1978) gave the details of 

discrete discrimination. 

There was controversy over appropriate definrtion of 

association. Bartlett(1935) used the ratio of cross-product 

ratios in layers of a 23 table to measure seoond order 

interaction. and Horton (1945) extended this idea to the 2 x 2 

table. Lancaster (1951) commenced development of an entirely. 

different approach. based on chi-squared partitioning using 

marginal distributions. 

Goodman and Kruskhal (1954. 1959. 1963.1972) clarified 

the situation for two dimensional tables, but the three way 

problem proved much more difficult. Roy and Kastenbaua (1956) 

defined second-order interaction in an r x s x t table 

following Bartlett's approach. Their paper represents one of 

several important contributions by Roy and his students some 

of whom among others were Bhapkar. Diamond, Mitra and Sathe. 

The use of factorial design 'contrasts among logs of cell 

probabilities to define all orders of interaction in higher 

di:ctensional table is apparently due to Good 
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(1958.1960,1963,1965) and was further elaborated by GoodDan 

(1964) . 

Lewis (1962). Bhapkar and Koch (1968 a, b) and Darroch 

QDd Speed (1979) discuss aspects of disagreement in this area, 

guch debate has concerned the propriety of : 

i) Linear representations of interactions in the tables 

-resulting from multiple samples (as opposed to those 

originating from the cross-classification of one 

sample) and 

ii) defining interaction in terms of lilsrginal 

distributions (as opposed to internal slices) of a 

table. 

Lancaster (1957,1969) ,and Lancaster and Hamdan (1964) have 

~ade modern contributions in the original framework of Pearson 

Though other strategies also see much use, Good's approach has 
"'( 

assumed a dominant role, thPugh developaent by Darroch (1962), 

Birch (1963, 1964, 1965), Mosteller (1968), Ku and Kullback 

(1968), Ku et al. (1971), Bishop (1969, 1971), Haber~an 

(1974a) Placket (1974), Bishop et al (1975), Gokhale and 

Kullback (1978) and others. 

An additional general problem of interest is that of 

standardization of tables, a problem which may arise in 

several forms. Deming and Stephan (1940) consider a gethod of 

adjusting a given observed table to conform to marginal totais 
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kno~ a priori to describe the population of interest. This 

bas been called the 'external constrai~ts proble~~ by Gokhale 

and Kullback (1978)~ the forDer authors developed on iterative 

proportional fitting algorithm~ known also as raking# to 

approximate a least-square solution to the problem. Their 

algorithm has proven of general utility as it converges (when 

applied to fit margins of an observed table to a uniform 

table) to the maximum likelihood fitted cell counts of 

log-linear model (Dorroch, 1962; Birch (1963). Gokhale and 

Kullback (1978) discuss both external constraints proble. and 

this latter 'internal constraints problem' extensively. Di~ect 

and indirect methods of standardizing rates for co.parison# in 

order to exclude effect of extraneous variables, have been 

extensively applied in demographic and epidemiologic 

literatures i.e. Bunker et al. (1969), Fleiss (1973)~ Shryock 

and Siegel (1973)~ Breslow and Day (1975). Bishop at al. 

(1975). Freeman and Holford (1980). The first reference. the 

National Halothane Study, reports on U.S.A hospital survey to 

investigate occurence of a rare event massive hepatic damage 

subsequent to surgical anesthesia. The significant st1mulus 

that this study provided to the developDent of categorical 

data methodology~ as well as that provided by the Praminagham 

Heart Study Dentioned earlier, is worthy of historical 

emphasis. In view of Bishop et al. (1975) and other related 

references, Fienberg (1978) notes that 'Standardisation is 

baSically a descriptive tec~nique that has been made obsolete 
'-' 

• by log linear analysis. However, standardization is 
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likely to continue to see frequent application in the research 

literature. Fienberg's comment not::: with:: standing. 

occsionally it might be desirable to use log linear modelling 

in support of it. rather than as a replacement. 

The preceding relatively brief sketch of the literature, 

for which the bibliographies of Killion and Zahn (1976) and 
J 

Singer (1979) have proved quite useful, should oonvey a sense 

of variety of issues which may be addressed directly by 

log-linear modelling. These share the feature that 

unconditional or conditional hypothesis of independence or 

\' homogeneity are of central concern relative to individual cell 

probabilities. However, many statistical problems involving 

contigency tables or more general. Categorical data structures 

can not be so characterized but comment on the simultaneous 

use of log-linear models and standardization is meant to 

suggest that even in such situations, log linear models may 

play an important role. Thus scientist may be directly 

interested in issues such as marginal symmetry for repeated 

measurements or split-plot types of experiment (e.g. Koch et 

al 1977), measures of agreement in observer reliability 

studies (e.g. Landis and Koch (1977) or generally in variation 

of essentially nonlogarithmic functions of cell probabilities 

across subpopulations (e.g. Bhapkar and Koch, 1968 a, b) 

Forthofer and Koch (1973). 
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The philosophy of using log linear model with data set of 

increasing complexities encourages both intellectuals and 

computational economics and implemented in practice by 

numerous stat~li~ in various frame works over a long period~ 

its formal development is motivated by growth curve model 

concepts as described by Potthof and Roy (1964)~ Grizzle and 

Allen (1969). Koch and Greenberg (1971). Tolley and Koch 

(1974) developed a two stage application of this approach for 

categorical data analysis. The first stage smoothing procedure 

involves the selection of a model which paramet~rizes salient ... 
characteristics of the data. The model is then applied to 

relevant subsets of the data with estimates of parameters 

descriptive of each subsets~ obtained by maximization of a 

corresponding partial or marginal likelihood function. 

formulated as (explicit or implicit) functions of the observed 

data . Applications of this procedure to biological data sets 

are presented by Koch and Tolley (1975) and Koch. Tolley and 

Freeman (1976). 

The class of multistage procedure for the categorical 

data analysis is known as functional asymoptotic regression 

methodology~ which provides efficient par~meter estimates and 

consistent covariance estimates from some underlying first 

st~e model~ 'and utilizes weighted least sqare algorithm to 

examine these at later stages. This use of functional 

asymptotic regression methodology~ described by Koch et al 
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(1976) and Landis et al (1978)~ is also implicit in the work 

of NeIder and Wedderburn (1972) and Haberman (1974 a). "ore~ 

recently it has been described by Gokhale and Kullback (1978) 

and Haberman (~978). 

Three general strategies for filting log linear aodels 

have been widely promulgated in forms suitable for use by the 

researchers. These are: 

I) Iterative proportional filling of hierarchical analysis 

of variance models~ analogous to factorial cross 

II) 

classifications and subsequent 

contin~oos data~ marginal tables 

parameters are used to find 

reduced models for 

suffi~ient for model 

maximum likelihood~ 

minimum-dtscrimination estimates and 

Pearson 

associated 

Chi-squared likelihood ratio~ information~ or 

test statistics. 

Weighted least sqores fitting of 

models to log linear functions 

asymptotic regression 

of observed cell 

frequenc~ies~ leading to linearized minimum-modified 

(Neyman) chi-sqared estimates and Wald statistics. 

III) Function maximization techniques of a more general 

mature i.e. Newton-Raphson or iterative weighted least 

squares or modifications there of~ leading to the same 

class o~ solution as method - I. 
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Method I is just an appropriate application of the raking 

algorithm of Deming and Stephan (1940). shown relevant and 

exPlored for log linear model fitting by Darroch (1962). Birch 

(1963). Bishop (1967). Fienberg (1970). Haberman (1972. 1973a» 

1974a). Daroch and Ratcliff (1972). Gokhale (197~). and 

described by Goodman (1970). Ku and Kullback (1974). Bishop et 

al (1975) and elsewhere. Method II. with computational 

ancestry in logistic models of Berkson» was developed by 

Grizzle and williams (1972) as an application of the general 

procedure of Grizzle et ale (1969). who in turn boo 
synthesized earlier work of Waldo (1943). Neyman (1949) and 

Bhapkar (1961. 1966. 1970). It is also used by Theil (1970). 

Mantel (1966). Walker and Duncan (1967). Cox (1970). Gokhale 

(1972)>> Helder and Wedderburn (1972). Haberman (1974 a.b). 

Helder (1974). Bock (1975). Schmidt and Strauss (1975 a.b) 

have been prominent advocates of method III. 

The paper by Nathan (1969) can be regarded as the 

starting point of the application of standard tech:nigues 
~ 

of 

cat~gorical data-in survey sampling. Cohen (1976) investigated 

a very special case of the general problem of testing goodness 

of fit from complex samples. He assumed a simple random sample 

of n clusters consisting of two units each. This sample of 2n 

units is classified into r cells. In the model studied by when 

if r. is ,the probability of unit 1 of a cluster being in cell 
1 

i» then the probability of the two units being in cells i and 
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j respectively is 

r .. 
1J 

= (1-a) r.r. 
1.. J 

for values of ' a • between 0 and 1 

if i#j 

otherwise 

Let there be m categories and denote the number of 

observations in the sample of n units which falls into the 

i-th category by 9i~ i=1~2~ ----~. where E 9. = n.To test 
1.. 

the null hypothesis Ho, in cae of chi-square statistics for 

goodness of fit is 

= r. 
1 

The statistics is computed as 

= 
Il 

E 
i=1 

(9-. - n r. )2 
\. \. 

n r. 
1.. 

Under this model it can be easily shown that 

V(9.) = (1+a)2n r.(I-r-)~ i = 1~2~--~m 
]. 1.. 1.. 

The design effect as defined by Kish and Frankel (1974) is 

Deffi = Var (9.)/n r.(I-r.) 
1.. 1.. ]. 

The design effect as defined by Kish and Frankel (1974) is the 

ratio of the variance under the sampling design to the 

variance under si.ple rando. sampling with replacellent. In 

other words design effect is a measure of deviation in 

variance under the sallpling design under consideration with 

respe~to simple rando. sa.pling with replacement and denoted 

by "Deff". So the design effect is equal to (1+a) for all 

Cohen shows that the statistic: r/{l+a) is distributed 

chi-square (under Ho) with (m-l) degrees of freedom. 
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The most sustained work on tests of independente from 

complex samples has been carried out by Nathan 

(1969»1971.1972.1973»1975). He also reviewed the work of 

several other authors» such as Bhapkar and Koch (1968) and 

Chapman (1966). 

Consider the usual contingency table. Let there be I rows 

and J columns, overall sample size is n» P .. #s are estiaated 
\. J 

proportions of frequencies in the (i,j)-th cell (i=1»2»---~I; 

j = 1.2---,J). The statistic~ 

= 1:E 
i j 

2 (nP. . - nP. P . ) _____ ~l _____ ~_~ ______ _ 

nP. P. 
\.f -J 

(2.1) 

has approximately the chi-square distribution under the null 

hypothesis» if n is based on simple randoa sample and is 

sufficiently large. The quantities P. and P .are obtained by 
\. • - J 

sUllSation over the missing subscripts. Under the null 

hypothesis the expression 

Pi. j - Pi. p. j 
(l.l) 

has zero expected value but generally an expected value 

different fro. zer~ if the null hypothesis does not hold. The 

zero expected value of (2.2) is the result of number of 

variance and covariance terms in R(P. P .) cancelling. Under 
\.. • J 

simple random sampling and null hypothesis we have 

r. r .+ Var(P .. ) ... E Cov(Px .• P· x ) 
\.. • J \oj J \0 

(k»x )# (i, j ) 
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1 
= r .... + -

1J n 
r .. (l-r .. ) 
1J 1J 

(k~ k) # (ij) 

= E (P .. ) -(2.3) 
'" J 

In case of complex surveys the variances and covariances 

in the above equation have to be Dultiplied by their 

respective design effect~ therefore Bay not cance~ut, thus 

the exPected value of P .. - P. P . Itay not be equal to zero 
. '" J L. J 

even under Ho. 

The workS of both Nathan and ~apkar and Koch start out 

with construction of an expression involving estimates of r .. ~ 
1J 

r. and r . which has zero expected value under Ho, even in case 
1. . J 

of complex samples.For this purpose they both resorted to 

balanced repeated replication and make use of the fact that 

the two half-samples of. any replicate are uncorrelated under 
A ex> ~ <Ie> ... ek> 

the assumptions. Thus~ if P .. , p. ,P. are estimated* under 
'"J 1.. .J 

a complex sample design~ from the first half sample of the 

k-th replicate and 
.• ( x > 
P .. ~ 

'" J 

.. (k > 
P. /I 

'" . 
-(x> 
P . are 

. J 
the corresponding 

quantities estimated from the second balf sample, Nathan's 

test is based on the expression 

(k( _ p~~)+ p~~)_ p~k) -(k) 
U •• N) - P -

1J 1J 1. .j 1J 

and Bl1lpkar 

(k) 
u .. (B) 

1J 

and Koch's 

"(k) P .. 
1J 

is based on 

-(k) p -
rc 

~(k) 
P. 

1C 
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Both (2.4) and (2.5) have zero expected values under Ro. 

Chapman's test is based on 
(2.6) 

and it does not necessarily have zero expected value even 

under Ro. 

Now if an estimate V can be constructed for the 

covariance matrix for (1-1) x (J-l) linearly independent 

quantities among the I x J. U •• values. and if U is 
1J 

corresponding vector of these values. then 

U· (V) U -1 - .... - (2.7) 

would. for large enough n. and apart from a suitable constant 

multiplier, be either distributed approximately as F or as x2. 
depending on whether V is estimated from a large enough number ,_ 

of degrees of freedom. In the case of simple random sampling 

each cell of covariance matrix of (2.2) is readily estimated 

approximately as 

V - - f 1J. g = 

= 

1 

n 
P- P -(I-Pf ) (I-P g> for (i.j) 

1 .. J . . 
= (f.g) 

1 

n 

and resulting estimate of V is based on a large number of _. 

degrees of freedom so (2.7) would be distributed as 

chi-square. In the case of complex samples the anologous 

estimation can not be carried out without some very strong 

simplifying assumptions. 

Alternatively. one may observe that even in the case of 

complex samples the vectors U(k> in (2.4) (2.6) are 
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identically distributed and hope to derive estimates of 

variances and covariances from 

K (k) 
E (U .• 
k=l _-13 

(k) 

- .!lij) (!!fg 

Now if the K replicate values of 

expression (2.8) above, divided by 

U~~)were 
1J 

(k-l), 

(2.8) 

independent, 

would provide 

the 

an 

unbiased estimate of Vij , fg' However, far from independent, 

they are highly correlated. In the case of U{k~N) the 

correlations are very olose to one which was also described by 

lish and Frankel, that for all replicates the SUB of two 

analogous non-linear statistics, computed respectively from 

the two half-samples is very nearly the same for all K 

replicates and is identically the same in the case of linear 

statistics. In order to correct (2.8) for the correlation 

involved, one would have to estimate these correlations and 

that, in turn, again requires strong simplifying assumptions. 

Moreover, when the correlations are close to one the numerical 

behaviour of the estimate is very bad. 

Thus ,whichever of the two methods of estimating the 

covariance matrix is attempted, strong simplifying assumptions 

are needed in ease of complex samples. Nathan (1973) .s forced 

to make the assumption, among the others, that for each 

stratuDl h there is a number n
h 

which depends only on the 

number of final units selected in the stratuD h in each of the 

two primary sampling units (PSU), and if P ijha is the estimate 

of the proportions in cell (i,j) derived from PSU a (a=1,2) of 
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stratum h~ then nh ~.h has approximately the 
1.J a. multinocial 

distribution with paramters ~ and r\.jh' However, this 

assugption implies that the expected value of an esti~ate 

p. 'b_ derived from any selected PSU conditional on that PSU 
1Jua. 

being in the s~ple~ depends on the stratum only not on the 

selected PSU. Thus total between PSU component of variance is 

assumed away. Other assumptions of Nathan. less important to 

his development assume away the effects of stratification and 

disproportionate sampling in different strata as well. 

In the light of the comments above. it is not too 

surprising to find that the test statistics proposed by Nathan 

behaves very badly with respect to its achieved significance 

levels. The simulation results reported in his paper (1973) 

are flawed, as pointed out by the author in his own subsequent 

paper. Nathan (1975). The results reported in (1975) refer to 

stratified cluster sampling with a self-weighted design, so 

the traditional Chi-square Test can be applied to serve as a 

measure of comparison. 

Fellegi (1980) proposed two tests after the careful 

examination of the problen of estimating the variance of 

non-linear statistics from complex samples, in the light of 

eXisting literature. The first test was obtained with the help 

of linear approximation of U .. and it can be shown that 
1J 

E (U .. ) 
1J 

1 
= O( - ) 

n-
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2 1 
E (U ) = Var (U.. ) + D( - ) 

\. J Z 
n 

Fellegi propose~ the first test statistics as 

= L-m 
- (2.9) 

m(L-l) 

where L is the number of str~ta and m=(I-1)(J-l) t'is 

approximately distributed by F(m,L-m).The second test is more 

heuristically constructed than the first. As we knowthat 

= E (1-r.) deffi 
l. 

i 
Where deffi = Var (yi)/n r i (l-r i ) 

Fellegi (1980) suggested the simplest approach which take into 

account the sample design, to correct Pearson Chi-squared 

statistics by some form of average design effect. The adjusted 

Chi-squared statistics was simply calculated 

following formula 

2 
X = a 

'2 
XI b 

using the 

(2.10) 

Where b is the "average" design effect. Further, it was shown 

by Fellegi that the average cell design effect can be used as 
adjustment factor. 

Hence, b 

where 

= 

v. _ = 
~.] 

1 

n 
------

IJ 

K 
1: 

4K k= 

I J 
1: 1: 

i=1 j=1 

A(ld 
(P .. 

1J 

V. 
~j 

------------
P. (l-P .. ) 
1j ~J 

Rao and Scott (1979) proposed calculating the adjustment bAsed 

upon the average eigen value of the following miltrix 

D = P -1 V 
a 
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Where h. 
\ j 

h 

V(h) 

and V (h) is o 

= 
= 

is 

the 

p. - P p. 
\ j \. J 

(h 
, 

------- h ) ~ ~ , , J:J 

the variance-covariance matri}: of h 

variance-covariance matrix for h 

under the null hypothesis of independence and 

multinomial sampling. 

It can beseen thatX2 has asymptotic mean and variance 

= 
(I-l)(J-l) 

E 
t=l 

(1-1) (J-l) 

6t. E(Wt.) = (1-1) (J-l) 6. 

= E 6
2 V(W ) 

t=l t. t. 

(1-1) (J-l) 

=2E6 :; 
t=lt. 

respectively. Rao and Scott showed that the expectation and 

variance can be written in terms of the variance 01' h ..• S 
\. J 

I J V( hij ) 
(I-l)(J-l)6'. = E E --------- and 

i=1 j=l P. P .j 1.. 

(I-l)(J-1) J 
2 

6
2 

I J I [eDv(h. " h, . )] 
E = E E E E --------~~---~:~:------

t. 
t=l i=1 j=1 i'=1 j '=1 P. (I-P. )P.· 

l.. J. l.. 
(l-P .. ) 

.J 

One approach suggested by Rao and Scott is to standardize x2 
so as asymptotic mean equal to (I-1)(J-1), which is what would 

be expected. if actually asymptotically follows 2 
X 

distribution with (I-l)(J-l) degrees of freedom. The adjusted 

Chi-squared variate ta~es on the form of (2.10) where 
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n 1.1 V .. 
b = [1: E 1. J 

(I-1)(J-1). . p. p. 
1.=S J=S 1. •• J 

~ v. 
E+ 
l=J l. 

.1 V 
E --;P~ 
j=.t j 

] 

This e>:pression is based upon a linear approximation to hij in 

terms of P. ,'5. It can be seen that this approximation only 
1.J 

required estimates of the variance of cell proportions and row 

proportions. 

Rao and Scott have aslo proposed a more complicated 

approximation that standardizes for both the asymptotic 

expectation and variance follo"Jing the approach of 

Satterthwaite (1946). In this approach Pearson's Chi-square 

sttistics is standardized to have asymptotic expectation v and 

variance 2V, where 

= 
[E 6 ]2 ___ t __ _ 

1:6
2 

t 

- (2.13) 

This is done by modifying Pearson's chi-square statistic to the 

following: 

= - (2.14) 

Which is then treated as Chi-squared variate with v degrees of 

freedom. As with the Chi-squared statistics that has been 

standardized to have correct expectation, the correction 

factor can be based upon either V(h .. , h.,.,), which can be 
1. J 1. J 

calculated using replication, or upon the variance-covariance 

The matrix of linear approximation to the hlj'S using Plj's. 

Fellegi and first Rao and Scott statistics are simplest to 
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calculate, but are thought to be excessively conservative. The 

second Rao and Scott statistics attempts to compensate for the 

suspected conservatism shown by the simpler statistics, but it 

is not clear at present time if this is generally achieved in 

practice. In general, the Satterthwaite adjusted statistics 
be 

which does require more computational efforts is likely toLthe 

best approximation. 

Rao and Scott (19B4) considered the analysis of 

multidimentional contingency table with the help of two 

log-linear models for r. where r is a vector of true 

proportion in the population. The first model "IS of the form 

log r' = 
& 

J.I (e ) 1 + X e •• •• (2.15) 

Where log r = (log p.) which is vector of log-proportions X 
& e 1. • 

represents a given design matrix" and e denotes a vector of 
1 

unknown parameters. 

depending on the 

The function J.I (e ) • • takes 

parameters such that the 

a value 

sum of 

probabilities over the cells of the table is one. The second 

is 

log r 
e = J.I (e) 1 + xe (2.16) 

Where X ;;;: (X"X
z
)' e = (e.,6z ). The purpose is to test. the 

improvement of model (2.16) over model (2.15) when the model 

(2.16) is assumed to be hold i.e. to evaluate the hypothesis 

e2 = O. As a special case (2.16) may be taken to be the 

saturated model, that is, the fully parameterized model that 

fits any sets of positive probabilities exactly. In this case 

the test represents an evaluation of the over all fit of the 
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~ode 1 ( 2 . 15) • 

Let P ; (p.) denote the maximum likelihood estimates of t. . t.l. 

the cell proportion s under the model (2.15) based on the 

multinomial likelihood, and = (P .) 
21. 

denote the 

corresponding estimate under model (2.16). The Pearson 

chi-square test for this comparison is given by 

= n ~ (P _ P ) 2, P 
" fi 2i t.i 

- (2.17) 

and the likelihood ratio Chi-square by 

= 2n t p. log (P, IP . ) 
l. e z\ u, 

(2.18) 

The method employing Satterthwaite approximation as proposed 

by Rao and Scott requires the matrix 

p = (P .. ), where 
~J 

P .. ; P. _ p,2 
11 1 1 

Pii " = - PiP; for i # i" 

and estimated covariance matrix V equal n times the estimated 

covariance matrix of P under the complex sampling design. 

Then, let 

= (I - X (X" P X ) -f X' P) X 
f t. t. t. 2 

(X "P X ) -f. (X "V X ) 
2 2 2 2 = 

• The sum of eigen values of ttl may be found as the trace of 
- . 
ttl, 

• * , and the trace of ttl ttl g1ves the sum of squares of the eigen 

values of ttI'fIr. The satterthwaite appro>:imation is to compute 

- lX 2 •• 
the integer K' nearest to [Tr(ttI )] , tr (1'1 " ), and to compare 

/:C:(K:'Tr<H*»r to the Chi-square distribution with K degree 
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of freedom. 

Fay (1985) p:oposed a method based upon recomputing the 

Chi-square test (2.17) and (2.18), or difference of Chi-square 

test~of two nested models~ each compared to saturated model 

for a series of replicate sample based on sample data. Each 

replicate is of th~ form 

v + W(h,j), h = 1, -----, H; j=1, -------, J
h 

where V = (y,----, y ), H is the total number of strata, J
h i. 1.1 

is the number of replications in the stratum h, where 

E W(h,j) = 0 
j 

- (2.19) 

for each h, such that the usual replication based estimator of 
. ~ 
V , the sampling covariance matrix of V under the complex 

sampling design is given by 

v* = E b
h 

E W(h,j) (x) W(h,j) 

h j 
- (2.20) 

Where (x) is standard outer product i.e. usual cross product 

matrix. 

Let r (V) denote the value of the 
(t> 

Chi-square test for evaluating 

corresponding to P • Define 
2 

the fit of P 
t 

and 

Pearson 

= { i2(1) (V + W (h,j» - ~2) (y + w( h ,j ) )} 
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2 -- { x (l)(V) 
2 

X (2) (9) } - (2.21) 

K~ = - (2.22) 

- (2.23) 

2 2 
1/2 

{K+}1/2 { X(1) (9) - x (2) 
(V) } 

~= - (2.24) 

{ V*, 8 { 2 2 1/2 

X (1) (V) X (2) (9) }} 

Where K+ is K~ when latter is positive,O, otherwise. A similar 

statistic~, 6. , is obtained by replacing X2 by 6 2 throughout. 
J 

The test procedure is to compare XJ or GJ to critical value 

tabulated in Fay (1983 or 1985). 

Some of the relatively less important wor~ in categorical 

data analysis in survey sampling are,~paper by Shuster and 

Downing (1976) who proposed methods for testing independence, 

quasi independence and marginal symmetry in contingency tables 

which are derived for a wide variety of sampling schemes, 

Cowan and Binder (1978) analysed the effect of a two stage 

sample design on the test of independence in a 2 x 2 table, 

Brier (1980) used Dirichlet-multinomial distribution as a 

model for contingency tables generated by cluster sampling 

schemes, Holt, Scott and Ewings (1980) emperically study the 
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survey design effect on test of goodness of fit, test of 

homogeneity and test of independence. Similarly other 

important emp,frical studies in this regard are by Rao and 

Hidiroglou (1981), KUmar and Rao (1984), Fay (1984), Thomas 

and Rao (1984), Thomas and Rao (1985), Singh and Kumar (1986) 

and Fay (1989) etc. Rao and Scott (1987) obtained the simple 

upper bounds on 6. For models not admitting direct solutions, 

also requiring only cell 'deffs' and marginal 'deffs' not 

depending on any hypothesis. Certain aspects of multivanate 

analysis of the data from possibly complex survey designs are 

discusssed in terms of a large sample methodology involving 

weighted least squares algorithms for the computation of Wald 

statistics by Koch, Freeman and Freeman (1975). 

2.2 ORIENTATION OF THE PROBLEM 

Methods for analysis of categorical data have been 

e>:tensively developed under the assumption of mul tinomial or 

product-multinomial sampling. In particular the standard 

Pearson Chi-square statistic' and likelihood ratio statistics 

are used to test hypothesis in contigency tables. For the 

analysis of multi-way contingency tables log-linear models are 

applied extensively. These methods are often used by 

researchers in subject matter area to analyse sample survey 

data, even though the multinomial assumptions are voilated 

because of clustering and stratification used in survey 

design. Ignoring the effect of survey design and using 
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Chi-squ~~ or likelihood ratio statistics could lead to 

unacceptably high type I error. Alternative statistics that 

take account of .the design have been recently proposed by many 

authors. Few of them designed for use with published tables, 

require knowledge of only cell design effects, whereas other 

statistics require knowledge of the full coyariance matrix or 

access to the original data file. 

In the first chapter of this thesis the concepts of the 

subject matter related to the categorical data analysis are 

summarized briefly. A comprehensive review of literature 

related to the categorical data analysis in general and in 

case of survey sampling in particular is presented in chapter 

-~o. 

Chapter three deals in detail with the effect of 

stratification and clustering on asymptotic distributions of 

standard Pparson Chi-square test statistics for goodness of 

fit (simple hypothesis) independence of attributes and 

heterogeneity of proportions for two way contingency table. It 

has also been shown that all these three Chi-square statistics 
. 2 

are asymptotically distributed as weighted sum ot- Xi' random 

variables, where weights are related to familiar design 

effects used by survey samplers. Many simple corrections to 

the ordinary Chi-square are also presented, few of them re~~t~ 

only the knowledge of variance estimates for individual cells 

whereas others require knowledge of full variance-covariance 
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matrix of cell proportions. 

The impqct of survey design on standard multinomial based 

methods for a multiway contingency table has been investigated 

thoroughly in chapter four, under nested log-linear models. 

Here also, the asymtotic null distribution of Pearson 

Chi-square test statistic' is obtained ~s a weighted sum of 
? 

independent X-, random variables, and the weights are then 

related to familiar design effect further, simple corrections 

to Pearson Chi-square are discussed for' both, whenever the 

model admits direct solution of the likelihood equations under 

multinomial sampling or when the model does not admit a direct 

solution of likelihood equation under multinomial sampling. 

The· adjustments to the ordinary Chi-squance through 

Jackknifing and balanced repeated replication approaches are 

also discussed. 

In case of categorical data analysis, generally sampling 

deSign is ignored while estimating the parameters like cell 

proportions and variance covariance matrix of proportions 

which often leads to biased estimation of these parameters. 

This leads to further distortion of the real situation when 

standard methods of categorical analysis are used in survey 

data. So, chapter five deals with various estimators of these 

parameters like, Horvitz-Thompson estimator, combined ratio 

estimator and post-stratified estimator. Further, various 

methods used for estimating variance covariance matrix in case 
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of complex surveys i.e. linearization~ Jackknifing and BRR 

techniques are compared theoretically for combined ratio 

estimator. 

Finally, all the statistics proposed in previous chapters 

are compared with each other through Chi-square tests of 

independence with the help of loglinear models fitted to 

survey data of a research project. 
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ANALYSIS OF TWO-WAY CONTINGENCY TABLES 

3.1 INTRODUCTION; 

Methods of analysis of categorical data have been 

extensively developed under the assumption of multinomial and 

product~ multinomial sampling. Researchers in subject matter 

areas, have long been using these multinomial based methods to 

analyze sample survey data, but most of the commonly used survey 

designs employ stratification or cluster sampling or both and 

hence do not satisfy the assumption of multinomial sampling in 

real sense. Operational and cost considerations often dictate 

the use of a complex cluster design. Such analysis often ignore 

the sample design and apply standard statistical methods 

appropriate for ran~om sampling partly, because of the 

availability of computer packages, and wealth of survey data 

pUblished in tabular format. It is 

this combination of software, 

somewhat unfortunate that 

incorporating traditional 

statistical methods, and the published survey data is so readily 

interfaced. It is therefore, important to study the effect of 

survey design on the standard statistical methods and suggest 

modifications accordingly. Rao and Scott (1981), Holt, Scott and 

Ewings (1980l, Fellegi (1980) and others investigated the effect 

of clustering on traditional Chi-square tests. Their results 

indicate that distortion of nominalsignificance levels due to 

clustering could be quite severe. In this Chapter the approaches 

of Rao and Scott (1981) and Fellegei (1980) have been followed 
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to discuss the methods of analysis of two dimensional 

contingency table in survey sampling. 

3.2 CHI-SGUARE TEST OF GOODNESS OF FIT: 

Consider~ first of all, the chi-square statistics as a test 

of goodness of fit. First, assume a simple random sample. Let 

there be k, categories and denote the number of observations in 

the sample of n units that 

where i = 1, 2, ••• , k. So 

falls into the 
k 

we have E y. = . ~ 
~ 

i-

n. 

th category Yi 

Let the null 

hypothesis (Ho) to be tested be E(Y./n) = r i=l ---- k' where \. i.'" , , 
r i is expected proportions in the ith category. Now the 

Chi-square test statistic to test the above hypothesis is given 

as 

2 

X = 
)c (Y. - nr. ) 2 
I: ~ 1. 

nr. 
\ 

It is well known that, under 

(3.1) 

Ho, is distributed 

asymptotically as Chi-square with (k-l) degrees of freedom. 

This asymptotic Chi-square distribution does not hold under 

complex designs. 

Let us consider the relatively simple case of stratified 

sampling. Under Ho we have 

-1 -
E I n y i. h I = r i.h (3.2) 

~here ~h is the expected proportion in the i-th category of 

h-th stratum. Consider, V. = E Wh Y. h , as a statistic" in 
1. h ~ 

this 

case to estimate the number of observations in the i-th category 
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ot the population, where Wh is the stratum waig~t for the h-th 

stratum 

h=1, ... , L, taking the expectation of Y
i 

we get, 

E (y,) = 
" 

- (3.3) 

putting the value of E( Y
i

) from (3.3) in to equation (3.1) we 

get 

k - 2 
E (:r) = E 2 _(_E_W_h_Y_i._h ___ n_E_W_h_r_,,_, h __ +_E_w_h_r_i._h __ -_n_r_i_)_ 

nr 
i 

i =.1 

Jc 

2 
i=1 

2 
(E Wh y, h-nE Whr, h) 

h " h t. 

k 

nr, 
" 

Jc-1 

+ 2 
i=1 

(k-1) = E (:ret) +, E (nr1.. )-1 E n
h 

(r
th 

- nri.)2 
1..=1 h 

Jc 
=> E (~ ) = 

et 
(k-1) -

-1 2 E (nr,) E n
h 

(r
ih 

- nr,,) 
i =1 ... h 

(nEW r'h 
h " 

-nr
i

) · 2] 

(3.4) 

Where:r denotes the X2 statistic for stratified 
at 

sampling." 

From equation (3.4) it is clear that expected value of :r 
reduces as a result of departure of the sampling design from 

simple random sampling with replacement. In case of self 

weighting designs (i.e. the inclusion probability of each unit 

in the population is same for a self-weighting sampling design). 

We ha.ve 
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(Y,- 2 V(y, ) Ie nr, ) Ie 
E(X2 

) E 
l. \ 

E 
t = = nr, nr, 

l=S 1. i:::!s 1. 

Ie (1-r, ) V(y, ) 

L 
Ie 

= 1. 'I. 

E (1 r, ) deff, (3.5) = nr, (1-r, ) 
i=s 

1. 1. 

1.=s 
I. I. 

Kish calls the quantity "deffi" as design effect. The 
~ 

analogous quantities can be defined for covariances. It was 

found that in the case of multistage stratified cluster sampling 

"deffi" is always greater than one so equation (3.5) wi 11 always, 

be greater than (k-l). However, the "deffi" can be smaller than 

one, depending upon the sampling design and variable measured. 

Again consider the case of self-weighting designs, we know that 

E (Y.)= n r,. Here e>:pectation is taken over with respect to 
- 1.\ t 

I 

the sampling design into consideration. For other designs we 

encounter the problem of non-centrality as involving 

non-central distributions, so it is natural to consider a more 

general statistics for Ho: r i = r. 
10 

k 
... .2 
)!; = n E 

1.=1 

Where p is an unbiased (or consistent) estimator of r. under 
1. 1 

sampling design pes) and E p,= 1. If np, = 'Y, then this reduces 
'I. 1. 'I. 

to the usual statistics given by equation (3.1). Koch, Freeman 

and Freeman (1975) proposed generalized Wald statistics for 

testing Ho which is given by 

... 
-"_1 

=n(p-r)'V (p-r) o 0 
(3.7) 
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where p=(p, ••• ,p )' 
:I. IC-.1 

rc =: (r , ..... 
0:1. • 

r ) . 
o ,k-:I. 

A 

and Vln = estimator of the covariance matrix, Vln 01 

p. 

It was shown that X2 is distributed 
w 

as 2 
.:t:k under 

-.1 
Ho for 

sufficiently large n. However, in many situations it is not 

possible to estimate covariance matri>: and consequently so 

it is important to study the effect of survey designs on the 

distribution of XZ. Further, it was found through 
, 

emperical 

investigations that Wald statistic is very inconsistent in many 

practical situations. In the case of simple random sampling the 

Wald statistics reduces to the following statistics. 

( r)'P'(p-r) n p- 0 0 0 

where P 
o 

is the value of P = diag(r) - rr' for r=p and 
~ 0 

P In 

is the covariance matrix 01 yIn for multinomial sampling, where 

y = (y ,-------, Y
k 

). 
:I. -.1 

3.2.1 ASYMPTOTIC DISTRIBUTION : 

It is clear that XZ will not follow central chi-square 

distribution under any sampling design ,except in the case of 

simple random sampling with replacement. We now look to the 

problem of asymptotic distribution of >,.2. The populAtion 

(i) 
proportions can be written as mean of the variable Yt ,where 

yt(i)iS defined as follow: 

57 



= 1, if the t-th population element 

belongs to i-th class 

= 0" othrwise. 

Hence, the estimator Pi for the proportion 

category can be of the form. 

r. of the i-th 
1 

= 

where Wt(s) is some weight attached to the sample. Again 

1 . p 

where 1 = (1, -----
~ 

and YUl> 

, 

= 

lk ). any vector 
-1 

= 
1<-1 

1: Ii. Y
l 
(i) 

i=1 

of constants 

we 
IfUhave the central limit theorem for means for specified design 

·i.e. if 

"- L 

• 

----yrt (p - r) ------------~) N (0, V/n) 

Then 

where 

as n ----} IX 

--/;;- (l'p - l'r) 

as n --} IX 

n -Cov p. ) 
J = 

L 
-----) N (0, l'V lIn) 

v .. and 
I.J 

V = (v . . ) • 
\.J 

Hl2nce, p is 

approximately (1<-1)- variate normal with mean vector rand 

covariance matrix V/n, for sufficiently large n. If a 

consistent estimator, V, of V is available thl2n generalized Wald 

statistics X2 will be distributed asymptotically as Xk
2 

under Ho. w . -1 

The correct 

asymptotic distribution of j2 can be directly obtained from 
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normality of p with the help of following theorem. 

THEOREM : 

Under null hypothesis Ho: r = r , XZ may be written 
o 

k-1 
as 1: 

i=l 
Aoi 

W1·
2 , Odhere W1' ~~y N (0.1) and ~I d ~ _ , ni's are in ependent. Aoi'sare the 

eigen values of D = P -1 V (" I'W :> "oz > o 0 0' /'1. __ - A -, ----,~ AD, k-.t )0) 

where V In denotes the covariance matrix Vln for r = r o o· 

PROOF : 

Let Z = 

The variance covariance matrix of z = V -I _. Now, if 
o n 

central limit throrem holds for r = r pdf of z can be written 
o 

as 

-:1/2 1 

pJZ) = (2n )-1/21 Volnl Exp [ - '2 n z' v~tz ] 

Any homogeneous quadratic form in zi,---,zk_1may beexpressed as 

Q (z) = -1 
n z Po z 

k-l k-1 
= n E 1: 

i=l j=l 
a .. 

"J 
Z.l. 

" J 

where Po-t = (a .. ) as a symmetric matrix. The distribution of Q(z) 
" J 

can be found out as 

p 
r 

[Q(z) $ y] = f P (z) d z 
z 
-1 

nz'p z$y 
o 

- (A) 

This can be reduced to standard convenient form. Since Vo is a 

positive definite and symmetrical, it can be factored as 

Va = L L' 

where L is a non-singular lower triangular matrix • Since, L is 

non-singular, the change of vriable ZC1}= L-iz is permissible. 

Since 
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z 

and 

( 1) 

-1 L z = 
-1 

Z' Vo z 

From the above we can write (A) as 

p[O(Z)$ 
r 

y] 

-1(1c-1 ) 
2 

= (21l) y n J' Ex p [- n 

2 
z z ]dz 

(:1.> (1) (1 ) 

n Z (LP L ) z <y 
(1) 0 (1)-

- (B) 

The matrix L' P -1 L is symmetric, so if.6. is a diagonal matri>: a 

of eigen values of L' PO-1 L and M is associated orthogonal 

matrix of eigen vectors then "'L'P -1L H = .6. Hence, if 
o further 

linear transformation W = H' z is applied (B) becomes 
(1) 

p 
r 

[(I(z) $ y] 
1(j-1 > 

= (2n)2 Y;;- J' Exp (_ n 
2 

n w'.6. w 

W' W ] dW 

Thus the distribution of Q is same as that of 

1c-1 

W'AW = E A. i Ill: 
l.. 

i=1 

Where the variables W. s are independently distributed as N(O,!) 
I. 

and numbers A. :2:: X:2:: , -----
• 1 2 

P-1L which is equivalent to 
o 

,:2:: AJc are the eigen 
-1 

eigen values of Do 

values of 

= 

follows that attention can be focussed on the distribution of 

n 
o (W) = EXi Wi

2
• 

i. =1 

L' 

It 

In general, then ~ is distributed asymptotically as weighted 

Jc -1 -

Sum E A::9! ~Wi, where Wi 
<1SY N(O,!). 

i =1 " 
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'):2 k -1 

:S E ~ 
Aot \. 

i. =i 

COROLLARY 1 : 

lc 

where E t.\lZ (p -
-.1 

) 
<ley 2 = n r )'Vo (p r ... ~lc-t 0 0 

i= i 

under Ho. 

If the largest eigen value can be specified , (or a 

reasonable bound can be set)~ we can obtain~ an asymptotic 

conservative test by treating -rIA; as ~=-i' where )..;~ Aot 
.. 

COROLLARY 2 : 

x2 

:c- ~ x:_ttor any ro if and only if V = A P for 

some constant A, that is V( P.) = A r. (1-r. ) In, and Cov( p. p. ) 
1. 1. \. 1., J 

= - A r. r.lf). 
1. J 

3.2.2 DESIGN EFFECT : 

The general result discussed in the previous theorem can 

also be put in the form of finite sampling terms. Let us assume 

that there are two categories i.e.k=2. Now D = p-iV reduces to 

the ordinary design effect "deft" as 

n V(p ) ___ -'i __ 

Pi (i-Pi) 

where Variance V is taken with respect to the sampling design 

into consideration. For general k, D can be thought as 

multivariate extension of 'deff'. In particular, 

-Ai = S~P [C V C I c PC] 
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= Sup [ V~~iCiPi) I Vera (En Ci. yt'n) ) 
c ~=i i=i 

where v.s~ = Variance operator under simple random sampling 

with replacement i.e. multinomial sampling 

If Ai = largest possible "deff" takl2n overc~ll 

individual p. s and overall possible linear 
~ 

combinations of p .. s. 
L 

The other Ai's represents the deffs for special linear 

combinations of .p •• s ... Thus it can be termed as "generalized 
r 1. 

deffs" that are consistently estimated -by ;>"'i.' ,?, the eiqen values 
A ..... :..1 .~ 

of D = P' v. 

Where A 

P = diag (p) - p p . 

p = ( 
P f. ' 

----- , Pk-1) • 

Now 't Jc-l Aoi 2 )(-1 

1: w. ~ E IJl "A1 At L 1-
i -.1 i -1 

(From colI. 1 ) 

Corollary 2 says that ~ = 2 
A X 1<-1 for any r o· It means that not 

only all the individual cells have the same deff ~ but the deff 

of all covariance terms are also equal to A. Which may be an 

impractical condition and rarely satisfied. 

3.2.3 SPECIAL CASES : 

Three special cases are discussed to show the implication 

of general result discussed above. These are 

(I) Simple random sampling without replacement 
~-
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( I I) Stratified random sampling (proportional allocation) 

(Ill) Two stage sampling. 

(I) Simple r.andom sampling without raplGcQment : 

n 
In this case we have V = (1- ) P where N is finite 

population size. Now X2 = n( p 
'If ..... -1 

substituting the value for V we 

N 

get 

r 
o 

..... - t 
n (p - ro)' P (p - ro) 

= 
n 

(1 - ) 

N 

In other way 

n r= (1 - ) 2 

:t Jc-i 
N 

2 
.... ;t' Ic-t 

as both N and n --:,> (X in such a way that (N-n) also tends to 

n 
infinity. ThusAi. = Aoi. = (I- ) for any ro, so 

N 

n 

r (1 ) -t X2 2 = - X c .... k-t 
N 

(II) Stratified random sampling (proportional Qllocation) : 

Let us consider L strata and s = (5 , 
t 

, s ) 
L 

is 

stratified sample from the population under consideration~ where 

Shis a random sample of size m
h 

drawn from the h-th strata, h = 

1, 2, ---, L: E~ = n. Suppose mhi , i = 1, --k ; Q.:.-e. the 

observed cell frequencies in the stratum h, W
h 

is the 

Population proportion of elements in the stratum hand rhi is 

the proportion of elements from stratum h belonging to i-th 

category. 
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Then 

L 

r. == E W
h rhi. 1. h::;;j_ 

and 

L ffihi. 
Pi. 

=: E W 
h 

h::;;j_ m 
h 

But under proportional allocation 

m
h == n W

h 

so, 

~hi. 
y. 

1. 

Pi = E W
h 

- = nw 
h h n 

where" E mh\. = Yi. 
h 

With this design, p is approximately (k-l)-variate normal, for 

large mh, with mean r and covariance matrix V/n, where V can be 

obtained as given below 

Define 

Yhij = 1, if j-th unit of h-th stratum 

category. 

= 0,. otherwise 

1 

~ Yh·· Yhi. = 
"'h j=j_ I.J 

= 

L 
V (Pi) == E "'h V (Phi. ) 

h=t 

ffihi 

= = 
'\ 

L 
t Wh P hi 

h=.t 

L ~ 
== E 

h:;:.t mh 
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but for the proportional allocation ~ = nWh 

1 L 
V (P. ) 

'" 
= E Wh rhi. (l-r

h
i. ) 

n h=1 

r 
1 L i. = r2 E Wh hi. 

n n h=t 

In the matrix notation we can write 

L 
V = p E W

h 
(r

h 
- r) Cr

h 
- r) . 

h=l 

= P - H (say) 

where 

(r --- r ). 
h1. ' h.()c-t> ' 

Now consider 

L 

C· V C = C· [P - E ,\Cr
h 

- r) (r
h 

- r)']C 
h=1 

= C· P C -

from the above equation we can say that 

-C V C 
O~ = 1 

c· P C 

or x..o1 S 1 V 

Jc-t 

and S E 
i.=1 

L 
-1: 
h=1 

r 
0 

",,-2 ~ 

W
h 

[ 

C' 

2 

.:tlc-t 

c·( r
h 

P C 

- r)] 2 

H~nce, from the above it can be concluded that the Pearson 

statistic XZis always asymptotically conservative in case of 

stratified random sampling. The extent of conservatism may be 
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seen by noting that ~=O if L ~ K and stratification is perfect, 

that is all elements in a stratum belong. to the same category. 

Again if L < K We have 

k-L 

1: since R(H) is 
i =.t 

at the most (L-l) and hence at least k-L of the At'S must be 

equal to one. Thus Y! is asymptoticallY well approximated by 

2 if 
J A:: k-.i 

(k-L) 

(k-1) 
~ 1 or k is large and L is relatively small. 

Now consider the special case for L=2, for" which the eigevalues 

hi tarr be evaluated explicitly. We have 

So, 

+ W (r -r) (r -r)'}] 
2 2 2 

= I p-.t[W (r -r)(r -r) '+W (r -r) (r -r )'] 
.i1 1 22 2 

But r = W r + W r 
1 1 2 2 

D = I - p-1 [W (r - W r - W r ) (r - W r 
.t 1 .i1 22 .t 11 

W;' )' 
2 2 

= I -

= I 

= I 

+ W (r - W r - W r )(r - W r 
22 11 22 2 11 

p-l (W {( l-W ) r - W r} {( 1-W ) r 
1 .t.t 22 .t t 

W r )'] 
2 2 

W r }' 
2 2 

+ W {( I-W ) r -W r }{ (l-W ) r -W r }' ] 
2 2 2 t.t 22 tt 

-.t 2 2' " P (W W (r -r ) (r -r )' + W W (r -r ) (r -r ) ] 
12 12 12 1212 t 2 

p-.t (W W (W +W ) (r -r) (r -r )'] 
.t2 t 2 .i 2 12 

r ) (r -r ). 1 
2 1 2 

(00' W +W =1) 
t 2 

= I - A (say) 

Since rank of A is one which implIes that k-2 of its eigen values 

are zero. The remaining non-zero eigen values are found as 
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(r.t i 
2 - rZi. ) k 

61J. Tr(A) = WW E = (say). 
t z 

i.=1 r 
i. 

where 0 ~ 6' ~ 1 Hence A = = A = 1 and 
1 )c-2 

Ak-1 = 1 - 6* so that 

k-2 
(1-6 ') r = E W,2 + W2 

1.==1 
I. 0 k-.t 

Where 60* is the value of 6* at r = ro. Thus unless k is small, 

r is asymptotically approximated by z 
X k-1 in the two strata 

case. 

(III) Two - stage Sampling: 

Suppose we have R primary sampling units (P5U's) and 

Mtdenotes the secondary units in the t-th PSU (t=1,2,--,R). 
R 

So, ,1: 
t=1 

M = N, where N is total number of secondary units in 
t. 

population.Consider the. following commonly used sampling design 

: Let r PSU's be selected with probability proportional to size 

of Mlwith replacement and then a sample of size m was drawn with 

simple random sampling with replacement from each PSU·s. Hence, 

total number of secondary units selected in the sample is mr. 

Again let ~l.' ~ the total number of secondary units falling in 
I. • 

the i-th category in the I-th PSU. In this case we have : 

r 
p = I: 

L =1 

PL/r = nln 

where n = (Yi' ---, Yk) 

E (Vi. ) = n r, 
I. 

where p = 

67 



Also, 
mt i. 

P 
li = m 

and R 

r. = 1: M ruIN 
\. t 

1 

where r .is the proportion in the t-th PSU belonging to i-th 
-1 \. 

category. With this design, P is approximately (k-l)-variate 

normal, for large r, with mean r and covariance matrix V/n where 

V can be obtained as given below: 

Define 

= 

Now 

and 

Hence, 

Again 

if the k-th S5U of t-th PSU belongs to i-th 

category. 

0, otherwise. 

1 m 

PH = 1: Ytki. 
m )c;:: 1 

1 r 

Pi = 1: PH 
r 1=1 

1 r 
E(p_) =E{ E E(p ./l)} 

1. 1 2 1 \. 
r 1=1 

1 r 

= E { E rti. } 1 r t=1 

R 
= E r

li 
PI IN 

1=1 

= r. 
\. 

1 

v ( Pt) = V E (p. It) + E V (p. It ) 
1 Z 1. 1 2 \. 

1 r 
= V ( -1: 

1 r 
t=1 
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So finally!, we get the variance covariance matrix in the form 

given below 

R 
V = r + (m-I) E W (r - r)(r - r) . 

t t t 
t=,1 

= r + (m-l) A (say) 
1 

H 
where, W = _t._ and r

t = ( r u' --- r ). 
t 

, 
t.(k-:o N 

Denote the eigen value of p-I A, by P~ Pi!' 1 

Then x~ = l+(m-1 )P. and 
k -1.,1 

Where PiO 

Also 

so the 
POI 

Y!- = -E (I+(m-I )P. ] 
1.0 

i=1 

i's the value of p. at r = ro. 
I. 

C' A C 
1 

:5 I C· PC 

:5 1 for any Po and we have 

k-l k-l 
E ~ z :5 [I + (m-l) P ] E Wi Z 

o,k-1 
{=1 i=1 

k-1 
(I+(m-I) ] ~ \oA 2 

POI ~ 
1.=1 

i=1 
[Since P.?:. 0] 

I. 

r 

--- , ~ Pk- s • 

Thus, from the above we can conclude that - gives an asymptotic m 

conservative test The P. is called the generalized measure 
I. 

of homogeneity, which is analogous to the measure of 

homogeneity based on intraclass correlation p. The measure P is 

"portable" in the sensethat it is less sensitive to cluster size 
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than the "deff." 

3.3 EFFECT OF,SURVEY DESIGN ON TEST OF GENERAL HYPOTHESIS: 

Consider the following more general hypothesis about r, 

which is the vector of ultimate cell proportions. Suppose the 

hypothesis of interest is 

Assume 

Ho : h. (r) = 0, \.=1,2,---,b 
1. 

ah(r) 
---- is contin~ous in the neighbc#hood of the 

ar. 
J 

ahi (r) 

true r, 

j=l,---,k-l. Also, H(r) = (---------- and rank of H(r) is b. Now 
a r. 

J 
with the help of linearization we get 

h (p) = h (r) + H (r)(p-r) 

Also by considering the assumption that 

L 

Yn (p-r) ----} (0, V) 

We get 

asy 

as n ---)0( 

Yn [h(p) - her)] }~ [O,H. Y H'] 

Where h ( r) = [h (r) , 
t 

and H = H(r) 

, hb (r)] • 

If V, is a consistent estimate of V then we can directly use 

~statistic as given below 

x'2. 
.... 

A .. ~ ~"'-

(h) = n h'(p)(H V H') h(p) - (3.8) 

Where H =H(p} 

Here 'I! (h) ... X
2 (under Ho.) .... . b 
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Alternatively, if the sampling design permits the calculation of 
A. 

direct estimates of V I of covariance matrix of h (p), say 
h n 

using BRR or Jackknife methods, we could use this ~stimate in 

A A "'. 

place of linearization estimate H V H in equation (3.8) For 

the case of 

simple random sampling with replacement which is also equivalent to 

multinomial sampling we replace V by P as given below: 
o 

x (h) = n h' (p) (H
o 

PH' )-:lh(p) 
o 0 

- (3.9) 

A ............ 

Where H PH' i~ any estimate of H P H' when our null hypothesis 
.0 0 0 

in true, under actual sampling design. This can be applied in 

secondary data analysis from the published report for which no 

estimate of V or of HVH' is available. The asymptotic 

distribution of ~(h) follows directly from standard results of 

quadratic form. 

Theorem = 

Under the null hypothesis Ho: h(r) = 0, 
b 

E 
i=t 

60i 1If., where 6i' s are eigen 
1. 

values of 

(H P H' )-1 (H V H' ). 6 ~ 6 ~ --- 6
b 
~o and W1.WZ, ---. ~ are 

:I 2 

independent ';1:21 random variables and 60i is the value of 6i 

under Ho. The 6i' s qm be interpreted as design effects of 1 inear 

combinations, L., of the components of H p. Obviously, we have 
1. 

"k- ->. OJ.' ~ A" ' for i=l 2.----b since L. are particular '· ... r-· -~_~ -'k-1 ' ., 1. 

combinations of p. . s. 
1. 
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3.4 CHI-SQUARE AS A TEST OF INDEPENDENCE : 

Now consider the problem of testing the independence of 

attributes in two way table. Supposeatwo way table is having 

I-rowSand J-columns i.e. total number of cells are equal to IJ~ 

then our hypothesis of interest is 

Where 

Ho: h .. (r) = r .. - r. r. 

r 

r. 
1.+ 

1. J 1. J \. + +J 

= 

= 

i = ~,2,--,I-1 

j = 1,2,--• .1-1 

(r r 
It, "2, 

.1 

t r., 
j = 1 \.J 

r )' 
~ 1.1-1 

I 

and r , = t r,. 
+ J i. = 1 \.J 

where r., is population proportion in (i.j)th cell. The usual 
1.J 

Pearson statistics for test'ing Ho. is 

I .1 

~ . I -nt.t 
i=l j=l 

(P .. - p . 
\,J \.+ 

- (3.10) 

which can be rewritten as 

r = n h (p)' (;-1 
I I 

~ p-1 )h (p) 
.1 

Here~ e denotes the usual direct matrix product, p.. is 
1.J 

estimate of r,. under the sampling design under consideration, 
\,J .... ..... 

the 

h(p) is the column vector of h, .(p)'s, and PI and p, are the 
\. J J 

values of P = ~iag (r ) - r r ' and p. = diag (r) r r ' 
I 1 1 1 ., ,J J j 

respectively, for r = p~ where r
l 

= (r1+, ___ , '-I-1+)' and 

r = (r • ----, r ) 'The generalized Wald statistic for 
.1 +1 +,.1-" 

testing Ho is given by 

r =nh(p) 'V-1h(P)-(3.11) 
I (W) h 
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Where Vhfn is an estimator of Vln, covariance matrix of h(p). 

The statistic given by (3.11) is asymptotically distributed as 

z Xb for suffici~ntly large n, where b = (1-1) (J-l). The 
..... 

estimator Vh/ncan be obtained either by linearization method or 

directly by using balance repeated replication or by Jackknifing 

method, if the sampling design permits calculation of a direct 

estimate. 

3.4.1 ASYMPTOTIC DISTRIBUTION : 

.The hypothesis Ho: h .. (r) = r .. - r. r. is a special case 
l.J I.J t+ +J 

of the general hypothesis Ho: h(r)=O with 

(I-l}(J-l). Thus r is of the form X2 (h) hence 
I 

under Ho, where Oi's are eigen values of 

H') and Oi.o· is the value of Oi. under Ho. 

3.5 CHI-SQUARE TEST AS A TEST OF HOMOGENEITY : 

k=IJ and 
b 

= E 001. 
.. i.=t. 

b = 

V 

In the case of multinomial sampling, it is well known that 

the test statistics for independence and homogeneity are 

identical, but this property does not carryover to more complex 

sampling designs and the effect on asymptotic distribution of 

Pearson statistic can be very different in two situations. 

Consider the problem of testing homogeneity for r populations 

given independent samples from each population. Let the sizes of 

the samples from r populations are ru, rl2, ----,rtI" respectively. 

Let p. = 
\. 

(P.' , 
L t. 

I 
--,-p i ( k _ t. » denote the vee tor of estimated 

proportions for the i-th sample and suppose that 
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L 
-tn. (P. -r. ) ) N(O, 'A) 

1. 1. 1. 

as ni ) IX 1.=1,2,--,1' 

Now our hypothesis which is to be tested is 

Ho: ri. = r, i=1,---,r 

The usual Chi-square test of homogeneity is 

k (r .. - P.) 
2 r 

~" =E E ni. 
_I.J___.J - (3.12) 

i=t j-t Pj 

Where p. = 
J 

.~ ~t~ij_ The .. '- . above mentioned statistic has 

2 

X ( r-t><k-t) 

\.=1 E ni 

\. 

distribution under Ho 

multinomial sampling in each population. 

3.5.1 ASYMPTOTIC DISTRIBUTION: 

with independent 

For finding the asymptotic distribut~o~suppose sample 
n. 

L increases together in such a way that - - = 
E. n. 

1. 1. 

f. j 0< f .. < 1, 
\. " 

L 
i.=t,2,--,r. Suppose also that -tn. (p. - r. )-- > N(O ,V) as 

1. t. 1. 

size 

n i -.-~-:>IX. Then if 

defined by 

we let be r(k-l) dimensional vector 

where 

and 

= (p' p') 
i, --, r 

it follows that 

L 
-tn Cp 

o 
r )--------->N(O,Vo) as n 

o 
---}oc 

r 
n = E n .• r . = (p' ,p' p' ) , , 

1. 0 

i=1 

r 
V = s (Vr./f. ) 

0 1. 
.t 
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under the 

where 

Now 

So we have 

assumptions above we can write 

X2 = n(p - r ). B (po -
H 0 0 

B = F @ 
p-l 

P = diag(r)-(r) (r)' 

F = diag(f) - ff' 

f' = (f --- f ) 
l' ',. 

Rank (8) = R(F)aR(p) 

= (r-1 )(k-1) 

(,.-1) (k-l) 

Y!' 
H 

= ~ d W 2 
LA i. i. 

r ) 
0 

W .... N(O,!) 
1. 

Here, el
i

.,.,_ ctz' ---,d(r-1.>lk-t> are the eigen value of 

A = B Vo 

V i 

-f20t (1-f2)02, ---,-f2 0,. 
= 

-f1' 01 

where n: = p-l •• ,' ..,.. Vlo \=1,2,--,,. • 

3.6 MODIFICATIONS IN TEST STATISTICS FOR SURVEY DATA : 

It is clear from the above discussion that ordinary 

Chi-square statistic for testing any type of hypothesis i.e. 

goodness of fit, independence of attributes and homogeneity 

follows weighted chi-square in case of survey data. Where 

weights are given by the eigenvalues of the corresponding design 
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matrix. It was also found through simUlation experiment that 

size of the test considerably increases and consequently power 

of the test reduces. Hence, applying the Chi-square test 

statistics as such is Quite misleading, results in wrong 

conclusions. There are several modifications which can be 

classified into two broad headings; these are (i) first order 

corrections (ii) second order corrections. 

3.6.1 FIRST ORDER CORRECTIONS = 

Most of the corrections falling in this category are 

based on division of original chi-square with the averageofthe 

eigen values corresponding to the design effect matrix. 

(a) Correction for goodness of fit test; 
A 

In case consistent estimates of Ai. or Aoi'S Clre known we can 

apply the method of Solomon and Stephens (1977) to find out the 

distribution 01 weighted Chi-square asymptotically. However, we 
A. 

can know Xi. or Xoi. only if we know V or Vo under Ho. Further i 1 

we know V or Vo we can also apply the Wald statistic which is 

Simple, but not very consistent in some of the particular 

situations. So, it is better to have some simple approximation 

to the asymptotic distribution of ~ that requires only limited 
.... 

information about V. Simplest approach is to modify the 

statistic as given below : 

'" = X IX·. 

The f .i~ distributed asymptot:ically as 
c 
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1e-1 Ao1. 
y = E ( ) " 

2 random variable under 
A as X 

1.=1 0 
I., 1e-1 

Ho, where 

1c-1 
A 

A. = ~ Ai.! (k-1) 

i =L 

1c-1. Aoi. 
AO. = E (3.31) 

1.=1 
k-l 

A ..... • .... -1. ...... 
and Ai'S are the eigen values of D = P V 

A 

where P = diag(p) - pp' 

Now we have k-l Aoi k-l Aoi 
E(y) = 1: E(~ ) =1: -= (Ie-l ) 

1. 
i.=1 AO i=.l AO 

[ .. E(W.
2

) = 1] 
" 

So, E(y) 
2 

) =k-l = E<X
k

_
t 

- (3.14) 

Again 

V(y) = E(l) - [E(y}]2 - (3.15) 

Consider 
ECl) 

lc-l 

=1: 
i=1 

lc-1 
=[ E 

Jc-l A2 , 01. 

= E [ E 
i=1 A~ 

A2 . o\. 
E(lat'" ) 

AO 
2 

.. 2 . 
f\. 0'" 

\=1 A~ 

wt 
k-1. AO i. Aoi.' 

+ E &ol w.~ ] 
i*i' A02 

lc-l Aoi. AO\,' 

+E 
i*i' A02 

~. ~~s are i.i.d] 

Jc -1 Aoi Aoi' 

+E 
i.*i.' AO 2 
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k-l 

= 3 E 
1.=1 

k-l 
:. 2 E 

1.=1 

... 2 . 
'" 01. 

... 2. 
",01. 

+ 

+ 

2 (k-1) -

2 
(k-l ) 

Putting the value of E(y2) in (3.15) we get 

k-l A .2 
OL 

V{y) = 2 E + {k-1 )2 -
1.=1 A~ 

k-l >.,2 . 
01. 

= 2 E 
1.=1 Ao 

2 

(k-1)2 

The above equation can also be rewritten as 

k-l (Xoi. - Xo)2 

V(y) = 2(k-1) + 2 E 
1.=1 

(3.16) 

2 So we can see that it is larger than V{;'t k-I) = 2 (k-1) unless 

all Aoi.'S are equal. The most important point in this 

modification is that A. Only depends upon the estimated 

variances of cell proportions (or equivalently the estimated 

cell deffs) 

Since, 

~. = 
k-l 

= 
lc 

E 
k 

= E 
v . . (1-P. ) 1.1. 1. ___ _ 

i.=1 P. (k-l) 
L 

i. = 1 P. (l-P. ) ( k -1 ) 
L l. 

k 

= E 
d. (i-p.) 

__ 1. 1.' __ _ 

1.=1 k-l 

where d. = 
_

v \.i. ---mh which is estimated design effect of the 
L 

,... 
i-th cell. It can also be noted that Ai is not generally the 
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'" 
k ,.. 

same as average cell deff d. = E d. Ik . \ 
\ =.1 

It is also well known 

that some information about the estimated cell deffi is often 

available but the knowledge about the covariance term is less 

common particularly in secondary data analysis from published 

reports. Similarly, we can modify the test statistic in case of 

testing the independence of attributes and homogeneity of 

proportions from several popUlations. A brief description about 

them is given below. 

(b) Correction for the test of independence: Let us consider 

the first order approximation in the case of testing of 

independence of attributes, where our null hypothesis is of the 

form. 

Ho : h .. (r) = r. . - r. r. 
\ J I. J I. + +J 

i = 1, 2, ---~I; j = 1, 2, ----,J 

A modified test statistic is similar to the ~ for goodness of 
c 

fit problem and is given by 

XZ 

1 -?- = I(C) ------------------(3.17) 
6 • 

.... 
where 6. is given by 

I ;, 

6. = t E ~ .. (h)/(b P i + P+ j ) 
i=:t j =.1 \ J 

1 J 

=1: E 
1=:t j=.1 

(1 - p. ) (1 - P .) 6 .. /b 
\+ +J I.J 

'" Hence, ~~j(h)/n is the estimator of variance of h~j(p) and 6 lj is 

the estimated design effect of h .. (p) i.e. 
I. J 
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A 

n1) .. (h) ___________ ~J __________________ _ 

PI. + P . (l-P. ) (l-p .) 
+J ~+ +J 

But 6
ij 

's are seldom available in the published reports so X. is an 

adequate substitute under this conditions 
A I J A 

A. = E E (1 - p .. ) d .. /(lJ-l) 
i=1 j=1 ~J ~J 

A A 

However, even A. requires the estimated 'deff' d . for .11 th~ 
~ J 

individual cell estimates p .. , and this information may not be 
\ J 

available, especially for large two-way tables. The best we can 

do for many applications is to have some information on deffs of 

marginal row and column proportions. Ideally we would like an 
.... 

approximation for 6. based on marginal deffs but it is found to 
.... 

be in consistent with almost any value of 6. There is fair 
. .... 

amount of emp.rical evidence that suggests that o. tends to be 

smaller than average deff of either margin in parctice. ThuS, 

it may be possible to find emp.rically based approximations that 

work well in practice. 

(C) Correction for the test of Heterogeneity : Now first order 

correction to the test of heterogeneity will be considered 

briefly because it can be obtained by proceeding on the similar 

lines as in previous Cases. As previously shown that 

(r-1)(k-1) 

i=1 

2 
d.W. 

\ \ 
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Where di' s are 

A .:: 

n. 
where 1i. = -~ 

n 

eigen values of A 

(1-11 )D1 - 11 D:z , , -f1 D,. 

12 D~ (1-12 ) D:z ---, -12 Dl' 

11' Dr (1-1,. )Dr 

design effect matrix for 

the i-th population i = 1,2, , r. As usual the ordinary 

Chi-square test is conservative with proportionally allocated 

strati fied sampling. For more comple>: design we can fall back on 

the modified test statitics X
2

/ d. Now 
H 

r 

(r-1) (k-1)d = Trace(A) = E (1-1i.) Trace (Dt) 
;'=1 

so that l' (1-ft) 

d E 
1.=1 (r-l) 

where, d is the average design effect of the i-th population. 

Thus d can still be calculated simply from information about 

cell variances for each population. Notice, that as r becomes 

large d will tend towards the unweighted average of the di's 

provided no single ~ dominates the others. Notice, also that d 

is simply a weighted average of a population design effects and 

should stay relatively stable as r increases. 

In general we can say that if our null hypothesis is of the 
b 

form Ho: her) = 0 and r(h) ~ E Ooi,Wi,2 then the first order­
i= 1 

correction can be applied as 
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X
2 

(h) 
-? (b) = - (3.19) ..... c O. 

A b .... 
where o. =1: oi./b and 6. is consistent estimator of Oi. under 

.A 

Ho: for example, ~·s could be eigen values of 
.A (H PH' )-1(HVH' ) 

000 
or (H PH' ) -1~. However, 

000 
in genera). 6. 

requires the knowledge of full V or Vh unlike A. It has been 

shown by Das Gupta (1953) that o. lies between the average of b 

largest Ai'S and b smallest Ai'S so that o. should be close to 

A. if b is large compared to (k-l). The Oi.·s can be interpreted 

as design effects of linear "combinations of L. of the components 
1. 

of H P. Obviously we have At ~ 6i. ~ A 
k-l 

for i=1. 

k ar~ particular linear combinations of p.'s. 
1. 1 

3.6.2 SECOND ORDER CORRECTION = 

b. since 

As ~t may be noted from the above discussion that first 

order correction to the chi-square statistic is based on the 

principle of standardization of the Chi-square statistics 

obtained from the survey data such that its expected value 

should be equal to the standard Chi-square test statistics i.e. 

Chi-square statistic from the data obtained through simple 

random sampling or from infinite population. As far as ~econd 

order corrections are concerned we standardize our Chi-square 

test statistic such that, its expected value should be equal to 

its degrees of freedom and its variance should be equal to twice 

its degrees of freedom as expected in the standard case. For the 

.second order approximation we take the help of Satterthwaite 

appro):imation (1946), so this method is also known as 
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Satterthwaite appro>:imation method. Here, we discuss briefly 

only the second order correction for testing the goodness of 

fit, other, second order correction for independence of the 

attributes will be discussed in the next 
Ie 

chapters. 

have the information about E then we can 

Satterthwaite approximation as follows 

X2 

c 
2 = ... ;tv iii 

1+ "a2 

(k-1) 
where = 

(1 + 
~2 

a ) 
~ .. 2 

Ie Ai A. ) 

Suppose we 

apply the 

and a = E which is square of the 

i=1 [(k-1) ;"2.] 
A 

coefficient of variation of Ai'S. Note that 

lc Ie 

= E E 
i.=1 j=1 

A 2 
v.. I (p. p. ) 

I. J \. J 

~2 

so thata and v can be easily calculated 
A 

from V. It is also 

clear that treating 'I!- as;t2 under Ho will tend to under 
c k-1 

estimate the upper percentage points of true asymptotic 

distribution, since V(y) ~ V(~2 ). However, this effect will 
Ie-:l 

be small if the coefficient of variation of the Ai.'S is not too 

large. 

3.7 CONSTANT DESIGN EFFECT: 

For a given sampling design p(s) the design effect (deff) 
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as defined by Kish is the ratio of variance of an estiQate T 

under the sampling design under consideration with respect to 

the variance of the estimate under simple random sampling with 

replacement. Mathematically it is given as 

Var (T) 
deff(T) = 

Var (T} 
erlt 

where Var (T) denotes the variance under simple 
era 

random 

sampl1ng with replacement. From the above definition it is clear 

that "deff" measures the deviation in variance which is due to 

any sampling design with respect to simple random sampling with 

replacement. 

Let us suppose design effects of Pl's are constant i.e. 

V(P. ) = 6 Vel'S (P.) = 6 r . (1-r . )/n 
\ \ 0\ o~ 

where, i=1,2,--.k 
k-l 

The distribution of Y!' is I: 6i.11fi. so the expected value of X2 is 
i=l 

)c-l 

= E 6i E(tf. ) 
i=1 

\ 

)c-1 

= E 6i.1 
i=1 

= 

where P = diag (r ) - r r' 
o 000 

so the inverse of P o 
is given as 

Po-1 = -1 [diag(r )] 
o 

1 
+-- 1 I' . 

rok 

1 

Hence, = -1 [diag(r
o

)] V + -- 1 I' V 
r 

ok 
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So 
Tr (P -.t V) = 

o 

1 
Tr [{diag(r )}-1V] + Tr[-- 1 l'V] 

o 

Hence, with 

Hence, 
6 

= 

== 

= 

the 

k-.t v .. 1 Ie-.t k-1 

1: 
_1.\ 

+ 1: 1: v .. r. r I.J 1.=1 01. ok 1.=1 j=1 

k-1 v .. 1 
E - 1.1. 

+ Var(l-r ----
1.=1 r 01 

oi 
r 

ok 

k-1 V .. Viele Ie v .. 
1. 1. 1. 1. 

E + = E 
·1.=1 r 

01. 
r 

ole 
1.=1 r 

01. 

help of Tr(P -1V ) we have 

Ie 

= E 
i=1 

Jc 

=61: 

0 

1.=1 

6 r . (i-r .) 
01. 01. 

r 
01. 

(1-r .) 
01. = 6(k-l) 

2 has the same first moment as a X 

r ) 
ok-1 

random variable with (k-l) degrees of freedom. Thus when design 

effects of cells are assumed to' be constant, the Pearson 

statistic· will have, as a first order approximation, the 

distribution of 2 
X random variable with (k-l) degrees of 

freedom. In other words, for complex samplinQ designs with fixed 

design effects, the tests are based on r can be approximately 

done using X2 table. It can be shown the except for case k=2 

these assumptions do not imply that V(p) is equal to 6P • o 

3.7.1 Constant Design Effect Models: 

(I) Altham's Model for Two-stage sampling: 
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Consider that the survey population consists of R PSU's und 

let Ml the number of SSU's in the t-th PSU, t=1,2,--,R; such 

R 

that E M = N 
1 

1 =1 

Define 

Z,.= 1, if A-th population element in the 
tAl. 

PSU is in i-th category. 

= 0, otherwise 

t-th 

with Model approach assumes ~Aias a random variable 

assumed distributional properties and the expectations, are 

taken with respect to the assumed model. Following Altham 

(1976). We assume the following general model: The random 

variables ~Ai in different clusters are independent and 

E ( Z ....) = 1li. - (3. 20) 
LA.\, ' 

and E (Z,. - 1li.) ( Z . - 1Tj) = bij, A*#J • 
tAl. l#JJ 

where E is expectation operator with respect to the model. It 

can be observed that values in the above model (3.20) are .. 
e., 0IOt independent of the PSU label, so a form of e>:chang£tbl._ l. y 

between clusters can be assumed. Also, this model is not 

suitable if the clusters are different. Let us denote the two 

stage sample by s, where s = (51' S2' ---, sr) whar~ stt;lenotes 
r 

the sub-sample of size m such that E mt. = n where r is total no 
l =1 

of PSU's selected. Then sample cell frequency can be written as 

no 
1. Z tAl. = E 

l=1 

m t. (say) - (3.21) 
l.. 
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1 ,. m1 
Hence e( ~\._) = 

n 
- E E e ( ~Ai) = re. for every s 
n t = 1 A= 1 I. 

This indicates that re = 
i 

n. 
~ ---n is a mode) unbai,sed for re, • 

I. 

= (n , n , , n
k 

)'. Also we know that 1 

V(n, ) 
I. , 

V(n. 
t 

2 -l 

r 
m1 

n, = E E ZtAi. I. 
1=1 A=1 

r 
mt r 

m1 
:: 1: E V( ZtAI. ) + E E Cov( ztA. ItAi I., 

1=1 A=1 1=1 AtA· 

r r 
+1: COV(Z1Ai., ~ 'Ai.) + E E Cov(Z1Ai..' ~ ·Ai.) 

1*1' A~' 

r 

= E rot {l-rc. )re. 
1 = 1 "" 

+ 
r 

t m
1 

(ro
L 
-db

ii 
1=1 

[ ... V{ILAi. = e (I~Ai. ) - [e(llAi.) f 
= re . - n, 2 = [n. (l-re. )] 

"" L L 

Also clusters are independent of each other. 

= n n. (l-rc. ) + [t 
" I. 1=1 

2 m1 - n]b .. 
1.1. 

Let 

The above equation can be written in the matrix notation as 

r 
n V 

s 
= 2 ott. + (E m

1 
- n]B 

1=1 

where 

V = V(n In) 
8 

Il = diag[(n ) - nn' 

B = (b .. ) 
I. J 

n = (n n re x-l' 1. 2, 

or V = tJ. + (m -l)B 
iii os 

- (3.22) 

r 

where m = t m 2, 
os 

1=1 
t n 
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From the above equation we can find a close si~ilarity 

between the two-stage sampling design expression for the 

variance-covariance ma~rix The only difference is that 

equation in the previous case is obtained with thehelp of 

sampling design PPSWR and requires no assumptions about 

population elements, while in this case we need the assumption 

of exchangeability of model(3.20). Of course, the design and 

model are usuaU1inttmately related and we would normally feel 
I 

more secure about the results based on the exchangeable model if 

the sample was choosen with self-weighting design. The general 

hypothesis about the parameters of the model is given by 

Ho: h. m) =0, 
~ 

i.=1,z.---.b 

so, the XZ<h> is given by 

Since, rot i. ',s, in different ,clusters 

independent, it follows that 
.... 

are assumed 

inm-n )~N(O,V )forlargerV\ 
s 

Hence, 

..... 
in [h en) - hen)] ,H V W ) 

s 

where H = Hen) 

But as we know 

b 

x2(h) = E 60;' l>l 2 

;'=1 

where60i. = 1 + (m - 1) p.(h) 
os " 

where' "R. (ho) = eigen values of (HCIW f1 (H B W) 

" 
Lemma (Altham): 
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B· = A - B is non-negative definite. 

Proof = C
·• 

ons1der B = A B and let n. . = e ( Z . Z ,) 
LJ 1.AL q.lJ 

We can write 

50, 
C·B·C 

Since, n. .2:: 0 
t J 

1£, = n" 
L 1.L 

)c-j, 
= E 

i=l 

)c 
+ t IT, . 

1.J 

j*i 

Ie 
n, Ci.

2 +E E n, , ([1 - CJ}2 
\. j 

i. < j = j, 1. l 

I 

Hence, with the help of above lemma we can say that 

i=1,2,--,b. 50 conservative test can be given as 

(under Ho) 
mas 

2:: a 

3.7.2 Constant Design Effect for Stratified two stage Sampling: 

Consider the case where whole population is divided into L 

strata. Let Rh be the number'of PSU's in the h-th stratum, Mht 

is the number of 5SU's in the t-th PSU of the h-th stratum, is a 

stratified two-stage sample in which Y
h 

is the number of PSU's 

selected from the h-th stratum and ~ is the number of SSU's 

selected in each of the selected P5U·s. 

= 1, if (h,t,A)-th element is in the i-th 

category. 

= 0 otherwise. 

Further, assume that model (3.20) holds for each stratum 
. 

seperately Then, if n
h 

= (n
hi

, -------nhlc_j,)E(nh ) = n h nh . and 

the covariance matrix of n can be expressed as 
h 

n ~ + n (m
h 

- 1) Bh h h h 
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n . 
h 

where Wh is the weight of the h-th stratum 
... 

E en) = n 

The covariance matrix of n is given as 
L 

V = 1: Wh 
2 

Vhs/ "h 
OS h=f. 

f 

In the case of proportional allocation with 

"h ln = Wh , Va reduces to 
L 

Vs =.1: W
h 

[A
h 

+ (m
h 

- 1}B
h

l 
h=f. ,-

But as we know Ah - Bh is non-negative definite as in case of 

previous section.We get C'VsC :S E W
h 

""h (C'AhC) :S mt C' (~Wh Ah)C 

.. = m e [A - * W
h 

en
h 

- n )(n
h 

- n)']C 

:S m*e A C 

where m * = max (m
h

) 

Thus the largest eigen value of (H A H');(H v 
s 

H' ) does not 

exceed m*. Hence X2 (h)provides an asymptotic conservative test. 

* m 

= Y h 

CA C i::: [1+(m-1)p] C (1: W h Ah)C 

:S C· [1+( CD-f. )p]C 

:S [ 1 + ( m-j, ) p] C' A C 

Hence, ~/[l+(m-l)p] is asymptotic conservative test provided a 

value for p can be specified. 
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ANALYSIS OF MULTIDIMENSIONAL CONTINGENCY TABLE 

4.1 INTRODUCTION: 

In categorical data analysis, when the observations have 

more than one characteristics of interest, it is often the case 

that we would like to study how these characteristics 

interrelate. The study of these associations and int~r~ctions 

can be nicely formulated using log-linear models. For the 

secondary analysis from published reports containing multiway 

tables, the researchers may not have access to the necessary 

information (e.g. the full estimated covariance matrix of cell 

estimates) for implementing the methods such as Wald statistics 

or developed by Nathan (1975) etc. At best report might contain 

some information about variance estimates (design effects) for 

marginal totals or cells. Consequently, it is of importance to 

assess the impact of survey design on standard multinomial based 

methods and suggest simple corrections requiring only minimal 

information on the design effects(abbreviated hdeffs"). Even 

when the necessary information is available, it is not clear 

that methods based on Wald sttistics would necessarily perform 

well in finite samples, especially when the number of cells in 

the table increasa~. This also leads to unstable sample 

estimates of the covariance matrix. It would be desirable to 

obtain improved corrections to standard methods utilizing the 

detailed information and study their finite sample properties 
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relative to those of Wald statistics and others. In this chapter 

we discuss some of the methods particularly the papers by Rao 

and Scott(1984) using log-linear for multiway classifications. 

These methods have been used in developing the relevant theory 

and test procedure in subsequent chapters. 

4.2 NOTATION AND BACKGROUND : 

Suppose that we have an r-dimensional contingency table 

with independent variables x,x, ••• ,x, 
I 2 r 

each having 

respectively v ,v , ••• , v categories. When r = 3, the 
.1 2 r 

indices 

i,j,k can be used to denote a given cell in a table. For example 

r"
k 

will denote the expected proportions in the cell i ,j, k. 
tJ 

This notation can be generalized by using a single symbol 

usually e, to denote complete set of subscripts. Thus, will 

be the expected proportion of an elementary cell e. 

We generally consider hierarchical models as defined by 

Birch(1963). This means that the cell expectations are permitted 

to be log-linearly related in such a way that a suitable set of 

marginals , usually called the minimal set of fitted marginals, 

is sufficient for the parameters. Tables of sums of none 

elementary cell will be caled config~tions and will be denoted 

by letter C (Bishop et.al.(1975» • For example, in a three-way 

contingency table, the table of partial sums x .. = E xi. J'~ 
1. ,J +k 

obtained by summing over the third variable, will be denoted by 

~2. As' the third variable has been removed by summing, the 

Subscripts of C refer only to the remaining two variables. 
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Configurations corresponding to minimal set of fitted marginals, 

as defined above, will be called the sufficient configurations. 

Bishop et al. (1975, page 68) outlined a method to derive 

sufficient configurations for comprehensive, unsaturated and 

hierarchical models. For such models, if sufficient 

configurations are given, it is trivial to write down the 

log-li,kelihood function, log me. Also, it can be shown that 

number of independent parameters in the model can be expressed 

in terms of numbers of cells in the sufficient configurations. 

Indeed, when only Ce is the sufficient configuration of the 

model, it is clear that the number of independent variables in 

the model is equal to the number of cells in Ceo In other words, 

if ueis the set of all linearly independent ~ terms whose 

subscripts are subsets of e. (which is, in this case, the set of 

all linearly independent parameters for the model) then the 

cqrdinatfty of ueis equal to the number of cells in Ce This 

result implies that if the sufficient configurations are Cei , 

i=l, ••• ,k and uei 's sets are defined as above then 

Ue = ue~ uez,··,uei will be a set of a of all linearly 

independent parameters and cardinality ofu can be fouund using 

the inclusion-exclusion principle. For instance, the three 

dimenSional contingency table with no three factor effect, 

log m
iJ

.
k
= #J + #J (\) + #J (j) + #J (k) + #J (ij)+#J.1a(ik) 

• .1 2 a .12 

with i=i, ••• ,I; j = 1,2, .•• ,J; 

and k = 1 ,2, ••• , K, has C.t2 , Gsa, and C23 as sufficient 
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configurations. Let u be the set at all linearly independent 

parameters then 

card(u) = 1+ (I-1)+(J-l)+(k-l)+(I-l)(J-l) 

+ (I-1)(K-l)+(J-l)(K-l) 

= IJ + IK + JK - I-J-K+l 

= card(u ) + card(u ) + card(u ) - card (u Ii 
12 13 23 12 

u ) 
13 

card ( u Ii u ) - card (u Ii U ) + card (u Ii u n u ). 
1 Z 23 13 23 12 13 29 

The formula for the number of independent variables will be 

simpler if the hierarchichal log-linear model is decomposable. A 

hierarchical model with sufficient configurations 

i=1,2,---.1 is decomposable if and only if the class {ei.} can be 

observed in such a way that each ei. is composed of one set of 

elements which are misSing in all es for s)i. and one set <l>i. 

which is contained in some e • for some r)i.. In other words._ we 
r' 

have 

= • ei U ¢t. 

with ei-Ii ¢t. = 0, ei:U. ej = 0 and ~ c e for some s > i. 
J>\ S 

•••••••• (A) 

Further if such an ordering is possible, a version may be 

found in which any prescribed set is the last one. For e>:ample, 

three way contingency table with sufficient configuration Ctz, 

U9 and C29 is not decomposable, since the subscripts of any C 

can not be decomposed into two disjoint subsets satisfying (Al 

but the seven dimensional hierarchical log-linear model with 

SUfficient configurations Ct23. Ct24. C'.295. Ctacs and is 

decomposable. An ordering of et which has {5,7} as the last set 

is 
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{1,2,4}, {1,3,b}, {1,2,3}, {2,3,5}, {5,7} 

where the bold elements do not belong to any set that follows. 

An ordening that has {1,3,b} as the least set is 

{5,7}, {2,3,5}, {1,2,4}, {1,2,3}, {1,3,b) 

Usually, to obtain a particular ordering, it will be easier to 

start with the last set and work backwards. 

4.3 MULTINOMIAL SAMPLING: 

Here, some basic results about the log-linear model under 

the multinomial sampling will be discussed just to introduce the 

application of log-linear models in the categorical data 

analysis. The standard results for these models are given in 

Bishop et ale (1975), Fienberg(19BO) and Agrestti (1990). Let r 
Jc 

= (r',~.~~r ) be the vector of cell proportions such that E r. = 
1 " T • ~ 

~=1 

1. The observedcounts in each cell from the random sample of 

size n is given by n = (n ,n ••• , n )'. Now, as we know that n 
1 2 T 

has a multinomial distribution, where E n
i 

= n. Let p = n /n and 

define 

J,J = log I" 

The log-linear model assumes that for a parameter vector 8 = 

J,J(8) = J,J (6)1 + X e ( 4.1) 

Where X is known T x r matrix of full rank reS T-l) and X'l =0, 

1 is a T-vector of l's If r = (T-l), we have a saturated model. 

For instance general log-linear model for 2x2x2 may be written 

as 
... 

J,J;J"X = J,J + J,J (i) +J.J (j) + J.J (k) + J,J (ij) + 
• 1 2 3 12 
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J.I (ik)+J.I Uk.)+J.I (i,j,k) 
13 23 123 

Where i=I,2; j=I,2; k.=1,2. 

Now we impose the following constraints. 
2 

E 
i=l 

J.1 (i)= 0 + f.J (1)= -J.1 (2) 
1 1 1 

2 

E J.1 (ij) = 0 = E 
12 = E J.1 ( i , j) etc. 

'. 12 
\.J j i. 

similarly, JJ
12 

(21) = -J.1
12

(11) etc. 

Here 

JJ (1) 
1 J.1 111 

IJ (1) 
2 J.l

112 

t-J (1) 
3 t-J

121 
8= 

t-J (11 ) 
12 IF J.1 122 

JJl~11 ) , JJ211 

t-J
2
J 11) J.12U 

J.I J 11 ) 
1 3 J.1 212 

1-'22. 

1-'222 

1 1 1 1 1 1 1 

1 1 -1 1 -1 -1 -::J. 

X = 1 -1 1 -1 1 -1 -1 

1 -1 -1 -1 -1 1 1 

-1 1 1 -1 -1 1 -1 

-1 1 -1 -1 1 -1 1 

-1 -1 1 1 -1 -1 1 

-1 -1 -1 1 1 1 -1 
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So we have 

log r = #.l (9)1 + X 9 '(4.2) 

... 
r = Exp{#.l (9)1} Exp{X 9} 

... 
l'r ;: l' Exp{#.l (9) 1} E>:p {)( 9} 

1;:: l' Exp {#.l(9)1} Exp{X 9} 

#.l (6) :;: log ( 11 l' Exp )( 9 ) 

This is also known as normalizing factor. Under multinomial 

sampling, it is well known that likelihood equations are given 

by 

- A - n 
X r, = X' In - (4.3) 

where r = r(e)is the maximum likelihood estimator (KLE) of r 

under the model E 
t 

r = 1. The method of Iterative 
t 

proportional 

fitting (IPF) is often used to determine (4.3) whanever (4.3) 
A 

does not admit explicit solution. The MLE r are easily obtained 

for hierarchical model.Now, from Bishop, Fienberg and 

Holland(BFH,1975) Section 14.8.1 we have the following 

results. 
A a.sy 

X) -1] Yn (9 - 9) :>- N [0 (X P - (4.4) 
A 

a.sy 
{X-p X}--t X-P ] Yn (r - r) :> N [0 P X - (4.5) 

These results are asymptotic in distribution. 

Suppose now that linear e>:pression X e can be decomposed 

asX 6 + X 9 where X and X are full rank, X is Txs and X
2 

is 
1 1 2 2 ! 2 .I 

T>:u accordingly 9
1 

is sxl and 9
2 

is uxl (s+u=r) Consider the 

problem of testing 

Ho: e = 0 
2 

against the alternative 
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Let e ,e ,r etc. be the maximu~ likelihood estimutes under the 
i 2 

full model H. Alternatively~ let e, and ~. denote the estimate 
1 1 

under Ho. The likelihood ratio statistic for the above 

..... 

if 
A A A ..... ..... A 

hypothesis = 2n 1: Pt log (Pt/rt) 2n E Ptlog (Pt/r 

Under Ho, this statistic has asymptotically 2 distribution X 
with u degrees of freedom. This statistic is also 

asymptotically equivalent to the Pearson statistic. 
2 A. A'_1 X = n(r - r) D 

.... A-

(r - r) 
p 1l 

and the Wald statistic 

A , ~ 
2 

X = .., n e'x P 
2 

where D = diag(r) 
1l 

P = D - r r 
1l 

~ 

X e 
2 

4.4 EFFECT OF SAMPLING DESIGN : 

"" 

- (4.6) 

-(4.7) 

- (4.8) 

Suppose a sample, s, of n ultimate units is drawn according 

to a specified survey deSign, pes), and let p denote a 
_ A 

consistent estimate .... of r under p( s), 1: PL = 1. AssUl;)e a central 

limittheorem for the specified design is available which ensures 

that 7n (p - r) converges in distribution to a NT(O,V) random 

vec tors, say y, as n --}oo, i. e • p is approximately T-variate 

normal with mean vector 0 and singular covariance matrix Vln for 

sufficiently large n. 

Let J be set of all possible T-dimensional probability 
T 

vec tor i. e. j' = {r: r, 
T 1. 

r-dimensional Euclidean 

T 
~ 0 and E r. =1} and 0 is a 

1. 
i.=1 

space called parameter space 

subset of 

as e ranges 
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.... 
over the values of 0, r (e) ranges over a subset M of JT. Assume 

the following regularity conditions which are given by Birch 

(1964) along with the assumption that model is correct i.e. 

r=r(8). Also throughout we assume r < (T-l). 

(i) The point e is an interior pOint of 0, so that e is not on 

the boundary of 0 and there are r-dimensional 

V 
neighbqthood of 9 that is completely contained in 0. 

( ii) r. = r.(9) > 0 for all i=1,2,--,T. Thur r is an interior 
~ 1. 

point of / T and does not lie on the bound.ary 01 fT. 

(iii) The mapping r : 0 ----->/ is total differentiable at e, 
T 

so that partial derivatives of r. 
1. 

with respect to 

~j exist at e and r(8) has a linear approximation at 

. 9 given by. 

Dr. (8) 
A :r .... 1. 

r. (e) = r. (8) + E (9j - ej) ..... 
1. 1. 

88. j=1. 
J 

.... ..... 
+ o(n e - en); as e -->e 

a r 
(iv) The Jacobian matrix (-----.... --), Whose (i,j)-th element is 

Dr. (e 
D e 

1. 

"'. is of full rank (i.e. rank r). Thus reel maps a small 
Ii e. 
r-di~ensional neighb~hOOd of r(9) in M • 

(v) The inverse sampling r- I.: M----} ° is continUous at r(e) = r. 

In particular, for every e > 0 there exists a 6 > 0 such that 
A A 

lie - ell 2: &, then" reel - r(e) II 2: 6. 

(vi) The mapping r: 0 ---->/ is continuous at every point e in 0 • 
T A A 

Under the regularity conditions given above and assuming r = reel 
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A 

where e is estimated by MLE 

e = e + (AA)-1 A~1/2 (; - r) - (4.9) 

[Section 14.8.1.BFH(1975)] 

where A = T x r matrix whose (i,j)-th element is 

r ~ 1/2 ( 8 r. I iJ e. ) 
I. 1. J 

and Dh = diag (r) 

from regularity condition (iii) we get 
A :1./2 ...... 
r - r = Dh A(e - e) - (4.10) 

Now consider the log-linear model 

'" #.J = #.J (e) 1 + X e 

'With the help of above model we get 

A 
-1/2 

P X = Dn 

where P = ~ - r r' 

Now 

...... A 

Since the asymptotic covariance matrix of p is D(p) = V/n • From 
A 

(4.9) we have the asymptotic covariance matrix of (p) as 

A A 

D(e) = E ( e - e ) ( e - e ) 

A 

D(Sr = - (4.10) 
...... 

eo'D(p) = V/n] 
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A 

Hence, the covariance matrix of r is given from(4.5) as 

D (;, = E (; - r)(; - r)' = E fpx(e - e)(e - e)'x,p'l 
L J 

A ,. 

= P X E(e - e)(e - e) ')t,p' 

So, 
A 

D(r) = p X D(8»(P - (4.11) 

In the case of multinomial sampling we have 

e:v = P) 

As we have from (4.4) and (4.5) 

e'" e + (x' P X) -t x' (p - r) 

A .~ 

r ~ r + P X(e - 8) 

From (4.12) and (4.13) we get 
A t . .1 A 

r - r = P X (X'P)~ X (p - r) 

- (4.12) 

- (4.13) 

A ..... 

Now for finding covariance matrix of residuals p - rwe proceed 

as follows: 

A A ..... A. 

P - r =: (p - r)-(r - r) 

[ (; X) -t 
A 

r)J = -r)- PX(X P X' (p -

..... .... 
Dispersion of.(p - r) is given by 
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FE I - P X (X P X,- X (p - r)(p - r)' I - P X(X PX)-!.x' 
[ 

t ,] A .-. [ , ]' 

- (4.14) 

In the case of multinomial sampling it reduces to follwing form as 

y = p 
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D (p - r)= n I - P X(X P X) X P I-X(X P X)-i X p .A ...... 1 [ -1 ,] [ , , ] 

1 [ -1 ' ] [ '1 ' ] = n P - PX(X P X) X P I - ~(X PX)- X P 

- (4.15) 

The diagonal elements of (4.14) providec the asymptotic 

variance of the residuals which are useful in detecting model 

deviations. 

4.5 NESTED MODELS : 

These nested models are discussed earlier in the case of 

multinomial sampling. Here an attempt will be made to analyse 

the sample survey data problem with the help of these nested 

103 



models. Let X =:: (Xl. X2), accordingly 8 = (8.1. ez) 'where Xl is 

T x sand X2 = T x u correspondingly e. is s x 1 and 82 is u x 1 
. 

where s + u = r, X 1=0, and X'1 = O. As stated previously 
1 z 

we are interested in the null hypothesis H: ez == 0 so that under 

H we get reduced model M2. where as first model (full model) is 
A ... ...... 

A ... ..... 

denoted by Mt. Let 81 and r =:: r(81) denote the "psuedo fiLE" of 

el and r respectively, under Hz obtained from the likelihood 
A A ..... 

equation X 'r(8 ) = X ·p.The consistency of p ensures that of r 1........ .I ..,. 
under Mz(E r

t 
= J.). The Pearson Chi-square statistic is given by 

A .... .... A 

XZ 
A A 2 A A A -.1 A A 

=nE (r - r ) I r = n(r-r)'Dn (r-r) - (4.16) 
1 1 .. 

and the likelihood ratio statistic :- is as given below 

A "-

if 
...... .... .... A .... .... 

= 2n E r log (r I r ) = 2n E p .. log (r I r ) 
t e t. 1- e .. 1 

A 
A ..... A. A .... A. 

== 2n· E Pt log (Pt/ r t ) -2n E Pt log (Pt' r
t

) 
e e 

= if-
2 

(say) (4.17) 

BFH (1975) proved in Lemma 14.9.1 that for multinomial and 

product multinomial sampling r(or 6 2
) 'S asymptotically 

distributed as X: . But it is clear that same situation will not 

present if our data is taken from survey sampling with some 

comple>: survey design due to clustering and stratification. 
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4.6 EFFECT OF SURVEY DESIGN ON NESTED MODELS : 

As discussed above the clustering and stratification affect 

the nested model considerably so here we will try to find the 

asymptotic null distribution of XZor SZ for any sampling design 

p{s}.We have equation (4.12) as 

A ...,. J -1. ' A 

8 - 8 = (X PX) X (p-r) 

and equation from (4.13) as 
A. ... A 

r - r = PX (8 - 8) 

An ang)ogous result is given as 
A. A 
A ... A 

r - r == PXt (81 - 81) [under Ho] 

so 
A ..... 

A A A. ....... 

r r = (r - r) - (r - r) 
A. 

A ..... 
= PX(8 - 8) - PXl (81 - e1) 

[(~ ~) [~. -8'] A 8,)] A 

= P Xl (e.1 e2 - e2 

..... 

- el'J P r ~ (e1 - e1) + 
..... '" = X2 (e2 - ez) - Xl(e1 

A 

e!)J P [Xt (el - 91) + 
A. ..... 

== Xz9z - Xl (el -

[under Ho: ez == 0] 

We can have ana.Iogous result from the equation (4.12) as 
A 
A - 1 - A el - el = (X1P Xl)- Xl(p - r) - (4.18) 

Now expressing X PX as partition matrix we have 
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P[)(1X2J = 

X2P~ 

x PX 

= [ : 1 
X1P)(1 

Using the standard formula for inverse and with the help of 

(4.12) and (4.18) we get 

50 

A 
A 1\1 A -i I A 

81 - 81= (81- 81) + (X1P X1) (X PX2) 82 

A 
A A 

r - r = 

= P 
[

X e -
2 2 

= P 

'" A = P X 8 
2 2 

A "' ..... 
X1 (91 - 91) + X282 - X{ (81 - 81) 

X (X P X ) -1 ( X • P X )~ ] 
1 1 1 1 2 2 

'" X is also known as projection of X on the orthogonal z 2 

complement of the space spanned by the columns of X ,where the 1 
.... 

inner product is defined with respect to P (X2PXt = 0). 
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Now as we have 

..... 

i = n(.; - ;}' Dii1 
(; 

, ..... 
A 

r) 

A "" ~ A = n e' X' P rL_1 P X 8 
2 2 -£1 2 2 

A '" '" = n e' (X' P X ) 9 [Note that P D-1/2 P - P] 
2 2 2 2 n- -(4.20) 

Now considering (4.10)andthe formula for the inverseof the 

partitioned matrix we get 

..... 
D (9 ) 

2 
= 1 

n 

A H 

(X P X ) - 1 (X V X) ( X: P X )-1 
22 22 ... 2, 

- (4.21) 

A 

Hence, we can say that 9 
2 

N [O,D (e)] and using the 
u 

standard 

result of the distribution of Quadratic equations we get that i 

= E 2 6. W. where 
1. 1. 

x:,independentx:variable 
A ~. ru 

eigenvalues of D(e ) (X PX )n 
2 2 2 

which is 

(X' PX ) -1 (X' vi' )( X' PX ) -1 (i' PX ) 
2 2 2 2 2 2 2 2 

or 

and 6. (i~e the 
1. 

equal to 

case 

of multinomial sampling we have V=P and the above formula 

reduces to I. Hence, in case of multinomial 

i=l, ---, u and we get r = X2 under Ho. 
u 

sampling 6. 
1. 

= 1, 

It can be noted that X p is a vector of contrasts in the 
2 

P. 's.pince, X 1 = 0 because X
1 

1 = 0 and X 
2 

1 = o. The 
1. 2 

covariance matrix of X p is (X VX )/n for the survey design 
2 2 2 

"'. ..., 
used, while (X PX )/n is the corresponding covariance matrix tor 

2 2 

mul tinomial sampling. Thus 6 .---,6 are the generalized 
1 u 

design 

effect$as discussed in the case of two way contingency table. 

'" . ..... 
For the contrast vector X p the largest eigen value, 6 say, is 

2 1 

the largest possible deff taken over all linear combinations of 

the elements of the vector X p. 
2 
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4.7 WALD STATISTICS: 

A 

Let us consider a consistent estimator of Vln as Vln, 

the covariance matrix of p. Again, let C is any T x u matrix of 

rank such that C Xl = o and C 1 = o. 
, 

Also C X is a 
2 

non-singular matri>:, in particular if X 
i 

X = 0 a convenient 
2 

choice of C would be X • Then our null hypothesis 82 = 0 is 
2 

, 
equivalent to H':0 = C',., = C X 8 = O. Under Ho: e = 0 this 

2 2 2 

reduces further as C',., = o. Hence the proposed w.ld statistic~ 

for testing H is based upon r,is given by 

X 2 =;;, [D ( 0) ] -1 0 
(A) 

- (4.22) 
A ~A ....... 

where 0 = C IJ and D (0) is the estimated asymptotic covariance 
A A 

matrix of 0. Also, IJ is the log-probability vector of T x 1. Now 
...... ..... 

since we have in (r - r) --} N [O,D (r)] 

A ... ..... .... 
and log r = log r + (r - r)+ 0 (n r - r n) 

which can be written as 

so 

= C = fg (say) - (4.23) 

"-
where D(r) is given by (4.11). Now by replacing r by rand V by 
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A A 

V we get the estimator of D (0).The Wald statistics given by 

equation (4.22) is independent of the choice of C matrix and if 

no estimator of Vln is available we simply replace it by 

multinomial covariance matrix in D(e). 

[',' P D~1C = C] 

With the help of the above equation we get the test statisti~ 

al ternative to i'- or rf. 

- (4.24) 

The true asymptotic distribution of ? under Ho is a weighted 

sum of independent x2random variables 
1 ' 

u 

= E 
i=1 

2 
r,W. 

\, \, 

-1 

where r
1

, ____ , ru are the eigen values of Eo ~. Now we will try 

to show that 
~2 2 
X is equivalent to X under the null 
w 

hypothesis, which implies that X2= 
w E 

2 
6i.W. and 

\, 
[6 --- 6 ] l' , u is 

identical to [r , r. 
1 2' 

, r u ]. Under the null hypothesis H : 9
2 

= 0 We have o 
A , A , _ 1/2 

== 0 - 0 = C (1-1 - 1-1) ... C On (r - r) 

• -1 ..... ... C Dn P X (e - fJ) [using (4.13) ] 

Also note that 
. 

-:I. C Dn PX = C·x = (O,C.X2 ) 

, 
Hence, 
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Again using the formula for the inverse of the partioned matrix we 

get 
..... A 

o = C X e 
2 2 

and C'X (X'PX)-1 X'C = C'X (X' pi )-1 X C 
Z Z 2 2 

Hence, with the help of (4.24) we can write as 

"'2 '" A, , 
[ c'xz (X'P X )X' c] 

-1 , A 

Xc..> = n e x
2 

c cxe 2 2 2 2 2 

'" A, '\0, '" A 

i! = n e (X p X ) e ... 
2 2 2 2 

["ex 
• 2 

is non-singular] 

(4.25) 

Now another multinomial Wald statistics which is possible is 
... 

based on a weighted least square estimator (WLS), e, of e and 

denoted by 

.nd ? c..> (lJ. 

? (1) • 
c..> 

We will try to show the equivalence of 

Let F be any matrix of order (T-l) x T of rank (T-l) such 

'" '\0 '" 
that Fl = O. Let I = F /J, where f.J is a 

log-probabilities of order T x 1 where f.J= log 
t 

the cental limit theorem we have 

'" l~ (/ - I) = NCO, VI) 

where f = Ff.J ::;; F X e, 

vector of 

Now assume 

V == F n:.tV D-l~ 
I -n n [By.o-method] 

If we assume the multinomial sampling, we have 

VI:: F nn 1 P nn 1 F' = F nn 1 F 

The weighted least square estimator of e under the model I =-F X e 
is given by 

(4.26) 

Where 

'" The asymptotic covariance matrix of e is given by 
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..... 1 
(X'F'V./F -1 1 D (e) = x ) = n Veo ( say) n 

..... , .... , ..... , 
Now parti tioned e as (e 

1 
e ) and 

2 
correspondingly Ve as 

V . = [ :9 .. :912) e 
eu e22 

Hence, a Wald statistic which is asymptoticall y .:t~ under 

H: e = 0 is given by 
2 

= 
1\1.. "'-t ,... 

n e Vo e 
:2 <;;>22 :2 

- (4 •. 27) 

provided V is available. Here,one thing we can note that 9is 

independent of the choice of F. To prove this let us consider 

G which is a non-singular matrix, let 

I'#. = F1J./J 

Fl = G F 

so V' = G VI G I 
Hence, 'l V- 1 FIX F = IlX F 6 (6 VI 6' )-1 G F 

= , , , - 2. - 2. G- 1 G F 
F G G VI 

= 
, -1 

F VI F. 

so trom the above derivation it is clear that 9 is independent 

of the choice of F.Now, let us consider a particular choice of F 

as 

Where F is a 
1 

properties F 1 

F X 

... 
(T-r-l) :x 

X = 0, and 

=1_ x :X_I 
But as we know that VI = 

T matrix of rank (T-r-l ) with the 

F 1 = 0 with this choice we have 1 

F Dr:/ V Dj;1F, with this particular 

111 



value given by F we have 

( 
, 

) X p 

VI' = »ii tv ont (P XF ) F 
t 1 

. 
I>J1 t V ~t X P 

= (PX F ) 
1 

F »;;1V »fIt 

= 

= 

Now putting V = P for the case of multinomial sampling we have 

X PX 0 
-(4.28) 

= 
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A "'" -1 AA 

Thus by replacing V by P = D~ - pp'in (4.26) and (4.27) p 
A 

we get 

the statistics when V is not available and it depends upon the 

assumption of multinomial sampling. Consider the equation (4.26) 
..... .... 

and replace Vby P we get 

..... 

x Jf .'" 

= [ 
(X P X (X P X D) 

X(F~' F')-' ( X;oP ) ~ 

- (4.29) 

Hence~ 

Now using /..J - /..J 
-1 A = Dn (r - r) we have 

... 
~ "..., .. ~ 1. A 

e - e = (X P X)-1 X P Dn (r - r) 

From the equation (4.13) we have 

e - e = '( X • P X) - i iC"p on 1 P X (8 - e) 
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.... . ... 
= (X P X) (X P X) (9 - e) 

A 

= (9 - 9) - (4.30) 

Moreover, V 9 reduces to (X' P X) -1 so that 
'\,1 ~-1 

Vo (X P X
2

) • Thus under Ho: 9 = 0 we have 
1:722 2 2 

[By (4.25)] 

In the special case where I'k is a saturated model we have s 

"" A 
+ U = T-1. Also, in the case of saturated models we have r = p 

A V ... 
and D(r) =, under the given survey design pes). For the case n 

..... P 
of multinomial sampling D(r)= In. Noting that C'Dh 1 p Dh 1 C = 

-1: 
C'Dn C. We get the result that 6i'S are eigen values of 

• -1 -1 • -1 -1 
= (C Dn C) (C 'TI V'TI C). In this waywe can 

observe that we can obtain 6i.·s without calculating the 
... 

projection matrix X . 
2 

Consider the approximation given by Satterth2Wai te 

(1946).Under the null hypothesis the distribution of r is 

x2 
2 u 

Y!" = ... Xv v == s 2 
, 

(l+a )6. 1+a 2 

1 E (6i. - 6~) 
Where5.= -E 6i and 2 

== a 
u . [u 6 2 

] 1. 

which is nothing 

but square of the coefficient of variation of the 6i,S.But we 

can prove that it is not necessary to evaluate all 6i. We can 
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see that E (~) = Ei, Oi. and V (X2
) == 2E <5~, where E and Vdenote 

the asymptotic expectation and asymptotic vari~e operators. 

Consider again '" .... 2 nCr - r ) 
t 1 

t 

A 

i;:;- (; - ;) -

r 
t 

where B; (b ); P X D(e )X p 
t. t 2 2 2 

Hence, E( X2 
) = E b / r 

t.t t 
t. 

similarly V(y2 ) = 2b
2 

t tt. 

y "" N (0, B) 
T", 
'" . 

and D(e )isgiven 
2 

and Cov(y2 , ~ ) = 2bz 
t.t' 

t ± l = 1, 
t. 

So variance is given by 

V(~) = 2 E E 
t t A 

by (4.21) 

T 

It the estimated full covariance matrix Vln of cell estimates 

available. then x2 
. e is employed as an alternative to 

A A A 

wald statistics by estimating a and 0 obtained from B in place 

of 'a' and '0'. The asymptotic sygnificance level of for 

desired nominal level of a can be found and consequently the 

design effect may be obtained as 

SL (X'l = p[ x' ~ ,,~(,,) 1 = P Xv 2: {1+a <5.} Xu (CIt) 
[ 

2 2 -1 2 1 
2 2 is computed to CIt , where X is the upper CIt - point of X • 
~ ~ 

4.8 MODIFICATIONS TO ~: 

The first order correction to ~(or GZ
) can improve 

the ~ statistics adequately i.e. we can treat X2;6. or G2 /6. as 

~z under the null hypothesis Hi where o. may be written as 
u 
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- Trace [ (X P X )-t(X'v X ) 1 
1 t t t 

= (S + U)A. - 5)...1. (say) -(4.31 

In the case of sa.turated model M the above equation can be 
1 

written as 

(T - s - 1) 6. = (T-1)A. 

where{T-1) A.. = E (1-r )d 
t t 

1 
1.1 

t t 

(-:" s+u = T-l.] 

whered =: 
1 

-----= ce 11· desi~'n effed. of 
r (1-r ) 

t. t 

v = (1.1 ). For T » s, 
tl. 

6. = A.. and it is expected that 

X2
/ A ·11 A .~'11 also perform well in the large tables if s is fairly 

small. It can be noted that A. is independent of H as the first 
A A 

order. correction proposed by Fellegi (1980) where d. = E d IT 
t 

A 

where as 6. is full dependent on the null hypothesis under 

consideration. 

It can be shown that 6. can be computed knowing only cell 

deffs, ttl. and the deffs of collapse tables (or marginals), 

whenever model admits explicit solution. For example, the no 

three factor interaction hypothesis is the only hierarchical 

hypothesis that does not permit explicit solution in a threeway 

table. Using the notation of BFH(1975) a hypothesis leading to 
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direct estimate is of the form. 
A .'" 

= [n P6'] I [n P0. ] 
~ O'~ J J 

- (4.32) 
A A 

where p~.is the marginal total of p~ corresponding to et. 
0'\... ... 0' 

Similarlyp isthemarginaltotalofpecorrespondingt00j.For 
0j 

e>:ample consider the example of three-way table" 

e = ( ij ~), e = (i ~), e = (j k), 0 = {k} 
1 z t 

Again, consider the hypothesis that variable 1 and 2 are 

co~ditionally independent given the level of the variable (3). 

Now using the equation (4.32) we get 

rf A A .... 

= n 2 E 
e 

Pe loge {Petre> 

=2}: Pelog pc.=2E T'_. Pe. log A ... [A 
e eO' i. ee~ \ e 

Now 

21: 
e 

... A A 

Pe logePe=2re 

A 

2 EPe log re+ 1: . 
e e e 

Similarly 
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and 

..,e 

.... ...... " 
2E Pe, log Pe, "'2}: Pe, log rei 
ei~ Ell.eil. e. 

A'" '" 

2 I:e,jP0jlogeP0t2 ~j P0j loge r 0j 

'" 2 
(p0j - r 0j) 

-(4.35) 

Putting the values of (4.33), (4.34) and (4.35) in above equatio~\ 

get 

'" 
if CPa 
_1", te 
n 

2 - r } e 

r8 

+ E', t" -
J ""0j 

I 

[from (4.32») 

or E a: ; re (1 - r" l d" - I:. { r". (1-r ", ld", +EjE" j (1-r 0) ld0 j } 

Where 

- (4.36) 

A 

, which is the design effect of Pe under 
re (1 - re) 
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the null hypothesis A 

n V( p ei. 
dei. = which is the design effect 

rei. (1 - r ) ei. 

..... 
of marginals PeiSimilarly 

= 

A 

n V( p 0j ) 

-------------, which is the design effect of marginals p 
r 0j (l-r 0j ) 

where de = V (Pe ) I [;9 (1-Pe)/n ] is the estimated design effect 

A 

of Pe irrespective of H, and 
A. 

p . It is. common practice to 
e 

Hence, we have 
A. 

U 6. =t 
9 

..... A 

V (Pe> is the estimate of variance 
..... ... 

report d rather than d . 
e e 

It is an important result which can be used to prepare 

cotingency Tables from the survey data. 

of 

For example consider 1 >; J Table and let our null hypothesis 

is r .. = r. r. <=> J.J
1z

{ij) = 0, i=1,---,I; and j=1,---,J. 
l.J I. + +J 

so the equation (4.37) can be written as 

(I-I) (J-1)6. = E. E. (1-r. r .)di.j - T' (l-r. )d. (r) 
1. J 1.+ +J ..,_ L+ I. 

-E. (l-r .)dj (c) 
J + J 
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where r. and r . are the row and column marginals, d. {r} and 
1.+ +J \. 

d. (c) are the design effect respectively, and d .. is thE! di!ff of 
J I.J 

.1"0 

X
z/6 . p ... Hence, can be computed knowing only thQ cell 

I.J .... 
proportions p .. and the design effects of the above 

I.J 
mentioned 

quantities. Similarly for IxJxK table under the hypothesis of 

complete independence ie r. • r. I'" k we get 
1.++ +J+ ++ 

( I J K - I -J -K +2}6. =1:. 1:. r (1-r. r. r k) d,,}c 
I. J~ 1.++ +J+ ++ I.J 

- r (1-r. )o.(r)- 1:.(1-r. )d.(c) 
~ 1.++ I. J +J+ J 

- E (1 -r + +)c ) d)c ( I ) • 
Ie 

Where r. r. and r are the three way marginals and d
L
• (1"'), 

1.++ +J+ ++k 

dj(c) and d}c(l) are the corresponding marginal deffs di.jk is the 
A 

deff of p When the model does not permit e>:plicit solution 
ij~ 

for rand r, o. can not be e>:pressed in terms of only cell deffs 

and marginal deffs. 

Again let us consider that one of the margins of IxJ table 

in (i,j) th 

n. 
I. + 

-Pj(i) , 
n 

Pjei.> are the cell proportions wi thin the i -th row population 

p" are the corresponding survey 
J(I.} 

= 1) 

Hence, H: r.. = r. r. 
" J 1. + +J 

(=) p. 
J ( C ) 

estimates 

= T" #.J. 
1. 

n. 
1.+ 

n 

(E· 
1 

P. 
l(e> 

p.. = P say 
J (\. ) j 

cell, 

where 

and 

[.: Ej P j ( i ) =1] 

Which is equivalentto test of homogeneity across the popUlations. 
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n. 
1.+ 

Sincep. =--,wegetV(p. )=0 
~+ 1.+ 

n 

Hence, (l-r. )d. = 0 
\.+ \(1') 

Also (l-r. 
1.+ 

where d. = 
J ( c) 

r .) d .. = 
+J \.J 

.... 
ni.+ V(Pj(i.» 

p. (l-P.) 
J J 

.... 
n V(p .. ) 

1. l 

r. 
1.+ 

row population under the null hypothesis 

Similarly A 

n V(p .) 
+ J 

(I-P.) d .. - (4.39) 
J J(1.) 

n. 
1.+ 

- (4.38) 

(l-r .) d. = --------
+ J J ( c) 

-- d. (l-p.) 
n J(C) J 

A 

Note P+ j = E. 
1. 

n. 
1.+ 

n 

n. 
\.+ 

r . 
+ J 

n V(p .) = E. -- d.. p. (l-P.) 
+J '" n J(\) J J 

- (4.40) 

Assume that sampling is done independently with in each row 

population. Hence using (4.38), (4.39) and (4.40) in (4.36) we 

get 

(1-1) (J-1)6. = r E. (I-P. )d .. 
'"""i J l J(I.) [ n.] 1.+ 

1 - -;;-

which agrees with the result of Rao and Scott{1981). 

4.9 MODELS NOT ADMITTING DIRECT SOLUTION TO MULTINOMIAL 

LIkELIHOOD EQUATION : 
Consider those models which are not admitting direct 

solution ttl multinomial likelihood equations. The 6. 

• Corresponding to a nested model M closest to the original model 
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M can be used for modifying the statistics under consideration. 

"" Let the model M closest to the model M and admitting direct 

solution of r Le. a model r = r (9*) is given by 
1. t 

I.l = ~ [:l 1 + X"" 8· 

.• •• ""... "" X·· where X 8 = X 8 + X 8 ,X is Txr matrix of rank r, 

• *. is T~(r-r ) matrix of rank (r-r ) and (r-r ) is 

as small as possible. This method can be further improved by 

. .2 A 
finding an approximate upper bound of 6 .. Let 8 = 2n.E p log 

" 1; 

" ...". . 
(p I r ) be the likelihood ratio test of goodness of fit of model 

t t 

'" . . M and r be the pseudo-MLE of r under M • We have 
1. t 

E ff = (1-r-1 )6. 

~ 8*2= (T-r* -1 )6. * 

Where E is the asymptotic expectation taken over the model M and 

~ ~ E is the asymptotic expectation taken over the model n which 

admits direct solution. Since, model M and M* is assumed to be 

'" close we have r (8) - r (8 ) = (llYn) at applying the method of 
t t 

linearization as used previously we get 

- .2 •• 
E 8 = (T-r -1)6 

T 

+E 
t=~ 

a2 I r (8) 
t t 

Hence note that 6*2 } rf consequently we get 
T 

(T-r-l)6. CI * 2 I (8 ) < (T-r -1 )6. + E a r 
1. t. 

1.=1 

T 

=) 6. -1 • • -1 
E 

2 
< (T-r-1) (T-r -1)6 • + (T-r-1) a 

1. 
l=:t 

(4.41) 

I r1, (8) 

The second term of the equation can be estimated from the 
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sample but it can be seen that it is very small relative to the 

first term and can be neglected. So we get the 

conservative correction as given below 

-1 (T-r-l) (T-r -1 )6. . -:-.] 

or rf / [ (T -r-l ) -1 ( T -r * -1 ) ~ ] 

nearly 

(4.42) 

.2 .... The above mentioned correction is more conservat1vethan ~ 16 or 

~/6~ because of the fact 

-1 ,. * * (T-r-l) (T-r -1) 6. ) 6. 

An exact upper bound to 6. under M can also be obtained 

from some sep~ation inequalities for eigen values (Scott and 

Styan, 1985) we have 

T-I'-l 

6. :S E A./ (T-r-1) 
~ 

(4.43) 
i=t 

where, X. ~ ---- X. )0 are non-zero eigen values of 
1 T-1 

If 

A.'s ~re not available, a simple upper bound of 6. depending 
1. 

upon the all deffs d can be obtained from (4.43). 
t 

T-I'-t T-t 

(T-r-1)6 :S E E Ai. 
l=1 i.=t 

, T 

= ~ (l-r
t 

)d
t 

1.==1 
..... 

-1 = (T -1) A. = Tr D V 

(4.44) 

where d = 
\ 

nVar (Pt.) 

r (1 - r ) 
is the design effect of t-th cell. 

t t 

However, the upper bound (T-1)A/ (T-r-1) on 6. is not 

likely to be good unless r is small relative to T. 

4.9.1 NESTED HYPOTHESIS: 
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Let us consider the hypothesis H : 8 = 0 given 
2.1 2 

following model M, this is also known as nested hypothesis 
.... . 

IJ = J.l (8) 1 + X 8 + X 8 
1 1 2 2 

As we know that Pearson statistic is given by 

.... 
""-

y,2 (2/1) = n E 
t 

where r
t 

is the pseudo MLE under 

A A 
A A A 2 

(r-r) Ir 
t. t. t 

Hand 
2.1 

...... 
r is 

l 
pseudo MLE 

the full model given above. Similarly, the likelihood 

statistics is given by 

cf (2/1) 

Here 

A 

2n E p 
t 

A 

log (r 1 
e I. 

.... .... 
r ) 

I. 

log 

..... 
A ......... 

= 2n E PI. loge (Pl 1 r l ) 

Again it can be shown that 

t r 
t 

.... 2 
r ) 

t. 

From the equation (4.14) we can see that 

[ ~: 1 

I - PX (i p X }-1 X· is an idempotent matri>: 
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Where A = I -PX (X'PX)-I X 

(f(1 ) 
..... . . ...... 

Hence <= n(p - r) -1 A Dn A (p - r) 

Let X = (X , X ), 9 = (9 9 ) 
1 2 1 2 

P X)-l 
..... [ :: ] . 

"" and (X X (p - r) = X (p - r) (say) 

Then from the equation (4.12) we have 

...... 

[ ~, - 0, 1 [ 
EX (p 

= i 

...... 
e - e EX (p 

2 2 2 

r) ] 

r) 

Under H e 
2.1 2 

= 0 we have 
A • A 

8 = E X (p - r) 
2 2 

..... 
But as we know that .... A 2 

(rt. - r ) 
t. 

rf (2/1) '" E A 

t ..... 
r 

1. 

Now again with the help of equation (4.20) 

We can write 

rl(2/1) 
A' ..... • ~ A 

'" X
2= n e (X P X ) 8 

2 2 2 2 

A "'. ... ..... 
So cf(2/1) = n (p - r) X E 

2 
(X P X ) E X 
222 

(p - r) 

00/-;- ..... 
Since, (p - r) ) NCO, V) as n --) a> 

It follows from (4.45) and (4.46) that 

T-r-l 
(f (1) ... E l(, where W~ ... 2 ". Xi 

\'=i 
'10 '10 \. 

U 
W·2 r! (2/1) .... E where W~2 ... 2 

rio i. ' l. Xi 
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i.=1 

and r ;:>: r ;:>: ----, ;:>: r > 0 
1 2 U 

A first order correction to them <t..G given as 

ff (2/1) A:;2 (2/1) 

r· r· 
u 

where r. = E 
i=1 

r. I u under H 
L 2.1 

As we know that 

So r. the correction factor computed or its upper bound is found 

depending upon the fact whether models under consideration i.e. 

M and Ml admit direct solution or not. The upper bound can be 

found exactly the same way as discussed previously. 

So an upper bound on r. is given by 

u 

r· ~ 1: 
i.=1 

h./U 
L 

where hi.,S are the eigen values of on l V. If hi.,S are not 

avai~able, a simpler upper bound depending only on the cell 

deff, d .• can be obtained as given below 
t 

u 
u r. ~ Eh.~ (T-l)h. = 

i=1 1. 

E (1-r )d • 
t t 

4.9.2 DESIGN EFFECT OF F-STATISTICS ~ 

Consider the case when we use the F-statistic on the data 

obtained through some survey design. The statistic under 

consideration for the above discussed problem is given 
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F = 
2 

6 (l)/(T-r-l) 

With the help of the above statistic we want to test ~.i 

by treating this statistic F-variable with degrees of freedom ~ 

and (T-r-l) respectively. Applying the first order correction 

to If (1) and 6 2 
(2/1) we get 

where 

= 

y. = 

'" F = 
~2 / (T-r-l) n· ..... T-r-l 

E 

E 

n.l (T-r-l) 
... 

Y,/u 
" 

Hence, F reduces to F-variable provided that 

= 2 2 n· and X and X are stochastically independent. 
U T-r-l 

From the book of "Linear Models" (Searle Page 59) we have this 

theorem. 

Theorem: Let X ~ N(~, v); then the quadratic forms x A x and 

x' B x are distributed independently if and only if A V B =0 or 

equivalently B V A = 0 

Now with the help of above theorem and equations (4.45) and 

(4.46) we get the condition that €f (1) and 6 2 (2/1) are 

asymptotically distributed if and only if 
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(p - r) ---} N (0, Vl] (4.47) 

The condition (4.47) only holds if V = AP for some constant A. 

Since 

A V X = A. [ I - P X (X P X )-1X 'J P X = 0 

In this case y. = ~. = A. and F is asymptotically distribut~d as 

F~variate with u and T-r-l d.f under H' 
2. 1 

4.10 CONSTANT CELL AND MARGINAL DESIGN EFFECT: 

Again consider the equation discussed above as 

where de's, de's, de,'s are cell and marginal design 
i J 

effects. 

W~en the cell and marginal design effects are all equal to 0, the 

above equation reduces to 

E(if) = 0 [ ~ (1-r )- EE (l-re , )+ E E (1-r 0/ ] 1 e 
i. e, 1- 0, 

1. J 

=6 (T-l) - E, (cells in C -1) + ~(NO of cells in 
t ei 

= 0 [ T- Ei. (No of cells in Cei + E
j 

No of cells in Ce ) 
j 

= 0 ( T- no of independent parameters in H ) 
1 

1:;:;1 

C -1) 
0j 



Similarly 

E(Et 2/1» = 6 (T- no of independent parameters in H ) 
2.1 

= 6 [no of independent parameters in H 
1 

no of independent parameters in Hb] 

= 6 u 

or 6. = 6 

x2 y?-
Hence, under Ho:- = has asymptotically x2 distribution 

6. 6 

with u - degrees of freedom~ where u is the difference of the 

number of independent parameters in two models. 

4.11 A JACKKNIFED CHI-SQUARE TEST: 

This test was proposed by Fay (1985) and based on a 

modified Jackknife procedure applied to the Pearson or 

likelihood ratio test statistics themselves that is closely 

related to the work of Rao and Scott especially to their 

proposed statistic X2 /6. Under some asymptotic conditions, '!?' 16. 

rejects null hypothesis at a rate significantly higher than the 

nominal level. The Jackknifed test incorporates an additional 

adjustment to avoid this property. The Jackknified statistic 

presented here includes a quantity K+ based on variability in ~ 

Or if over a set of replications. Under the null hypotheSis, 

K+/k. is a consistent estimator of 6, where k is the number of 

degrees of freedom. So we can use '!?'/(K+/k) as an estimate of 

132 



i/6. The quantity K+ is readily computed even when no-closed 

form expression is available for estimates under log-linear 

models. One of the disadvantages of -?-16., however, is its 

rejection of. the null hypothesis at a rate much greater than the 

nominal level when the corresponding 6's 
j 

vary substantially 

from one another. The Jackknifed test incorporate a correction 

to avoid this problem. 

Let us suppose that y represents an observed 

cross-classification, possibly in the form of estimated 

population totals for a finite population derived from a complex 

surveys. Let Y + w (i.,j> 
represents pseudoreplicates i=1,2, ---, 

I and j=l,;Z, --- Ji.. Now the asymptotic theory for Jackkni fed 

test requires that 

• 
E. W(i.,j) = 0 

J 

for each i.. let Cov (Y) is an estimate of covariance 

given as below 

Cov * ( Y) = E. b. E. W ( i. , j) $ W(i,j) 
I. I. J 

- (4.48) 

of Y and 

(4.49) 

where Wi.,j). Wi.,j) denotes the ou ter produc t of W(i,j) and bi 

is fixed set of constants appropriate for the problem under 

consideration. Assume that 1IIi..j> is uniformly small relative 

to the sampling variance of Y, this assumption is made to apply 

the asymptotic theory. 

Let Y can be represented as the sum of n, i.i.d random 

variable Z(j) which is required for the application of the 

standard Jackknifing technnique. The standard leave-one-out ._, 

replicates. y-j) = Y 
(j> 

-Z may be reweighted 
n 

expected total by the factor ---land written as n-
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[ n =1 1 
-<j) 

n n Y n 
V =. (Y -Z(j» = --- tJ) 

n-1 n-1 n-1 

(n-1) + 1 n 
y--- Z< j> 

n - 1 n-1 

(Y n Z' j> ) 

= V - n-1 - (4.50) 

Y - n Z ( j) 
, 

the subsc:ript ~ is 

Here we c:an see that 
tli,j) = 

n 1 
n-1 

fixed at 1,b i = n 

Also 
nY nV 

n 1 = 0 so it is al»o 

satisfying the c:ondition required for this theory. Now aS$ume 

that the universe may be c:onsidered to be divided in to L 

strata. The Jac:kknife tec:h~ique may be adopted to thi. problem 

if the sampl~are selec:ted independently from eac:h $tr_tu~ and 

if Y may be represented as 

Y = E E Z<h,j) , 

h j 

where h = 1,2,--,L and ZCh,j) 

is the "h i.i.d. random variable within the stratum h. For eac:h 

stratum h we have 

y + &Jh,j) = (E. Z,h, j» 
J , 

This has the same expec:ted value~ 

Here WCh,j) = (E Z<h,j'>_ Z(h,j» / 
j' n h 

and b. = 
1. 

n - 1 
h 

as Y 
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4.11.1 BALANCE HALF SAMPLES: 

As it is well known that alternative approach to the 

variance estimation in the case of complex survey design is 

balanced half sample, selected to represent all source of 

variability with in the sampling design. Let in a design: with 

two selection in each of the strata, half samples may be formed 

by picking one from each pairs of selections. Let Z<h.~), 

h=1,2,--,Z, represent the estimates of the totals, each based on 

half samples where each may be represented as 

Z(h.~) = V + (Z<h.l) V) 

- (4.51) 

Here, Wh.2> = y _ Z(h.!), .,jh.1> = t h.!) _ y 

An additional modification is necessary, however, since the 

asymptotic theory as discussed in the case of Jackknifing 

requires w<h·j'to be uniformalj small relative to the variation 

of V and the half - sample estimate lac~this property. 

So 

Wh.1 ) d (Z(h 1) 
- y) = 

",h.2) = WCh • 1 ) 

1 
and hi. = 

(2cr L)-l 

generalizes the notion of half- sample replication. The 

asymptotic conditions may be met by allowing d to converge to 0 

in a suitable manner. The sequence of half-samples may be based 

on either independent selection or balanced repeated 

replication. 

4.11.2 STATISTICS 
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The Jackknifed values of test statistics require refitting 

+ 
. .ch,j> the given log-linear model to the replicate V w and 

recomputing test statistics, X2 (V + tJh,j» , for 

the new tables proposed by Fay(1985). The standar:d formula for 

~ and 6
2 

are given below 

• (P. -
t:I t:I 2 

r. (p » 
L L 

• • r. (p ) 
L • 

[

Pi. ] 
log e -r-. -.-( -p-,. 

~ 

Now for weighted V (or V + lJh,j» the sum of the cell estimates 

(h "> 2 2 of V (or Y + ~ ,J) replaces n in the sual X or G. Using the 

b. Jackkni fed statistics X is defined as 
L J 

X 
J 

where 

K 

V 

P
hj = 

= 

= 

and K+ takes 

~(y + W(h ,j» _ X2(y) 

E bh E P
hj 

h 

E b
h E 

2 
Phj 

h 

the value for positive K and 

- (4 •. 52) 

- (4.53) 

- (4.54) 

- (4.55) 

Zero otherwise. 

of difference of two chi-square test under nested model 

is 
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given by 

~2) (V) 

1 1 

[ - rf (v) ]/2 - (1(+ {2 
( 1 ) 

G = 
.J 

{VI 
1 

art (Y) - art (V) } /. 
2 1 

- (4.56) 

where 

= rf 
, 2 > 

(Y + W' h, j » _ rt (Y +w( h, j) ) 
1 

- (6
2 

tV) - 6 2 tV» - (4.57) 
, 2 > ( 1 ) 

It is clear when M is a saturated model then (4.57) becomes the 
1 

direct analogue of (4.52). The only difference is instead of Ef we 

use chi-square in the equation (4.52). We will now discuss the 

properties of this limiting distribution under the null 

hypothesis. 

4.11.3 PROPERTIES OF THE LIMITING DISTRIBUTION: 

We have the following limiting or asymptotic properties as 

n ----) co 

(1) Population proportion rare fi>:ed and satisfy the 1 inear model 

in question. 

(2) The sample proportion estimated by V are consistent for the 
n 

population proportion r, and there are constants 9 and h dependin~ 

n n 
L 

on n such that h (V - g r) 
n n n 

-----) N(O, V) with non-zero 

covariance V 

(3) The ,Ji,j)s introduced above are such that as n --} co 
n p 

max h II ,Ji.,j) II ) 0 
(1., j> 

n n 

(4) Covariance estimator when multiplied by 

probability to V. 

h
2 

converges in 
n 

(5) The condition (4.48) is £trictly satisfied for ~ach n. 
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Under these conditions, X and G are shown to have as 
J J 

limiting distribution of 
:I. :I. 

r f:, r r F' 2 k 
6 2 - I: 6 i Xn.> 

1.=:1. 
~ 

X 
J = --------------------------------------

there 

2 
6.X. ) r' - (4.58) 

t t 

Wh 2.; ere X. ... 
t. 

= 1,2,--,k are set of independent Chi-square 

variate, each on single degree of freedom. 6.'s are set 
~ 

of 

non-negative weights depending on V and model in the question. k 

is the degrees of freedom of the test for multinomial sampling. 

In t~e case of multinomial sampling 6. = 1 V i so the above 
t 

equation (4.58) reduces to simple monotonic transformation of 

Chi-square distribution 

- (4.59) 

Th,rorepenera~relationshiP between X2 /6andx
J
maybe seen by 

expressing 

A· [ 
'/ { '/ '/} 

1 
X = 2' >:z (Y)/(k+/k): -(k) 2 - (4.60) 

J 

/ 

where A* = [{ 4 ~(V) k+ } I(k v) r 
For equal 6.'s, A* converges in probability to one. 

t 
Comparison 

of X I A* to the distribution of (4.59) gives a 
J 

asymptotically equivalent to the comparison of ~ 16. 
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ESTIMATION OF PARAMETERS 

5.1 INTRDUCTION : 

Sample surveys are generally designed to produce reliable 

estimates of simple descriptive parameters such as population 

totals, means and proportions. The sampling design that best 

meets desired objectives i9 often complex and clustered because 

of cost and operational constraints in designing and 

implementing survey. As discussed previously, there has been 

growing trend to use survey data for statistical analysis, 

beyond the estimation of simple descriptive parameters. In case 

of categorical data analysis in survey data, the modification to 

the ordinary chi-square or likelihood-ratio test statistics is 

necessary to draw the required inferences correctly. Further, 

these modifications can be improved by estimating the various 

parameters of interest by taking care of the survey design 

applied for collecting sampling units. Hence, there is a need to 

adopt suitable estimators for the parameters, namely cell 

proportions and their variance-covariances. In this chapter 

some methods of estimation of these parameters are discussed. 

The various techeniques of variance estimations for complex 

surveys are discussed and compared in the case of categorical 

data analysis in survey sampling. 
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5.2 THE HORVITZ-THOMPSON ESTIMATOR : 

Assume that N is the total number of sa~pling units in the 

population and n, is the number of units selected with the help 

of sampling design p(s). Let (i.j.)-th cell of the contingency 

table have N., element in the population, and let r
k 

denote the 
1.J 

inclusion probability of the k-th element where i=1,2,---,I; 

j=1,2,---,J. Define, Vi~ = 1, if k-th unit of the population 

falls in (i,j)-th cell and = 0, otherwise. The 

Hor~itz-Thompson estimator for the proportion of {i,j)-th cell 

is given as 
N Vi. j k 6ijk 

-(5.1) 

where, 

6ijl< = 1, if k E sand 6i.jk = 0, otherwise :z.t' s variance 

can be given by following equation 

A 1 N [ V, j. V~:~ r v (p" ) = E (n
k nt. nu) n k 

I.J
HT 2r.f k=t ( 5.2) 

and its estimate of variance as proposed by yates and Grundy 

(1953) is given by 

(nkIlt.-flkt.) 

( 
V, 'Jc V r t\ " 1 n 1. J 1. j t 

V( P. _. ) = E -(5.3) 
LJ

HT tf k<t IlJct Ilk n 
t 

5.3 COMBINED RATIO ESTIMATOR OF PROPORTION : 

Most common sampling design in survey sampling is 

stratified multi-stage sampling because of its advantages ove~ 

the other sampling techniques. Let us assume that the population 

is divided in:to L strata, ~ is the total number of primary 
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sampling units (PSU's) in the h-th stratum; M is the -hI. total 

number secondary sampling units in the t-th PSU of the h-th 
Nh 

stratum and let '\ =E Mhl :Denote total number of SSU's in 
to=! 

the population by M and w~ight for h-th stratum by Mh I M. Let 

the PSU's are selected with simple random sampling with 

replacement, and let fl
ht 

denote the probability of selecting 

t-th PSU from the h-th stratum. Similarly, let nh~ be the 

probability of selecting k-th SSU from t-th PSU of h-th 

stratum. 

Define 

= 1, if. k-th SSU from t-th PSU of h-th stratum falls in 

i-th category. 

= 0, otherwise. 

= 1, if, k-th SSU from t-th PSU falls in the h-th 

stratum. 

= 0 otherwise. 

Again, let M denote the number of SSU's selected from t-th PSU 
ht. 

of h-th stratum and ~ be the number of PSU's selected from the 

h-th stratum. The estimate of total units in the t-th PSU of 

h-th stratum in the i-th category can be given as 

where 

Z = 
i. ht" 

1 Ehl Y" htk 

ffihL Ie=! nhlJc 

k = 1 2 ---- m 
" 'ht 

h = 1,2,--'--, L 

t = 1,2,----, n h 

The estimate of total number of units in the t-th PSU of h-th 

stratum is given as 
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let Ziht= 

~t 

:lih 

z . 
... 

zh 

z 

;;:; 

= 

1 

m 
ht 

A 

Zi. h1 

'\ n 
...J1t 
z 

h1 

'\ flht 

1 n
h -E n

h t=i 

L 

= E 
h=i 

1 n 

= -t 
On t=i 

L 

= E ~Zh 
h=.f. 

zi.ht 

2M 

x 
htk 

So, the combined ratio estimator is given by 

-Z 
i A 

;;:; (;J (say) - (5.4) 
z 

Now, as we know its mean square error can be given as 

MSE (e) 

= 

= where E(z) :=: Z 

2 

[ 
Z 

i. Z i e (2 Z) ] [' •. e Z = I. J ... = E 



= 1 [ V( z. ) + 8 2 V(i) ] - 2 8 Cov(z, ,z) - (5.'5) .z:. \. \. 

50, the estimate of mean square error is written as 

~ 
"""2 l{ [ ~:, z, 

...... ...... 1 1. L 
M5E (8 ) 2 2 :;;;; 

~zi. + E shz -z n
h """2 n

h z Z h""~ 

z 'wi 

1 
\. L h 

2-_-E 
nh 

Sihzz i. z h;;2. 

- (5.6) 

Where, 
1 I!' 2 - 2 

Shz = (Zht - ~) n -1 
f l=1 n 

2 i' (Zi.hl-
- 2 

Shzi. = Zih) n -1 
h l=1 
1 n 

shzzi = t' (zihl zih) (z - ~) n -1 hl h h=1 

5.4 ESTIMATOR OF MEAN SQUARE DUE TO POST-STRATIFIED WEIGHTING : 

We can get an estimator of mean square error due to 

post-stratification weighting by considering the stratification 

according to various catagories and replacing Yiht.k in equation 

(5.6) by (Yi.nt.k - Z. ) 
\. 

(William, 1960) • We get 

1 [L 
,,~ t? '" A- i L h 

2 2 MSE (8 ) = 5hbi. + --E 5
hz p -2 n

h ? h;;1 n
h Z 

2 b. 
L '{ ] l. 

-_-E sh:tbi - ('5.7) n z h=1 n 

where, 

V'-ht.k - z. 
...... 1 

~t. 
\. 

S'h = n
htk 

\. t. m
ht k=1 
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= 
L 

b. == E Whbi.h ~ 

h= 
1 n 

2 E' (bi-ht. b )2 shbi. = -n ih 
Tl-.t t=1 

1 n 
s . = Eh (b

iht - b
ih

) (zi.ht- zi.h) hzb\ n -1 
h t=! 

5.5 POST-STRATIFIED ESTIMATOR OF PARAMETERS: 

Consider the case of stratified t~o-stage sampling. Let 

e an~ e be two independent sets of subscripts. For ey.~mple, if 
1 2 

in a survey four characteristics of a sampling unit are measured 

and their levels are denoted by i.j,m,l then 8
1 

= {i,j}; and 8 
2 

= {m,l}. Suppose we have information for the combination of 

variables associated with the subscript in e 
2 

by their 

projection from a previous survey. Here, each subscript is 

varying between one to the number of categories of the 

corresponding variables. Define the variable y for 
82811htk) 

the 

k-th sample element in the t-th first stage unit of the h-th 

stratum as one if element belongs to e-th category ~nd 
1. 

group and is zero, otherwise. Similary e x k is equal 2 ht to 

e -th 
2 

one 

if «hlk)-th element falls in e -category and is Zero, otherWise, 
2 

weight attached to (htk)th element is denoted by 

estimate of total count in e -th category is given by 
1 
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A ..... 
A 

(€I tote I Ne €IN Net 
::: E ) 

£12 
2 1 2 2 

where .... l f Whtk j N :;:;; E E €I Ye (hl.k> B £12 e1 EE €I €I (hI.> (say) h I. 2 t 2 1 
h 1 

.'" 

~ [ ] N = E E While x = E t €I Bh (say) €I €I ht.lc 
2 h .Ie 2 h t 2 t 

Now, the proportion for the €I -th category is given by t .... 
.... Net 

p = .... 
e1 N 

A ..... 
where Nel = E 82

Ne1 e2 

..... 
and N = 

r. 

t Ne 
e1 1 

- (5.8) 

similarly. Unadjusted estimate of proportion is given by 

N* 
el 

= - (5.9) 
N* 

where E t:r and N* = 
£12 £12 el 

= 

..... 
where N is Horvitz-Thompson estimator tEE Whlk Ye1 (ht.le). 

h t. .Ie 

The estimated variance-Cov.ariance of the above estimator was 

given by t.he help of the following equations. Con$ider that the 

first stage units are assumed to be sampled with replacement 

within strata, then it is well known that 

A ..... ..... L 
n

h 
n

h 

( Bel ( ht) Cov (Ne1 ' 
N ' ) = E E el n

h 
-1 

h=1 1=1 

-(5.10) 

where 
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Now, with the help of the paper by William (1960). The estimated 
A ..... 

covariance of post-stratified estimator N ,and N ' is simply at at 
O btained by changing Y to Y - 'r' ( N..... / N .... ) 

8tChlk> 81(htk> ~2 82 a. e2 

so 

= 

Cov (Net' Ne;)= 
t 

A ..... 

8e1(h1> - Ee2 (ezNatl a2N ) 92 Bht 

L 

E 
h=t 

n -1 
h 

E 

= (Z -8tht 

..... ..... 
where = Beuht> - Ee2{8zN at/ a2N }a2 Bht 

And 

z 
eth = E 

t 
Z /n 
etnt h 

) 

The estimated variance is obtained by putting e .. ':8
1

' .The 
..... 

estimate pis the ratio of two post-stratified estimates 
L 

..... ..... 
hence 

estimated covariance of Pel and P8; is obtained by changing 

where y 
+(htk) = t 

i. 

..... ...... 
Y to Y = [ etchtk) 8.Chtk) V - E ( N I N) 

81chtk) 82 8z 81 8z 

y 
+(hllc> - 1: ( 82 Netl e)~ ) e2 \'tk ] 

Y i.e. Be is replaced by 
et(htk>, .Uhf.> 

t'" W Y = [B - P B ] 
'"' htk 81(htk> euht) i. cht> 
k 

A A A A 

Ee2 (eZBht 192
N ) (e2 Nel -Pi.8zN) which leads to 

following equation 
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A 

where ~ 
e~et 

replacements. 

is the equation obt.ined through the above 

5.6 COMPARISON OF VARIANCE ESTIMATION TEC~ NIQUES FOR COMPLEX 

SURVEYS FOR COMBINED RATIO ESTIMATOR : 

Many large scale surveys now involve largQ numbmr of strata 

with relatively few primary sampling units (PSU's) selected with 

in each stratum. In recent years, problems of statistical 

inference based on the data from such stratified cluster samples 

have received considerable attention. In particular, four 

general methods of estimating the variance of non-linear 

statistics, such as ratio or proportions have been ~dvanced· 

These are : Taylor expansion or linearization, the Jackknife 

procedure, balanced repeated replication CBRR) and bootstrap 

tech[nique. Now, the asymptotic theory for all the above methods 

will be discussed under the following regularity conditions. 

(1) which allows L to be 

either bounded or unbounded. If the stratum sizes 

are bounded i.e. max n =0 (1) which reflects our 
h 

intention to focus on surveys with large number of 

strata with relatively few PSU's selected with in each 

stratum, the above condition is equivalent to maxhW
h
= 
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(2) 

0(n - 1 ) Th t ese wo conditions roughly say that the 

allocation of sample across strata should not be 

disproportionately small relative to the stratum weights. 

Second condition is satistifed only if o 

and nIL = 0 (1), that is, if no stratum is of 

disproportionate size and average sample size per stratum 

is bounded above. 

E w S = 
h hjk 

o (1)l' where 

This condition means that the weighted avarage of with:in 

stratum covariances is bounded. This, together with the 

regularity condition (1 ) 

-1 =O(n ), elements y.-Y.are 
J J 

impl ~ that Var (y 
J 

of order not greater 

n-0
.

5 in probability which is denoted by 0p (n-O
.

5
) 

..... 

Y. ) 
J 

than 

(3) E(e) = 0(1) 

(4) - - Ci -3 
E(y. - Y.) = O(n ), 

J J 

(5) 
IJ 

There exists a closed bounded neighbqfhood B of y. 
J 

such 

that all third derivatives are contin~ous and bounded in 

B. The condition (4) is satisfied if, (1) holds and 

weighted average of within-stratum moments (sixth order 

and lower) is bounded 

consider 
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Z. 
A ~ .... 
Pi.c = = e (say) 

:z 

L 
. m

h 

where z. = E zih \. 
h=i M 

L '\. 1 n 
= E Eh 

Zi hi 
h=i M 

n
h t.=i 

.... 
L '\. 1 

~ 
Zihl. 

= E M n
h Mhnht. h=i t.=i 

.".. 

L 1 1 n
h 

Zi. hIe 

= E E 
h=i M 

n
h t.=i nht. 

So, 

E (z. ) ;: E [ E (i It)l 
\. i 2 \. J 

= 
L 1 en Zi ht. 

} E E - If' 
nht. h=i ~ i \ t=i 

L ' ih i 

E = = P. = Z. (say) 
h=i M M \. \. 

= 

Similarly, 
L 

z = E W
h ~ 

h=i 
m 

1 L h n 
E 

h = E zht. M n 
h=i t=i A 

L Mh 1 

En 
Zhf. 

= E M n
h '\ n ht h=i t=i 

Zht 

E,{ t 1 1 ~ } so E(z) = E [E ~Z/t)] = 
i n

h nh1, 
Mh 

M t.=! 

L 
:; E :; 1 = Z (say) 

M 
h=i 

Now various variance-covariance estimators of complex survey 

were developed and compared for the categorical data analysis. 
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Let e :;:;: 
Z 

i 

z 
or e = z. 

~ 

(1) Jackknifed Estimator 

1 n 
il'=~€l't and .. ,here, 

n 
hl.=1 

: Let (Jhl = 

~l ...... e =n e-(n 
h h 

-hl 
Z. 
~ 

-hl 
Z 

?,t 
\. 

= ?,t 
~t 

1)e wh:ere, 
-'hI. 
Z. 

~ 

is the unbiased estimator of Z. from the sample after omitting 
~ 

t-th selected PSU from the h-th stratum. Similarly, -'ht . 
Z ~s an 

unbiased estimator of Z after omitting t-th PSU from the h-th 

stratum. t = 1 2 -- N • " '-r.' 
e>!press 

?",t. = 
. i. 

iht. = 

where, 

-'hI. 
z. 
~ 

E W . = 
h'~ 

h 

We can also 

zih + W
h 

(n
h zi.h- Zihl.)/ (n

h 
-1) 

= E W
h 

:c: Wh zi.h + W
h (nhz

ih
- Zihl>/ (n

h 
-1) 

ih 
h 

[ -1 
"h ] 

W
h ziht. 

= E W
h 

z + + W
h zih ih n

h
_

1 
n 

h h-1 

= E W
h zih +'\ (z - i"ihl. )/ (n

h 
-1) 

i.h 
h 

= z. + W (zih- Z iht. ) / (nh -1) -(5.11) 
\. h 

Similarly we can write 

-'ht + Wh 
(z zM) / (nh 

-1) (5.12) Z = Z -h 
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Jane (1974) proposed the following estimator 

.... C1> .... ::::h 
9

j 
= (n+l-L) 9 - E (n

h 
-1)9 -(5.13) 

Two other Jackknife estimators can be constructed with the help 

of the "pseudo-Valus" ~l as 

9 (2) 

j 
= .! 

n E E 
""ht e 

1 
L 

.... (3) 

9. 
J = 

,Assume that L~ 

Bias 

where 

Now 

so 

= 

(9. ) 
J 

A 

S. 
J 

eli.) 
j 

A 

= 

-

h l 

L 1 n iff. E -I!' n 
h=1 h l=l 

2 

A 

= Bias (9) -

.... "'" = 9 - e 
j 

... "s'" (i.> 9 -
j 

A 

A 

E (B. ) 
J 

Ah 
9 Fll) 9 (n+1+L) ~ + E (n -1) 

J h h 

L A 

-1)~ = E (l-n
h

) 9 +1: (n
h 

h=l h 

L (8h = E (n
h 

-1) - $) 
h=l 

Similarly, we can find 
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-(5.16) 

-(5.17) 
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A 

Now under the asymptotic frame work, by linearizing e we get 

Z. 
1 

Z. 
..... t L 

e = e - (z -Z) --+ (i. Z .)+ (z _ 1)2 

r z \. 1. r 
1 

( Z. 
Z2 1. 

-Z.> (2 - Z) 
1. 

-(5.19) 

Now, by neglecting higher order terms we get 

1 2Z. 
t 

z ) + (z. - Z.) (z-Z) 
l 1. 

So, the estimated linearized variance can be written as 
-z 

1 [ 
Z. 

L ..... 1. 

V (e) = 1: L -2 -2 
z z h=i. 

where 1 
2 

S hz = n -1 
hi 

2 
5 hzi. = 

n -1 
h 

1 

shzzi = 
n -1 

h 

Let = Ziht 

so from (5.21) we have 

1 
En "'2 e

hl n -1 
h t =1 

2 2 

W
h L 

Wh 
2 2 

Shz +E --5 
n

h 0h hzi h=1 

Z. ~ 1 1. L 

- 2 E --s 
Z h=1 

n
h 

hzzi. 

n 
Eh - - 2 (z - z ) 

hl h 
1.=1 
n 

r!' (Ziht- Zih) 
2 

t=1 

En ( zi.nt -
1.=1 

2 = shzi. + 

z. 
~ 

2 

-z 
. z. 

L 

-z 
z 

Zih) 

~ 

(2 -
hl 

(z - Zh) 
hI. 

2 2 5 hz -

so, equation (5.20) reduces to 

ll-
l- L h 

(e) -1: 20A 
v = 5 eoh 

L f h=l 
n

h 
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-(5.20) 

Zh) 

-(5.21) 

z . 
l. 

5 hz2i 
Z 

-(5.22) 



where 

(~ -1) 2 ... 
Seh = 

1.=1 

Again by expanding "if1. to get the variances of Jackk.nife 
we get -hl 

2. 

~l_ 
\ 

-ht estimator 2 

2. 2. 
1 \ \ 

-hi. 
z) -hI. (z - + -- (z. - z. ) -2 \ \ Z 2 Z 

-
+ Z. 

-hI. 
1 

\ - -hI. - -hi.-
Z -2 - ( 2 -z.) (2 - z) 

-3 - (2) \ Z Z 

From equation (5.11) we get 

W Z. h \ A 

n -1 -2 h Z 

= 8 + 

W2 
Z. h \ 

+ 2 ""3 (n
h 
-1) z 

Wh 
(Zh - z ) + -

hI. n-1 
h 

(Zh 
2 

-z 
ht. 

1 

z 

(nh-l) 

1 

2 """2 
(z -

ih 
z. ) \nt Z 

( zh - Zht) + Op (n- 3 
) -(5.23) 

Now, we have the following Jackknife variance estimators. 
n h 

-1 
A L 

~ (eht _ eh )2 (1) 
v. (8 ) = E -(5.24) 

J n 
h=1 n -1 t=1 

A L h i' (~t_ e)2 (2) 
(8) E -(5.25) v. = 

J "h=1 
nh t=! n -1 

[ 9" -
1 r V~3)($) 

L h 

~ 
L 

~ ~t = E - E -(5.26) 
J nh " h=.l t.=1 h=1 t=1 

" -1 

[ 1 r A L h 
~ "'ht L en (4) 

v. (8) = E 8 - - E -(5.27) 
J "h L 

h=l 1.=1 h=l 
A L 1 "A '" (!5) t (8ht _ 8(2»2 v. (e) = E "(n -1) 

-(5.28) 
J h=1 h h 1 1.=1 

A L rr (eht _ 9(3')2 (CS) 

v. (e) = E (n
h 

-1) -(5.29) 
J h=1 

n
h t=1 

is 
(2) A 

The most commonly used estimator v. (8)which can also be 
J 
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written as 

(2) 
V. 

J 
(9) 

L 

= E 
h=1 

Since we know that 

~l 
.... 

= ~ 9 -

or [lot. = 

or 

1 
(~l_ -(5.30) 

....ht. 
(n

h 
-1) 9 

.... "'ht. 
n

h 
9 - 9 

n
h 

- 1 

= 

Now, calculating the variance of Jackknife esti~ator we have from 

(5.23) as 

- 2 

- 2 

+ 2 

+ 

--z z. 
I. 

--z z. 
I. 

z. 
1. 

2z. 
1. 

-4 
Z 

2 

-a z 

z. 
~ 

-a 
z· 

2 
Z·h ) 

I. t 

[ :h -1]2 ~ 
h z 

(Zh - 2 ) + Op (n-
4

) 
hl 

So, the variance of the Jackknife estimator is written as 
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n -1 

V~2)(e) 
L h t (eM _ e)2 = E J n 
h=1 h 1.~1 

-2 w2 w2 

~ Z. Z, 
" L h 1 L h \ L 

= E 
2 + E 

2 
- 2 -E - ~ -" n

h 
5

hz -z n
h 

5
hzi -s n zzi Z h=1 Z "'=1 Z "'=1'" 

L ~ 1 
~ [~ E (2 -

- 2 
(Zihl- Zih) nh(nh 

-1) n -1 -" hI. Zh) 
h=1 h 1.=1 Z 

-2 
2z. 

2 \ 

( Zht 
- 3 

(2 - (ziM-
- 2 - Z", ) zh) zih) -2 -s hI. z Z 

22 

1 
i, 

- 2 + ( Zhl - Zh) (2 - :i\ h) -4- i hI. Z 

...... L ~ 1 

~ (e) E 1",1. 
-3 

-(5.31) v 
n",(n h-1) CI,.,t. + Op ( n ) L 

h=1 (n
h
-1) 1.=1 

where '" 
1 [ 1 

e z. hI. 
1M " (Zhl 2

h
) -(5.32) = Ziht - 2 - - = ih 

Z Z Z 

2 
[ z~ ] ( Zht 

- 2 
(2

M 
- z,.,) (Z.,., - Zi.h) '\,t = - z,.,) -

-2 " t 2 

2 

~I. ] '\1. = [ (2 - Z ) -(5.33) 
-2 hi. h 
2 

The equation (5.31) c:an be further written as 

~ 
A 

A ..... L 1 
~ 

e
ht 

(2) 
v, (e) == v (e) E J L 

h=1 
n

h
(n

h
-1) (n

h
-1) 

1.=1 z 

* [ 2 

;;h' 1 - -- (z - zh) -2 ht Z 

A L ~ 1 2 
~ '""'2 = v (e) + E e,.,t. (z - zh) 

L n,.,(n,.,-1) (n
h
-1) -2 hI. 

h=1 Z 1.=1 
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A 

= v (8) + 
L 

where 

Further, 

2 ..... 
1.1. (8) = 

J 

where 

2 

2 
5 

ezh 

L 

E 
h=1 

~ 
t=1 

- 2 
(e - e) 

ht 

-2 !5 
S 2 h + Op (n . ) 

e z 

(Z - Zh) 
ht 

-(5.34) 

-(5.35) 

Now an attempt will be made to study the asymptotic relations of 

(i.) F' t V.. l.rs 
J 

From 
t=1 

We have from (5.23) as 

1 
(;h = n

h 

Hence, 

So 

Similarly 

~ 

C3} 
V. 

J 

(4) 
V. 

J 

t.=1 

= 

= 

W2 

h 
(;ht = e + n

h 
(n

h 
-1) 

~ 1 

"'"'2 
Z 

A -2 
8 + Op (n ) 

= 

= v ~1) + Op ( n - 3 ) 
J 

U} -3 
V. + Op (n ) 

J 

(1) -3 
V. + Op (n ) 

J 
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Z. 
1. 

2 

-3 
5

hz 
Z 

-3 
Sh . + Op (n ) 

ZZl. 

-(5.36) 

-(5.37) 

-(5.38} 

-(5.39) 

-(5.40) 



Now for any 

'" A' .... 

e = e - B 
... 

Define Vj as an estimator of v~2)in equation 
.... 

(5.30) with e 

'" replaced by e we get 

V. 
J 

= V~2) + 2B E (e - eh
) + fj2 E (n

h 
_1)-t 

h h 

because 

= E 
h=1 

== V~2> + 
J 

.... 
2B 

From (5.37) 

"" V(2) + v. == 
J j 

L 

E 
h=:l 

we have 

Dp (n- 3
) 

This imply that 

<~) 
v. 

J 

(6) 
v 

j 

(2) + == V. 
J 

(2) 
+ == V. 

J 

(2) B R R Estimators of e : 

-(5.41) 

Op (n- 3
) -(5.42) 

Op (n- 3
) -(5.43) 

is 

Me earthy (1966, 1969) proposed the B R R 

method when n
h 

= 2 for all h, based on a number of half-samples 

formed by deleting one P S U from the sample in each stratum. 

The set at R- balanced half -samples used may be defined by an R 

>! L design matrix (6hll ~ r ~ Rand 1 ~ h ~ L, where 6h
r 

is + 1 

or -1 depending upon whether the first or second sample P S U in 
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the h-th stratum is in the r-th half-sample and E 6hr= 0 for all 
l' 

h*h'. Define 

Similarly, 

where 
So, 

so if 

then 

where 

(1'> 

zih 

A zh 

..... cr) 

(1') 

zih 

( r) 

zh 

(1') 

zi.h 

= zih.t if 61' 
h 

= zi.h2 if 61' 

h 

if or = ..,. 
-hl h 

= ~2 if 61' 

h 

= ;i.h + o~ (A Z i h) 

1 
= '2 (Ziht- 2 ih2 ) 

Ziht + Zih2 

= 
2 

= 1 

= -1 

= 1 

= -1 

(1') l' 
= 1, zih = Z and; f 6 =-1 ih.t ... h 

= Z 
ih2 • 

Similarly we can define tor 

( r-> + of' (A Z ) zh = zh h h 

1 
= - (z - zh2 ) 

2 
hl 

-(1') 
Let Z, = M Z, 

I. I. 
L L 

( 1'> 

zh 

where 
-tf') 

E W
h 

z, ::: 
\. { ~h } (1') 

=}: W
h 

+ 61' (l:a zih) zit ... h 
h=s. h=s. 

L L 

= E '\ zih +E W 0" A 2ih n h 
h=t h=l 

L 

= T' Wf/J:,. 
Z, +" h h 2i.h 

\. h=l 

Similarly we can find out 

The one B R R estimator of e is given as 
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as 

-(5.44) 

-(5.45) 



'" 8 = B 

where [ir) = 

1 R 

- E 
R.i= i. 

-('r) 
Z 

i 

-( r) 
Z 

~r) 

By expanding [ir) we have 

(lr> = 8 -

Z. 
\. 

Z 

(
-z(r_>-Z) 1 -(r) - \. -(r) - 2 

+ = (z - Z.) + (z - Z) 
Z \. Z3 

1 
-( r) < > 

- -- (z - Z,) (z r - Z) 
Z2 i. • 

Assuming the regularity conditions 

Cov 

L 

-(5.46) 

-(5.47) 

1 = E ~ 5 = 0 (n -i.) -(5.48) 
hzzi. 

2 h=1 

where S = E [ (z - Zi.h) ( Zht - Zh) ] hzzi. i.ht 

Firstly with the help of (5.19) we can write 

A A 

B{8) = E (8 ) -8 

Z. 1 1. 

= E (z - Z}2 - --E(z. - z. ) (z - Z) 
r r l. 

\. 

= 
Z. 1 \. L L - -

--EE ~ (zh 
_ Z )2 --E W2 

E (2 - Zih) (Zh - Zh) 
:3 h r h=i. 

h i.h 
Z h=J. 

Z. L ~ 1 L W2 -(5.49) 
_" E SZ - -1: h 

Sh . 
-3 n

h 
hz -2 n

h 
zz\. 

Z h=1 Z h=1 
= 

Now, with the help of (35) and (37) we under assumption (4) we get 

B (ee r) = E (ee r» - 8 

= 29 (e) + 0 (n-
2

) -(5.50) 

This immediately suggests a bias reducing BRR estimator 
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A ..... A A A ..... e = 8 (6 6) = 26 e B B E) 
-(5.51) 

A -2 With B (e ) = Otn ) 
D 

'" The stability of 8 can be fUrther improved by using B 

e- 1 R 
(e<r>_ e(r» = E B 2R e r=l 

-(5.52) 

A A( ) 

in the place of e in (5.51), where e is based on cOi.)pleQent of 
B c 

r-th sample. 

For n h = 2 the BRR variance esti~~tor~ are given by 

(:1> A 

!..~ <e(r>_ e)2= 1J v (8 ) = -(5.53) 
D 

1R R 
BRR-H 

(2) A (e(r>_ e<r»2 v (8) = E = v -(5.54) 
B rR c ElRn-1) r=l 

v(3)(e) 
R 

[ (e(r>_ e)2 + (e,r)_ e)2 ] = E -(5.55) 
B 2R c r=l 

1 =v = - (v + V 
BRR-S 2 BRR-H J;lRR-C 

.1\.( t> 
where, e is the estimator based on the complement of the r-th 

"c lR A A 

hal f-sample and 1J = R- E (e( r > - e) 2 
BRR-C c 

r=1 

To compare BRR-Variance estimators we g~t general smooth 

functions g(.) than (5.47) by noting from (5.44) and (5.45) that 

and 

Also, let 

and 

L 

z. + E 
1-

h=l 

-( r) -
(z. - z. =t:. 

L 1. 

-C r) 
Z 

i 

-Cr> -(z - z) = Ii z 

With the help of above equations we get 

;;<r> = 

-(r> 
Z. 

L 

z 

A 

= e 
z. 

1-
-Cr) 

A z 
-2 
Z 
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'ilr ) 
A 

e = -
z, 

1. 

-z 
Z 

2, 
1. 

-" 2 

~ 

2, 
1. 1 

+ [ ~ ~r)f ~ 
-(r) 
Z -g 

~ Z z 

1 [ - 6z, 
I. 

+ (~ iC r) )3 + 
31 

-4-
Z 

+ (~ iCr) )2 (A ;~r» + (~ ;<r»2 
1. 

z, 

+! 
I. - ( r) 

~ 
-(r) 

[~ "i'r>f-Z z, +--
1. -g 

Z Z 

1 

Hence, noting that A 
-U-) -(r) 
2 =- ~ z and ~ 

c 

write from equation (5.57) as 

But from equation (5.54) we know that 
1 R 

V = - E (e cr >_ e(r» 
8RR-D 4R r=1 c 

R 1 

~ 
-(r) 
Z, 

1. 

; {(~ i c r > } 2 (~Z~ r ) ) 
1. 

(..6 ~'r> )} 1 
1 
-..6 
-z 
Z 

-{ r> ~ -Cr) 
z z, 

1. 

-(5.57) 

-(r) 
Z we 

ie 
can 

1 = R E (~ icr»2 (~ 
-(1'»2 

+ z, 
1'=1 

+ 

22 
i. 

--~ 
'""(1') 

~ 
-cr> 

z Z, 
-g 't. 
2 

Z, 
1. 

-s z 
Z, 

1. 

-4-
(A i(I'»9 (~ 

Z 

1 
(..6 i( r»2 (~ 

-4 
Z 

+ Op (n-2
.

5
) 
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-:2 1. 
Z 

-z 
2, 

I. 

+ 
-6 

(~ icr>r' 

Z 

-c r) 
Z, ) 

1. 

-( 1') )2 ] Z, 
1. 

-(5.58) 



With the help of equation (5.20) we can rewrite this equation as 

tollows 

where 

}) 
BRR-D 

B 

= 

= 

1 = 
R 

v 
L 

R 

I: 
1"=1 

.. 
'<'. 

t 

-:; 
2 

A 

(n -2) (e) + Op 

[ 
-2 

Z. 
~ 

(A i(1"»· 
-6 
Z 

Z. 
1-

(A 
;( 1") )3 (A 

-(1") 
(A ;'r»3 Z. ) --

1- -4-
Z 

1 
(t. z''')' (A Z-"')' ] $ (A ;~ 1"» + 

\. -4-
Z 

= Op (n-
2

) 

Similarly we can find 

C1} 
V 

B 
(8 ) = 

1 R 
}) =R-I: BRR-H 

r=1 

with the help of equation (5.47) we have 

where 

( 1) 
V 

B 

A 

(e) 
A Op (n-2 .!:i) = v (e) + A + B + C + 

L 

V ( e) + Op ( n -1. 5 ) 
L 

-z 2z. 
\. 

-(5.59) 

-(5.60) 

-(S.b!) 

1 R 

A=RI: [ - 22. 
1. C ) 2 -( 1") 

(A;1") (Az. ) 
1. 

+ 2 

C = 

r=1 

2. 
\. 

1 

4R 

R 

I: 
1"=1 

-z ( 1") )2 - ( 1" ) (A (A 2. ) 
1. 

[ 
4? 

i. ;(1"»" 
(A 

-6 
z 

4 
(A 

-( r) + Z. ) -. 1- Z 
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-5 
2 

(A ;;:" »' (A ;; r.,. ] -(5.63) 



Finally, 

v = 1 

2 
(v + v ) 

BRR-S BRR-H DRR-C 

= v + B.+ C + Op (n-2
.

5
) 

L 

= V + C + Op (n -2.:5) 
BRR-D 

-2 = l) + Op (n ) 
L 

-(5.64) 

A 

(". v = v (B) - A + B + C + Op (n -2 ) ] 
BRR-C L 

To study the bias behaviour of BRR Variance ~5timotors, we need 

the f0110wing results, the proofs of which are given below: 

-(5.b5) 

Proof : As we know that 
-z 2z. 

[ 
-2z. 

1 1 
R 1. \. 

-(I') 

A = E {ll ;(1'»3 + (ll z( 1'»2 (.6. z. ) 
-5 -. \. 

R 1'=1 Z Z 

z. 2 J 1. 

+ 2 (A ;' 1') )2 (A 
-( r) (A ,%(1'» (A i{ r) )2 
Z. ) 

-4 l. -a 1. 

z Z 
-z z. z. 1 1. 1. 

Now, as we know that if we expand---- , ? z· , and about 

r. Z. 
1. 1. 1 

, -- and - respectively and take expectation, th2n rest of 
~ 14 24 

the terms reduce to zero and A becomes 

1 
E (A) = 

R 

Z 
\. 

R [ -E 
1'=1 

{-

Zr 
\. 

----- E (A ;(1'»3 + 
4Zi. 

-E 
24 

2 
E It> :Zlr» It> :Z:")2 ] , (A ;~ r) } -

1. 1.4 

bZ. 
I. 2 

(2 Z) + (2. - Z.) 
I. 1. 
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2 
+ 

2 
(z - Z) + - (z 

r 
2 2 

-6Z 
t 

+ -- (z. - z r 1. ;, 
+ - (z - Z) + 

r 

prove that 

E (A i' 1') )3 = 
and 

E [( i - z) + (Zi - Ii) ] [( ~;' r> ) 3 + 

+ (A£r» (A~r»2 ] = 0 

Therefore, 

-( IA) 

-(IB) 

W
h 

Wh,W
h

" (}: 6~ 6~,6~,.) (.6zh ) (.6Zh,)(.62
h
,,) 

r 

The expectation of second and third terms are 

zero because of independence in stratas. Now we have to prove only 

that 

Now as we know that 

and 

so .6 

.6z 
h 

d;, ht 

= 

= 
Z . -

h 

= 

= 

( Ziht - 2
ih

) 

1 
~ '2 (dht- -

1 
(d

hi 
- d ) 

2 h2 

d"2 - lh) 
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Similarly, we get b. Zih 

It follows from the above 

E (A ~)3 = ~ E (d
h1 

- d
h2

)3 

so E . (d 3 - d 3) = 0 
h1 t,2 

since different stratar are independent of each other. 

Similarly we can prove that 

E (A i'1'»2 (A z~1'» = E (A i<1'» (A i'1'»2 = 0 
For the second t~rm (18) consider \ 

1 
-Z(1'»3 [ 

,Zh) (A = 16 E (dh1 + ~2 )(cl,.,.1 

and E [ ( zh - Z ) A Z 
, h' "'1 

= -4
1 

E [( d + d ) ( d 
h'1 "'2 h'l 

- d )3] = 0 
h2 

- d ) ] = 0 
h2 

Similarly because of independence of defferent strata other terms 

are equal to zero. Putting all the results in E(A) we get 

(II) Now, 

E [ 

-3 
E (A) = O(n ) 

we have to prove 

1 R 

1 RE (b. ;< l' > )" 

1'=1 

that 

= 3 [L 
= D 

zzzz 

~ r + 0 SZhz (n- 3
) 

2 

-(5.66) 

Proof: We can prove it from the independence in different 

strata and E (A Z )=0 
h 

equation (5.66)is equal to 

~ (b. 2,,>" + 3 E E v{ E 
h 

[ ~* h' 

= 0(n-3
) + 3 E ~z h::;;1 2 

= D + 0(n-3
) 

zzzz 

the left hand side of the 

~.{ E(AZ h )' E(b. Zh' ) 
2 } 

r 
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Similarly, we can prove the following terms 

E [ 1 R (1l;cr»3 (ll;~ I' ) ) 

1 
+ 0(n- 3 ) RE = D 

1. Z2ZZ. r=.t 1. 

[ 1 R 

1 
E E (llz' r> ) 2 (ll -, r) )2 -3 

R 2. = 0 + O(n ) 
1. zzz.z. r=.t 1. l-

and 

[ 1 
R 

(Az"')(Ai;")' 1 E E = D + 0(n- 9
) R ZZ,z.z. r=.t 1. 1. \. 

From the equation (5.65)and (5.66) and under regularity 

conditions from (5.58) we have the bias of v as 
BRR-D 

-2 
2Z, Z, 

1- l. 

B ( VSRR- D) = B(v ) + D 0 
L -6 ZZZZ ZS zzzz. 

Zl 1. 

0 + 0(n- 9
) -(5.67) 

Z-4. ZZlj: ~ 
1- \. 

Where IJf ~ [ ~:. h 

1 [L ] D = 3 ~z \Z2, zzzz. 
1 2 1. l 

[L 
W

2 

] [L 
W

2 

] h h 
D = 52 52 

Z:I!2 i.z i 2 
hz 

2 
hz. 

1. 

[t 
L{ r + 2 €. 

2 
hzz. 

1. 

[t 
l{ 

] [L ~ ] D = 3 
\ZZ. 

r;f 
ZZ,Z.Z, 

2 2 
hz. 

\. \. \, 1. \, 

Again from (5.61) we have 
1 R n 2 Z. 

- (r) (Aic r» 4._ L z'r» 3 (A B(v ) = B(vBRR1D +- E (A z. ) 
BRR-H 

R r=.t Z6 r 1. 

1 
o (n -3) + (A 'Zcr»2 (A z~r) }2+ 

-(5.68) Z" 1. 

In addition from 5.61 we have 
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B(v 
BRR-S 

•.• V 
BRR-C 

= B ( v ) + 0 ( n -3 ) 
BRR-H 

..... 
= v (6) - A + B + C + Op(n-2

) 
L 

But we can write (5.68) as 

B (I) 
BRR-H 

which imply 

= B (I) ) + 1 
BRR-D R 

R 

E 
r= 1 

B (v ) = (v ) > 8 (I) ) • 
BRR-S BRR-H BRR-D 

Bias 01 BRR Variance Estimators : 

-(5.69) 

The bias of BRR variance estimators was found for n
h 

= 2. 

From equation (5.58) v can be written 

V = 
BRR-D 

where 

-z 
z. 

~ -. Z 

:;; 

= 

BRR-D 

L 
W2 

h 

t 
2 + s 
hz 

h=1 2 

2- z L W
h i. 

t -3 
Z h=1 2 

2 
1 

R 

+ t (ll z· R r=~ .... 
:;; v (6) + 

L z· 
L 

t 
h=1 

W
h 

6 r II 
h 

e
h 

L 

E 
h=1 

W
h 

6 cr> 
h 

llz 
h 

= e 
h1 

- e
h2 

= 2M - ~2. 

Similarly, from (5.61) we have 

v 
BRR-H = V 

L 

..... 
(6) -

2 1 R 

E 
R r=1 

1 

-2 
Z 

L 

E 
h=1 

Sh:l:z, 
1. 

r=1 
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h 

2 

as 

2 
s 
hz. 

~ 

(5.70) 



3 1 R 

+ E (ll.fir»2 (ll. z<r-»2 + Op (n -2. 5) 

r=1 
-4 
Z . R 

-( S. 71) 

A 3 1 R 

V = v (e) + E (ll.i;c r»2 (ll.i(r>}2+0p(n- 2 . 5 ) -(5.72) 
BRR-S L Z4 

Let 

a = 

b = 

c = 

Hence, 

WZ 
1 L h 

-E r h=1 
2 n 
h 

1 [L z· 
1 [L Z4 

ff = zh 

ff 
eh = 

5 = ezh 

R r=1 

ft2 
ezh 

WZ 
h 

n
h 

~ 
n

h 

E (zhl 

E (eM 

E ( Zht 

2 

S 
xh 

5 
ezh 

- Zh) 

_ ~)2 

- Z ) 
h 

52 = E (eM _ E )2 
& zh h 

Eh = E (e )= 
ht 

0 

Now, we try to prove that 

(e
ht 

- E)..) 

( Zht - Zh) 

E [ ~ I: (ll. ii' r) ) 2 (ll. i( r) ) 2] = 
r=1 

1 
-9 b-2c:+0(n ) 

Proof : From the R.H.S. of (5.76) we have 

1 [L ~ ] [ ~ 
~h ] Z4 E -ff E n

h h=1 nh zh h 

2 [L 
'{ r 5 + 0(n- 9

) 

Z4 n
h 

&zh 

= b - 2c + 0 (n-9 ) 

since we have 

[ 
Z. ] I. 

e
h 

= Z - Z (Zh - Z ) 
ih ih h 

Z 
L 

ll. 
,r) 

E W f/ ll. e = e
h n h 
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so L H S of (5.7b) multiplied by 14 gives 

1 R 

- E 
R r=j 

2E [E W~ 2 
AZh Aeh _AZ

h
, 1 + Wh,Aeh 

h*h' 

[~ 
l\ ) [~ ~ ~ ) +2 [/~ r = ~h S 0(n- 9

) 

2 2 zh 2 ezh 

The above derivation was obtained because of independence in 

different strata. 

From the equation (5.22) we get 
A 

B [v (9)] = - 2a + b + 0 (n-
3

) 
L 

Now from (5.70), (5.71), (5.72) and (5.77) we have 

and 

B (v ) = B (v ) + 2 (b + 2c) + 0 (n -9 ) 
BRR-D L 

-3 = -2a + 3b + 4c + 0 (n ) 

B (v ) == B (v ) = B (v ) + 3 (b + 2c) + 0 (n -3 ) 
BRR-H DRR-S L 

-9 = -2a + 4b + be: + 0 (n ) 

The preceeding results show. that 

B (v ) = B (v ) > B (v ) > B (v ) 
BRR-H BRR-S DRR-D L 

Bias of Jackknife Vari~nce Estimator: 
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-(5.77) 

-(5.78) 

-(5.79) 



Now, an attempt will be made to find the bias of Jackknife 

variance estimator. From (5.34) and (5.77) we h~ve 

so 
.... 

B [v.(2) (e)] 
J 

n -2 
h 

~ n -1 
h 

-3 
5 2 h+ O(n ) 
02 

S 2 for n ~ h2 
o :::h 

..... 
= B [v (e)] + 2a - 2a' + 0 (n-9 ) 

L 

= b - 2a' + O(n-a ) -(5.80) 
where 

~ 6 2 1 L 0 2h 
a' = 1: r 2 n -1 

h=t n
h 

h 

On the basis of this asymptotic method of co~pari~on we can 

draw the following conclusions. The Jackknife estimation 

e~2) and e~a) of e do not in general achieve biii1$ reduction 
J J 

where as the Jackknife.Estimator e~t)accomplisheS bias reduction. 
. 1 

..... A 

The BRR estimation 19 of e has bias twice as larg2 as that of 19, 
B 

.... 
but bias -corrected BRR estimator e 

];I 
acco:nplish~s bias 

reduction. For stratum PSU sizes n =2 
h 

for all h, the BRR 

variance estimator v and linearization v~riance estimator 
BRR-D 

v (e)areidentical. The six Jackknife variance estiaator v~i) (e), 
L J 

i=1, ----, 6, are asymptotically equal to higher order terms. 

Further it can be shown that for the common two PSU's per 

stratum design 
..... 

v (e)and 
L 

asymptoticallY equal to 

higher order terms. This result suggests that choice betweEn V 
L 

(\.) and v. should depend more on non-statistical 
J 

considerations 

such as computational costs. Unlike Jackknife variance 
A 

estimators, BRR variance estimators and vLCe)are closer to each 
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other. IJ . and IJ however are closer to 
BRR-D BRR-S. 

A 

V (e) than 
L 

v As for as biases of the variances are concerneibiases of BRR-H 

BRR Variance estimators v and v are equal and are 
BRR-H BRR-S 

greater than the bias of BRR Variance estimator v which in 
DRR-D 

turn is greater than the bias of linearization variance 
A 

estimator v (e). 
L 
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ILLUSTRATION 

6.1 INTRODUCTION : 

The data for this emp~rical investigation was taken from 

the project entitled "Pilat sample surve'jt· to evol ve a suitable 

sampl ing methodology Tor estimation oT inland Tishery' resources 

and catch in a region oT Orissa", The survey was undertaken 

jointly by the Indian Agricultural Statistics Research 

Institute, New Delhi and The Directorate of Fisheries, Orissa. 

For estimaCtion of catch of fish from fresh water resources, 

the survey was conducted in the rounds. In the first round, 

all water units in the selectd gram panchayats were enumerated 

and data were collected on their characteristics such as 

seasonal i ty, e}:tent of utilization for fishing purpose, 

pisciculture techdniques followed etc; data on catch of fish 

from selected ponds and tanks were obtained in the second 

round. The district selected for estimation of fish catch from 

fresh water units were Cuttack, Bolangir and Sambalpur. On the 

basis of the available frame of sampling units from the state 

Directorate of Fisheries namely, the distribution of Ponds and 

tanks in Gram Panchayats in each selected districts. It was 

decided to follow two stage stratified sampling design. Hence, 

the districts are treated as stratar and blocks within the 

district, ponds and tanks as primary sampling units (PSU'S) and 

secondary sampling units (SSU'S) respectively. Because of 

variations in the number of blocks among three districts, two 
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blocks from Bolangir, three from Sambalpur and nine from 

Cuttack were selected by probability proportional to size with 

replacement (PPSWR) sampling using number of water units in 

each block as sizes. Then for each selected block water 

units i.e." ponds and tanks were selected by simple random 

sampling without replacement. The number of PSU's and the 

number of SSU's are given in the tables VII and VIII of the 

appendi>:, which are used to calculate weights attached with 

each of the SSU·s. Six contingency tables are formed from the 

data of the project mentioned above" and these are given in the 

appendh: from table I to table VI. In these tables the number 

of SSU's falling in cell of the contingency table are given 

according to the attributes it posses, where as various 

categories along with codes of the variables under study is 

given in the table IX of appendix. 

6.2 METHODS OF COMPUTATION : 

A special class of statistical technique called log-linear 

models has been formulated for the analysis of categorical 

data. (Haberman, 1978; Bishop, Feinberg and Holland, 1975). 

These models are useful for uncovering the potentially complex 

relationships among the variables in a multidimensional 

contingency table, In log-linear models, all variables that 

are used for classification are independent variable and 

dependent variable is the number of cases in a cell of 

cross-tabulation. In this chapter log-linear models for 
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two-dimensional tables are used for simplicity to describe the 

general procedure for multi- dimensional contingency t.ble. 

Denote row variable by X and column variable by V, then the 

log-linear model for two- dimensional contingency table is 

written as 

log m
ij 

= /-I + /-Ix (i) + /-Iy (j) + /-I
XY 

(i, j ) 

where, ~. is observed frequency for (i,j)th cell of the 
l.J 

(b.l) 

table, 

J.I (i) is denoting the effect of variable X on i lh row of the x 

table, similarly, J.ly(j) is the effect of variable y on .th 
J 

column. II (i, j) is the effect of association between variable . ,.."y 

x, Y and f-I is general mean. The estimate of the various 

parameters of the above saturated model was obtained 
A .~. 

J.I (i) = log r i + (E log r h+) II 
" h 

..... ..... 
J.ly 

(j) = log r +j (E 
h 

log r +h) IJ 

/-IXy(i,j) = log m .. E log m . .IJ E log m . ./1 
I.J 

j 
I.J 

i 
l.J 

..... 
f-I = log n + (E log rh+)/I + 

h 
(E log r+h)/J 

h 

where, i = 1,2, ••• ,1; j = 1,2, ••• ,J. 

+ E1: 
i j 

as 

log 

The parameters {/-I (il}, {f-I (j)}, /-I (i,j) satisfy 
" y Xy 

E f-I (i) = E f-I (j) = 0 
." . X 
I. J 

E /-Ix (i,j) = E /-Ix (i,j) = 0 
. y . y 
I. J 

m .. IIJ 
I.J 

For main effects of log-linear models, the parameter 

estimates corresponding to the first k-l categories of the 

variables are given, where k is the total number of categories, 
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where as for the association parameters, the number of 

estimates are (I-l)(J-l).Standard error for the parameter 

estimates are also obtained • Now, consider the model for the 

independence i.e that does not contain all possible parameters, 

so it is also called unsaturated model and given as 
A 

log ~? ~ + ~ (i) + ~ (j) 
~ x y (6.2) 

where, i=1,2,---,I; j=1,2,----,J. 

Her,e, m .. is no longer the observed frequency in the 
\.J 

{i ,j }-th 

cell,but is now the expected frequency based on the model of 

independence 
." 

Let, Pj ={P1i.j }denote the ma>:imum-likelihood estimates of the 

proportion under unsaturated model (6.2) based on the 
A 

multinomial-likelihood and p ={ p .. }denote the corresponding 
2 2\J 

estimates under saturated model (61) the the 

statistics are given as 

1) ODINARY CHI-SQUARE STATISTICS 

= n E 
i 

2 
P .. ) I 

2\.J 

2) ORDINARY LIKELIHOOD-RATIO STATISTICS : 

rr = 2n E E p.. i og (p J.i. j I p.. ) 
\. J 2 \. J 

3) MODIFIED CHI-SQUARE STATISTICS [Felligi~ 1980) 

X2 = X2 /b 

Where, b 
F 

F F 

n V .. 
~ l 

= -IJ E E --__..,,~-::--\ p .. (1-P .. ) 
i j 1\.J f\.J 

various 

cell 

where v.. is the variance of corresponding proportion p .. 
\.J 1\.) 

4) MODIFIED CHI-SGUARE STATISTICS (Rao, 1981) 

"1:75 



v .. 
Where, bR = I~-1 1: E _I....:;.J_ 

l J P" i.J 

5) MODIFIED CHI-SQUARE STATISTICS rRao~ 1981) 

XZ = X2 /b 

Where, b 
RD 

f 

= n 
(I-l)(J-l) 

RD RD 

( E E _V=-.1_i._.;J;...' ""'"':""""­

l. J P 1 i. +p 1+ j 

6) MODIFIED SATTERTHWAITE CHI-SQUARE 

E 
j 

V, 
1\.+ 

P .1i.+ 
-E 

J 

v 
P 1+ 1 ) 

1+j 

Let X is design matrix of saturated model and V is~iance-

covariance matri>: • Also, X is design matrix for unsaturated 
t 

log-linear model described above. Then, let 

X = ( I - X (X PX ) X P) X 
Z t 1 .1 .1 2 

M = (X'PX )-t(X VX ) 
2 2 2 2 

Where, X = (X = X )' 
t 2 

then degrees of freedom for Satterthwaite approximation was 

calculated as 

v = [Tr (M=)]2/Tr (M=M=) 

and Satterthwaite Chi-square was given by 

x2 V X2 2 = Xv s (",n) 
... 

Tr 

7) JACKKNIFED CHI-SQUARE . . 
Let each replicate is of the form Y +Wh •j > , h= 1 , --- , L ; 

j=1,---,n • Let ~ (V) denote the value of Pearson chi-square 
(t} 

test for evaluating the 

evaluating the fit for 

calculated as 

A 

fit of P and 
t 

h 

P .50, 
2 

the jackkni fed 
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chi-square is 



x. = 
J 

Where, 

{X~2} (y)}1/2 _ (K+)1/2 

{V"fl., 8 X2 ()}1/2 
< Z) Y 

v"fl. == EbE F\j 
h 

K* == EbEf\.. 
h j J 

b== (n-1)/n 
h h h 

nh = number of PSU's in h-th stratum and k+ is 

* k when latter is positive. 0, otherwise. The tabulated 

Jackknifed chi-square is calculated with the help of fol~ing 

formula 

h 
z. were X 1S 
T 

freedom. 

tabulated ordinary chi-square at 

6.3 CALCULATION FOR LEVEL OF SIGNIFICANCE : 

degrees of 

The level of significance for each of the ~bove mentioned 

statistics were obtained with the help of following relations. 

The Satterthwaite approxiation treats 

~ = s e. (l+Cz ) 

2 2 
As Xv' a X random variable with v = degrees of 
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freedom, where e = ~\/k, is average of eigen values of design 

effect matrix and c is the coefficeint of variation of eigen 

values of design effect matrix. Hence, the asymptotic 

significance level of '/?" under Ho is obtained appro>:imately as 

= Pr tx2 ~ X
2 (a») 
K ... 

= Pr tX2 ~ X
2 

(a)/{e.(l+CZ)}] 
V K 

2 2 where Xk (a) is the upper a-percentage point of a ~ random 

variaple with k degrees of freedom. The modified statistics are 

asymptotically of the form '/?"(b.) = X
2.1b., where b. is average 

of the estimate of some parametric values b .• 
t 

Satterthwaite's approximation, the asymptotic 

level of ~(b.) is obtained as 

SL [~(b.») = Pr [X2(b.)~ X2
(a)] 

K 

Hence using 

significance 

.... 
= Pr [X2 ~{b.X2 (a)}/{e.{l+CZ)}) 

V K 

The significance levels are estimated by replacing the 
A 

estimated 8. and b •• If the coefficient of variation of e 's is 
t ~ 

large, the modified statistics '/?"(b.) may not provide 

satisfactory appro>:imations. In such cases if 8. and c. are 

available, the Satterthwaites correction is 

~(k,Ct) = 
Would control the si2e of the test 

Pr [~(k.ct)~ X2(Ct)]; Ct . J< 

Further, the level of significance is calculated by the help of 

the appro}:imation given by Johnson and Kotz. From Johnson and 

Kotz (1970), we transform ~ variate to N CO,!) variate using 

t = AlB 

Where A = FirS _ (1 _ 2/9k )1/2 
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B = (2/9k )1/2 

Pr [X
2 < F] = 1 - pet) for t ;:: 0 k 

= P(-t) for t < 0 

;..:: ;::;: 
~ ~ By Hasting approximation 
~ 
~ 

pet} == 0.5 (1 + c t + C t 2 

:I. 2 

C ::: 0.196854, c = 0.115194, 
:I. 2 

c = 0.000344 , c = 0.019527 -3 4 

(:J .4- RESUL 15 AND DISCUSS ION 

Results of this emp¢rical investigation are presented with 

the help of eight tables. Estimates of the parameters along 

with its standard error of the saturated log-linear models 

forvarious contingency tables from the survey data were given 

in table number 1 to 6. With the help of this table our 

log-linear models can be completely specified and the effect of 

various categories of a variable can be studie~. The log-linear 

models with these parameters completely specify the contingency 

table under consideration and hence difference between 

expected number of units falling in a particular cell and the 

observed number of units for that particular cell is equal and 

consequently leads to zer.o chi-square and likelihood values. 

Table 7 show the calculated values of various test 

statistics under consideration for the same set of contingency 

tables. It was found that the values of ordinary chi-square 

statistics are very high and closely followed by ft. There are 

two reasons for these high values, these are (1) 

non-independence of sample observations because of imposed 
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sampling design and (2) dependence of chi-square and likelihood 

ratio test statistics on the sample size, which is generally 

high for large scale surveys. Other statistics presented in 

table 7 are obtained by suitably modifying the calculated 

values of ordinary chi-square for the case of survey sampling, 

hence gives reasonably low values when compared to the ordinary 

chi-square statistics and likelihood chi-square statistics. The 

above fact is true for all the contingency tables used for this 

. study. 

Table 8 show~the size of the critical region for various 

test statistics considered in table 7, that is~ their actual 

rejection rates when null hypothesis is true. The tests were 

evaluated at the nominal 0.05 level. This table clearly 

indicateS the inflation produced to the size of actual critical 

region of the ordinary chi-square test statistics due to the 

sampling design (i.e. non-independence. of the sampling units) 

in to consideration. the size of the actual critical region is 

as high 97.8104% when evaluated at nominal 5% level. As 

e>:pected the size of the critical regions of likelihood 

chi-square statistics are slightly higher than ordinary 

chi-square for all contingency tables. Further, the actual size 

of the critical regions for the modifications pros posed by 

Fellegi (1980) i.e. X2 and Rao (1981) i.e. X2 are found to be 
F R 

very conservative at nominal level of 0.05, except for the 

contingency table of seasonality vs depth at the time of 

monsoon. This e>:ceptional behaviour for the contingency table 

in respect of seasonality vs depth at the time of monsoon may 
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be attributed to it less degrees of freedom associated with the 

chi-square i.e. are, for which the approximations used may not 

be very accurate. 

Now observing the actual size of the critical region of 

the Rao's (delta) statistics i.e. r . it was found tha its 
RD' 

actual critical regions are slightly higher than nominal 

critical region except for the case of contingency table of 

seasonality vs depth at the time of monsoon, the resaon may be 

same as for X2 and X2
• 

F R 

Comparing the second order correction to the ordinary 

chi-square i.e. Satterthwaite approximation (1946) with 

Jackknifed chi-square procedure proposed by Fay {1985}, it was 

found that Satterthwaite chi-square i.e. ~ are having actual 
o 

size of the critical region very near to the nominal critical 

region i.e. 0.05 except for the above discussed contingency 

table, where as Jackknifed chi-square was again found to be 

very conservative for the nominal 5% level except for the 

contingency tables for seasonality vs source of water unit and 

utilization of water unit vs soil type. The reason for the 

first case may be the same as discussed previously and for 

latter it may be due to its higher degrees of freedom. As 

discussed by Fay(1985), a heuristic argument offers an 

expla-nation for this observed conservation, when one of the 
'"" 

Oi's i.e. eig~n values of design effect matrix, say 01 is 

substantially larger than the other, numerator and denominator 
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of the Jackknifed. Chi-square statistics will be positively 

correlated, which could have effect of reducing probability of 

extreme values. Although, Fay(1989) in his Monte carlo design 

shown that Jackknife chi-square perform slightly better than 

Satterthwaite approximation but as pointed out by him that this 

superiority may be due to the fact that he used multinomial 

distirbution tor the comparis on of these statistics, which is 

rarely found in case of survey sampling. Hence, with help of 

the results obtained in this emp~rical investi~gation, it can 

be concluded that Satterthwaite correction to the ordinary 

chi-square performs better for all practical situations in case 

of survey sampling. Although, it is too early to conclude about 

these methods in general, there is strong need to investigate 

the methods in detail with the help of simulation experiments 
. 

and emp~rical investigations., 
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TABLE-l 

Estimates of Parameters of log-linear model for BlE contingecy 

table 

Parameters Cofficient Standard Error 

JJ (1) 
B 

0.22536 0.01354 

JJ (1) 
E 

-0.04939 0.01354 

JJ (1,1) -0.34692 0.01354 
BE 

Note: B= Seasonality 
E= Depth at monsoon 
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TABLE-2 

Estimtes of Parameters of log-linear model for BtC conningency 

table 

Parameters Cofficient Standard Error 

f-lB (1) 0.22950 0.06719 

I-lc (1) 3.45907 0.06798 

f-lc (2) 0.18886 0.08551 

I-lc (3) -0.83919 0.13027 

#Jc 
(4) -2.55982 0.22833 

#J (1,1) -0.19695 0.6798 
BC 

#J (1,2) -0.18295 0.08551 

#J (1,3) 0.82671 0.13027 
BC 

#J (1.4) 0.19415 0.22833 
BC . 

Note B=5esonality 

c= Source of water unit 
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TABLE-3 

Estimates of parameters of log-linear model for caE conting~ncy 

table 

Parameter Coefficient Standard Error 

I 

J.lc (l) 3.43259 0.07633 

J.l (2) 0.14462 0.09285 
c 

J.l (3) -0.41214 0.10427 
c 

J.l (4) -2.79241 0.27878 
c 

J.l (1) -0.30325 0.07563 
E 

J.l 0,1) 0.25547 0.07633 CE . 

J.l {2,1} 0.50114 0.09285 
CE 

J.l (3 .. 1) 0.04142 0.10420 CE . 

J.l (4.1) -0.50147 0.27878 CE . 

Note : C= Source of water unit 

E= Depth at monsoon 
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TABLE-4 

Estimates of parameters of log-linear model for C~H contingency 

table 

Parameter Coefficient Standard Error 

J..l (1) 3.34009 0.6676 
C 

J..l (2) 0.13309 0.08692 
C 

J..l (3) -0.43800 0.10109 
C 

J..l (4) -2.54216 0.22789 
C 

J..l (1) 0.53521 0.06570 
H 

J..l (1.1) 0.00063 0.06676 CH . 

J..l (2,1) -0.14436 0.08692 
CH 

J..l (3,1) -0.07286 0.10108 
CH 

J..l (4,1) -0.11156 0.22789 
CH 

Note: C= Source of water unit 

H = Extent of silting 
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TABLE-5 

Estimates of parameters of log-linear model for e=H contingency 

table 

Parameter Coefficient Standard Error 

J..i (1) 0.09822 0.02140 
B 

J..i (1) 0.81274 0.02827 
M 

J..i (2) 1.19531 0.02638 
M 

J1
M

(3) -0.24757 0.04036 

J..i (4) -0.28064 0.04035 
M 

J..i (1.1) 0.06109 0.02827 
BM -

J..i (1,2) -0.36352 0.02638 
BM 

J..i (l.3) 0.53054 0.04036 
BM -

J..i (1,4) 0.46753' 0.04035 
BM 

Note: B= Seasonality 

M=Utilization of water unit 
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TABLE-6 

Estimates of parameters of log-linear model for M~G cont.ingency 

table 

Parameter Coefficient Standard Error 

I.l (1) 0.80174 0.03656 
101 

I.l (2) , 1.08704 0.03584 
101 

J..I (3) -0.32579 0.05549 
101 

J..I (4) -0.26081 0.05216 
101 

J..Io 
(1) 0.32545 0.03733 

J..I o 
(2) 1.27491 0.03189 

J..I o 
(3) -0.39638 0.04685 

1-1 (1,1) 0.19872 0.05061 
NO 

1-1 (1,2) -0.19307 0.04418 
NO 

1-1 (1,3) -0.44872 0.07105 
NO 

1-11010 
(2,1) -0.09571 0.05014 

1-1 (2,2) 0.06921 0.04204 
NO 

f..i (2,3) 0.31463 0.05929 
NO 

f..i (3,1) -0.03228 0.07667 
NO 

f..i
NO 

(3 J _2.) 0.29939 0.06301 

f..i
NO 

(3,3) -0.05063 0.09489 

I-I"m 
(4,1) -0.27475 0.7702 

J.JNO 
(4,2) 0.10465 0.06078 

J.JNO 
(4,3) 0.27241 0.08495 

Note: M= Utilization of water unit 

6= Soil Type 
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TABLE - 7 

Calculated Values 01 Various Test Statistics 

Classifying 2 2 2 2 2 2 2 2 
Variables v 6 X I I I ( I X 

F R RD S k 

B X E 7b5.5170 781.9877 24.9481 24.7080 137.b786 137.b500 137.b500 8.5152 

BIC 4 2 69.9809 100.5402 3.5299 3.7160 5.3696 2.4992 3.9580 2.1520 

C X E 4 5 04.5577 67.6547 2.2b20 2.4657 6.7211 4.7241 5.7354 1.4012 

C X H 4 3 Ib.4902 1b.6140 o.me 0.7384 5.4156 3.9882 4.8420 1.3168 

B X 11 4 3 774.9172 8Ob.0244 15.3938 15.7924 33.0471 24.7431 30.0400 5.2157 

H X 6 12 9 204.5854 2b1.].m 6.1277 6.4620 13.8095 10.9440 13.6006 0.9956 

tiote :- B = Seasonality 6 = Soil Type 
C = Source of Mater Unit H = Extent of Silting 
E = Depth at Monsoon H = Utilization of water unit 



Classifying 
Variables k 

B X E 

B X C 4 

C X E 4 

C X II 4 

B X II 4 

II X 6 12 

TABLE - B 

Percentage level Of Significan~e of Varioas Test Statistics 

2 2 2 2 2 2 2 
v X 6 X X X X X 

F R RD S 

77.3362 17.8454 18.8666 18.8mn 38.3840 38.3804 3.8613 

2 97.8104 98.5772 4.Hl:H 4.7264 11'-0109 4.5882 7.0607 

3 77.2579 79.161'2 2.6296 2.2221 7.3491' 4.7611 2.2943 

3 26.8641 26.0932 0.B00~ 0.7992 b.93~5 4.7611 2.1463 

3 98.0860 98.3963 2.7183 2.8000 6.1946 4.7!Jll 0.~762 

9 67.6431 66.8925 3.7758 4.1495 18.1330 5.9120 8.4495 

Note!- B = Seasonality 6 = Soil Ty~e 

H = E~tent of Silting C = Source of Mater Unit 
E = Depth at Monsoon K = Utilization of Hater unit 



SUMMARY 

Frankel and Kish have drawn attention to the problems 

tha~' arise in the application of standard statistical 

method to survey data analysis which is based on the 

assumption that observations are independent. 

In most of the situations of survey data analysis, the 

assumption of independence of observations is rarely met in 

actual practice. Any large scale survey will involve 

stratified multi-stage sampling and correlations between 

units in the same cluster (or stratum) can have a 

substantial impact on the statistic under consideration. The 

impact on linear statistics of the sample design used in 

obtaining survey data is subject of much of sampling 

literature. Recently, considerable attention has been paid 

to study the impact of sampling design on non-linear 

statistics and to the problem of estimating at least the 

first two moments of such statistics. In this thesis the 

problem of estimating the cell proportions and ita variance­

Covariance matrix for contingency tables has been 

investigated. Also, the behaviour of the chi-square 

statistic computed from a complex sample survey data to test 

the hypothesis of goodness-of-fit, independence of 

attributes and homogeneity of proportions is studied. 

Further, alternative tests for two-way as well as multi-way 

cross-classification hadtbeen discussed in detail. 



Chapter one of this thesis introduces the subject of 

categorical data analysis in survey sampling whereas chapter 

Two provides a brief and critical revieu of this subject 

along with its background. Chapter three is confined to the 

categorical data analysis of survey data from two 

dimensional contingency tables. In this chapter the effect 

of stratification and clustering on the asymptotic 

distributions of Pearson criterion functions for goodness­

of-fit (simple hypothesis)1 independence of attributes and 

homogeneity of proportions has been investigated. It has 

been shown that these statistics are asymptotically 

distributed as weighted sum of independent Jt2 1 random 

variables, and then relate weights to familiar "deffs". The 

"generalized deffs" has been discussed, which is useful for 

studying the effect of survey design, and also for getting 

corrections to chi-square statistics which leads to 

conservative tests. These simple corrections of the chi­

square statistic require only the knowledge of variance 

estimates (or deffs) for individual cells. Also, the 

correction requiring 

matrix which is also 

estimate of full variance-covariance 

known as Satterthwt.L(te., correction or 

second order correction is discussed in detail . Effect of 

constant design effect has been considered. Moreover, the 

nature of chi-square statistics under constant design effect 

model has been observed and it was found that in both the 



cases ordinary Chi-square statistic is multiple of a 

constant factor which can be calculated easily. 

In chapter Four, the generalization of statistical 

methods discussed in chapter three has been discussed for 

multidimensional contingency tables. The asymptotic 

distribution of chi-square or equivalently likelihood ratio 

test statistics is obtained as a weighted sum of independent 

~, random variables under nested log-linear models. An 

important special case of saturated model is also 

investigated. A simple correction to chi-square (or 

likelihood) statistics is obtained, which requires only the 

cell "deff" and the "deffs" of collapsed tables (marginals) 

whenever, the likelihood equation under the multinomial 

sampling admits explicit solutions. Further, similar type of 

correction which leads to more conservative test than above 

is considered for the models not admitting direct solutions 

to the multinomial likelihood equations. The effect of 

constant design effect is also observed for multidimensional 

contingency table. Moreover, the method of Jackknifed chi­

square which is based upon recomputing the chi-square tests 

or differences of chi-square statistics of two nested 

models, each compared to the saturated model for a series of 

replicated samples based on the sample data is also covered 

in this chapter. 



Chapter five of thesis is related to the estimation of 

the parameters' involved in the categorical data analysis of 

the survey data like, cell proportion and its variance-

covariance matrix. The methods of H-T estimator, combined 

ratio estimator and post-stratified estimators have been 

considered and their estimated variances obtained. The 

various methods of variance estimation for complex survey 

like linearization, Jackknifing and BRR have been compared 

for the case of combined ratio estimator under stratified 

two-stage sampling design in which units at the first stage 

were selected with PPSWR and in second stage with SRSWOR. It 

has been shown that the Jackknife estimator 

accomplishes bias reduction where as in case of BRR-

technique this reduction is for bias-corrected BRR 

estimator. The results also show that choice between 

variance estimator due to linearization VL, and any variance 
<iJ 

estimator due to Jackknifing ~j\ i=1,2,----,6 depends 

more on non-statistical considerations, such as 

computational costs. BRR and linearized variance estimators 

are close to each other while Jackknife variance estimator 

are smaller than these two. Variances estimated through BRR-

techniques have more bias than the variance obtained through 

linearization. 

In chapter six the theory developed in the preceeding 

chapters hatf, been applied to the data of a sample survey 

conducted at IASRI. The data have been drawn from the Pilot 



Sample Survey 

estimation of 

region of 

stratified two 

selected with 

with SRSWOR. 

to evolve a suitable sampling methodology for 

in-land fisheries resources and catch in a 

Orissa. Sampling design of the survey was 

stage sampling where first stage units were 

PPSWR and second stage units were selected 

Six cross-tabulations were obtained with the 

purpose of demonstrating the effect of various modifications 

to the ordinary Chi-square and to study the relationships 

among various factors like, seasonality, depth at the time 

of monsoon, extent of silting etc. related to the water 

units (i.e. ponds, tanks etc). First (k-l) parameters (i.e. 

all independent parameters) of the main effect and 

interactions of log-linear model under consideration for a 

particular contingency tables are estimated along with their 

standard errors. The values of ordinary chi-square and 

likelihood ratio test statistics were exceptionally high and 

the corresponding size of the critical region was also as 

high as 97.8%. This may be due to the effect of non­

independence of the primary sampling units and large sample 

si~e. First order correction like X2F, X2 R were found to be 

very consarvative whereas the size of type I error for the 

second order correction i.e. Satterthwaite approximation was 

found to be very near to the nominal size i.e. 0.05. 

Further, Jackknifed chi-square was also found to be 

conservative for most of the contingency tables under 

consideration. This may be due to exceptionally higher eigen 

values of design effect matrix. Hence, from this emp¢rical 



investigation. it can be concluded that Satterthwaite 

correction is found to be superior than the Jackknifed chi­

square for the survey data. 
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APPENDIX 



TABLE-I 

CONTIGENCY TABLE OF SEASONALITY VS DEPTH AT MONSOON ( BnE) 

B 1 2 Total 
E 

1 996 1906 2902 

2 2201 1051 3252 

Total 3197 2957 6154 



TABLE-II 

CONTINGENCY TABLE OF SEASONALITY VS SOURCE OF WATER UNIT ( B~C ) 

B 1 2 Total 
C 

1 2919 2735 5654 

,2 112 102 214 

3 111 13 124 

4 10 5 15 

5 45 102 147 

, 

. Total 3197 2957 6154 



TABLE-III 

CONTINGENCY TABLE OFDEPTH AT MONSOON VS SOURCEOF WATER UNIT ( EOC ) 

E 1 2 Total 
C 

1 2691 2963 5654 

2 127 87 214 

, 
3 

45 79 124 

4 6 9 15 

5 33 114 148 

Total 2902 2352 6154 



TABLE-IV 

CONTINGENCY TABLE OF EXTENT OF SILTING VS SOURCE OF WATER UNIT ( H~C l 

H 1 2 Total 
C 

1 4212 1442 5654 

2 147 67 214 

3 
89 35 124 

4 9 6 15 

5 126 21 147 

Total 4583 1571 6154 



TABLE-V 

CONTINGENCY TABLE OF SEASONALITY VS UTILIZATION 
OF WATER UNIT (B~M) 

B 1 2 Total 
M 

1 1044 759 1803 

2 
1001 1702 2703 

3 
578 164 742 

4 525 169 694 

5 49 163 212 

Total 3197 2957 6154 



TABLE-VI 

CONTINGENCY TABLE OF SOIL TYPE VS UTILIZATIO OF WATER UNIT ( G~M ) 

B 1 2 3 4 Total 
C 

1 
550 961 134 158 1803 

2 545 1662 399 97 2703 

3 141 509 67 25 742 

4 118 447 99 30 694 

5 67 107 25 13 212 

Total 1421 3686 724 323 6154 



TABLE-VII 

INFORMATION ABOUT SAMPLE SIZE 

Total No. of No. of selected 
District SSU's SSU's 

Bolangir 4733 433 

Samba 1 pur 3593 445 

Cuttack 26387 5276 



TABLE-VIII 

District Block No. No.Of SSU's Selected 

, 

1 01 152 

1 02 129 

2 01 178 

2 02 111 

2 03 158 

3 01 469 

3 02 554 

3 03 120 

3 04 799 

3 05 347 

3 06 460 

3 07 1084 

3 08 89 

3 09 222 



TABLE -IX 

INFORMATION ABOUT VARIABLE VARIABLE UNDER STUDY 

Variable (code) 

Seasonality (B) 

Source of water unit(C) 

Depth at monsson (E) 

Soil type (6) 

Extent of silting (H) 

Utilization of water 
unit (M) 

Name of the categories-code 

(a) Perrenial-1 
(b) Seasonal -2 

(a) Rainfall -1 
(b) River channels-2 
(c) Sewage -3 
(d) Coastal water-4 
(e) Others _;; 

(a) 0-2 mets -1 
(b) >2 mets -2 

(a) Sandy -1 
(b) Clay -2 
(c) Loamy -3-
(d) Others -4 

Ca) Patially silted-l 
(b) Badly silted -2 

(a) Fish cultivation -1 
(b) Not fish cultivation -2 
(c) Irrigation -3 
(d) Multiple purpose -4 
(e) Others-5 






