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ABSTRACT
Title of the thesis : Estimation and Validation of Linear and Non-linear
Production  Functions through Robust Regression
Name of the Student - Rizwan Yousul
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Name and Designation : Dir Manish Kumar
of Major Advisor Professor and Head (Statistics)
Degree to be Awarded : Ph.D. (Statistics) '
Year of award of Degree - 2021
Name of the University z Sher-e-Koshmir University of Agricultural Sciences

and Technology of Jammu

As in the presence of High leverage points (HLP) i.e. outliers, the ordinary least
square (OLS) method does not provide true estimates of production function. In this
study. the impact of HLP have been checked in case of linear and non linear production
functions viz Quadratic function (QF).Square root function (SF) and Mitscherlich—Baule
(MB). Cobb Douglas(CD) respectively. The robust estimation techniques M, MM, S, LTS
and OLS after replacing the HLP by robust values had provided the precise estimates of
preduction functions as QLS method led 1o misleading conclusions. [t has been observed
that the input variables individually contribute significantly in case ol quadratic lunction
whereas the interaction is significant in case of square root production function and QF
outperforms SF on the basis of high R? value, minimum AIC and BIC.In case of larpe
variation, the S estimation technique outperformed than the other as observed in all types
of data specifically in apple vield, followed by modified OLS after handling HLP, M and
MM estimation techniques. In case of MB funclion, Marquardt method found best
followed by Gauss Newton. The estimates ol the production functions have been
compared and observed that the influential observations have affected the size, sign and
significance of the parameter(s).The marginal value of productivity was found to be
positive in SF and MB thereby indicating that an increased used of these inputs could
increase the output because these were sub optimally used. In QF and CD Marginal value
of productivity was found to be negative hence indicating excess use and should be
avoided to check the fall of returns in production. Lastly, Cross validation techniques
consisting of validations set approach (data split) and k-folded method having training
error not more than the validation error which indicated that the fitted model found to be
reliable.

Key words: Production Function Estimation, Robust Regression, High Leverage

Points(HLP), Cross Validation ,MCD Distance ]
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Chapter-1

Introduction

“Statistics are the triumph of the quantitative method and the

quantitative method is the victory of sterility and death" Hilaire Belloc

Regression is the most common and useful statistical tool which can be used
to quantify the relationship between a response variable (y) and explanatory variables
(x). If we have dependent variable Y and independent variables X;, X, X, then the
regression analysis is to estimate population regression function .The model generally

can be expressed as:
Yi = Bo+61Xi1+"'+BpXip+Ui i= 1,2,...,n

Wherepy, B, ..., Bpregression parameters and error u is normally distributed
with mean zero and equal variance discussed as by Montgomery and Peck (2006).
Problem that arises in regression analysis is to determine the best estimates

for By, B1, .-+, Bp- If assumptions are violated.

Simple linear regression allows the mean function E(y) to depend on more
than one explanatory variable and to have shapes other than straight lines although
does not allow for arbitrary shapes. To this end, the seminal works of both Legendre
(1805) and Gauss (1809) proposed the method of ordinary least squares (OLS) which
has arguably become the most popular approach to conducting a regression analysis.
This popularity is likely attributable to the fact that the OLS method can be expressed
in closed form and achieve minimum variance among all unbiased estimators when
the underlying error distribution follows normality. It has been observed that OLS
may not be appropriate when the response variable differs from the regression
function in an asymmetric manner which is commonly encountered usually in medical
data, agricultural economic data and among other situations. Regression analysis is
used to predict a continuous dependent variable from a number of independent
variables. The independent variables used in regression can be either continuous or
dichotomous. If the dependent variable is dichotomous, then logistic regression is
advisable. Independent variables with more than two levels can also be used in

regression analyses but they first must be converted into variables that have only two



levels. This is called dummy coding. Usually, regression analysis is used with

naturally occurring variables, as opposed to experimentally manipulated variables.

In lieu of these deficiencies, a general regression methodology is proposed
which allows for the possibility of non-normal tail behaviour and asymmetry in the
conditional distribution of y given x, but will still perform well for symmetric and/or
normally distributions as per Yang et al., (1993).The goal of regression is to estimate
the parameters of a model relating two sets of variables, given a training data set.
However, the presence of outliers in the training dataset will make this estimate
unreliable. Real world data are almost always corrupted with outliers and hence
robust parameter estimation is of paramount importance Mitra et al. (2010).One of the
most important statistical tools is a linear regression analysis for many fields. Nearly,
all regression analysis relies on the method of least squares for estimation of the
parameters in the model. A problem that we often encountered in the application of
regression is the presence of an outlier or outliers in the data. Outliers can be
generated by from a simple operational mistake to including a small sample from a
different population they result in serious effects on statistical inference. Even one
outlying observation can destroy least squares estimation resulting in parameter
estimates that do not provide useful information for the majority of the data. Robust
regression analyses have been developed as an improvement to least squares
estimation in the presence of outliers and to provide us information about what a valid
observation is and whether this should be thrown out. The primary purpose of robust
regression analysis is to fit a model which represents the information in the majority
of the data. The properties of efficiency, breakdown point and bounded influence are
used to define the measure of robust technique performance in a theoretical sense.
Efficiency can tell us how well a robust technique performs relative to least squares
on clean data (without outliers). Linear regression models are widely used in many
fields of science such as engineering, economics, sociology, health, etc. Due to the
simplicity of the idea behind the OLS method, the minimization of the sum of squared
residuals, and the interpretability of the final model parameter estimates, the OLS
method is very popular among practitioners. However it is also well known that
outliers considered here are heterogeneous observations in comparison with the
majority of the data and might strongly affect these estimators. Not all outliers are

influential and not all influential points will hurt our modelling, but we still need



robust methods to prevent possible influential outliers and bad leverage points from
leading us to the wrong choice of model. Statisticians who neglect to consider robust
methods are ignoring the fact that the methods they are using can perform very poorly
when their data does not strictly satisfy the assumptions of their chosen method as per
S.Wesiburg (1985), Roncheeti et al. (1997) and William (1983). Then, robust
estimators are regarded as more reliable and most commonly used statistical
techniques. Robust methods may not be as efficient as other methods that require
strict assumptions. When those assumptions are met, we can have better estimation
with the help of the robust method. Out of many possible regression techniques, the
ordinary least squares (OLS) method has been generally adopted because of being a
conventional/standard method and its ease of computation. However, OLS estimation
of regression weights in the multiple regression is affected by the occurrence of
outliers, non-normality, multicollinearity and missing data. Robust estimation
methods comprise those which down the weight observations with extreme residuals
and eradicate the observations pointed out as an outlier detection method. Robust
regression is a method of regression analysis considered to avoid some restrictions of
traditional parametric and nonparametric methods. Certain widely used method of
regression is ordinary least squares and has properties if their fundamental premises
are true but can yield misleading results in case premises are not reliable. Robust
regression methods are designed to be not overly affected by violations of

assumptions.

Robust regression analysis provides an alternative to the least square
regression model when fundamental assumptions are unfulfilled by the nature of the
data Marona et al. (2006).The analyst estimates his statistical regression models and
tests his assumptions and frequently finds that the assumptions are substantially
violated. Sometimes, the analyst can transform his variables to conform to those
assumptions. However, a transformation will not eliminate the leverage of influential
outliers that bias the prediction and distort the significance of parameter estimates.
Under these circumstances, robust regression is resistant to the influence of the
outliers and may be the only reasonable recourse. The well —.known methods of robust
estimation are M estimation, S estimation and MM estimation. M estimation is an
extension of the maximum likelihood method and is a robust estimation. According to

Levin (1998) the use of least squares method will not be suitable in resolving



problems having outlier or extreme observation, because the assumption of normality
cannot be held. The M-estimation anticipates this by defining a function of p(¢),
which is called the Huber function. In the M-estimation,by, by, ... b,, are estimates of

Bo, B1, ---, Bp chosen such that }; p(€)is minimum and Huber function is defined as.

e? if-k<e<k

Pl = { 2kle| — k? if e<—kore > k

Where k= 1.56. To estimate o , if it is to be needed we use & = 1.483.Median
of Absolute Deviation(MAD) is the median of the remaining absolute M-estimators of
a large class of estimators which are acquired from a given data set by minimizing the
sum of certain functions of the data. M-estimation is derived from statistical function
like finding the value of a parameter allowing the maximum likelihood function equal
to zero. The S estimation was proposed by Rousseeuw and Yohai, (1984).1t is based
on residual scale of M estimation. The weakness of M estimation is the lack of
consideration on the data distribution and not a function of the overall data because
only using the median as the weighted value. This method uses the residual standard
deviation to overcome the weaknesses of median as discussed by Susanti et al.
(2014). MM estimation technique is to estimate the regression parameter using S
estimation which minimize the scale of the residual from M estimation and then
proceed with M estimation. MM estimation targets to obtain estimates that have a
high breakdown value and more efficient. The Breakdown value is common measure
of the proportion of outliers that can be addressed before these observations affect the
model as discussed by C. Chen (2002). Further, MM estimation is the development of
M estimation method. By using these robust methods, it is possible to eliminate some
of the data which in some cases could not always be done additionally if that data are
important, such as those which often be found on agricultural field. Robust regression
methods attempt to fit regression model to data so that the fit is less sensitive to the
behaviour on the tails of the errors and is reasonably stable when the errors come
from a high —tailed distribution. M estimation a generalized version of maximum
likelihood (ML) is a popular robust procedure used in regression analysis as per
Lange and Sinsheimer (1993) for using adaptive robust regression methods that are
based on ML estimation. Adaptive methods provide an attractive compromise

between classical normal theory methods and modern robust methods discussed by



Lange and Sinsheimer (1993) and Hogg (1974).In adaptive estimation, the
distribution of the errors depends on tuning parameters that are estimated or set to
achieve robust inference for statistical modelling of data sets involving errors with
longer than normal tails. The best studied adaptive methods are based on the
distributional families of normal/independent type as proposed by Large and
Sinsheimer (1993) and Dempster et al. (1977). Consider the regression model
y; = fi(8)+e;,Where y; are the observed dependent variable, f; are the theoretical
response functions with a known form generally depending on a set of explanatory
variable x; and indexed by a set of parameters 0, and e;denote the errors. In adaptive
robust regression the classical normal theory assumptions of e;~¢N (0,62) is
commonly replaced by the assumption that e; are identically and independently
distributed (i1d) with a distribution from a N/I family. A popular example from the N/I

family, is the student‘s t distribution.

Robust regression is a regression method that is used when the distribution of
residual is not normal or there are some outliers that affect the model. This method is
an important tool for analyzing the data which is affected by outliers so that the
resulting models are stout against outliers. The transformation appeared unlikely to
eliminate or reduce the influence of outliers, which finally became inaccurate
predictions, when researchers set up regression models and tested the common
assumption that the regression assumptions are violated. Under these circumstances,
robust regression is resistant to the influence of outliers is the best method .Robust
regression is used to detect outliers and provide results that are resistant to outliers.
The properties of efficiency, breakdown, and high leverage points are used to define
robust technique performance in a theoretical sense. One aim of robust estimators is a
high finite sample breakdown point defined by Donoho and Huber (1983).The
breakdown point can be defined as the point g, or limiting percentage of
contamination in the data at which any test statistics first becomes swamped as per
Alma (2011). Robust regression methods provide an alternative to least squares
regression by requiring less restrictive assumptions. These methods attempt to
dampen the influence of outlying cases in order to provide a better fit to the majority
of the data. Outliers have a tendency to pull the least squares fit too far in their
direction by receiving much more "weight" than they deserve. Typically, you would

expect that the weight attached to each observation would be on average 1/n in a data



set with n observations. However, outliers may receive considerably more weight,
leading to distorted estimates of the regression coefficients. This distortion results in
outliers which are difficult to identify since their residuals are much smaller than they
would otherwise be if the distortion wasn't present. As scatter plots may be used to
assess outliers when a small number of predictors are present. However, the
complexity added by additional predictor variables can hide the outliers from view in
these scatter plots. Robust regression down-weights the influence of outliers, which
makes their residuals larger and easier to identify. Least sum of squares may strongly
be influenced by the presence of outliers. Robust regression has been developed to
handle contaminated data, i.e., data containing outliers. Many of the robust methods
are based on the median statistic. Among them are the single median, the repeated
median and the least median of squares methods. The first two methods were
developed for straight line models, least median of squares (LMS) were developed for
models linear in the parameters P. Vankeerberghcn et al.(1995). The breakdown point
as defined by Hampel (1985) i.e., the smallest fraction of contaminated data which
leads to large deviating model parameters changes from 0 percent for LS to 50 percent
for LMS. Practically, this means that up to 50 percent of the data set may be
contaminated with outliers before LMS breaks down and produces aberrant parameter
estimations P.Vankeerberghcn et al. (1995). In contrast with the LS principle which

minimises the sum of squared residuals, residual (X]-,(res)?) LMS minimises the

th
median of squared residual [med (res)?]the median is defined as the E + 1] ranked

value. Once the robust model is obtained, outlier detection can be applied. A robust
estimator of the pure error is computed from the median of squared residuals and is
compared with each residual to define whether the corresponding data point is
outlying or not discussed by P. Vankeerberghcn et al.(1995).Robust regression
techniques are critical to fitting data with noise in real-world applications. A robust
estimation technique is essentially a method which tolerates the presence of data
points not obeying the model whose parameters are to be estimated. Such techniques
are widely used today in computer vision C. V. Stewart (1999). The theory of robust
estimators was developed in the last 30 years in statistics and two main classes of
methods, M-estimators and least median of squares (LMedS) were successfully
applied to vision problems. However, some of the “most” robust techniques used in

the vision community. Robust regression through the use of functions related to least



squares has been the subject of intense research. Dempster et al. (1980) discussed
statistical properties of the estimates under the assumption that the observation errors
are independent normal. Dianne P (1990) developed a high quality set of routines to
compute robust estimators for eight weight functions. Robust regression techniques
are a class of estimators that are comparatively indifferent to the presence of one or
more outliers in the data. They are specially well suited to data that require large
numbers of statistical tests and may contain outliers due to factors not of experimental
interest Wager et al.(2005).Some popular statistical packages have procedures for
robust regression analysis. Among them are SAS, STATA, S-PLUS, LIMDEP, and E-
Views. They need to know in which statistical package the type of robust regression
appropriate for that particular application can be found. There is a family of robust
regression analysis that replaces the sum of squared errors as the criterion to be
minimized with one less influenced by outliers. Least absolute deviations, sometimes
called L, regression, is alternative method that pursues to minimize the influenced of
outliers. Weighted least squares can be employed to serve this purpose. There is a
method called iteratively reweighted least squares using robust corrections for
influence of the outliers Chatterjee and Maéchler (1995). In many real-world
applications, such linear regression models suffer from two drawbacks: lack of
robustness to outliers/noises and the curse of dimensionality. A typical solution to the
former is to estimate noises under an assumed parametric distribution such as
Gaussian, whereas a solution to the latter is to select appropriate features by using
dimensionality reduction such as Principal Component Analysis (PCA). However, if
there exist a small number of gross outliers among the samples, the estimate of model
parameters would drift obviously. Moreover, the linear regression models often do not
work well in processing high dimensional data. For regression tasks on high-
dimensional data like face images, we often cannot collect and label enough samples.
Robust methods have been studied widely to overcome the impact of outliers/noise
Zhang.et al. (2017).In order to develop a robust regression procedure one could
consider two competing approaches; i.e., perform the regression analysis with respect
to multiple loss functions or allow the characteristics of the data to dictate the
selection of the loss function. In order to improve the efficiency of quantile
regression. Zou and Yuan (2008) introduced composite quantile regression (CQR),
which optimizes over a sum of multiple quantile loss functions. As a robust regression

procedure, CQR combines the strength of multiple quantile regressions to estimate the



same “slope” coefficients across different quantiles. Kai et al. (2010) adapted CQR to
the local polynomial framework and established that for many common non-normal
errors this extension provided for gains in estimation efficiency when compared to its
local LS counterpart. Regretfully, when implementing CQR it is still unclear how
many quantiles should be used and simply increasing the number of quantiles does
not necessarily improve the efficiency of the estimator Kai et al. (2010). Alternately,
one could consider a convex combination of loss functions Zheng et al. (2013)
extended CQR by embedding the usage of an empirically weighted average of
quantile loss functions and the LS loss function, so that the LS loss tends to be
weighted heavier for normally distributed data. Rather than using several quantiles,
tact would be to let the data select the quantile of interest in quantile regression Yang
et al. (2006). We use simulation as an instructional tool in our study. Simulation
studies are computer experiments which involve creating data by pseudo-random
sampling from known probability distributions. They are an invaluable tool for
statistical research, particularly for the evaluation of new methods and the comparison
of competing methods. Simulation studies are much used in the pages of Statistics in
Medicine, it has been seen that many statisticians lack the necessary understanding to
execute a simulation study with confidence. Proper understanding of simulation
studies would enable people to run simulation studies themselves and to critically
appraise published simulation studies. Issues with design and reporting, lead to
uncritical use or appraisal of simulation studies. In this context, better understanding
of the rationale, design, execution, analysis and reporting of simulation studies is
necessary to improve what researchers can learn from them. Simulation studies are
used to obtain empirical results about the behaviour of statistical methods in certain
scenarios, as opposed to analytic results. It is not always possible to obtain analytic
results, or may be extremely difficult. Simulation studies come into their own when
methods make wrong assumptions or data are messy; that is, they can assess the
resilience of methods discussed by Morris et al. (2017). This is not always possible
with analytic results, which may assume that data arise from a specific model.
Simulation studies are empirical experiments, and statisticians — particularly those
doing working in applications such as clinical trials — should be familiar with good
practice regarding design, analysis, presentation and reporting as previously lamented
by Hoaglin and Andrews (1975),Hauck and Anderson(1984), Ripley (1987),Burton et
al. (2006) and Koehler et al.(2009). For example, few reports of simulation studies



acknowledge that Monte Carlo procedures will give different results when based on a
different set of random numbers; failing to report measures of uncertainty would be
unacceptable in medical research. By keeping above facts, the study “Estimation and
validation of linear and non linear production functions through robust regression”

has been taken into consideration with the main objectives as

e Identification of the bad leverages in the data and to estimate the robust

values.

e To estimate the parameters of linear production functions through various robust

estimation techniques.

e To estimate the parameters of Non-linear production functions through various

robust estimation techniques.

e To compare the estimated parameters of linear and non-linear production functions

through different techniques with OLS.

e Validation of the proposed linear and non-linear production functions with respect to

best robust technique.
Limitations of the Study

I.  Due to unavailability of road transport because of COVID -19 restrictions
unable to consider other districts for collection of the data therefore nearby

district Budgam had been selected in case of survey.

II.  The most common robust methods and production functions are used only in

the study.

III.  The more time for research discussion was online rather than in person

discussion with respondents.

IV.  In case of survey the numbers of respondents taken in the study are limited

due to in person interview and due to pandemic condition.



Chapter -2

Review of Literature

The relevant literature to study were collected and presented in chronological
order related to regression modelling, robust regression, leverages and production

functions. The review in detailed as per the study are:

Holland (1973) described that when there are weights associated with each
observation, the formulas for and derivation of ridge regression methods were
developed. The motivation is Bayesian and many k values are discussed. It is

suggested that ridge regression be combined with robust regression methods.

Pollak and Wachter (1975) discussed the home production function approach
and its application to time allocation are criticised. Many applications of the model,

particularly those involving implicit "commodity prices," are said to necessitate the
household's technology having constant returns and no joint production; otherwise,
implicit commodity prices are said to be dependent on the household's preferences as
well as its technology and market goods prices. Furthermore, in situations involving
the allocation of time, joint production is common. In cases where home production

theory does not provide a sufficient analytical framework.

Aigneret al. (1977) explained that previous investigations of the so-called
border production function have not used an appropriate characterisation of the
disturbance term. They define the disturbance term as the sum of symmetric normal
and half normal random variables, which is an adequate definition. The coefficient of
a production function with an additive disturbance term of this type is then estimated

using maximum-likelihood estimation.

Harrell et al(1984) had employed a generic metric of predictive
discrimination to assess a model's ability to predict survival in an independent test
sample of patients suspected of having coronary artery disease based on training
samples of varied sizes. After creating clinical indices from variable clusters, they
examined three approaches of model fitting: traditional ‘step-up' variable selection,
incomplete principle components regression and Cox model regression. In the test

sample, we discovered that regression using principal components provided superior
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predictions whereas regression using indices provided easily interpretable models that

were nearly as excellent as the principal components models.

Chaloner and Brant (1988) developed a method for finding outliers in a linear
model. An outlier is an observation that has a substantial random error and was
created by the linear model in question. The posterior distribution of random errors is
examined to find outliers. As a graphical aid in locating outliers, an augmented

residual plot is also suggested.

Wooldridge (1990) suggested for (potentially) dynamic econometric models,
proposes a generic approach to robust, regression-based specification testing. The
suggested tests are distinguished by the fact that, in addition to estimation under the
null hypothesis, computation only necessitates a matrix linear least squares regression
followed by an ordinary least squares regression comparable to those used in common
non robust tests. The proposed statistics are robust to deviations from distributional
assumptions that are not being evaluated in the leading cases of conditional mean
and/or conditional variance tests. Furthermore, the statistics can be obtained using any
vT-consistent estimator, simplifying some otherwise complex —contexts
significantly. Conditional mean tests for models estimated by weighted nonlinear least
squares under conditional variance misspecification, tests of jointly parameterized
conditional means and variances estimated by quasi-maximum likelihood under
nonnormality, and some new, computationally simple specification tests for the tobit

model are among the examples covered.

Battese (1992) described that during the last two decades, econometric
research has focused on the modelling and estimation of frontier production functions.
He gave overviews of the concepts and models involved, as well as citations to some

of the empirical applications that had been published at the time.

Huggins (1993) suggested that M-estimators that are resistant to
contamination by outliers are constructed using the mentioned robust variant of the
log likelihood for multivariate normal data. The robust estimators are found using a
minimization technique that keeps the multivariate normal approach's flexible
parameterizations. The estimators' asymptotic properties are determined, and the

estimates' computation and usage in outlier identification tests are explained.
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Fung (1993) defined that identifying several outliers and leverage points is
challenging. For unmasking these facts, Rousseeuw and van Zomeren advised
employing high breakdown robust estimating methods such as the least median of
square and minimum volume ellipsoid. These methods have a tendency to classify too
many observations as extreme, but a stepwise analysis is presented here for

confirming outliers and leverage points found using robust methods.

Hadi and Smirnoff (1993) developed two test approaches for detecting
numerous outliers that appear to be less prone to this issue. Both approaches try to
split the data into a set of “clean” data points and a collection of data points with
probable outliers. Using a suitably scaled version of the prediction error, the probable
outliers are then examined to see how extreme they are in comparison to the clean
subset. The data sets and Monte Carlo simulations show that both processes are
effective in detecting multiple outliers in linear models and outperform alternative
methods, such as robust fit methods (e.g., least median of squares residuals). The
methods, in particular, do not necessitate a predetermined number of outliers to test
for, do not necessitate an estimator's efficiency level, do not necessarily require Monte
Carlo to determine cutoff values, are not computationally intensive, and are relatively

resistant to both masking and swamping effects.

Battese and Coelli (1995) obtained that non-negative technical inefficiency
effects are believed to be a function of firm-specific factors and time in a stochastic
frontier production function for panel data on companies. The inefficiency effects are
assumed to be distributed independently as truncations of normal distributions with
constant variance and means that are a linear function of observable variables. This
panel data model is an extension of recently proposed cross-sectional data models for

inefficiency effects in stochastic frontiers.

Hubert and Rousseeuw (1996) developed a robust regression method for
conditions in which the regressors are both continuous and binary. Encoding one or
more category variables frequently results in the latter. In the first phase, they
compute robust distances in the space of continuous regressors to reduce the weight of
leverage points. Then, as a function of the continuous and binary regressors, they
execute a weighted least absolute values fit. Finally, the error scale is calculated with

confidence. They focus on the two-way model, in which the suggested estimator is
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compared to an algorithm that alternates between treating continuous and categorical

data.

Koutsias and Karteris (1998) determined that using two Landsat-5 Thematic
Mapper (TM) images to create a logistic regression model for burned area mapping.
The spectral channels of the two photographs were used as explanatory variables in
logistic regression models. The overall accuracy of the results, as well as other
statistical indicators, suggest that logistic regression modelling may be used to map
burned areas successfully. The model with the spectral channels TM4, TM7, and TM 1

and an overall accuracy of 97.62 percent was found to be the most appropriate.

Croux and Haesbroeck (2000) used an influence function technique, they
investigated robust estimators of the covariance or correlation matrix. If the robust M
estimator is more efficient than the least squares estimator, then the corresponding
ridge type M-estimator described here is better than the ordinary ridge estimator with

k chosen appropriately in terms of mean squared error criterion.

Blundell and Bond (2000) analyzed the estimation of Cobb-Douglas
production functions using panel data from a large number of enterprises over a short
period of time. When utilizing the usual first differenced estimator, the generalized
technique of moments (GGM) of estimators has been found to yield substantial finite
sample biases. By using realistic stationarity constraints on the initial conditions
procedure, these biases can be drastically eliminated. They discover that the extended
GGM estimator's extra instruments produce substantially more accurate parameter

estimations.

Zaman et al. (2001) showed that in applied econometrics, robust regression
approaches are rarely used. They describe a method based on Rousseeuw and Van
Zomeren that eliminates many of the challenges associated with applying such

techniques to economic data.

Chen et al. (2001) highlighted that many structures can appear in the data in
many vision issues (e.g., stereo, motion), in which case several instances of the same
model must be recovered from a single data set. The robust statistical methods
typically utilised in the vision community, on the other hand, tend to fail when the
measurement noise gets very great in comparison to the gap between the structures.

All of these techniques are particular examples of the general class of M-estimators
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with auxiliary scale, and their failure in the presence of noisy multiple structures is
explained in this study. To deal with data with different structures, vision-based
techniques (Hough and RANSAC) should be supplemented with statistically robust
methods. The implications of our study are demonstrated by presenting a simple
process for 2D multi structured data that is incompatible with all currently techniques

available.

Salibian and Zamar (2002) presented a new computer-intensive method for
estimating the robust regression estimates distribution. Our strategy is based on
bootstrapping a reweighted representation of the estimates. They include the auxiliary
scale estimate in our reweighted representation of the estimations to obtain an
asymptotically valid bootstrap approach. Because we only have to solve a linear
system of equations for each bootstrap sample, the procedure is computationally
simple. Outlying observations are given tiny weights because the weights employed
are diminishing functions of the absolute value of the residuals. As a result, the
bootstrap method is immune to the presence of outliers in the data. The quantile
estimates obtained with this approach have greater breakdown points than those
obtained with the bootstrap. They demonstrated their methodology on two datasets
and presented the results of a Monte Carlo experiment on confidence intervals for

linear model parameters.

Hubert and Branden (2003) explained the partial least squares regression
technique (PLSR) was created to deal with high-dimensional regressors and one or
more response variables. Because of its speed and efficiency, they introduced
robustified versions of the SIMPLS method, which is the leading PLSR algorithm.
SIMPLS' conclusions are influenced by anomalous observations in the data set since
it is based on the empirical cross-covariance matrix between the response variables
and the regressors and linear least squares regression. A robust covariance matrix for
high-dimensional data and robust linear regression are used to create two robust
algorithms, RSIMCD and RSIMPLS.The effectiveness and resilience of the novel
methodologies are demonstrated by several simulation results and the analysis of real
data sets. RSIMPLS is the overall best approach because it is nearly twice as quick as

RSIMCD.

Levinsohn and Petrin (2003) examined approaches for modelling the

production function for cognitive success in a way that captures theoretical
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conceptions that child development is a cumulative process influenced by family and
school inputs as well as innate ability. It analyses various approaches dealing with
data limitations and clarifies the defining assumptions required to justify alternative
approaches. It has been demonstrated that commonly used specifications impose

restrictive assumptions on production technology.

Batteseet al. (2004) proposed a model of a metafrontier production function
for enterprises in various groups with varying technologies. The metafrontier model
allows for the calculation of similar technological efficiencies for businesses using
various technologies. The model also allows for the estimation of technology gaps for
enterprises under various technologies in comparison to the prospective technology

available to the industry as a whole.

Bloom et al.(2004) suggested that macroeconomists have identified two
characteristics as basic components of human capital: work experience and health.
They calculated a production function model of aggregate economic growth that
included both variables. They claim that the life expectancy effect in growth
regressions appears to be a true labour productivity effect, rather than a proxy for

worker experience.

Petrin et al. (2004) recommended that we should consider for the association
between input levels and productivity when estimating production functions.
Increases in productivity prompt profit-maximizing enterprises to increase their use of
factor inputs. Methods that ignore endogeneity, such as OLS and the fixed-effects
estimator, will produce erratic estimates of the production function's parameters.
Levinsohn and Petrin (2003) present an estimate that uses intermediate inputs to
proxy for the unobservable productivity factor, building on the work of Olley and
Pakes (1996). The majority of plant-level databases include information on the

consumption of intermediate inputs like energy and materials.

Wager et al.(2005)used both simulations and experimental data and found that
robust estimating methods can provide significant advantages in neuroimaging
analyses. Robust approaches are ideally suited for situations in which data may
contain artifactual outliers, and automated robust techniques, such as IRLS, provide
significant gains when each regression analysis cannot be reviewed individually for

assumptions violations. Neuroimaging data falls into each of these categories.
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Nakaya et al. (2005) introduced GWPR and its semi-parametric form as a
novel statistical tool for analysing illness maps emerging from spatially non-stationary
processes. The method is a sort of conditional kernel regression that estimates spatial
changes in Poisson regression parameters using a spatial weighting function. It allows
us to create surfaces of local parameter estimates that represent regional differences in
illness rates and socioeconomic factors.As a result, the method can be used to
evaluate the widely held assumption that the processes being represented are stable in
space, which is commonly taken for granted in global spatial data modelling. It can
also be used to highlight areas of the research region where ‘interesting' linkages are
present and where more inquiry is needed. Traditional global modelling can often
miss such exceptions; hence GWPR provides disease analyzers with a valuable new

set of statistical tools.

In analytical chemistry, outliers of various types are frequently seen in
experimental data Rousseeuw et al. (2006).Outliers can impact the outcomes of the
most commonly used chemometrical/statistical approaches, which are sensitive to
them. They give an overview of reliable chemometrical/statistical methods that look
for the model that fits the majority of the data and are thus less affected by outliers.
As an added bonus, outliers can be identified by their considerable divergence from
the robust fit. They also talked about how to perform multiple linear regression, PCA,
PCR, PLS, and classification using robust approaches for estimating position and

scatter.

Motulsky and Brown (2006) described a novel strategy for detecting outliers
while using nonlinear regression to fit data. They used a robust type of nonlinear
regression to fit the data, assuming that the dispersion follows a Lorentzian
distribution. They came up with a new adaptive technique that becomes more resilient
as time goes on. Adapted the false discovery rate technique to handle multiple
comparisons to define outliers. They next eliminate the outliers and use ordinary
least-squares regression to assess the data. The ROUT method is named for the fact
that it combines robust regression and outlier removal. Our approach discovers
(falsely) one or more outliers in only around 1-3% of experiments when evaluating
simulated data with Gaussian scatter. The ROUT approach works effectively at outlier
identification when examining data contaminated with one or more outliers, with an

average False Discovery Rate of less than 1%.
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Preminger et al.(2007) explained least squares estimation approach, like other
ordinary estimation methods for regression models, can be adversely influenced by a
small number of outliers, resulting in poor out-of-sample projections. They proposed
using a robust regression strategy based on the S-estimation method to build
forecasting models that are less susceptible to outlier data contamination. To
investigate the predictability of two exchange rates over one, three, and six months, a
robust linear autoregressive (RAR) and a robust neural network (RNN) model are
estimated. In terms of prediction accuracy and sign predictability measures, they
compare the resilient models to the random walk (RW), standard linear autoregressive
(AR), and neural network (NN) models. At all time horizons, we find that robust
models tend to increase the AR and NN predicting accuracy. At all projection

horizons, robust models have been found to have strong market timing abilities.

Verardi and Croux (2008) suggested that the existence of outliers in a dataset
can cause the classical least-squares estimator to be highly distorted, resulting in
incorrect conclusions. The rreg and qreg commands in Stata provide access to several
of these methods. Unfortunately, these strategies are only successful against certain
sorts of outliers and are ineffective in other cases. They also presented more powerful
robust estimators that can be used in Stata. They also showed a graphical tool that

distinguishes the types of outliers that have been found.

Yasar et al. (2008) developed a semi parametric approach for reliably
estimating production function parameters and obtaining reliable productivity
measurements by correcting for such biases. This research examines the method
before introducing a Stata command to apply it. When simultaneity and selection
biases are not adjusted for, the coefficients for variable inputs are biased upward
while the coefficients for fixed inputs are biased downward, according to the

researchers.

Xu et al. (2008) presented a feature-wise disturbance resilient least-squares
regression They show that this formulation leads to tractable convex optimization
problems, and we show that the robust problem is equal to regularised regression for a
specific uncertainty set (Lasso). This is how Lasso is interpreted from the standpoint
of robust optimization. They extend this robust formulation to include a wider range
of uncertainty sets, resulting in tractable convex optimization problems. As a result,

they offer a new approach to developing regression algorithms that generalise existing



18

formulations. The benefit is that robustness to disturbance is a physical quality that
can be exploited: they utilise it directly to illustrate Lasso's sparsity qualities, as well
as to prove a general consistency result for robust regression issues, including Lasso,

from a unified robustness approach.

Yuan and Zhong (2008) defined that outliers are data points that stray from the
factor model rather than the data cloud's centre. Through study, the impacts of each
type of outlying observation on the maximum likelihood estimator based on the
normal distribution and the accompanying likelihood ratio statistic are investigated.
The distinction between outliers and leverage observations also helps to clarify the
responsibilities of three robust Mahalanobis distance-based techniques. All of the

robust processes are built to reduce the impact of outlier observations.

Corsi and Reno (2009) suggested a dynamic model for financial market
volatility with three components: continuous volatility, leverage, and jumps, each
having a heterogeneous structure. They discovered that each of the three components
plays an important role in volatility forecasting, and that ignoring one of them might
lead to poor predicting results. Importantly, the leverage effect has extraordinary
predictive power for negative historical returns at all frequencies investigated,
revealing a novel heterogeneous structure in the leverage effect. They further shown
that the occurrence of leaps is significant for two reasons, utilising simulation studies:
Explicitly modelling jumps has two effects: first, it trims the dynamics of the
persistent volatility component, and second, it has a favorable and significant impact

on future volatility.

Ferrari and Neto (2010) proposed that using a parameterization of the beta law
that is indexed by mean and dispersion parameters, presents a regression model where
the response is beta distributed. The proposed model is useful in situations where the
variable of interest is continuous and restricted to the range (0,1), and is related to
other variables via a regression structure. Unlike the parameters of a linear regression
that uses a transformed response, the beta regression model's regression parameters
can be interpreted in terms of the response mean and, when the logit link is utilised,
an odds ratio. Maximum likelihood is used to estimate the data. They gave closed-
form equations for the scoring function, Fisher's information matrix, and the inverse
of Fisher's information matrix. Hypothesis testing is done with approximations

derived from the maximum likelihood estimator's asymptotic normality.
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The breakdown of a generalised leverage matrix useful for identifying
important units and observations in linear mixed models is shown to identify large
leverages for both the marginal fitted values and the random effect component of the
conditional fitted values Nobre and Singer (2010). They use a simulated scenario as
well as real data to demonstrate the distinct uses of the two components of the

decomption.

Nguyen and Welsch (2010) suggested that the outlier detection was used to
investigate the robust covariance estimation problem. They vary from others in that
they introduced a weight vector on the observations and used that weight vector to
build an optimization problem where outliers are given lower probabilities at the
optimal solution. It was discovered that solving a system of nonlinear equations is
comparable to solving this optimization issue. To solve the system, they employed the
Newton—Raphson method. Because the optimization model is analogous to a semi-

definite programming problem, the technique performs well in terms of computing.

Epple et al. (2010) has addressed how to estimate the housing production
function. The fundamental issue with estimating is that housing prices and quantity
are never observed independently. They created a new technique that allows us to
identify and estimate the underlying production functions without depending on
strong functional form assumptions by treating prices and quantities as latent
variables. The technique's main finding is that change in land prices and housing
values per unit of land is enough to identify the housing supply function per unit of

land. If there is a continuous return to scale in the production functions.

Wang et al. (2011) studied a bivariate Student-t distribution which was utilised
to simulate the error innovations of the return and volatility equations in a heavy-
tailed stochastic volatility (SV) model with leverage impact. The bivariate Student-t
distribution was expressed as a scale mixing of bivariate normal distributions by Choy
et al. (2009). They suggest a new formulation in which they first derive a conditional
Student-t distribution for the return and a marginal Student-t distribution for the log-
volatility, and then express these two Student-t distributions as a scale mixture of
normal (SMN) distribution. Their approach distinguishes the sources of outliers and
enables for differentiation between outliers generated by the return process and

outliers generated by the volatility process, which is an advance over Choy et al
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approach. (2009). Additionally, using the WinBUGS programme, it enables for

efficient model implementation.

Alma (2011) proposed that when evaluating data, the ordinary least squares
estimate is the optimal method for obtaining regression weights in classical multiple
regressions assuming assumptions are met. However, sample estimates and outcomes
can be misleading if the data does not meet some of these assumptions. Outliers, in
particular, defy the least squares regression assumption of normally distributed
residuals. Outlying data, both in the direction of the dependent and explanatory
variables, pose a hazard to least squares regression since they might have a significant
negative impact on the estimate and go unreported. As a result, statistical strategies
for dealing with or detecting outlier findings have been created. Robust regression is a
useful technique for assessing data that has been tainted by outliers. It can be used to
detect outliers and produce resistant outcomes when outliers are present. In all of the
linear regression cases, the simulation research is utilised to determine which methods

work best.

Fox and Weisberg (2011) proposed a anticipated estimator or statistical
process which is robust if it offers meaningful information even if some of the
assumptions used to justify the estimating approach are not relevant. The majority of
this appendix is about robust regression which are estimate approaches for linear
regression models that are unaffected by outliers and have potentially large leverage

points.

Ramalho and Silva (2011) described that in regression analysis of capital
structure choices and suggested linear models used. Models like the tobit, the
fractional regression model, and its two-part form are a superior choice because
leverage ratios are proportionate and bounded. They go over the basic econometric
assumptions and features of those models, present a theoretical framework for their
application in leverage ratio regression analysis, and go over various statistical tests
that can be used to evaluate their specification. Carry out a comprehensive
comparison of the alternative models using a dataset previously considered in the
literature, finding that the most relevant functional form issue in this framework is the
choice between a single model for all capital structure decisions and a two-part model
that explains the decisions to issue debt and, conditional on the first decision, the

amount of debt.
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Huang et al.(2012)proposed discriminative approaches (e.g., kernel regression,
SVM) have been widely employed to handle problems like object detection, image
alignment, and pose estimation from pictures, according to the researchers. Image
features (X) are commonly mapped to continuous (e.g., pose) or discrete (e.g., object
category) values using these approaches. Existing discriminative approaches have a
key flaw in that samples are immediately projected into a subspace, failing to account
for outliers that occur often in practical training sets due to occlusion, specular
reflections, or noise. It's vital to note that current discriminative techniques assume
noise-free input variables X.Thus; discriminative algorithms face severe performance
deterioration when gross outliers are present. Despite its obvious importance, the
subject of robust discriminative learning has been relatively neglected in computer
vision. They provide an effective convex technique that exploits recent breakthroughs
in rank minimization to create the theory of Robust Regression (RR). Robust linear
discriminant analysis, regression with missing data, and multi-label classification are
among the challenges that the framework can solve in computer vision. To
demonstrate the benefits of RR, several synthetic and real-world examples are
presented, including head pose prediction from photos, image and video

classification, and facial attribute classification with missing data.

Bayes et al. (2012) proposed Markov Chain Monte Carlo (MCMC) method, a
Bayesian inference approach is proposed. Simulation studies on the impact of outliers
were conducted using contaminated data and four perturbation patterns to generate
outliers. The results show that the Beta rectangular regression model appears to be a
new robust alternative for modelling proportion data, and that the Beta regression
model is sensitive to regression coefficient estimation, to the posterior distribution,
and to the posterior distribution. Two applications are also provided to demonstrate

the Beta rectangular model's robustness.

Ostertagova (2012) suggested that polynomial regression model were chosen
because it is useful when there is reason to believe that the connection between two
variables is curvilinear. The description of the relationship between strains and
drilling depth was used to use the polynomial regression model. The model's
parameters were calculated using the least square method. Following the fitting, the
model was tested using some of the most common metrics for evaluating regression

model accuracy.
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Imon and Hadi (2013) proposed leverages values which are employed in
regression diagnostics as measurements of uncommon data in the x-space. Due to
their role in hiding outliers, detecting high leverage observations or points is critical.
High leverage points (HLP) in linear regression are those that are far from the data's
centre (mean), and hence the most extreme locations in the covariate space have the
largest leverages. But Hoseemer and Lemeshow Applied logistic regression, Wiley,
New York, (1980) pointed out that in logistic regression , The leverage measure
incorporates a component that might make the leverage values of real HLP appear to
be very small, creating concern in case identification. Attempts to identify the HLP
using median distances from the mean have been made, but because they are built for
identifying a single high leverage point, they may not be very useful in the presence
of several HLP due to their making (false-negative) and swamping (false —

positive)effects.

Griffin and Brown (2013) established a strong Bayesian prior for regression
that combines aspects of both ridge and g-prior regressions while allowing for flexible
weighting between them The prior spanning the entire parameter space is singular in
the p > n 1 scenario, which shrinks away components with no information. This is
necessary if we want to build priors that are dependent on the design matrix and so
have a structure comparable to the g-prior. Because the prior is spherical and can be
extended to unnamed components, a simple non-singular extension of the Ridge-CNG

is simple to construct, even if it has no influence on prediction mean square error.

El Karoui (2013) studied regression M-estimates A scalar random variable

whose deterministic limit 7,k can be studied when p=n—x>0 plays a central role in

this representation. We discover a nonlinear system of two deterministic equations

that characterizes 7,k interestingly, the system shows that 7,k depends on p through

proximal mappings of p as well as various aspects of the statistical model underlying
our study. Several surprising results emerge. In particular, they show that, when p=n
is large enough, least squares becomes preferable to least absolute deviations for

double-exponential errors.

Lewis and Ward (2013) recommended regression modelling which is one of
the most extensively used methodologies in epidemiological research. It provides a

tool for detecting statistical connections, which may then be used to study potential
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causal associations relevant to disease control. Multivariable regression has long been
the conventional model, having a single dependent variable (typically disease) and
numerous independent variables (predictors). Multivariable regression can be
generalised to multivariate regression, with all variables possibly statistically
dependent. This provides a much richer modelling framework. We examine and
contrast these approaches using a number of basic illustrative cases. While a relative
newcomer to the epidemiological literature, the technological methodology utilised to
accomplish multivariate regression is well established — Bayesian network structure
discovery — and has a long history in computing science. Multivariate analysis in
epidemiological studies can help researchers better understand disease processes at
the population level, which can lead to the development of more effective disease

management and prevention strategies.

Marubini and Orenti (2014) studied ordinary least square (OLS) regression
analysis, claimed that identifying and assessing outliers plays a key role. In regression
analysis, they provide a robust two-stage technique for identifying outlying
observations. Through a strong distance estimator based on Minimum Covariance
Determinant, the exploratory stages identify leverage points and vertical outliers
(MCD). Following the deletion of these points, the confirmatory stage runs an OLS
analysis on the remaining sample of data to see how adding back in the previously
removed observations affects the results. Bootstrapping is used to establish cut-off
points for various diagnostics, and the cases are clearly labelled as good-leverages,
bad-leverages, vertical outliers, and usual cases. Through the use of jack-knife
following bootstrap robust cut-off points, this approach is able to find and correctly

categorize vertical outliers, good and bad leverage points.

Alguraibawi et al. (2015) proposed new strategy for identifying poor leverage
points has been proposed. The conventional ordinary least square (OLS) versus
Mahalanobis distance (MD) graphic fails to correctly identify the problematic
leverage points the majority of the time. The robust least median of square (LMS)
versus robust mahalanobis distance (RMD) plot successfully classifies observations
into four categories. They suggest novel modified generalised studentized residuals
versus diagnostic robust generalised potentials (DRGP) in this regard, which is highly
effective in classifying observations into regular observations, vertical outliers, and

good and bad leverage points. The MGt-DRGP plot can correctly detect problematic
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leverage points with a low rate of masking and swamping, according to a Monte Carlo
simulation research. It's important to notice that the OLS-MD has a masking problem,

whereas the LMS-RMD has a swamping problem.

Midi and Mohammed (2015) presented a novel method for determining which
leverage points are excellent and which are bad. They used certain well-known data
sets to test the performance of the suggested technique. They proposed a new
diagnostic plot-based method for identifying poor leverage points. The traditional
diagnostic plot misses the poor leverage points. They offer MGti-DRGP, which is
particularly effective in classifying observations as regular, vertical outliers, good,

and bad leverage points.

The impact of financial crises on two key aspects of stock returns, the risk-
return trade-off and the leverage effect, was investigated Christensen et al. (2015).
For daily stock return data, they use the fractionally integrated exponential GARCH-
in-mean (FIEGARCH-M) model, which incorporates both properties and allows for
the coexistence of long memory in volatility and short memory in returns. They adapt
this model to accommodate for especially in the economic parameters that determine
the volatility-in-mean effect and the leverage effect during financial crises. An
analysis of the daily U.S. stock index return data from 1926 to 2010 reveals that
during crises, both financial effects grow dramatically. Surprisingly, the risk-return
trade-off is considerably favorable only during financial crises, whereas non-crisis
times are minor. Throughout, the leverage effect is negative, but during financial
crises, it increases by around 50% in magnitude. During NBER recessions, no such
changes are found hence financial crises are unique in this regard. The increase in the
leverage effect is confirmed by applications to a number of major developed and
emerging international stock markets, but international evidence on the risk-return

relationship is mixed.

Nurunnabi et al. (2016) suggested a well-known masking and swamping
effects, detecting multiple atypical observations such as outliers, high leverage points,
and influential observations (IOs) in regression remains a difficult task for
statisticians. They proposed a six-fold charting strategy based on the well-known
group deletion approach to classify regular observations, outliers, high leverage
points, and IOs simultaneously in linear regression, and they presented a robust

influence distance that can identify numerous 1Os.
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Imon and Apu (2016) proposed that previous cut-off point logically appears to
be erroneous; a new robust Mahalanobis distance cut-off point was proposed to
discover several high leverage locations. The proposed method is empirical and based
on a non-parametric approach. As a result, there is no need for a table and it is very
simple to calculate. A number of well-known data sets clearly demonstrate the
benefits of employing the proposed cut-off point rather than the existing one. When
they used the existing cut-off values for leverages measures to compute robust
Mahalanobis distances, it swamps a substantial amount of observations, regardless of
whether we use the MVE or the MCD. When they used the proposed cut-off point,

however, it successfully identifies all high-leverage situations.

In a very broad global stock universe Guerard (2016) used robust regression
approaches to predict stock returns and build stock selection models. To a worldwide
stock universe, he applies Markowitz portfolio creation and optimization approaches.
Using a given stock selection model, he evaluated expected return models in the
worldwide market and generated statistically significant active returns from various
portfolio creation strategies. He claimed that in a global stock market, mean-variance
procedures with strong regression-created expected returns continue to construct
portfolios capable of generating excess returns above transaction costs and
statistically meaningful asset selection. The stock selection model utilised in this
analysis is the McKinley Capital Management proprietary model in its "public form."
Our proprietary model produces very statistically significant asset selection and factor

risk exposures, but the public form model does not.

Yu and Yao (2017) proposed that Ordinary least-squares (OLS) estimators for
a linear model are extremely sensitive to outliers or unexpected values in the design
space. Even a single typical value can have a significant impact on parameter
estimates. This article will evaluate and detail some widely used robust approaches, as
well as some newly invented ones, as well as compare them in terms of breakdown
point and efficiency. Furthermore, a simulation study and a real-data application were
utilised to compare the performance of existing robust approaches in various

scenarios.

Diskin et al. (2017) suggested deep neural networks in the context of robust
regression was considered with outlier-corrupted observations in the usual linear

model. They propose a deep neural network that generalises Huber's robust regression
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and the classical least trimmed squares estimator and achieves good accuracy with
low processing complexity. A single training phase is used to train the network for
arbitrary linear models. The network can manage a wide range of Signal-to-Noise
Ratio (SNR) and is robust to different sorts of outliers, according to numerical testing

with synthetic data.

Chaudhuri and Basu (2017) explained the Self Updating Process (SUP) is a
clustering technique that starts with a set of data points and replicates the process as
the data points move about and cluster themselves. Using this Self Updating Process,
they looked at the challenge of robust regression in a simple linear configuration.
Chen (2014) has previously used the algorithm in certain real-world scenarios.
However, the technique has some unresolved issues with the scale parameter in the
weight function in question, and it can be highly unstable in the face of significant
leverage points. The issues can be solved, at least in part, by selecting a weight
function that is a decreasing function of the data points' robust Mahalanobis Distance
and leverage values. An comprehensive simulation study was conducted to investigate
the empirical efficiency of the improved SUP algorithm, demonstrating that it is a
good compromise between efficient approaches such as the ordinary least squares

(OLS) and robust methods such as the least median of squares (LMS).

Cadila Jan et al(2017) presented the aggregate production function,
particularly in its Cobb-Douglas and more general CES forms, is still quite popular.
However, there is a long-standing and widespread criticism of the function. The core
of the critique that has persisted until now is that neither the Cobb-Douglas nor the
CES aggregate production functions are anything more than disguised income
identities. Such a truth would have significant ramifications for modern
macroeconomics, both in theory and in practise. They used the standard method to
estimate Cobb-Douglas and CES production functions. Then, instead of capital stock
and labour, they employed capital and labour services. They came to the conclusion
that when elasticities equal factor shares, it is required to adopt the latter strategy to
deal with the factor's utilisation in order to produce statistically sound findings.
However, as predicted by the critique, doing so revealed that the modified estimate is

really just a disguised estimate of income identity.

Bhatia et al. (2017) studied the robust regression problem, offered the first

efficient and provably consistent estimator. Because of its relevance in settings with
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corrupted data and addressing model mis-specifications, the field of robust learning
and optimization has sparked a lot of attention in the learning and statistics fields in
recent years. The fundamental topic of robust linear regression, where estimators that
can withstand corruption in up to a certain fraction of the response variables are
frequently investigated, has gotten a lot of attention. Surprisingly, no polynomial time
estimator that provides a consistent estimate in the presence of dense, unbounded
corruptions has been discovered too far. The consistency studies a novel two-stage
proof technique that includes a detailed examination of the stability of ordered lists,
which may be of interest in and of itself. They demonstrated that CRR is not only
consistent in its estimations, but also outperforms various other newly published
algorithms for the robust regression problem, such as extended Lasso and the
TORRENT method, empirically. In comparison, CRR offers comparable or better

model recovery but with runtimes that are faster by an order of magnitude.

Deyoreo and Kottas (2018) presented quantile regression modelling, a
Bayesian nonparametric methodology. They suggested nonparametric prior
probability models, in particular, allow the data to influence the error density,
resulting in more reliable predictive inference than models based on parametric error
distributions. They examine quantile regression extensions for data sets with censored
observations. They also use dependent Dirichlet processes to create quantile
regression models that allow the error distribution to shift non-parametrically when
the covariates change. Markov chain Monte Carlo algorithms are used to implement

posterior inference.

Schulz et al.(2018)introduced Gaussian process regression as a powerful
technique for modelling, exploring, and exploiting unknown functions. Gaussian
process regression (GPR) is a non-parametric Bayesian approach to regression issues
that can be used in both exploration and exploitation scenarios. This tutorial attempts
to provide you a basic understanding of these techniques. They introduced Gaussian
processes, which generate distributions over functions used in Bayesian non-
parametric regression, and demonstrated their use in applications and didactic
examples such as simple regression problems, a demonstration of kernel-encoded
prior assumptions and compositions, a pure exploration scenario within an optimal

design framework, and a bandit-like exploration—exploitation scenario.
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Al Sayed et al. (2018) demonstrated that the presence of outliers in panel data
may violate the standard OLS estimator's premise. They may cause the relationship
between variables to be overestimated. The goal of the study was to use several
diagnostic tools to find outliers, leverages, and influencing points. The goal of the
study was to compare the results of utilising a sample with outliers and samples after
eliminating the outliers to see how outliers affected the OLS estimator. The studies
are performed on environmental science data in order to estimate the relationship
between CO, emissions, energy consumption, and economic growth for two sets of
countries: developed and developing.Because it employs robust mean and robust
variance estimation, the Robust Mahalanobis distance approach surpasses the other
methods in finding outliers. Furthermore, after removing the outliers from the

analysis, the estimated model reflected a more accurate estimate of yield.



Chapter-3

Material and Methods

In order to achieve the objectives the following methodology has been used.
3.1 Identification of bad leverages:

There are several types of outliers in regression problems which include
residual outliers, vertical outliers, and high leverage points. The term "residual
outlier" refers to any observation with a big residual. Vertical outliers (VO), also
known as y-outliers, are observations that are extreme or outlying in y-axis. High
leverage points (HLPs)on the other hand are those observations which are extreme or
outlying in X-Coordinate. HLP can be classified into good leverage points (GLP) and
bad leverage points (BLP). GLP are outliers in the explanatory variables that follow
the majority of the data's pattern, whereas BLP are the absolute opposite. The
computed values of various estimates are more affected by BLP. The bad and good
Leverages have been identified by using Residual analysis, Standardized Residuals,
Studentized Residuals and Deleted residuals. Because the bad leverages suffer from a
masking effect, these approaches may fail to detect high leverage points. As a result,
in addition to the methods mentioned above, the effective steps were used to identify

the bad leverages. The following techniques have been used for identification of HLP.
3.1.1 Weighted sum of squared distance

The weighted sum of squared distance of i*" point from the center of data

fv’j()?ij—xj)z
i It was proposed by Wood (1980) used to locate

the points that are remote in X-space. The general procedure to rank the points in

(WSSD) sayWSSD,=Y.%_;

increasing order WWSD, and concentrate on points for which the statistic is large.
3.1.2 Hat matrix

It was proposed by Hoaglin and Welsch (1978).The role of hat matrix
H=X(X'X)"!X'in identifying influential observation. The diagonal elements of H
matrix are called the Hat values denoted by h; given by: hy=x;T(XTX) 1x;,i =

1,2,3...... n Since H determines the variance and covariance of yand e, since
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v(y) = 02H and v(e)=0%(1 — H).The elements h; jof H may be interpreted as the

amount of leverage exerted by y; on y;.

3.1.3 Cook’s distance

Cook’s distance was proposed by Cook (1979) useful for identifying outliers
in the observations for predictor variables. It also shows that the influence of each
observation on the fitted response values. An observation with Cook’s distance larger
than three times the mean Cook’s distance might be an outlier. Cook’s distance is the
scaled change in fitted values. Each element in Cook’s distance is the normalized
change in the vector of coefficients due to the omission of an observation.A

conventional cut-off point is 4/n, where n is the number of observations in the data

2
fi hi;

set. Cook gave the method for evaluating the influential observations D; = > any
— i

i=1,2....n where ﬁ-z is the i" studentized residual and h;; is the i*" diagonal element
of H.In statistics,cook’s distance is a commonly used estimate of the influence of the
data point when doing least square regression analysis. Cook's distance measures the

effect of deleting a given observation
3.1.4 Potential Matrix
A single case deleted measure called potential matrix proposed by Hadi

(1992). The diagonal elements of potential matrix denoted by p;; are given by

-1
Dii =xiT(XXiTXl-) i=1, 2..., n, Where X;is the matrix X excluding the

hii
1-hy

i*" row.We can rewrite p;;as a function of hyas p;; =

.The potential matrix is

efficient to identify a single outlier.
3.1.5 Robust Mahalanobis distance

It is proposed by Rousseeuw and Leroy (1987).In multivariate space MD is
the distance between two locations in multivariate space. The independent variables in
a regression equation constitute a multidimensional space in which each observation
can be plotted. Construct a point that represents the means of all independent
variables. The term "centroid" refers to the mean point in multidimensional space.
The MD is the distance between an observation and the centroid as specified by the

independent variables that are correlated. The putative HLPs are identified using this
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method, which is based on Rousseeuw and Leroy's minimal volume ellipsoid
(MVE).The means for all independent variables. In multidimensional space this mean
point is known as ‘centroid’.The MD is the distance of a observation from the

centroid defined by the correlated independent variables

In this method the suspected HLP are determined on the base of the minimum

volume ellipsoid (MVE) developed by Rousseeuw and Leroy as

RMD; = J[X = T(X)]T[CCO]1[X — T(X)]

Where, T(X) and C(X) are robust locations and shape estimates of the MVE
respectively. Habshah ez.al (2009) suggested using the following cut-off value for the
robust Mahalanobis distance Median(RMD;) + 3MAD (RMD;)where, MAD is the

median absolute deviation.
3.2 Estimation of Robust values

The selected data incorporated with the identified bad leverage and the high
leverage points have been replaced by robust values using the linear interpolation
method. Linear interpolation is a curve fitting technique that uses linear polynomials
to produce new data points within the range of a discrete set of known data points.
Interpolation or predicting the value of a function for an intermediate value of the
independent variable is frequently necessary. Linear interpolation necessitates the
knowledge of two points as well as their constant rate of change. Interpolate values
between those two points using this data. The assumption underlying linear

interpolation is that the rate of change between known values is constant.
33 Estimation of the Linear and non-linear productions functions

The yield response curve also known as the production function is a non-
negative mathematical function that connects the quantity of inputs used to the
quantity of output produced. It assumes technical efficiency and calculates the
maximum output for various input combinations, establishing a boundary between
attainable and unattainable outputs. In most cases, a production function is supposed
to specify the highest output possible from a given set of inputs. As a result, the
production function depicts a boundary or frontier that represents the maximum
amount of output that can be obtained from each possible combination of input. A

production function can also be defined as the specification of the minimum input
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requirements required to produce specified output quantities. The assumption that
maximum output can be obtained from given inputs allows economists to ignore the
technological and managerial issues involved in achieving such a technical maximum,
allowing them to focus solely on the problem of allocative efficiency, which is
concerned with the economic decision of how much of a factor input to use, or the
degree to which one factor can be substituted for another. The output-to-input
relationship in a production function is non-monetary; that is, a production function
connects physical inputs to physical outputs without accounting for prices or costs.
The maximum output that may be produced with a particular input combination is
determined by the production function. Technology is the most fundamental
component. Its utilization determines the level of detail and precision of the
production function. In a general theoretical context, it is given in more generalised
terms than in specific empirical applications. Production function parameters
computed using profit maximisation assumptions are "as if" production function
parameters. There is a distinction to be made between technological and behavioral
relationships. Behavioral relationships are those in which technology and behavioral
assumptions are both present. The behavioral approach of production function
parameters evaluated under duality is significant. Even production theory
acknowledges that strict profit maximisation is impossible; behaviour must adjust to
uncertainty and risk, and new models of production behaviour under uncertainty are
developing. Bounded rationality is a concept introduced by Simon (2005).He claimed
that humans' ability to process and interpret data is limited. As a result, selections are
imperfect and reflect this limitation. One of the difficulties is determining the factors
that influence production decisions and understanding what motivates producers to
make judgments. Under risk aversion and restricted analytic capacities, decisions may
differ from those made under rigorous profit maximisation. Under differing
behavioral assumptions, the same technology relationships may produce distinct
consequences. However, separating the behavioral and technological components to
the reported outcome is extremely difficult. The linear and non-linear production
functions that are widely used in practice are Quadratic, Square root Mitscherlich —

Baule function and Cobb Douglas. Their Mathematical forms are as:
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3.3.1 Quadratic production function

It consists of an additive composition of the input factors, their squared values,
and an additional interaction term. The latter elucidates whether the input factors are
independent of each other or not. The quadratic production function is formally

defined as follows:

Y=g+ ay xx; +ay xxy + g *x12 + ay * x50 + ag *xq x Xy
Where, Y denotes study variable x;and x, are the causes used to study the Y.
3.3.2 Square root production function

It is very similar to the quadratic form but produces different shapes of the

curves. The square root form is defined as follows:
Y =ap+a; *x; % +ay % %, + ag xxq + ay xxp + ag x (xq * x5) 2

To ensure decreasing marginal productivity of each input factor, the
parameters must satisfy the same conditions as for the quadratic form, and their

interpretation is identical
3.3.3 Mitscherlich-Baule production function

Mitscherlich-Baule production function allows for a growth plateau, which
follows from the Von Liebig approach to production functions. Moreover, this
functional form is characterized by continuously positive marginal productivities of
the input factors. It does not exhibit negative marginal productivities, as the above

polynomial forms. Formally, the Mitscherlich-Baule function is given by

Y=ax(1—exp(=bx(c+x)))*(1—exp(—d=*(e+x)))

Where, a representing the growth, and ¢ and e the natural input endowments
that include x;and x,.The coefficients cand edescribes the influence of the

corresponding input factors on the study variable.
3.3.4 Cobb Douglas production function

The Cobb-Douglas production function is based on the empirical study of the
American manufacturing industry made by Paul H. Douglas and C.W. Cobb (1928). It
is a non linear homogeneous production function of degree one which takes into
account two inputs, labour and capital, for the entire output. One of the most popular

functions used of recent years is the Cobb-Douglas.
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P(L,K) = bL*KF

Where, P =total production (the monetary value of all goods produced in a
year), L is the labor input (the total number of person-hours worked in a year), K is
the capital input (the monetary worth of all machinery, equipment and buildings), b is
the total factor productivity and o and B are output elasticities of labour and capital
respectively. The researchers created a model economy in which neoclassical theory
would provide a poor causal explanation for the data. Yet the Cobb-Douglas still
produced a remarkably good fit. These findings demonstrate that the Cobb-Douglas
functional form is adaptable enough to fit data effectively even when it lacks a
relevant economic interpretation. If several theories can explain a set of empirical
data, we should choose the one that has the fewest assumptions, according to Occam's
razor. Indeed, the presence of an accounting identity that occurs in any actual
economy, regardless of the underlying production technology, is the simplest

explanation for the Cobb-Douglas strong empirical fit in many real world studies.

3.4  Estimation of the parameters of linear and non-linear models has been
done through the following ways in order to see efficiency of the

parameters.

3.4.1 Ordinary Least Square (OLS)

V1
y
Y=xB+e v ="
Vo
1 X1 Xo1 w0 X |’,30'|
1 Xi2 Xo2 o Xgo P1
x=| L . g=|"
1 Xln XZTL . an ﬁK
Where, f=XX)X'Y

The “goodness of fit” of the model are described by the quantity R* and
adjusted R°.In SLR model, R* was plainly the square of the correlation coefficient
between the Independent and the dependent variable. This, however, will not work
with the MLR model. R? is usually defined as the proportion of variation in the
dependent variable that can be explained by regression on all of the model's

independent variables. In an MLR model, adding more independent variables always
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raises the R? value. Using more independent variables, on the other hand, is not
recommended. The modified R? can be used to determine the proportion of variance

explained by the number of independent variables.
3.4.2 Robust Estimation Techniques

As the data are contaminated through high leverage values so the robust

estimation techniques as per the similarity of the models have been used.
3.4.2.1 M Estimation:

One of the robust regression estimation approaches is M estimation. Huber
(1973) introduced it, and it is the most basic technique both computationally and
theoretically. The letter M denotes maximum likelihood type estimation. If estimator
at M estimation is =8, (X1, Xy, ..., Xy then, E[B,,(x1, X, ...,x,)] = shows that
the estimator f = B,(x1, X3, ..., %,) is unbiased andhas minimum variance, so M-
estimator has the smallest variance estimator compared to other estimators of

variance:
87

Var(ﬁ) > >
nkE (% lnf(xi;ﬁ))

Whereﬁis an extension of the maximum likelihood estimate method and a
robust estimation see other linear and unbiased estimator for estimating (Susanti
2008). It is feasible to remove certain data using this method, which is not always
suitable to do, especially if the data or seed being eliminated is valuable, as is often

the case in agriculture (Susanti ef al 2009).
3.4.2.2 MM Estimation

Yohai (1987) introduced the MM Estimation, which combines high
breakdown value estimation and M estimation. When the errors have a normal
distribution and the breakdown point is 0.5, MM Estimation has high efficiency
properties. The robust MM regression method produces a model with a structure that
is nearly equal to that of a regular linear regression model. The MM estimation
technique involves employing S estimation to estimate the regression parameter,

which reduces the scale of the residual from M estimation. The goal of MM
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estimation is to produce estimates with a high breakdown value that are more

efficient.

Breakdown value is a common measure of the proportion of outliers that can
be addressed before these observations affect the model. MM-estimator is the solution

of

p1 (udX;; =0

n
i=1

n ~
Z (Y= X0 Xy B v

i=1

Where s MM the standard deviation is obtained from the residual of S

estimationandp is a Turkey’s biweight function.
3.4.2.3 Least trimmed squares (LTS) Estimation

Least trimmed squares (LTS) is a statistical technique for estimating unknown
parameters in a linear regression model that offers a more reliable alternative to the
traditional regression method of minimizing the sum of squared residuals. Rousseeuw
introduced the LTS Estimation, which is a high breakdown value method. The
breakdown value is a measurement of how much contamination a technique can
handle while still remaining stable. LTS is a reliable statistical strategy for fitting a
function to a set of data while minimizing the impact of outliers. It is one of a number
of robust regression algorithms. There is no closed-form solution for this method, as
points are either included or excluded. As a result, methods for finding the LTS
solution sift through various data combinations in an effort to analyze the k subset
with the lowest sum of squared residuals. For small n, there are methods that will find
the exact solution; but, as n goes larger, the number of possible combinations expands
rapidly, leading to methods that seek to find approximation (but generally sufficient)

solutions.
3.4.2.4 S Estimation

Outlying observations can have a significant impact on the estimation result in
least squares, least absolute deviations, and even generalised M-estimation, disguising
an essential and interesting relationship that exists in the majority of observations. In

fitting regression functions to data, the S-estimators are a class of estimators that
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overcome this challenge by smoothly down weighting outliers. Rousseeuw and Yohai

(1984) proposed the S-estimator, which minimises a scale estimator.

By =Argmin &, (B)
and the estimator of scaled,,(B) solves the equation
n
1 (Yi —Xi B)
LY (LX)
n & 7n(B)
=1
For each fixed B. where p (X) is a symmetric, continuous function, non
decreasing in IxI, and b = [ p(x)dd(x)with @ being the standard normal
distribution function.
3.5 Estimation of the parameters through robust values

The estimation of the linear and non-linear production functions has been done
through OLS using the estimated robust values. Finally, the comparison of all the

estimated models w.r.t different techniques have been done.

3.6 Validation of the proposed linear and non-linear production functions:

The following techniques have been used.
3.6.1 Cross validation

It is a method for determining how well the results of a statistical analysis will
generalise to a different data set. Cross validation is a method of model evaluation
that is preferable to residuals. The difficulty with residual evaluations is that they
don't show how well the learner will perform when asked to generate new predictions
for data it hasn't seen before. When training a learner, one method to avoid this
problem is to not use the complete data set. Before the training begins, some of the
data is eliminated. After training, the data that was eliminated can be used to test the

learned model's performance on new data.
3.6.1.1 Validation set approach (or data split)
The process works as follow:
® Build (train) the model on the training data set.

e Apply the model to the test data set to predict the outcome of new unseen

observations.
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e In this study 80% is taken as training data set and 20% as validation set

e Quantify the prediction error as the mean squared difference between the
observed and the predicted outcome values. Note that, the validation set

method is only useful when you have a large data set that can be partitioned.
3.6.1.2 K-Fold cross validation

It is a method that attempts to maximize the use of the available data for

training and then testing a model. The algorithm is as follows:
e Randomly split the data set into k-subsets (or k-fold) (for example 5 subsets).
e Reserve one subset and train the model on all other subsets.
e Test the model on the reserved subset and record the prediction error.
e Repeat this process until each of the k subsets has served as the test set.

e Compute the average of the k recorded errors. This is called the cross-

validation error serving as the performance metric for the model.

K-fold cross-validation (CV) is a robust method for estimating the accuracy of

a model.

3.7 Fitness of the models will be checked through the following statistical and

economical techniques.
3.7.1 AKkaike Information Criterion (AIC)

Compares the quality of a set of statistical models to each other. Akaike
Information Criterion is usually calculated with software. The basic formula is
defined as: AIC=-2log—liklelihood + 2K.Where K is the number of model
parameters (the number of variables in the model plus the intercept).Log-likelihood is
a measure of model fit. The higher the number, the better the fit. This is usually
obtained from statistical output. For small sample size (n/K<= 40) use the second
order AIC. AIC, = —2 (loglikelihood) + 2K + (2K(K + 1/n — k — 1))Where n =
sample size, K= number of model parameters, Log-likelihood is a measure of model
fit. Akaike weights are a little more cumbersome to calculate but have the advantage

that they are easier to interpret they give the probability that the model is the best

€xp (_Ai/z) AIC

from the set.w; = .
L expR, (-4i/2)

scores are reported as AAIC scores or Akaike
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weights. The AAIC Scores are the easiest to calculate and interpret. TheAAIC is the
relative difference between the best model (which has anAAIC of zero) and each other
model in the set the formula is AAIC = AIC;, — minAIC . Where AIC; is the score for
the particular model 1.Min AIC is the score for the “best” model.

3.7.2 Bayesian information criterion (BIC):

Bayesian information criterion (BIC) is derived to serve as an asymptotic
approximation to a transformation of a candidate model's Bayesian posterior
probability. The model preferred by BIC in large sample scenarios ideally
corresponds to the candidate model that is a posteriori most probable, i.e., the model
that is rendered most credible by the facts at hand. BIC is calculated using the
empirical log-likelihood method, which does not require the identification of priors.
As a result, BIC provides utility in many Bayesian modelling issues where accurate
priors are difficult to obtain.BIC values are interpreted in terms of bayes factors,
posterior model probabilities, and model averaging weights using the Bayesian
rationale. These applications demonstrate that BIC is a useful scientific measure for
describing the outcomes of a model selection challenge. Where K is the number of
estimable parameters and n is the sample size, BIC = 2L + K log n. (for now we
assume that n can be approximated by the total number of characters in the
alignment). The difference between two BIC estimates may be a decent
approximation to the natural log of the Bayes factor because the BIC was designed as
an approximation to the log marginal likelihood of a model Kass and

Wasserman(1995).
3.7.3 Root mean square error (RMSE)

It is the residuals' standard deviation (prediction errors). The root-mean-
square error (RMSE) is a commonly used metric for comparing predicted and
observed values (sample or population values) by a model or estimator. The normal
distribution that underpins the application of the RMSE well describes the existence
of outliers and their probability of occurrence. When calculating the RMSE, it may be
justified to exclude outliers that are several orders greater than the other samples,
especially if the number of samples is limited. If the model biases are strong,
systematic errors may need to be removed before calculating the RMSE’s. RMSE’s

have the distinct advantage of avoiding the usage of absolute value, which is quite
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undesirable in many mathematical calculations. It represents the model's absolute fit
to the data. It gives you the average model prediction error in units of the variable you
want to know about. They are negative scores, which means that the lower the value,

the better.
3.7.4 Coefficient of determination (R?)

R-squared is a statistical measure that is used to assess the goodness of fit of
our regression model. In R-squared there is a baseline model. This baseline model
doesn’t make use of any independent variables to predict the value of dependent
variable Y. Instead it uses the mean of the observed responses of dependent variable
Y and always predicts this mean as the value of Y. Any regression model which is
fitted is compared to this baseline model to understand its goodness of fit.
The coefficient of determination or R squared method is the proportion of the
variance in the dependent variable that is predicted from the independent variable. It

indicates the level of variation in the given data set.

R? can be calculated by using the following formula:

e The coefficient of determination is the square of the correlation(r), thus it

ranges from 0 to 1.

o With linear regression, the coefficient of determination is equal to the square

of the correlation between the x and y variables.

« If R?is equal to 0, then the dependent variable cannot be predicted from the

independent variable.

o IfR%is equal to 1, then the dependent variable can be predicted from the
independent variable without any error For instance, in a few fields like rocket

science, R” is expected to be nearer to 100 %.

o IfR%is between 0 and 1, then it indicates the extent that the dependent
variable can be predictable. If R? of 0.10 means, it is 10 percent of the variance
in the y variable is predicted from the x variable. If 0.20 means, 20 percent of

the variance in the y variable is predicted from the x variable, and so on.
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The value of R? shows whether the model would be a good fit for the given
data set. In the context of analysis, for any given per cent of the variation, it (good fit)
would be different. But R* = 0(minimum theoretical value), which might not be true

as R”is always greater than O(by Linear Regression).
3.8 Elasticity of production function

The elasticity of production, also called output elasticity, is the percentage
change in the production of a good by a firm, divided the percentage change in an
input used for the production of that good, for example, labour or capital. The
elasticity of production shows the responsiveness of the output when there is a change
in one input. It is defined as the proportional change in the product, divided the
proportional change in the quantity of an input. If a production function, for example:
Q=f (K, L), is used to calculate the input, and the function is differentiable, the
elasticity of production can be calculated using derivatives. It is denoted by:

dQ
L

Elasticity is an economic metric that indicates how sensitive one economic
dimension is to another, such as changes in supply or demand in response to price
changes, or changes in demand in response to changes in income. When the elasticity
value is greater than 1.0, it means that a change in the price of a good or service
affects demand more than proportionally. When the elasticity number is less than 1.0,
it means that demand for the good or service remains generally stable despite price
fluctuations. A value less than 1.0 indicates that demand is relatively price insensitive,
or inelastic. When prices rise, consumers' buying habits remain relatively unchanged,
and when prices fall, consumers' buying habits remain relatively unchanged. It is said
to be 'perfectly' inelastic if elasticity = 0, which means its demand will remain
unchanged at any price. Elasticity is an economic word that describes how the
aggregate quantity demanded of an item or service changes as the price of that good
or service changes. When a product's quantity demand varies more than
proportionally in response to price changes, the product is said to be elastic. A
product, on the other hand, is said to be inelastic if its quantity demand changes very

little when its price changes.



42

3.9 Marginal Value Product (MVP)

The extra revenue generated by raising the quantity of an input used by one
unit while keeping all other input quantities fixed is referred to as the marginal value
product. The marginal value product is calculated by multiplying the input's marginal
product by the product's price. When a firm's output is sold at the same price
regardless of quantity sold, i.e. when the market is in perfect competition, marginal
revenue equals price, because the income generated by selling an extra unit of output
is always equal to the price. As a result, the marginal revenue product and the
marginal value product are equal in this example, and the latter accurately represents
the additional revenue generated by increasing the quantity of an input used by one
unit. MVP was determined using the geometric mean value of the output and inputs,

as well as the regression coefficients of each input.
3.10 Simulation technique

Simulation is the use of purposely generated data to test a hypothesis or
statistical procedure in statistics. When a new statistical approach is developed or
utilised, certain assumptions must be validated and confirmed. Statisticians use
simulated data to test their interpretations. When there is a lack of theoretical basis,
simulation is employed in statistics to test the performance of a method. Simulation
has been employed in a wide range of physical and social sciences and technical
sectors from nuclear fusion to economic forecasting to space shuttle design. For
varied contexts and systems, many sorts of models are utilised. When classifying
simulations, it's vital to distinguish between the sorts of models that are simulated and
the types of programme structures that are used to carry out the simulation.
Deterministic and stochastic simulation models are the two types of simulation
models (meaning probabilistic). In a deterministic simulation, all occurrences and
relationships between variables are governed only by a set of well-known, albeit
tough, rules. Deterministic simulations are commonly used to study physical systems.
The advantage of simulation is that you can still answer the issue even if the model is
too complex to solve analytically. In a stochastic simulation, random variables are
used to reflect the influence of aspects that are unpredictable, unknown, or outside the
scope of the model. Another criterion for categorising simulation models is the
temporal dimension. The data had been analyzed through statistical software’s SPSS
14.0, SAS 9.2, R and NCSS Software. The two types of data sets as per the study have
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been used first Simulation Data: Simulated data of 1000 observations and 500
observations generated by SAS 9.2 and second real data sets one of which is
secondary and the other is primary. The secondary data is the survey done by Division
of Agricultural Economics and ABM during the year 2018 to study the yield of maize
w.r.t to the labour cost and capital involves. The multi stage sampling procedure was
adopted for the selection of unit block as the first, village’s as second and farmers as
third stage. The Chenani block of Udhampur district of Jammu was selected
purposively whereas Bashat, Bupp, Kosar and Mantalai villages were selected
randomly with sample sizes of 25, 24, 24 and 24 respectively comprising of 97

respondents. The chart for this is as follows:
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The other real data is primary survey pertains to study the effect on yield of
Apple w.r.t the cost involved in labour and infrastructure. The survey is conducted in
district Budgam of central Kashmir purposively as the maximum growers are in this
area and moreover due to Covid-19 restrictions during the month of April and May
2020.At first stage three blocks have been selected viz Narbal, S.K.Pora and
S.K.Pora, at stage second three villages viz Magam, Kanihama and Kawoosa were
selected purposively due to the maximum growers are in this area and due to COVID
restrictions. At final stage 68 growers equally selected from all the villages on the
basis of snowball sampling which comprises total sample size of 204 growers. The

chart for this is as follows:
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Chapter-4

Results

The results pertaining to the present investigation “Estimation and validation
of linear and non linear production functions through Robust Regression
“presented in this chapter through tables and figures. The chapter has been classified

under following two sections

(I) Estimation of linear production function of Quadratic and Square root
function.
(I) Estimation of non-linear production function of Cobb-Douglas and

Mitscherlich Baule.

The estimation of each production functions under the section have been done
analysed through Ordinary Least Square, M,MM,S, LTS and estimates of production
function after handling HLP.

4.1 Estimation of linear production functions of quadratic and square root

function:

The procedure used for the estimation of the same is discussed in detail in the

following sections w.r.t to all the data sets.
4.1.1 Estimation of quadratic production function through robust method(s)

In case of summary statistics of simulation data N=500 (P;) see table 4.1, it
has been observed that the mean and standard deviation of the study variable w.r.t
simulated data were found to 24.31unit and 38.47 unit which clearly indicates
variation is more in the data as the mean is smaller than the standard deviation that is
due to the presence of influential observations. Further, the mean and standard
deviation of auxiliary variables of x;andx,in unit were found to found to be 0.05 &
0.98; 0.03 & 1.03 respectively which also depicts the variation is more in the

simulated data set.
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Table 4.1: Summary Statistics of Simulation data (P;) w.r.t. endogenous and

exogenous variables for quadratic production function.

Variable Q, Median Q3 Mean Standard MAD CV
Deviation (%)

X1 -0.59 0.02 0.75 0.05 0.98 0.99 1650.50

Xy -0.76 -0.07 0.69 0.03 1.03 1.08 3433.33

y 1.81 8.12 15.68 2431 38.47 9.82 158.24

Among the Mean Absolute Deviation, the minimum was for x; it was 0.99

units. @, for x;and x, were found to be negative 0.59 unit and 0.76 unit whereas Q,of

y found to be positive 1.81 unit. Low standard deviation indicates that the data points

tend to be very close to the mean and high standard deviation indicates that the data

points are spread out over a large range of value. Coefficient of variation of the Y is

found to be low 158.24.whereas for x; and x, coefficient of variation is very high

indicating inconsistency in the data set which may be due to HLP.

Table 4.2 : Detection of outliers of simulation data (P;) and values of

distance/residual through various techniques for quadratic production function.

Observation | Mahala | Robus | Standar Cook’s Studentize | WSSDI Hat Deleted
s (HLP) nobis t dized d Diagona
MCD | Robust 1
(E-04)
6 2.81 6.96 161.39 0.01 2.14 0.17 2.00 78.04
11 2.54 5.03 150.09 0.01 1.97 0.02 2.00 76.01
16 2.18 5.75 155.29 0.01 2.09 0.16 1.00 79.25
21 1.19 1.57 145.21 0.04 1.99 0.01 1.00 79.06
26 1.02 1.47 136.60 0.05 1.93 0.01 1.00 76.89
31 2.13 5.64 143.96 0.01 2.06 0.10 1.00 81.59
36 3.33 7.06 145.49 0.01 1.91 0.01 3.00 74.52
41 1.12 1.47 140.05 0.03 2.02 0.01 1.00 79.94
46 1.67 2.84 129.85 0.01 1.83 0.05 1.00 71.60
51 1.05 1.54 141.67 0.01 1.95 0.01 1.00 78.16
56 1.51 2.33 145.73 0.01 1.97 0.00 1.00 78.16
61 3.33 8.04 164.39 0.02 2.16 0.18 3.00 77.21
66 1.06 1.46 141.80 0.02 1.92 0.01 1.00 76.67
71 1.78 3.06 134.24 0.01 1.87 0.04 1.00 73.83
76 1.05 1.42 146.55 0.04 2.00 0.01 1.00 79.61
81 6.83 18.09 175.99 0.04 2.30 0.39 1.00 76.87
86 1.04 1.54 137.85 0.03 1.92 0.01 1.00 76.81
91 2.75 5.06 122.64 0.01 1.86 0.02 3.00 66.81
96 2.52 7.27 154.65 0.01 2.11 0.19 2.00 80.29
101 3.69 7.67 163.21 0.02 2.11 0.07 4.00 74.31
106 1.13 1.48 133.98 0.03 1.92 0.01 1.00 75.24
111 2.25 4.20 122.80 0.01 1.83 0.04 2.00 66.73
116 1.12 1.47 148.75 0.01 2.02 0.04 1.00 79.64
121 1.43 2.04 141.96 0.01 1.94 0.01 1.00 77.30
126 1.73 2.90 125.62 0.01 1.85 0.02 1.00 69.47
131 1.17 1.59 153.91 0.01 2.10 0.01 1.00 82.63
136 1.11 1.49 141.78 0.02 2.03 0.02 1.00 80.71
141 1.07 1.47 144.53 0.02 1.97 0.01 1.00 78.63
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146
151
156
161
166
171
176
181
186
191
196
201
206
211
216
221
226
231
236
241
246
251
256
261
266
271
276
281
286
291
296
301
306
311
316
321
326
331
336
341
346
351
356
361
366
371
376
381
386
391
396
401
406
411
416
421
426
431
436
441
446
451
456
461
466
471
476

2.81
1.57
1.18
3.42
1.71
1.18
2.24
1.58
1.07
1.86
1.56
1.16
2.38
2.35
4.05
1.20
8.45
1.53
3.17
1.03
1.07
1.52
5.58
3.70
2.48
1.31
1.05
1.06
1.45
1.57
2.62
1.39
4.30
1.68
1.26
2.04
3.38
4.41
1.12
1.14
1.48
2.69
2.62
1.85
1.04
1.67
2.69
1.36
1.11
1.14
1.12
1.90
1.92
1.72
1.83
1.17
1.21
3.81
1.05
3.20
1.77
1.32
1.28
2.14
2.29
2.07
1.10

8.25
247
1.76
7.93
2.91
1.94
4.30
2.62
1.35
4.62
2.78
1.52
6.10
6.60
8.58
1.50
17.16
3.33
8.89
1.34
1.38
2.63
13.36
7.64
6.10
1.94
1.37
1.42
2.30
2.59
5.78
2.09
12.64
2.89
2.37
5.64
7.03
13.15
1.36
1.48
2.30
7.42
5.38
3.32
1.58
2.73
5.15
2.01
1.57
1.52
1.61
3.53
3.43
2.82
3.26
1.88
1.67
8.04
1.39
7.50
2.93
1.88
2.00
3.84
4.38
4.20
1.39

149.17
133.97
151.05
121.07
149.40
143.30
153.29
127.47
149.52
141.76
154.93
152.21
137.67
149.00
159.54
134.98
110.48
152.18
141.85
141.01
147.32
153.42
142.28
160.66
136.55
131.58
143.30
145.68
151.63
127.70
128.55
131.70
161.88
132.49
144.36
153.88
162.46
146.92
138.84
151.01
130.05
157.47
122.78
126.47
140.85
127.81
125.43
130.78
144.07
146.50
147.12
130.02
147.31
136.50
156.10
142.32
150.44
124.57
146.54
128.77
125.63
133.80
138.31
123.78
159.20
159.40
149.10

0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.02
0.02
0.03
0.01
0.01
0.02
0.02
0.01
0.02
0.02
0.01
0.01
0.04
0.05
0.01
0.01
0.01
0.01
0.02
0.01
0.01
0.01
0.02
0.02
0.02
0.03
0.01
0.01
0.01
0.01
0.02
0.01
0.01
0.01
0.02
0.04
0.05
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.04
0.01
0.01
0.01
0.01
0.01
0.01
0.01
0.03

2.12
1.87
2.06
1.79
2.00
2.03
2.02
1.83
2.05
2.03
2.07
2.06
2.00
2.13
2.07
1.92
1.83
2.06
2.06
2.01
2.05
2.04
1.91
2.07
2.00
1.92
2.00
1.98
2.04
1.85
1.86
1.94
2.15
1.89
2.03
2.12
2.10
2.13
1.95
2.05
1.91
2.11
1.82
1.86
1.96
1.89
1.90
1.89
2.01
2.00
2.06
1.83
1.98
1.87
2.06
2.02
2.05
1.91
2.03
1.86
1.86
1.93
2.00
1.84
2.10
2.11
2.02

0.17
0.03
0.05
0.14
0.03
0.04
0.01
0.04
0.02
0.08
0.06
0.03
0.09
0.13
0.01
0.02
0.03
0.09
0.14
0.01
0.03
0.06
0.11
0.02
0.07
0.01
0.02
0.03
0.01
0.04
0.10
0.02
0.31
0.05
0.06
0.15
0.08
0.22
0.01
0.03
0.01
0.19
0.08
0.04
0.15
0.21
0.01
0.02
0.04
0.03
0.04
0.06
0.01
0.02
0.03
0.04
0.01
0.01
0.02
0.13
0.02
0.02
0.02
0.03
0.01
0.08
0.02

2.00
1.00
1.00
4.00
1.00
1.00
2.00
1.00
1.00
1.00
1.00
1.00
2.00
2.00
4.00
1.00
2.70
1.00
3.00
1.00
1.00
1.00
8.00
4.00
2.00
1.00
1.00
1.00
1.00
1.00
2.00
1.00
5.00
1.00
1.00
1.00
3.00
5.00
1.00
1.00
1.00
2.00
2.00
1.00
1.00
1.00
2.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
1.00
5.00
1.00
3.00
1.00
1.00
1.00
2.00
2.00
1.00
1.00

83.48
74.00
80.79
64.46
78.35
80.65
77.54
70.36
81.09
80.30
78.67
80.46
78.61
83.84
76.53
75.43
55.40
79.59
81.38
80.02
81.61
77.84
77.93
74.85
78.39
73.78
79.88
78.60
79.51
70.59
70.41
74.58
78.09
73.48
80.72
82.33
74.70
84.82
77.49
80.09
73.54
78.68
66.15
69.55
78.32
7131
70.34
72.94
80.17
79.32
81.86
71.50
7197
74.52
77.90
80.23
80.83
70.28
81.00
70.47
69.85
74.89
78.90
67.72
79.26
78.57
79.51
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481 1.59 2.76 155.11 0.01 2.06 0.05 1.00 78.34
486 2.87 5.76 162.53 0.01 2.12 0.05 2.00 77.14
491 3.70 7.83 154.48 0.02 2.00 0.06 4.00 75.33
496 1.17 1.60 129.57 0.02 1.87 0.06 1.00 72.89
500 1.02 1.45 137.10 0.03 1.95 0.07 1.00 77.59

An outlier elucidation is obtained in Table 4.2, and estimation results are
presented and discussed. About Twenty percent of the 500 observations were found as
outliers. The different methods used for identify the outliers were Mahanablios
distance, Robust MCD Distance, and Standardized Robust Residual, cook’s distance,
and studentized residual, WSSDI, Hat Diagonal and Deleted Residual. In
Mahanablios distance, it has been observed the value of outliers through Mahanablios
distance lies between 1.02 to 8.45 whereas through Robust MCD1.34 to 18.09, For
standardized robust residuals, cooks distance, WSSDI, Hat diagonal and deleted the
range of the observations are between 110.48 to 175.99, 0.01 to 0.05, 1.79 to 2.30,
0.01 to 0.39, 1.0E-04 to 8.0E-04, 55.39 to 84.82 respectively.

The Fig 4.1 shows outlier and leverage diagnostics for dependent variable for
simulated data for quadratic production function. The figure shows out of 500
observations we have 100 outliers and 160 leverage points. A scatter plot of the
standardized robust residuals against the robust distances is an especially useful plot
for enlightening outliers and leverage points (RD plot). The robust distances are
plotted against the classical Mahalanobis distances in Fig 4.2. Outliers as well as high

leverage points can be identified using the plot.

Table 4.3: Estimates of quadratic production function (P;)through Ordinary
Least Square (OLS).

Variable Regressu();l gefﬁment Parameters
21.43%
Intercept (2.48)
. 1.09 NS
1 (1.70)
3.107* F-value
2 (1.16) 1.52(P<0.01)
5 R>=0.01
%2 1.62 AIC=5074.24
(1.31) BIC=5103.74
5 1.16™
X2 (1.11)
1.90N8
1% %2 (1.83)

* 5 % level of significance NS= non significant
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The estimates results for the Quadratic production function with standard error
have been shown in the the table 4.3. It depicts that all the coefficients were found to
be positive and non significant the as the F-value was found to be significant indicates
the model is adequate w.r.t to study variable. It further shows that each estimation
coefficient may be having the correct sign due to the presence HLP. The estimates of
the regression coefficient have been done through OLS.The R* value found to
minimum (0.015) and having AIC (5074.24) and SBIC (5103.74), this may be due to
the presence of HLP.Therfore robust methods have been applied to study the effect on

the estimates of the parameter of quadratic function.

In Fig 4.3 the panel of diagnostics of ordinary least square for quadratic
production function model observed to be poor. These diagnostics reveal that this
model is a resounding failure. The residuals and studentized residuals plots versus
expected values show poor trends. The point on the plot of the dependent variable(y)
versus the predicted values predicts the behaviour of the dependent variable. The plot
of studentized residual versus leverage showed that leverage points are lying outside
the interval -2 to +2 and are HLP. Further, the graph of Cook’s indicates the
maximum number of observations are outside limit and having high jump the cut-off

clearly indicates that data are influenced by outliers.

Table 4.4: Estimation of quadratic functions through robust method for

simulation data ( P;) and comparison with OLS thereof.

Estimates of the regression coefficients
Variable OLS M LTS MM S Modified estimate
(S.E) Estimation | Estimation Estimation Estimation | after handling HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept 21.43% 5.01% 5.01% 4.99% 4.99% 5.37*
(2.48) (0.03) (0.03) (0.05) (0.05) (0.21)
1.09 N 5.02% 5.01% 5.04% 5.04* 5.128%
1 (1.70) (0.02) (0.02) (0.03) (0.03) (0 21)
. 3.10% 5.04* 5.04% 3.06* 3.06* 5.05N
2 (1.16) (0.02) (0.02) (0.06) (0.06) (0.19)
5 1.62™ -0.02™ -0.03" -0.01 " -0.05™ -0.10™
1 (1.32) (0.02) (0.02) (0.01) (0.01) (0 .10)
) 116" 0.01™ 0.09 ™ -0.04™ -0.04™ -0.08™
2 (1.112) 0.07) (0.06) (0.01) (0.01) 0.15)
1.90™ -0.03 N8 0.044 NS -0.06 ™8 -0.06 ™8 -0.03N8
1% %2 (1.83) (0.02) (0.02) (0.01) (0.02) (0 20)
R? 0.01 0.70 0.99 0.99 0.70 0.73
AIC 5074.24 956.61 -1257.15 323.12 412.25 714.78
BIC 5103.74 987.85 -1231.86 350.12 43221 744.27

* 5%Ilevel of significance

NS= non significant
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The table 4.4 presents the estimates of the regression coefficient which have
been done through OLS, M Estimation, MM, S, LTS and modified estimates after
dealing with HLP. It has been observed that the OLS estimate of x;2 was positive
1.62 and non significant, but through M,MM, S Estimation and LTS were found to be
negative and non-significant 0.02, 0.01, 0.05 and 0.03.Modified estimate of
production function also after handling HLP was found to be negative and non-
significant 0.10.Moreover, the coefficient of determination is remarkably higher in
case LTS estimation but this method is not advisable as it is based on trimming of
data Chen and Cary (1987) followed by MM estimation i.e. 0.99 which indicates that
99 percent variation of study variable is explained through this method whereas the
least was found to be in case of OLS method i.e.0.01.The AIC and BIC in case of
MM estimation was found to be low. If exceptional observations are omitted in the
analysis, the linear pattern formed by the remaining observations explains more of the
variation in simulated data. It has also been observed that the OLS estimate of x,2
was positive 1.16 and non-significant and in case of M and LTS estimation found to
be positive 0.01, 0.09 and also non-significant. The coefficient of x,2 in case of MM
and S estimation were found to be same i.e. negative and non-significant 0.04. The
estimate of modified production function after handling HLP was also found to be
negative and non-significant having value 0.08. Further, the simulated data of
1000(P,) observation have been considered to see the effect of outliers in case of big
data. The summary statistics of the data has been reflected in table 4.5. The table

depicts that the mean and standard deviation of study variable

Table 4.5: Summary Statistics of simulation data (P)w.r.t. endogenous and

exogenous variables for quadratic production function.

Variable Q Median Q3 Mean Standard MAD C V(%)
Deviation

X1 -0.69 -0.03 0.63 0.02 1.00 0.97 4996.86

Xy 0.31 0.72 1.44 0.97 1.03 0.73 9443.68

y 4.62 8.47 13.62 17.19 28.15 6.52 163.72

of simulated data were 17.19 unit and 28.15 unit respectively, indicating that there is
wider diversity in the data because the mean is smaller than the standard deviation,
which is due to presence of influenced observations. Furthermore, the mean and

standard deviation of auxiliary variables x;and x,were determined to be 0.02and 1.00
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and 0.97and 1.03, respectively, indicating that the simulated data set has higher

variability. The lowest mean absolute deviation was 0.73 forx,. The @, for x;was

found to be negative 0.69 and for x, positive 0.31 respectively, the ¢,value for study

variable was positive i.e. 1.81. Low standard deviation means the data points are

closed to the mean while high standard deviation means the data points are spread out

over a wide range of values. The study variables coefficient of variation is found to be

low 163.72. However the coefficient of variation for x;and x, is quite high, indicating

inconsistency in the data set, which could be attributable to HLP.

Table 4.6: Detection of outliers of simulation data (P,)and the values of

distance/residual through various techniques for quadratic production function.

Observatio | Mahalanob | Robus | Standardiz | Cook’s | Studentiz | WSSD | Hat Deleted
ns is t ed ed | Diagona
(HLP) MCD Robust 1
(E-04)

10 1.34 4.18 144.19 0.04 2.87 0.07 1.00 80.63
20 1.75 7.24 151.01 0.06 2.95 0.16 1.00 83.96
30 0.95 1.49 143.42 0.04 2.89 0.03 1.00 80.88
40 2.07 3.16 142.17 0.06 2.91 0.11 1.00 81.27
50 0.85 1.43 146.95 0.04 2.95 0.03 6.00 82.75
60 1.50 1.83 155.32 0.06 3.12 0.22 4.00 86.86
70 2.75 42.36 136.31 0.07 2.62 1.58 1.00 73.58
80 3.55 6.27 136.49 0.06 2.82 0.13 1.00 78.74
90 1.27 1.26 159.39 0.06 3.17 0.12 3.00 87.37
100 0.79 1.49 154.71 0.03 3.09 0.01 2.00 86.79
110 0.80 1.49 150.22 0.03 3.02 0.01 3.00 84.14
120 0.83 1.46 152.21 0.03 3.03 0.03 1.00 85.08
130 1.90 8.92 140.11 0.07 2.80 0.19 1.00 77.65
140 6.49 95.28 132.14 0.05 2.50 3.82 5.00 70.01
150 1.91 9.92 136.82 0.06 2.72 0.23 1.00 75.50
160 2.70 4.11 168.19 0.07 3.30 0.05 1.00 90.04
170 1.49 3.73 138.12 0.06 2.78 0.01 5.00 77.38
180 6.47 51.53 123.00 0.03 2.44 1.72 6.00 61.64
190 0.96 1.57 159.59 0.06 3.16 0.02 4.00 87.88
200 1.71 1.91 161.65 0.09 3.21 0.16 4.00 87.70
210 2.07 2.81 166.02 0.03 3.27 0.06 1.00 89.43
220 1.90 2.31 165.47 0.09 3.29 0.18 5.00 89.71
230 7.38 68.52 119.40 0.02 2.34 2.46 8.00 57.97
240 1.42 5.11 143.63 0.04 2.86 0.10 2.00 80.20
250 2.41 30.67 136.34 0.03 2.67 1.07 1.00 73.43
260 2.55 3.65 165.45 0.05 3.25 0.07 1.00 88.38
270 2.38 6.45 137.71 0.01 2.79 0.02 1.00 76.97
280 0.82 1.47 158.13 0.04 3.14 0.02 2.00 87.85
290 5.71 49.52 151.08 0.08 2.87 1.77 3.00 86.21
300 0.88 1.33 155.63 0.04 3.09 0.05 4.00 86.19
310 1.51 1.78 151.61 0.06 3.06 0.21 1.00 85.51
320 2.28 3.37 166.01 0.04 3.26 0.05 1.00 89.21
330 1.45 1.70 155.16 0.06 3.11 0.20 2.00 86.49
340 4.95 73.73 126.32 0.05 2.42 2.86 3.00 64.36
350 1.42 3.92 156.33 0.06 3.07 0.05 1.00 86.90
360 1.72 7.52 151.81 0.06 2.97 0.18 1.00 84.56
370 2.11 3.16 140.11 0.02 2.86 0.15 1.00 80.07
380 2.34 3.26 168.14 0.08 3.34 0.21 1.00 90.51
390 0.80 1.46 148.87 0.03 2.97 0.03 2.00 83.31
400 0.79 1.50 153.41 0.03 3.05 0.01 2.00 85.65
410 1.07 1.16 149.59 0.04 3.00 0.11 1.00 83.91
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420 4.92 23.37 158.72 0.03 3.04 0.59 2.00 89.56
430 1.16 2.20 141.97 0.05 2.87 0.08 1.00 80.14
440 2.32 31.28 139.47 0.03 2.69 1.12 1.00 76.28
450 1.42 1.62 153.00 0.05 3.08 0.20 1.00 85.61
460 1.05 2.02 152.28 0.04 2.99 0.03 3.00 84.29
470 1.56 4.62 156.05 0.06 3.06 0.06 3.00 86.59
480 1.54 1.81 150.70 0.07 3.05 0.20 4.00 85.41
490 1.22 1.25 146.77 0.05 2.96 0.12 5.00 82.98
500 1.27 1.33 154.80 0.05 3.10 0.16 2.00 86.13
510 0.79 1.50 152.11 0.03 3.03 0.01 1.00 84.81
520 2.88 28.24 131.79 0.02 2.59 0.93 1.00 70.34
530 1.10 1.48 144.47 0.05 2.92 0.06 2.00 81.74
540 2.14 28.93 140.24 0.03 2.72 1.03 1.00 76.65
550 1.98 5.38 159.64 0.03 3.12 0.03 4.00 87.84
560 1.56 9.21 143.20 0.05 2.82 0.27 2.00 79.58
570 1.96 2.65 163.57 0.02 3.22 0.06 3.00 88.08
580 1.70 2.47 164.64 0.01 3.25 0.03 2.00 89.27
590 1.61 8.34 147.07 0.05 2.88 0.23 3.00 81.89
600 0.96 1.25 154.99 0.04 3.09 0.08 4.00 85.88
610 4.21 6.75 172.29 0.06 3.37 0.07 2.00 91.11
620 2.32 31.19 136.53 0.03 2.66 1.10 1.00 73.69
630 1.40 1.52 158.49 0.06 3.17 0.18 2.00 87.57
640 0.80 1.50 152.87 0.03 3.03 0.01 4.00 84.98
650 1.83 8.22 139.63 0.06 2.79 0.17 2.00 77.45
660 0.94 1.76 149.87 0.04 3.02 0.03 1.00 84.66
670 2.84 6.06 164.93 0.06 3.22 0.03 1.00 89.30
680 2.41 3.75 168.50 0.05 3.31 0.09 1.00 90.70
690 1.21 2.62 137.83 0.05 2.77 0.04 5.00 77.35
700 241 3.38 166.34 0.03 3.30 0.68 1.00 89.27
710 1.97 23.84 143.07 0.04 2.79 0.89 1.00 78.66
720 1.63 2.94 141.21 0.04 2.87 0.02 7.00 80.06
730 1.25 1.26 148.94 0.06 3.01 0.13 1.00 84.24
740 1.39 1.63 146.83 0.07 2.98 0.11 5.00 83.46
750 1.03 1.20 155.80 0.04 3.11 0.10 5.00 86.44
760 3.05 4.83 167.41 0.07 3.31 0.26 1.00 88.93
770 1.16 1.25 159.90 0.06 3.17 0.08 1.00 87.71
780 1.55 1.88 151.63 0.07 3.07 0.21 1.00 85.77
790 2.36 13.80 135.40 0.08 2.69 0.35 1.00 74.09
800 0.88 1.53 149.22 0.04 3.01 0.02 2.00 84.29
810 0.89 1.49 151.64 0.03 3.00 0.05 3.00 84.44
820 0.81 1.51 153.58 0.03 3.05 0.07 4.00 85.45
830 1.06 1.72 149.07 0.03 2.96 0.03 2.00 83.51
840 0.98 1.61 144.88 0.05 2.92 0.07 4.00 81.85
850 1.58 2.03 152.54 0.06 3.06 0.07 2.00 85.16
860 0.91 1.48 153.42 0.03 3.04 0.05 4.00 85.61
870 1.47 1.65 146.94 0.06 2.97 0.17 1.00 83.26
880 1.84 2.44 161.68 0.09 3.22 0.23 1.00 88.14
890 1.12 1.21 160.65 0.06 3.19 0.08 3.00 88.39
900 2.08 3.14 145.40 0.01 2.97 0.22 1.00 83.17
910 0.98 1.82 143.09 0.03 2.86 2.23 1.00 80.40
920 1.30 3.81 146.17 0.03 2.89 0.08 2.00 81.69
930 3.49 9.77 165.30 0.09 3.21 0.07 1.00 90.79
940 5.66 85.90 130.96 0.08 2.50 3.40 4.00 67.51
950 2.08 2.86 162.03 0.09 3.22 0.23 1.00 87.54
960 1.17 1.32 143.47 0.05 2.90 0.09 4.00 81.11
970 1.90 3.62 138.55 0.09 2.82 0.01 1.00 78.45
980 1.22 1.22 151.72 0.05 3.06 0.15 2.00 85.36
990 4.29 7.70 167.97 0.02 3.27 0.01 1.00 89.28
1000 0.87 1.61 156.86 0.04 3.10 0.06 2.00 86.84

An outlier interpretation and estimation results are shown and discussed in
Table 4.6. About 10 percent of Outliers were found among 1000 observations as per

the Mahanablios distance, robust MCD distance, standardized robust residual, cook's
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distance, studentized residual, WSSDI, Hat Diagonal, and Deleted Residual were
some of the approaches used to find outliers. The value of outliers in Mahanablios
distance is 0.79 to 6.49, whereas in Robust MCD 1.16 to 95.28, respectively. For
standardised robust residuals, cooks distance, WSSDI, Hat diagonal, and deleted, the
range of observations is 119.40 to 172.29, 0.01 to 0.09, 2.42 to 3.37, 0.01 to 3.82,
1.00 to 8.00 and 57.97 to 91.11

Outlier and leverage diagnostics for the dependent variable for simulated data
for the quadratic production function are shown in Fig 4.4 Out of 1000 observations;
there are 100 outliers and 160 leverage points, as seen in the Fig 4.4. A scatter plot of
the standardised robust residuals vs. robust distances is very useful for identifying
outliers and leverage points (RD plot). In Fig 4.5 the robust distances are plotted
against the conventional Mahalanobis distances. The plot can be used to identify

outliers, as well high-leverage points.

Table 4.7: Estimates of quadratic production function(P,) through ordinary

least square (OLS).

Variable RegreSSIZ)Sn ::())efﬁclent Parameters
13.95%*
Intercept (1.750)
2.332N8
%1 (1.252)
1.72N8 F-value
*2 (2.254) 7.11 (p<0.0001)
- R?*=0.03
%2 0.51 AIC=9491.00
(0.598) BIC=9525.35
5 0.51™
X
2 (0.565)
i 1.31%
1% %2 (0.937)

* 5%Ilevel of significance NS= non significant

Table 4.7 displays the standard error estimates for the Quadratic production
function. The fact that all of the coefficients were found to be positive and non-
significant, and that the F-value was found to be significant, suggests that the model is
appropriate in relation to the study variable. It demonstrates that due to the presence
of HLP, each estimated coefficient may have the proper sign. OLS was used to

calculate the regression coefficient estimations. Furthermore, the R? value is 0.03,
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with AIC (9491.00) and BIC (9525.35), which may be related to the presence of HLP.
As a result, robust approaches were used to investigate the effect on the estimations of

the parameter of the quadratic function.

Fig 4.6 shows panel of diagnostics of ordinary least square for quadratic
production function model have been studied and is poor. These diagnostics reveal
that this model is a resounding failure. The residuals and studentized residuals plots
versus expected values show poor trends. The points on the plot of the dependent
variable(y) versus the predicted values predict the behaviour of the dependent
variable. The plot of studentized residual versus leverage showed that leverage points
are lying outside the interval -2 to +2 are HLP. Further, the graph of Cook’s indicates
the maximum numbers of observations are outside and having high jump the cut-off

clearly indicates that data are influenced by outliers.

Table 4.8: Estimation of quadratic functions through robust methods for

simulation data (P,)and comparison with OLS thereof.

Estimates of the regression coefficients
Variable OLS M LTS MM S Modified
(S.E) estimation estimation estimation estimation Estimate after
(S.E) (S-E) (S-E) (S.E) handling
HLP (S.E)
Intercept 13.95% 5.02% 4.99* 5.05% 5.08% 4.94%
(1.75) (0.05) (0.03) (0.05) (0.03) (0.18)
X1 233M 5.05% 5.04% 5.04% 5.03* 5.09%
(1.25) (0.05) (0.04) (0.05) (0.02) (0.09)
X, 1.72N 3.04* 3.07* 3.02% 3.09% 3.298*
(2.25) (0.04) (0.03) (0.05) (0.06) (0.23)
x,2 0.51™ 0.04™8 0.04™° 0.03™ 0.02N -0.02M
(0.59) (0.02) (0.01) (0.02) (0.01) (0.06)
X2 0.51" -0.05" -0.06™ -0.04 M -0.03M8 -0.07™8
(0.56) (0.01) (0.01) (0.01) (0.01) (0.05)
X1 % Xy 133N 0.06™ 0.07™8 0.06™ 0.05™° -0.03N8
(0.93) (0.08) (0.08) (0.09) (0.02) (0.06)
R’ 0.03 0.78 0.99 0.75 0.98 0.79
AIC 9491.00 1311.50 -2767.00 844.00 376.00 1455.63
BIC 9525.35 1345.73 -2737.56 879.92 346.56 1489.98

* 5%Ilevel of significance NS= non significant

The estimation results for the Quadratic production function are shown in
Table 4.8, which illustrates that each estimation coefficient may be correct in terms of
the expected sign. After dealing with HLP, the regression coefficient was estimated
using OLS, M Estimation, MM, S, LTS, and updated estimates. The OLS estimate of

x,%was found to be positive 0.51 and non significant, however the M,MM, S
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Estimation, and LTS were found to be positive and non significant 0.04, 0.04, 0.03
and 0.02. After handling HLP, modified estimate of the production function were
found to be negative and non-significant (0.02). Furthermore, the coefficient of
determination for LTS estimation 0.99 is significantly greater than for S estimation
0.98, indicating that this method can explain 99 percent of the fluctuation in the study
variable but this method is not advisable Chen, C. (2002). S estimation is based on
variance. The least was found in case of OLS i.e. 0.03. If exceptional observations
are excluded from the study, the remaining observations create a linear pattern that
explains more of the variation in the simulated data. It was also found that the OLS
estimates of x,2was positive 0.51 and non significant, and M,MM,S and LTS
estimates were negative and non-significant0.05,0.04, 0.03 and 0.06. After handling
HLP, modified estimate of the production function was determined to be negative and
non-significant (0.07). After observing the impact of outliers in case of simulation
data, the real data sets have been taken to observe the effect of outliers in case of
linear and nonlinear production functions. The first real data in this series is pertained
to the survey done at Kashmir pertained to yield of apple w.r.t cost involved in labour
and capital. The demographic profile of the real dataset is reflected in table4.9.

Table 4.9:Socio-economic characteristics of growers of Kashmir involved in
Apple yield.

Age (Years) Frequency Percentage Test value P valug
21-30 44 21.56

31-40 5 25.49 v=38.87* 0.007
41-50 25 12.25

51-60 66 32.35

Above 60 17 8.33
Sex(M/F) Frequency Percentage

Male 141 72.16

Female 63 27.83 7=6.33* 0.025

Marital Status(Married/Unmarried)
Married 160 82.47
Unmarried 44 17.52  7=9.33* 0.012

Occupation(farming/other)
Farming 165 87.62
Other than farming 39 12.37 7=26.6* 0.006

* Significant at 5% los.
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It illustrates that age has a significant impact on farming activities since it
impacts the efficiency and competency of labour available for apple production.
According to the figures, the majority of respondents 91.66 percent were between the
ages of 21 and 60. This implies that, apple cultivation is done by young adult growers
within this age bracket. This is because these categories of growers are still strong and
have the ability to supply the required labour in agricultural activities to boost
production as well to increase resource use efficiency. The chi square value (38.87)
was found to be significant which indicates the maximum number of growers
involved in the production of apple in the age group of 51-60 followed by growers in
age group of 31-40 and minimum in above 60 because of the age factor. The result
also revealed that about 87.62 percent growers have opted farming as main
occupation due to years of farming experience, low-land apple production, better farm
management methods and resource utilisation efficiency, lowering costs and
improving output. Further, the participation of male (72 percent) is more in apple
production and married (82 percent) as their Z values were significant. Thus males
and married are more involved in the production of apple in Kashmir region having

farming as main occupation.

Table 4.10:Summary Statistics of Apple yield w.r.t labour and capital for

quadratic production function.

Variable Q Median Q3 Mean Standard MAD CV (%)
(unit) Deviation

X 11200.00 13500.00 19200.00 14455.40 5267.06 6671.00 36.43
labour (Rs/day)

Xy 11600.00 14000.00 19600.00 15183.80 6058.04 6523.04 39.89
Capital(Rs/kanal)

Y 0.80 1.18 3.14 2.05 2.18 0.02 5.31
Yield(g/hectare)

According to Table 4.10, the mean and standard deviation of the study
variable based on real data were 2.05 g/ha and 2.18g/ha, respectively, having more
variation in the data as the mean is smaller than the standard deviation, which is
presence of influential observations. The smallest among the mean absolute deviation
was 0.02 g/ha for study variable y. The @,for x;and x,were found to be positive
11200 Rs/dayand 11600 Rs/day, respectively, whereas the ¢,for y was determined to
be positive 0.80g/ha. A low standard deviation implies that the data points are fairly
close to the mean, whereas a high standard deviation suggests that the data points are
spread out throughout a wide range of values. The CV of x, (36.43) was more than

x1(39.89) respectively.
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Table 4.11: Detection of outliers in case of Apple yield data and values of

distance/residual through various techniques in case of quadratic production

function.
Observat | Mahalan | Robust Standard | Cook’s Studenti | WSSDI Hat Deleted
ions obis MCD ized zed Diagonal
(HLP) Robust
4 3.98 17.73 -6.53 0.11 -0.86 834.52 0.05 -15.45
3.98 17.73 -6.53 0.11 -0.86 834.52 0.05 -15.45

9 3.98 17.73 -6.53 0.11 -0.86 834.52 0.05 -15.45
15 3.98 17.73 -6.53 0.11 -0.86 834.52 0.05 -15.45
31 3.98 17.73 -6.53 0.11 -0.86 589.31 0.05 -15.45
68 2.51 105.43 22.85 0.02 0.61 741.89 0.08 10.75
70 1.50 20.36 3.89 0.04 -0.39 741.89 0.04 -6.75
73 1.50 20.36 3.89 0.04 -0.39 741.89 0.04 -6.75
81 1.50 20.36 3.89 0.04 -0.39 741.89 0.04 -6.75
87 1.50 20.36 3.89 0.04 -0.39 381.88 0.04 -6.75
104 2.96 29.92 28.49 0.05 -0.24 589.31 0.02 -4.35
109 2.51 105.43 22.85 0.02 0.61 477.05 0.08 10.75
111 5.09 453.40 12.63 0.03 0.38 214.43 0.08 7.11
119 3.99 279.05 50.34 0.01 0.81 352.58 0.07 14.56
121 2.75 28.96 26.80 0.04 -0.23 328.98 0.02 -4.17
122 1.74 90.42 81.08 0.78 4.70 834.52 0.01 81.62
133 3.98 17.73 -6.53 0.12 -0.86 381.88 0.03 -15.49
135 2.96 29.92 28.49 0.05 -0.24 328.98 0.02 -4.37
137 1.74 90.42 81.08 0.78 4.70 214.43 0.01 81.62
144 3.99 279.05 50.34 0.10 0.81 589.31 0.04 14.57
145 2.51 105.43 23.41 0.06 0.65 741.89 0.07 11.48
149 1.50 20.36 3.89 0.04 -0.39 381.88 0.08 -6.72
153 2.96 29.92 28.49 0.05 -0.24 214.43 0.04 -4.37
154 3.99 279.05 50.34 0.10 0.81 589.31 0.04 14.57
157 2.51 105.43 23.41 0.06 0.65 214.43 0.02 11.48
158 3.99 279.05 50.34 0.10 0.81 477.05 0.07 14.57
160 5.09 453.40 14.03 0.06 0.48 932.01 0.08 8.96
161 2.07 150.21 99.42 0.39 5.58 871.66 0.07 97.12
163 2.75 28.96 58.18 0.26 1.90 352.58 0.02 33.45
164 5.09 453.40 48.48 0.22 2.95 477.05 0.01 54.52
165 2.75 28.96 58.18 0.26 1.90 352.58 0.17 33.45
166 2.07 150.21 99.42 0.39 5.58 932.01 0.07 97.12
167 2.07 150.21 99.42 0.39 5.58 932.01 0.04 97.12
172 2.96 29.92 28.49 0.05 -0.24 381.88 0.07 -4.37
195 2.96 29.92 28.49 0.05 -0.24 381.88 0.01 -4.37
196 1.50 20.36 3.89 0.04 -0.39 741.89 0.01 -6.72

An outlier explication as well as estimation findings are given and discussed in

table 4.11. Outliers were detected in about 17 percent of the 204 observations.
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Mahanablios distance, Robust MCD Distance, and Standardized Robust Residual,
cook's distance and studentized residual, WSSDI, Hat Diagonal, and Deleted Residual
were the approaches used to find outliers. The value of outliers in Mahanablios
distance has been observed to be between 1.50 to 5.09, whereas in Robust MCD 17.73
to 453.40, respectively. The range of observations in standardised robust residuals,
cooks distance, WSSDI, Hat diagonal, and deleted are between -6.53 to 99.42, 0.01 to
0.78, -0.86 to 5.58, 214.43 t0 932.01, 0.01 to 0.17, -15.45 to 97.12 respectively.
Outlier and leverage diagnostics for the dependent variable for real data for the
quadratic production function are shown in Fig 4.7 and 4.8. Out of 204 observations,
there are 36 outliers and 47 leverage points, as observed in the Fig. A scatter plot of
the standardised robust residuals vs. robust distances is very useful for identifying
outliers and leverage points (RD plot). In Fig 4.8, the robust distances are plotted
against the conventional Mahalanobis distances. The plot can be used to identify
outliers, as well as high leverage points.
Table 4.12: Estimates of Apple yield w.r.t labour and capital for quadratic
production function through Ordinary Least Square (OLS).

Variable RegreSSIZ)Sn ::())efﬁclent Parameters
45.81%
Intercept (9.64)
-0.03M8
M (0.08)
0.02N8 F-value
2 (4.56) 192.70(p<0.0001)
= R?=0.82
2,2 0.05 AIC=1746.82
(0.07) BIC=1770.05
) 0.03*
X2 (0.01)
-0.02™8
1% %2 (0.05)

* 5% level of significance NS= non significant

The estimates results for the Quadratic production function with standard error
have been shown in the the Table 4.12. The F-value was found to be significant
indicates the model is adequate w.r.t to study variable. It further shows that each
estimation coefficient may be having the correct sign due to the presence HLP. The
estimates of the regression coefficient have been done through OLS.The R* value
found to be (0.82) and having AIC (1746.82) and BIC (1770.05), this may be due to
the presence of HLP.Therfore robust methods have been applied to study the effect on

the estimates of the parameter of quadratic function.
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The panel of diagnostics for the quadratic production function model using
ordinary least squares found to be inadequate. This shows that this model is a
resounding failure. In Fig 4.9poor trends can be seen in the residuals and studentized
residuals plots versus predicted values. The points on the plot of the dependent
variable (y) versus the anticipated values predict the dependent variable's behaviour.
The plot of studentized residual versus leverage reveals that leverage points outside of
the range -2 to +2 are HLP. Furthermore, the cook's graph showed that the majority of
observations are outside, and the huge jump in the cut-off plainly suggests that data
are influenced by outliers.

Table 4.13:Estimation of quadratic functions through robust method for Apple

yield w.r.t labour and capital and comparison with OLS thereof.

Estimates of the regression coefficients
Modified
Variable i
o3 M Lts oMM | s | BEE
(S.E) Estimation Estimation Estimation Estimation handling
(S.E) (S.E) (S.E) (S.E) HLP
(S.E)
Intercept 4581%* 28.50N8 25.449 N8 3.20N8 52108 38.25N
(9.64) (1.67) (1.599) (0.78) (0.14) (12.07)
. -0.03M8 -0.01* -0.084* 0.07N8 0.09* 0.02*
1 (0.08) (0.01) (0.012) (0.09) (0.06) (0.01)
. 0.02N 0.08 ™ 0.045%* -0.08% 0.01% 0.01%
2 (4.56) (0.01) (0.009) (0.08) (0.01) (0.01)
2 0.02™ 0.01* 0.02* 0.01* 0.01* 0.06™
1 0.07) (0.01) (0.01) (0.03) 0.31) (0.06)
5 0.03* 0.07* 0.06* 0.05* 0.03* 0.03*
X2 (0.01) (0.01) (0.01) (0.01) (0.02) (0.08)
-0.02 N8 -0.01* -0.02% -0.02* -0.01* -0.01*
Y1 * X2 (0.05) (0.04) (0.04) (0.02) (0.01) (0.06)
R? 0.82 0.75 0.99 0.77 0.72 0.83
AIC 1837.94 345.33 -683.84 166.30 384.21 313.21
BIC 1861.17 371.66 -663.93 197.13 391.12 360.35

* 5%Ilevel of significance NS= non significant

The table 4.13 displays the estimation results for the Quadratic production
function, demonstrating that each estimation coefficient may be correct in terms of the
expected sign. Following the treatment of HLP, the regression coefficient was
estimated using OLS, M Estimation, MM, S, LTS, and modified OLS. The OLS
estimate of x; 2was found to be positive 0.02 and non-significant, further the M, MM,
S Estimation, and LTS were found to be positive and significant i.e. 0.01, 0.01, 0.01,
and 0.02 respectively. Modified estimate of the production function was also found to

be positive and non significant after handling HLP found to be 0.06. Furthermore, the
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coefficient of determination for LTS estimation 0.99 is much greater than the
coefficient of determination for MM estimation 0.77, indicating that this method can
explain 99 percent of the variation in the study variable but is not advisable Chen. C
(2002).Modified OLS after handling HLP has R*0.83 which also shows better results.
The AIC and BIC for Modified OLS estimation is also low. When unusual
observations are omitted from the study, the remaining observations form a linear
pattern that explains a greater proportion of the variation in the simulated data. It was
also observed that the OLS estimate of x,?was positive 0.03and significant, whereas
the M, MM, S, and LTS estimates were positive and significant 0.07, 0.05, 0.03, and
0.06 respectively. After handling HLP modified estimate of the production function
was found to be positive and significant 0.03.Overall it has been observed that the
estimate of x; labour cost is non significant as per OLS method whereas found to be
significant in case of robust method. Since LTS and S estimation are usually applied
in trimming of data respectively. Therefore among the rest three the modified OLS
after handling HLP having maximum R” as compared to M and MM estimation. Thus
if one unit increases in the cost of labour will decrease overall yield of apple. It may
be due to reduction of labour as the total cost deviates in terms of labour and will be
decreased by two percent of the total. The estimate of x,capital cost is also non
significant as per OLS method whereas found to be significant in case of robust
method. If there is one unit increase in the capital cost will increase the yield of apple
and it increases by one percent. Now the case of second real data set is considered to

observe the behaviour of the linear production function in presence of HLP.
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Table 4.14: Socio-economic characteristics of farmers involved in maize yield.

Age (Years) Frequency Percentage Test value P value
21-30 03 3.09

31-40 22 22.68 '~ 21.89% 0.013
41-50 25 25.77

51-60 30 30.92

Above 60 17 17.52

Sex(M/F)Frequency Percentage
Male 70 72.16
Female 27 27.83 7=4.4% 0.0016

Marital Status(Married/Unmarried)
Married 80 82.47
Unmarried 17 17.52 7Z=7.0* 0.002

Occupation(farming/other)
Farming 85 87.62
Other than farming 12 12.37 7=7.4% 0.001

* Significant at 5% los.

Table 4.14 illustrates that age has a significant impact on farming activities
since it impacts the efficiency and competency of labour available for maize
production. According to the figures, the majority of respondents 82.47 percent were
between the ages of 21 and 60. This implies that, maize cultivation is also done by
young adult farmers mostly within this age bracket. This is because these categories
of farmers are still strong and have the ability to supply the required labour in
agricultural activities to boost production as well to increase resource use efficiency.
The chi square value (21.89) was found to be significant which indicates the
maximum number of farmers involved in the production of maize were in the age
group of 51-60 followed by farmers in age group of 41-50 and least in 21-30 in case
of maize production. The result also revealed that about 87.62 percent farmers have
opted farming as occupation. Years of farming experience in low-land maize

production are expected to improve individuals' expertise of better farm management
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methods and resource utilisation efficiency, lowering costs and improving output.
Further the participation of male (70 percent) is more in maize production and
married (80 percent) as their Z values were significant. Thus males and married are
more involved in the production of maize in Jammu region having farming as main

occupation.

Table 4.15: Summary Statistics of maize w.r.t labour and capital for quadratic

production function.

Standard
Variable Q, | Median Q, Mean ancar MAD CV (%)
Deviation
X1 1800.00 | 3200.0 6000.0 4750.51 4402.61 2965.21 92,67
labour (Rs/day) '
. 2 500.00 800.0 200.0 1308.00 1154.21 8153.10 88.23
Capital(Rs/kanal)
Y
Yield(g/hectare) 0.55 0.87 1.5 0.77 1.11 0.55 347

The mean and standard deviation of the variable in this study based on maize
data were 0.77 g/ha and 1.11g/ha, respectively, in table 4.15, demonstrating that the
data has more variability because the mean is less than the standard deviation, which
is attributable to the presence of influential observations. The study variable y had the
smallest mean absolute deviation of 0.55 g/ha. The Q; for x; and x,were positive
1800.00 Rs/day and 500.00 Rs. /kanal, respectively, while the Q;for y was positive
0.55 unit. A low standard deviation indicates that the data points are close to the

mean, whereas a high standard deviation indicates that they are spaced.

Fig 4.10 shows the outlier and leverage diagnostics for the dependent variable
for real data for the quadratic production function. It is observed that there are 3
outliers and 33 leverage points among the 97 observations. Outliers and leverage
points can be easily identified using a scatter plot of standardised robust residuals vs.
robust distances (RD plot). The robust distances are plotted against the traditional
Mahalanobis distances in Fig 4.11. Outliers, as well as high leverage points can be

identified using the plot.
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values of

distance/residual through various techniques for quadratic production function.

Observations| Mahalanobis| Robust | Standardized| Cook’s | Studentized] WSSDI Hat Deleted
MCD Robust
(HLP) obus Diagonal
19 1.61 3.34 3.59 0.05 2.99 3761 0.01 17.92
75 1.75 1.99 3.47 0.05 2.75 1116 0.01 16.75
91 3.91 21.15 3.95 0.30 2.98 1008 0.07 19.75

Table 4.16 provides a description of outliers as well as estimation results that
are shown and discussed. Outliers were found in around 3 percent of 97 observations.
The methodologies employed to find out outliers were Mahanablios distance, Robust
MCD Distance, and Standardized Robust Residual, cook's distance and studentized
residual, WSSDI, Hat Diagonal, and Deleted Residual. Outliers in Mahanablios
distance range from 1.61 to 3.91, while in Robust MCD they range from 1.99 to 3.34,
respectively. Standardised robust residuals, cooks distance, WSSDI, Hat diagonal, and
deleted observations ranged from 3.47 to 3.95, 0.05 to 0.30, 2.75 to 2.99, 1008 to
3761, 0.01 to 0.07, 16.75 to 19.75 respectively.

Table 4.17: Estimates of Maize w.r.t labour and capital for quadratic production

function through Ordinary Least Square (OLS).

Variable Regress1z)sn E;)efﬁcnent Parameters
7.98%*
Intercept (1.810)
0.03*
“ (0.01) i
-0.05" “val
x 107.63 (p<0.0001
: (0.01) RZ(:po 85 )
NS .
X2 '52'2596 AIC=632.28
2. N)S BIC=650.30
5 1.17
X2 (4.47)
2.16™
Y1 * Xz (1.46)

* 5%]level of significance NS= non significant

The standard error estimates for the Quadratic production function are shown
in Table 4.17. The coefficient of x; was found to be positive and significant, while as
x,was found to be negative and non-significant. F-value was significant, implies that

the model is appropriate for the study variable. It indicates that each estimated
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coefficient may have the correct sign due to the presence of HLP. The regression
coefficient estimations were calculated using OLS. Furthermore, with AIC (632.28)
and BIC (650.30), the R? value is 0.85, which could be related to the presence of
HLP. As a result, robust procedures were employed to explore the impact on

quadratic function -parameter estimations.

Fig 4.12 shows the diagnostic panel for the quadratic production function
model based on ordinary least squares was found to be insufficient. These results
revealed that this model is a total failure. The residuals and studentized residuals
graphs vs projected values show poor trends. The behaviour of the dependent variable
(y) is predicted by the points on the plot of the dependent variable (y) versus the
expected values. The plot of studentized residual vs. leverage showed that leverage
points outside of the -2 to +2 range are HLP. Furthermore, the Cook's graph
demonstrates that the majority of observations are made outside, and the large leap in

the cut-off clearly indicates that data are influencing the decisions.

Table 4.18: Estimation of quadratic functions through robust methods for maize

yield w.r.t labour and capital and comparison with OLS thereof.

Estimates of the regression coefficients
Variable | OLS M LTS MM s e handling
(S.E) Estimation Estimation Estimation | Estimation HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept 7.98% 7.36% 3.32% 7.05% 6.57* 7.56%
(1.80) (1.51) (1.45) (1.76) (1.79) (1.58)
. 0.03* 0.03N 0.05* 0.03N8 0.03N8 0.05*
1 (0.01) (0.03) (0.02) (0.04) (0.04) 0.01)
-0.05N8 -0.04 N8 -0.03N 0.02% 0.01™ 0.04*
X2 (0.01) ( 0.06) 0.01) (0.01) (0.05) (0.01)
5 -5.29M -5.67M° -1.311 -2.30™ 3,120 -6.211
X (2.50) (0.01) (2.16) (0.05) 0.31) 2.27)
5 1177 9.73% 537 ™ 6.67™° 5.54% 9.31*
X2 (4.41) (0.01) (3.62) (6.24) (2.21) (3.90)
2.16™ 2.71% 3.20% 2.30% 3.10% 3.18%
Y1 * X2 (1.40) (0.01) (1.27) (0.11) (0.01) (1.30)
R? 0.85 0.88 0.92 0.63 0.82 0.87
AIC 632.28 123.21 -121.46 168.77 181.75 605.27
BIC 650.30 139.54 -106.01 190.03 197.17 630.21

* 5%Ilevel of significance NS= non significant

The estimation results for the Quadratic production function are shown in
Table 4.18, indicating that each estimation coefficient may be right in terms of

expected sign. The regression coefficient was estimated using OLS, M Estimation,
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MM, S, LTS, and modified OLS, in accordance with HLP's behaviour. The OLS
estimate of x; 2was found to be negative 5.29 and non-significant. Furthermore the M,
MM, S Estimation, and LTS estimates i.e. negative and non-significant 5.67, 2.30,
3.12, and 1.31 respectively. After handling HLP, modified estimates of the production
function were also found to be negative and non-significant (-6.21). Furthermore, the
coefficient of determination for LTS estimate 0.92 is significantly higher but is not
recommended Chen and Cary (1987) M estimation has R?value 0.88, indicating that
this method can explain 88 percent of the variation in the study variable, the modified
OLS has an R? of 0.87, indicating that it provides positive results. For M estimation,
the AIC and BIC are also low. When unusual observations are excluded from the
study, the remaining observations form a linear pattern that explains a larger
percentage of the variation in the simulated data. The OLS estimate of x,2 was also
positive 1.17 but non-significant, whereas M and S estimates were positive and
significant, MM and LTS estimates were positive but non-significant 6.67 and 5.37
respectively. The improved estimates of the production function were found to be
positive and significant 9.31 after handling HLP. In general, the estimate ofx; labour
cost was determined to be significant using the OLS approach, but non significant
using the M, MM, and S estimation methods of the robust method. As a result, a one-
unit decrease in labour costs will result in a higher overall maize yield. Because the
overall cost of labour will rise by 5 percent. According to the OLS approach, the
estimate of x;capital cost is non-significant however it is significant when using the
robust method. The yield of maize will decline by four percent if the capital cost is

reduced by one unit.

4.1.2 Estimation of Square root production function through Robust

method(s).

Table 4.19: Summary Statistics of simulation data (P;)w.r.t. endogenous and

exogenous variables for Square root production function.

Variable Q Median Q3 Mean Standard MAD Cv
Deviation (%)

X1 -0.59 0.02 0.75 0.05 0.98 0.99 1650.50

X, -0.76 -0.07 0.69 0.03 1.03 1.08 2700.52

y 2.80 7.58 13.77 24.35 38.27 8.30 157.18

Table 4.19 shows that the study variable's mean and standard deviation based

on simulated data were 24.35 unit and 38.27unit respectively having more variation in
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the data because the mean is found to be smaller than the standard deviation, which is
due to presence of influencing observations. Furthermore, the mean and standard
deviation of auxiliary variables x;andx, were determined to be 0.05 unit and 0.98
unit; 0.03 unit and 1.03 unit respectively, indicating that the simulated data set has
higher variability. The smallest among the mean absolute deviation was 0.99 units
forx;. The @,for x;and x, were negative 0.59 and 0.76, respectively, whereas the @,
for y was positive 2.80. Low standard deviation means the data points are close to the
mean, while high standard deviation means the data points are spread out over a wide
range of values. The coefficient of variation for study variable is found to be low as
157.18 percent but the coefficient of variation for x; and x, is quite high 1650.50 and
2700.52 percent respectively, showing inconsistency in the data set, which could be

due to HLP.

Outlier and leverage diagnostics for the dependent variable for simulated data
for the square production function are shown in Fig 4.13. Out of 500 observations,
there are 100 outliers and 121 leverage points, as seen in the diagram. A scatter plot of
the standardized robust residuals vs. robust distances is very useful for identifying
outliers and leverage points (RD plot). In Fig 4.14, the robust distances are plotted
against the conventional Mahalanobis distances. The plot can be used to identify

outliers, as well as high leverage points.

Table 4.20: Detection of outliers of simulation data (P;) and values of

distance/residual through various techniques for square root production

function.
Observatio | Mahalano | Robu | Standardiz | Cook | Studentiz | WSS Hat Deleted
ns bis st ed ’s ed DI Diagonal
MCD Robust

5 2.46 3.23 169.93 0.01 2.07 0.04 0.02 75.44

10 2.49 3.63 151.97 0.01 1.99 0.07 0.02 74.72

15 2.40 3.27 163.50 0.01 2.03 0.02 0.02 77.13

20 1.09 1.34 146.86 0.04 2.00 0.01 0.01 7791

25 2.26 2.85 139.41 0.02 1.93 0.01 0.02 79.17
30 1.96 2.61 150.96 0.09 2.01 0.03 0.01 74.05

35 2.86 3.87 145.83 0.01 1.95 0.09 0.02 69.88
40 1.19 1.51 143.78 0.04 2.01 0.01 0.01 78.63
45 2.57 3.61 128.18 0.07 1.89 0.01 0.02 74.56
50 2.29 3.12 143.99 0.02 1.96 0.01 0.02 80.23

55 1.41 1.87 146.95 0.06 2.00 0.03 0.01 75.77
60 2.90 4.13 173.11 0.06 2.09 0.06 0.02 75.07

65 2.03 2.42 144.78 0.03 1.92 0.01 0.01 78.37
70 1.63 2.04 132.99 0.07 1.92 0.02 0.01 72.31

75 1.50 1.74 150.08 0.03 2.00 0.01 0.01 80.01
80 4.79 7.64 187.95 0.04 2.19 0.12 0.06 75.80

85 2.46 3.46 139.43 0.02 1.93 0.01 0.02 79.86
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90

95
100
105
110
115
120
125
130
135
140
145
150
155
160
165
170
175
180
185
190
195
200
205
210
215
220
225
230
235
240
245
250
255
260
265
270
275
280
285
290
295
300
305
310
315
320
325
330
335
340
345
350
355
360
365
370
375
380
385
390
395
400
405
410
415
420

2.32
3.96
3.05
1.10
2.11
1.03
1.20
1.59
1.93
0.94
2.03
2.38
1.67
1.23
2.90
1.84
0.95
2.85
1.81
1.08
1.72
1.44
0.94
2.20
2.09
4.33
2.05
4.72
1.82
2.81
1.29
2.02
1.39
4.60
3.04
2.26
1.14
1.47
1.49
2.28
1.63
3.64
1.71
3.32
3.48
1.12
3.14
2.92
3.54
1.39
0.90
2.17
2.52
237
1.78
4.77
1.49
3.96
1.33
1.13
1.42
1.27
2.26
1.82
1.51
1.79
0.92

3.13
6.48
4.15
1.23
3.01
1.16
1.56
2.12
2.70
1.10
2.38
3.12
2.03
1.51
3.49
2.69
1.13
4.97
2.20
1.17
2.23
1.81
1.12
3.01
2.71
7.94
2.53
6.97
2.49
4.20
1.47
2.38
1.76
7.74
4.31
2.98
1.41
1.75
1.70
3.81
1.94
543
2.48
4.19
5.28
1.39
4.90
4.05
5.55
1.51
1.04
3.47
3.35
3.18
2.28
7.89
1.84
7.24
1.57
1.32
1.74
1.51
2.96
242
1.97
2.36
1.09

122.05
163.46
169.66
133.99
120.98
153.84
142.54
125.01
157.13
146.06
147.15
157.64
132.89
156.68
116.84
151.33
148.51
155.96
125.89
154.05
148.20
160.98
156.96
144.15
156.78
162.51
134.60
108.89
159.09
149.62
144.47
151.88
159.26
139.44
165.22
142.55
131.42
147.53
149.09
154.42
126.25
125.29
133.58
172.68
130.77
150.07
161.94
169.15
156.38
139.29
155.89
132.21
166.41
119.88
124.77
143.63
128.03
127.82
129.99
149.10
148.78
152.29
128.07
148.36
135.90
160.96
147.38

0.02
0.08
0.07
0.04
0.08
0.04
0.06
0.06
0.05
0.04
0.03
0.01
0.06
0.05
0.07
0.08
0.04
0.10
0.06
0.03
0.08
0.07
0.05
0.05
0.12
0.09
0.05
0.02
0.07
0.01
0.03
0.03
0.07
0.02
0.01
0.01
0.05
0.03
0.03
0.07
0.06
0.01
0.05
0.02
0.07
0.05
0.09
0.05
0.09
0.04
0.04
0.06
0.02
0.07
0.07
0.02
0.06
0.01
0.05
0.04
0.04
0.04
0.07
0.08
0.07
0.09
0.04

1.90
2.03
2.06
1.96
1.88
2.00
1.97
1.89
2.10
2.02
1.98
2.05
1.92
2.03
1.88
2.02
2.00
2.03
1.89
2.03
1.98
2.03
2.04
1.95
2.06
2.07
1.96
1.87
2.01
1.99
2.00
2.03
2.01
2.00
2.06
1.96
1.96
1.98
1.97
2.04
1.90
1.94
1.94
2.06
1.95
1.99
2.06
2.06
2.04
1.98
2.02
1.92
2.04
1.89
1.91
1.95
1.92
1.90
1.94
1.98
2.01
2.03
1.89
2.01
1.92
2.04
1.99

0.06
0.02
0.10
0.08
0.03
0.08
0.02
0.03
0.02
0.01
0.08
0.04
0.01
0.09
0.04
0.04
0.01
0.06
0.01
0.06
0.03
0.02
0.01
0.05
0.03
0.13
0.08
0.23
0.06
0.05
0.06
0.02
0.08
0.18
0.18
0.06
0.01
0.02
0.08
0.01
0.08
0.03
0.02
0.05
0.01
0.01
0.02
0.09
0.07
0.06
0.01
0.03
0.03
0.03
0.02
0.02
0.03
0.08
0.01
0.05
0.01
0.05
0.02
0.49
0.26
0.04
0.01

0.02
0.04
0.03
0.01
0.02
0.01
0.01
0.01
0.01
0.02
0.01
0.02
0.01
0.01
0.03
0.01
0.04
0.02
0.01
0.01
0.01
0.01
0.02
0.02
0.01
0.05
0.01
0.07
0.01
0.02
0.01
0.01
0.01
0.05
0.03
0.02
0.01
0.01
0.01
0.02
0.01
0.04
0.01
0.03
0.04
0.01
0.03
0.02
0.04
0.01
0.02
0.01
0.02
0.02
0.01
0.06
0.01
0.05
0.01
0.01
0.01
0.01
0.02
0.01
0.01
0.01
0.01

68.89
80.81
73.86
76.09
68.41
78.17
74.81
70.22
84.11
78.35
80.44
75.02
73.78
79.18
68.53
77.01
77.03
78.81
72.15
80.27
73.54
76.08
78.74
70.96
76.10
80.38
78.52
63.87
77.60
71.52
79.87
82.85
75.33
68.25
76.07
71.44
74.15
79.73
79.04
80.93
71.93
75.74
75.87
75.87
79.24
76.78
81.14
73.71
72.22
78.57
78.32
75.68
76.37
68.70
70.88
84.18
71.95
75.88
73.80
78.27
79.42
80.28
72.63
74.92
71.74
76.59
76.64
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425 1.68 2.35 153.01 0.05 2.05 0.02 0.01 81.35
430 3.42 5.17 127.92 0.04 1.90 0.12 0.04 71.98
435 2.17 2.76 150.69 0.03 2.02 0.17 0.01 82.60
440 3.91 5.81 124.92 0.13 1.94 0.84 0.05 75.31
445 1.58 1.92 125.95 0.06 1.89 0.03 0.01 70.64
450 1.46 1.73 133.01 0.06 1.98 0.01 0.01 76.18
455 1.23 1.50 142.60 0.05 1.98 0.02 0.01 75.97
460 1.98 2.80 122.60 0.08 1.89 0.03 0.01 69.07
465 2.55 4.15 163.14 0.01 2.10 0.07 0.02 80.11
470 1.96 2.59 166.15 0.03 2.07 0.04 0.01 76.05
475 0.97 1.09 153.35 0.04 2.00 0.01 0.02 78.38
480 1.49 1.89 160.80 0.07 2.03 0.03 0.01 75.99
485 2.51 3.26 168.41 0.04 2.09 0.08 0.02 76.14
490 3.31 5.15 156.72 0.06 2.02 0.19 0.03 75.5

495 1.03 1.21 130.71 0.04 1.89 0.06 0.01 73.24
500 2.07 2.46 139.59 0.03 1.96 0.05 0.01 79.96

An outlier explanation and estimation results are shown and discussed in
Table 4.20. Outliers were found in about 20 percent of the 500 observations.
Mahanablios distance, robust MCD Distance, standardized robust residual, cook's
distance, studentized residual; WSSDI, Hat diagonal, and deleted residual were
among the techniques used to find outliers. The value of outliers using Mahanablios
distance is between 0.90 and 4.77 unit and through Robust MCD lying between 1.04
to 7.94 units. For standardised robust residuals, cooks distance, WSSDI, Hat diagonal,
and deleted residual the range of observations is between 108.89 to 187.95, 0.01 to
0.13, 1.87 t0 2.19, 0.01 to 0.84, 0.01 to 0.07, 63.87 to 84.18 unit respectively.

Table 4.21: Estimates of Square root production function(P;)through Ordinary
Least Square (OLS).

Variable Regress1?Sn E;)efﬁcnent Parameters
15.74%
Intercept (12.40)
0.82N8
“ (1.75)
1.81% F-value
2 (1.66) 0.93 (p<0.01)
5 R?=0.09
0,12 3.78 AIC=5072.04
(13.10) BIC=5101.54
12 3.53N8
2 (13.44)
3,748
1/2
(1% x2) (14.53)
* 5%]level of significance NS= non significant

The estimated results for the square root production function with standard

error are presented in Table 4.21. All of the coefficients were positive and non-
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significant, and the F-value(0.93*) was significant, indicating that the model is
appropriate in terms of the study variable. Because of the presence of HLP, each
estimated coefficient may have the proper sign. The OLS method was used to
calculate the regression coefficient estimations. The R? value is also the lowest (0.09),
with AIC (5072.04) and BIC (5101.54), which could be attributed to the existence of
HLP. As a result, robust approaches have been used to examine the effect on the

estimates of the square root function parameter.

In Fig 4.15 the diagnostic panel for the square root production function model
based on ordinary least squares was assessed and found to be inadequate. These
findings demonstrated that this model is a complete failure. Poor trends may be seen
in the residuals and studentized residuals graphs vs projected values. The points on
the plot of the dependent variable (y) versus the expected values predict the behaviour
of the dependent variable (y). Leverage points outside of the -2 to +2 range are HLP,
as seen by the plot of studentized residual vs. leverage. In addition, Cook's graph
showed that the majority of observations are taken outside, and the big jump in the

cut-off plainly implies that data are being collected outside.Further

Table 4.22: Estimation of square root functions through robust method for

simulation data (P;) and comparison with OLS thereof.

Estimates of the regression coefficients
Modified
OLS . M . .LTS. MM. . S . Estimate after
Variable (S.E) Estimation Estimation Estimation Estimation handling HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept 15.74N8 5.13% 5.16% 5.13% 5.13% 4.94%
(12.40) (0.18) (0.18) (0.19) (0.19) (1.63)
0.82N 5.02% 5.02% 5.03% 5.03% 4.78*
1 (1.75) (0.02) (0.02) (0.07) (0.02) (0.23)
. 1.81% 3.04* 3.05% 3.06* 3.06* 2.66*
2 (1.66) 0.02) 0.02) (0.02) (0.02) 0.21)
12 378 -0.12™ -0.16"° -0.12™ -0.12" -0.60™
1 (13.10) (0.20) 0.19) (0.20) (0.20) 1.72)
172 3.53M -0.05™ -0.10™ -0.04™ -0.04 ™ 0.09™
2 (13.44) (0.20) (0.20) (0.20) (0.20) (1.79)
12 3.74N 0.05™° 0.11™ 0.04™ 0.05™° 106"
(1 * x2) (14.53) (0.20) (0.21) (0.22) (0.22) (1.93)
R? 0.09 0.69 0.98 0.99 0.70 0.54
AIC 5072.04 965.28 -1250.86 107.21 464.64 2974.91
BIC 5101.54 996.30 -1225.57 132.26 697.66 3004.41

* 5%]level of significance NS= non significant
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the estimation results for the square root production function are shown in
Table 4.22, indicating that each estimation coefficient may be correct in terms of
expected sign. The regression coefficient was estimated using OLS, M Estimation,
MM, S, LTS, and modified OLS, in accordance with HLP's behaviour. The OLS
estimate of x; was found to be positive (0.82) and non-significant, and M, MM, S and
LTS Estimation were positive and significant (5.02 5.02 5.03 4.78). After handling
HLP modified estimate of the production function was also found to be positive and
significant (4.78).Furthermore, the coefficient of determination for MM estimate is
0.99 is significantly higher than that for LTS estimation 0.98, indicating that this
method can explain 99 percent of the variation in the study variable. When unusual
observations are excluded from the study the remaining observations form a linear
pattern that explains a larger percentage of the variation in the simulated data. The
OLS estimate of x, was also positive (1.81) but non-significant, whereas M, MM, S
and LTS estimates were positive and significant 3.04, 3.05, 3.06, 3.06 respectively.
The improved estimates of the production function were found to be positive and

significant 2.66 after handling HLP.

Table 4.23: Summary Statistics of simulation data (P,)w.r.t. endogenous and

exogenous variables for square root production function.

Variable Q Median Q; Mean Standard MAD CV (%)
Deviation

X1 -0.65 0.02 0.70 0.02 0.99 1.00 447432

Xy -0.78 -0.07 0.68 0.04 1.03 1.08 2592.01

y -0.49 6.57 13.82 14.44 29.75 10.66 206.00

Table 4.23 indicated that the mean and standard deviation of the study variable based
on simulated data were 14.44 and 29.75 unit respectively, showing that there is
greater variation in the data because the mean is less than the standard deviation,
which is due to the presence of influencing observations. Furthermore, the mean and
standard deviation of auxiliary variables x; and x, were calculated and found to be
0.02 and 0.99 unit; 0.04 and 1.03unit, showing that the simulated data set has larger
variability. For x; the smallest mean absolute deviation was 1.00 units. Q,for x;and x,
were both negative 0.65 and 0.78 unit respectively, also Q,for y was negative, it was
0.49.Low standards means that the data points are close to the average, whereas high
standards means that the data points are distributed among a given set of values. The

coefficient of variation Y is low and was 206.00 percent. But for x; (4474.32 percent)
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and x,(2592.01 percent) are relatively high with inconsistencies in the group of data

that could be caused by the HLP.

Fig 4.16 shows the outlier and leverage diagnostics for the dependent variable
for simulated data for the square root production function. As seen in the diagram,
there are 100 outliers and 257leverage points among 1000 observations. Outliers and
leverage points can be easily identified using a scatter plot of standardised robust
residuals vs. robust distances (RD plot). The robust distances are plotted against the
traditional Mahalanobis distances in Fig 4.17. Outliers, as well as high leverage

points, can be identified using this plot whereas the

Table 4.24: Detection of outliers of simulation data (P)and values of

distance/residual through various techniques for square root production

function.

Observations |Mahalanobis |Robust |Standardized |Cook’s |Studentized (WSSDI Hat Deleted
(HLP) MCD Robust Diagonal
10 2.87 3.94 3.18 0.04 -0.17 0.70 0.07 -4.39
20 1.96 2.48 3.31 0.06 -0.31 0.32 0.01 -8.54
30 2.45 3.58 176.26 0.08 3.12 0.18 0.01 92.62
40 1.81 2.06 168.08 0.03 2.99 0.03 0.01 86.27
50 1.47 1.70 157.95 0.04 2.85 0.06 0.01 83.04
60 2.02 2.33 188.72 0.04 3.33 0.36 0.02 97.58
70 1.21 1.49 156.01 0.05 2.80 0.20 0.01 81.18
77 3.64 5.32 154.91 0.07 2.75 0.91 0.01 79.95
80 1.57 1.99 153.59 0.06 2.76 0.32 0.01 80.36
90 1.97 2.74 177.87 0.07 3.16 0.22 0.02 91.86
100 1.81 2.11 157.11 0.03 2.83 0.04 0.01 80.65
110 1.58 1.84 186.37 0.07 3.29 0.30 0.01 95.75
120 2.15 2.67 160.72 0.03 2.90 0.01 0.03 82.93
130 0.89 0.99 177.29 0.05 3.14 0.12 0.01 91.13
140 4.16 6.04 205.15 0.03 3.59 1.06 0.01 104.48
150 3.25 4.49 179.23 0.02 3.22 1.02 0.04 93.25
160 2.43 3.55 173.99 0.08 3.08 0.18 0.05 91.49
170 2.47 3.14 134.71 0.09 2.48 0.76 0.03 72.19
180 2.96 3.92 167.03 0.03 2.99 0.01 0.01 85.22
190 4.90 7.59 143.30 0.01 2.66 0.68 0.01 83.32
200 2.96 3.66 188.31 0.02 3.36 0.97 0.02 98.36
210 2.29 2.55 159.58 0.03 2.88 0.08 0.01 82.18
220 1.16 1.26 157.54 0.03 2.85 0.04 0.01 81.98
230 1.66 2.09 142.79 0.06 2.61 0.40 0.01 75.87
240 2.44 3.12 151.64 0.01 2.73 0.72 0.02 79.51
250 1.93 2.51 135.75 0.07 2.48 0.49 0.03 72.16
260 1.15 1.41 160.09 0.05 2.88 0.20 0.02 83.43
270 1.27 1.60 176.20 0.04 3.12 0.19 0.01 90.44
280 0.92 1.04 161.24 0.07 2.89 0.11 0.04 83.51
290 2.91 3.86 146.30 0.03 2.63 0.92 0.05 76.46
300 2.31 2.90 168.74 0.03 3.02 0.01 0.03 86.03
310 2.29 2.73 191.65 0.06 3.37 0.47 0.04 98.51
320 1.32 1.46 157.78 0.03 2.85 0.04 0.05 82.30
330 3.25 4.97 186.58 0.07 3.32 0.40 0.01 97.98
340 1.43 1.76 175.56 0.05 3.12 0.12 0.01 90.25
350 4.94 7.78 192.34 0.02 341 1.03 0.02 102.99
360 2.85 4.26 179.52 0.08 3.19 0.32 0.01 93.66
370 1.16 1.30 155.40 0.04 2.82 0.07 0.01 81.90
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380
390
400
410
420
426
430
440
450
460
470
480
490
500
510
520
530
540
550
560
570
580
590
600
610
620
630
640
650
660
670
680
690
700
710
720
730
740
750
760
770
780
790
800
810
820
830
840
850
860
870
880
890
900
910
920
930
940
950
960
970
980
990
1000

0.87
1.61
1.74
2.01
1.82
1.89
1.19
1.77
2.83
3.98
3.02
1.09
2.27
2.01
4.02
2.81
1.39
2.35
1.84
1.42
3.31
1.67
4.69
1.81
1.62
2.04
0.94
0.96
1.29
0.98
1.05
2.51
2.20
0.87
3.12
1.77
0.97
2.60
2.67
1.57
3.07
3.35
2.41
1.07
1.52
1.97
2.11
3.03
1.32
2.24
3.35
0.90
1.31
1.31
1.78
0.91
1.56
2.69
2.63
2.28
1.18
1.93
2.76
2.38

0.93
1.93
1.95
2.46
2.37
2.13
1.29
2.07
4.01
5.89
4.15
1.26
3.10
2.60
6.27
4.22
1.52
2.98
2.41
1.73
4.62
2.02
7.15
2.30
2.06
2.57
1.01
1.14
1.61
1.15
1.13
3.45
247
0.94
4.64
2.21
1.09
3.43
3.47
1.73
4.39
4.71
2.97
1.13
1.67
2.48
2.55
3.72
1.48
2.82
4.72
0.96
1.59
1.61
2.12
1.07
1.99
3.50
3.37
2.86
1.36
2.38
3.67
3.02

175.17
167.27
170.75
156.96
180.90
173.92
161.83
169.59
136.84
128.22
168.35
175.87
179.25
175.37
145.55
176.55
155.10
167.16
171.51
147.13
201.04
163.14
139.43
152.53
167.48
148.89
174.18
149.51
145.86
150.44
160.80
167.67
172.60
176.74
142.53
149.34
175.94
144.76
193.09
172.44
175.01
179.57
184.83
180.03
160.75
181.96
158.66
175.42
156.02
189.93
161.30
155.42
161.67
167.32
187.32
165.78
152.78
167.53
195.28
158.01
176.34
178.91
160.09
166.84

0.05
0.08
0.03
0.09
0.09
0.04
0.03
0.03
0.01
0.01
0.03
0.06
0.01
0.05
0.01
0.01
0.03
0.03
0.05
0.06
0.05
0.08
0.03
0.04
0.09
0.07
0.04
0.04
0.05
0.04
0.04
0.01
0.04
0.05
0.07
0.07
0.05
0.09
0.08
0.04
0.01
0.01
0.01
0.06
0.03
0.01
0.03
0.02
0.03
0.05
0.09
0.04
0.07
0.05
0.01
0.05
0.05
0.02
0.05
0.01
0.05
0.06
0.03
0.03

3.11
2.97
3.05
2.86
3.20
3.11
291
3.03
2.54
241
3.01
3.11
3.16
3.13
2.67
3.11
2.80
2.98
3.05
2.69
3.53
2.90
2.55
2.76
3.02
2.68
3.09
2.72
2.66
2.73
2.88
3.04
3.09
3.14
2.58
2.74
3.12
2.66
3.39
3.08
3.16
3.16
3.25
3.19
2.89
3.26
2.85
3.11
2.81
3.34
2.95
2.82
2.88
2.98
3.30
2.98
2.77
2.99
343
2.87
3.14
3.20
2.87
2.96

0.09
0.26
0.04
0.32
0.36
0.07
0.04
0.02
0.62
0.98
0.03
0.11
0.26
0.14
0.40
0.27
0.09
0.01
0.15
0.21
0.88
0.29
1.09
0.18
0.31
0.52
0.08
0.16
0.22
0.12
0.07
0.53
0.05
0.10
0.45
0.23
0.10
0.38
0.60
0.05
0.79
0.54
0.41
0.16
0.06
0.45
0.03
0.69
0.03
0.55
0.77
0.08
0.22
0.12
0.36
0.12
0.14
0.09
0.94
0.50
0.45
0.72
0.05
0.49

0.02
0.01
0.02
0.03
0.01
0.01
0.02
0.01
0.04
0.01
0.01
0.04
0.01
0.01
0.03
0.01
0.01
0.02
0.03
0.04
0.02
0.01
0.02
0.01
0.01
0.02
0.03
0.01
0.01
0.02
0.01
0.02
0.01
0.01
0.01
0.01
0.03
0.02
0.02
0.04
0.02
0.01
0.01
0.01
0.01
0.05
0.01
0.01
0.20
0.02
0.01
0.02
0.04
0.02
0.05
0.01
0.01
0.01
0.02
0.04
0.01
0.01
0.02
0.01

90.01

86.94
87.18
84.23

93.08
89.14
84.31

86.50
74.16
70.48
85.47
90.65

93.56
90.51

82.32
93.06
80.48
84.85

88.39
78.61

102.41
84.54
77.50
79.81

87.93

78.26
89.37
78.70
71.57
79.42
82.94
88.49
88.25

90.88
76.20
80.57
90.61

79.64
98.58
88.24
91.58
95.21

96.10
92.60
82.84
94.89
81.20
91.36
80.88
96.90
86.06
81.53

83.79
86.84
96.03

86.64
81.70
85.46
99.63

84.18
90.63

93.15

81.36
86.60
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Table 4.24 shows and discusses an outlier explanation as well as estimation
results. Outliers were revealed in roughly 10 percent of the total observations. The
values of the outliers were estimated using different techniques as already discussed.
The Outliers have a range of 0.87 to 4.94 unit when utilising Mahanablios distance
and 0.93 to 7.78 unit when using Robust MCD. The range of observations for
standardised robust residuals, cook's distance, WSSDI, Hat diagonal, and deleted
residual is 3.18 to 205.15, 0.01 to 0.09, -0.31 to 3.59, 0.01 to 1.09, 0.01 to 0.04, -8.54
to 104.48 unit respectively. The coefficients of the variables in case of square root

production function through OLS method is represented in

Table 4.25: Estimates of Square root production function data (P,) through
Ordinary Least Square (OLS).

Variable Regress1z)sn ::;)efﬁclent Parameters
*
Intercept 2133
(6.48)
3.49%
e (0.92)
5.70* F-value
*2 (0.88) 2683.2 (p<0.0001)
= R?=(0.05)
172 -8.09 AIC=1013.09
(7.00) BIC=1016.45
NS
/2 -6.20
z (7.16)
7.5
1/2
(21 * x2) (7.86)

* 5%Ilevel of significance NS= non significant

table 4.25 with standard error. The F-value was found to be significant and the
coefficients ofx; and x, were positive and significant i.e 3.49 and 5.70 unit
respectivly indicating that the model is appropriate in terms of the study variable.
Each estimated coefficient may have the proper sign due to the presence of HLP. The
regression coefficient estimations were calculated using OLS. The AIC and SBIC
values were1013.09 and 1016.45 unit respectively and the R* value is very low 0.05
which could be due to the presence of HLP. As a result, therfore robust methodologies
have been employed to investigate the effect on square root function parameter

estimates.
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In Fig 4.18 the diagnostic panel for the ordinary least squares-based square
root production function model was found to be insufficient. These results proved that
the model is a complete failure. The residuals and studentized residuals graphs vs
projected values show poor trends. The points on the dependent variable (y) against
predicted values plot predict the dependent variable's behaviour (y). The plot of
studentized residual versus. leverage showed that leverage points outside of the -2 to
+2 range are HLP. The estimates of the square root function throgh robust methods

have been reflected in

Table 4.26: Estimation of square root functions through robust methods for

simulation data (P,) and comparison with OLS thereof.

Estimates of the regression coefficients
g
Modified
OLS M LTS MM S Estimate
Variable (S.E) Estimation Estimation Estimation Estimation | after handling
) (S.E) (S.E) (S.E) (S.E) HLP
(S.E)
Intercent 21.33* 4.99% 5.023* 5.02% 5.02% 4.95%
P (6.48) 0.12) (0.12) 0.12) (0.12) (0.11)
3.49% .
0.92) 5.00% 5.05% 5.05 5.08% 5.07*
1 : (0.01) 0.01) (0.01) 0.01) 0.01)
. 5.70% 7.01% 7.01% 3.01% 3.02% 7.01%
2 (0.88) (0.01) (0.01) (0.01) (0.01) (0.01)
12 -8.09NS 0.03* -0.01N -0.02 N8 -0.01N8 0.06 N8
1 (7.02) (0.13) (0.13) (0.13) (0.13) 0.12)
12 -6.20™ 0.08* -0.03 N8 -0.04™8 -0.03 N8 0.02N8
X2 (7.16) (0.13) (0.13) (0.13) 0.14) 0.12)
e /2 7.51N -0.03* 0.01™ 0.04™° 0.03™ -0.04™
(1 % x2) (7.86) (0.14) 0.14) (0.14) (0.15) 0.14)
R? 0.05 0.79 0.99 0.77 0.97 0.99
AIC 1013.09 1378.33 -2775.09 784.71 665.23 615.21
BIC 1016.45 1412.06 -2803.72 817.92 635.90 631.25

* 5%Ilevel of significance NS= non significant

Table 4.26 which shows the results of the estimation for the square root
production function, suggesting that each estimation coefficient may be true in terms
of predicted sign. According to HLP's behaviour, the regression coefficient was
estimated using OLS, M Estimation, MM, S, LTS, and modified OLS. The OLS
estimate of x;*/?was found to be negative 8.09 unit and non-significant and through
M Estimation it was positive 0.03 unit and significant while as in case of MM, S and
LTS Estimation were negative and non-significant 0.02,0.01 and 0.01 unit
respectively. After handling HLP, modified estimates of the production function were

also found to be positive 0.06 and non-significant. Moreover, the OLS estimate of
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x,'/?was also negative 6.20 unit but non-significant whereas M Estimation was
positive 0.08 and significant. The estimate through MM, S and LTS estimates was
negative and non-significant 0.03, 0.04 and 0.03unit respectively. The estimates of the
production function after handling HLP through OLS were found to be positive and
non-significant0.02 unit. Now to check the performance of square root production
function in case of data pertained to the apple crop is done under the following

section. The same procedure has been used.

Table 4.27: Summary Statistics of Apple yield w.r.t labour and capital for square

root production function.

Variable Q Median Q; Mean Standard MAD C.vV
Deviation (%)
X, 11200.0 13500.0 19200.0 14455.4 5267.6 6671.7 | 36.44
labour (Rs/day)
Xy 11600.0 14000.0 19600.0 15183.8 6058.4 65234 | 39.90
Capital(Rs/kanal)
y 0.80 1.18 3.14 2.05 2.18 0.87 1.76
Yield(qg/hectare)

Table 4.27 indicated that the mean and standard deviation of the study variable based
on real data were 2.05 g/ha and 2.18q/ha respectively, showing that there is greater
variation in the data because the mean is less than the standard deviation, which is due
to the presence of influencing observations. Furthermore, the mean and standard
deviation of auxiliary variables x;andx, were calculated to be 14455.4 Rs/day and
5267.6Rs/day; 15183.8 Rs/Kanal and 6058.4Rs/Kanal showing that the data set has
larger variability. For y the smallest Mean Absolute Deviation were 0.87g/ha. The Q;
for x;and x, were both positive 11200.0Rs/day and 11600.0 Rs/Kanal also Q;for y
was positive 0.80 g/ha. Low standards means that the data points are close to the
average, whereas high standards means that the data points are distributed among a
given set of values. The variation coefficient of Y is low at 35.21g/ha. But for x;
(36.44)Rs/day and x, (39.90)Rs/kanal are relatively high, with inconsistencies in the
group of data that could be caused by the HLP.

Fig 4.19 shows the outlier and leverage diagnostics for the dependent variable
for real data for the square root production function. As seen in the Fig, there are 24
outliers and 46 leverage points among 204 observations. Outliers and leverage points
can be easily identified using a scatter plot of standardised robust residuals vs. robust

distances (RD plot). The robust distances are plotted against the traditional
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Mahalanobis distances in Fig 4.20. Outliers, as well as high leverage points can be

identified using the plot.

Table 4.28: Detection of outliers in case of Apple yield data and values of

distance/residual through various techniques for square root production

function.
Observat | Mahalano Robust Standardi | Cook | Studentize WSSDI Hat Deleted
ions bis MCD zed ’s d Diagon
(HLP) Robust al
68 2.3 36.88 10.07 0.08 1.01 593.40 0.01 23.21
104 2.6 21.87 16.18 0.02 0.58 383.42 0.01 13.34
109 2.3 36.88 10.07 0.08 1.01 593.45 0.01 23.21
111 4.49 163.47 3.80 0.03 1.45 480.44 0.09 33.74
119 3.61 110.24 27.60 | 0.02 1.76 216.37 0.01 40.82
121 2.51 20.93 15.11 0.01 0.47 355.58 0.01 10.79
122 1.70 3545 33.45 0.08 3.79 331.01 0.02 86.82
135 2.67 21.80 16.18 0.02 0.58 383.40 0.01 13.34
137 1.70 3542 33.45 0.05 3.79 331.02 0.02 86.82
144 3.61 110.23 27.60 0.02 1.67 216.31 0.16 40.82
145 2.32 36.81 10.31 0.08 1.04 593.45 0.01 23.88
153 2.67 21.82 16.18 0.02 0.58 383.42 0.01 13.34
154 3.61 110.21 27.60 0.02 1.76 216.37 0.06 40.82
157 2.32 36.85 1031 0.08 1.04 593 .45 0.01 23.88
158 3.61 110.28 27.60 0.04 1.76 216.37 0.01 40.82
160 4.49 163.44 439 0.03 152 480 44 0.08 3542
161 2.11 65.49 43.96 0.12 4.04 044 74 0.02 92.71
163 2.52 20.92 28.34 0.02 207 355.58 0.08 47.49
164 4.49 163.44 18.92 0.17 3131 430.44 0.01 76.79
165 2.52 20.93 2834 0.02 507 355 58 0.08 47.49
e R I e
172 2.67 21.81 ?Z'?Z 8'(1; 08 T 099 13.34
195 2.67 21.81 16'18 0'02 0382 28342 001 13.34
: ’ 0.582 383.42 0.01

Table 4.28 depicts and discusses a possible outlier explanation as well as

estimation findings. Outliers were found in around 11 percent of the 204 observations.

Mahanablios distance, Robust MCD Distance, and Standardized Robust Residual, as

well as cook's distance and studentized residual;, WSSDI, Hat Diagonal, and Deleted

Residual, were used to find outliers. When using Mahanablios distance, outliers have

a value of 1.7 to 4.49, and when using Robust MCD, they have a value of 20.92 to

163.47. The range of observations for standardised robust residuals, cook's distance,
WSSDI, Hat diagonal, and deleted residual is 3.8 to 43.96, 0.01 to 0.17, 0.47 to 4.04,
216.31 t0 944.74, 0.01 to 0.16, and 10.79 to 92.71 respectively.
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Table 4.29:Estimates of apple yield w.r.t labour and capital for square root

production function through Ordinary Least Square (OLS).

Variable Regression coefficient Parameters
(S.E)
Intercept 210.91%*
(34.61)
X 0.10*
(0.03) F-value
X2 0.04™° 161.37(p<0.001)
2_
(0.09) R"=0.80
x,1/? -10.25"8 AIC=1776.38
(4.01) BIC=1799.61
x, 112 5.52N8
(3.54)
x1 % xz)'/? 011N
(1 * X2)
(0.03)

* 5%Ilevel of significance NS= non significant

The estimated results for the square root production function with standard

1/2

error are shown in Table 4.29. The coefficients of x;*/* (10.25)unit are negative and

non significant, whereas of x,/?

(5.52) unit is positive and non significant. The F-
value is significant, indicating that the model is adequate for the study variable. Due
to the presence of HLP, any estimated coefficient may have the correct sign. OLS was
used to get the regression coefficient estimates. The R? value is also the lowest (0.80)
with AIC (1776.38) and BIC (1799.61), which could be attributed to the existence of

HLP.

Fig 4.21 shows panel of diagnostics for the square root production function
model using ordinary least squares has been evaluated and found to be inadequate.
These tests show that this model is a resounding failure. Poor trends can be seen in the
residuals and studentized residuals plots versus predicted values. The points on the
plot of the dependent variable (y) versus the anticipated values predict the dependent
variable's behaviour. The plot of studentized residual versus leverage reveals that
leverage points outside of the range -2 to +2 are HLP. Furthermore, the Cook's graph
showed that the majority of observations are outside, and the huge jump in the cut-off

plainly suggests that data are influenced by outliers in case of SPF.
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Table 4.30: Estimation of square root functions through robust methods for

Apple yield w.r.t labour and capital and comparison with OLS thereof.

Estimates of the regression coefficients
Variable OLS M LTS MM S Estlivr[r:)z:itleﬁeac}ter
(S.E) Estimation Estimation | Estimation Estimation handling HLP
) (S.E) (S-E) (S-E) (S.E) (S.E)
Intercept 210.91%* 46.89% 55.66* 77.79% 43.21% 47.51%
(34.61) (4.53) (5.86) (10.41) (3.15) (4.48)
. 0.10% 0.03* -0.65™ -0.55N8 -0.44 ™8 0.03*
! (0.03) (0.03) (0.02) (0.03) (0.04) (0.03)
. 0.04" 0.06* -0.55"8 -0.58"8 0.51* 0.05%
2 (0.09) (0.01) (0.02) (0.03) (0.02) (0.01)
Y -10.25™ 3.43% -1.57™ 287 1.38* 3.49%
! (4.01) (0.52) (0.51) (0.90) (0.07) (0.49)
Y 5528 -4.68"° -1.69" -0.58™ -1.21™ -4.76™
2 (3.54) (0.46) (0.40) (0.71) (0.21) (0.43)
(xy * x)? -0.11™ -0.09™ 1.17* 1.09% 1.05* -0.09™
172 (0.03) (0.04) (0.04) (0.07) (0.02) (0.04)
R’ 0.80 0.78 0.99 0.73 0.99 0.98
AIC 1776.38 284.65 1195.22 192.21 231.21 884.13
BIC 1799.61 309.87 1659.01 223.47 280.37 907.36

* 5%Ilevel of significance NS= non significant

The estimation results for the square root production function are shown in
Table 4.30, indicating that each estimation coefficient may be as per the expected
sign. The regression coefficient was estimated using OLS, M Estimation, MM, S,
LTS, and modified OLS, in accordance with HLP's behaviour. The OLS estimate of
x,was found to be positive (0.10) unit and significant, whereas for M estimation it
was found to be 0.03unit and significant and for MM, S LTS Estimation were
negative and non-significant 0.55, 0.44 and 0.65 unit respectively. After handling
HLP, modified estimates of the production function was found to be positive and
significant i.e. 0.03 unit. Furthermore, the coefficient of determination for S
estimation 0.99 is significantly higher. Generally it has been observed that the
estimate of x; labour cost is significant as per OLS method whereas found to be non
significant in case of LTS, MM and S estimation of robust method. Thus if one unit
increase in the cost of labour will decrease overall yield of apple as the total cost of
labour will be increased by three percent of the total. The estimate of x,capital cost is
non significant as per OLS method whereas found to be significant in case of LTS and
MM robust method. If there is one unit increase in the capital cost it will increase the

yield of apple and it increases by five percent.
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Fig 4.22 shows the outlier and leverage diagnostics for the dependent variable
using real data for the square root production function. As seen in the diagram, there
are 4 outliers and 29 leverage points among 97 data points. Outliers and leverage
points can be easily identified using a scatter plot of standardised robust residuals vs.
robust distances (RD plot). The robust distances vs the standard Mahalanobis
distances are shown in Fig 4.23. Outliers, as well as high leverage points can be

identified using the plot.

Table 4.31: Detection of outliers in case of maize yield w.r.t labour and capital
and values of distances/residuals through various techniques for square root

production function.

Observations (Mahalanobis | Robust |Standardized | Cook’s [Studentized | WSSDI Hat Deleted
(HLP) MCD Robust Distance diagonal
2 1.75 3.52 3.30 0.04 2.07 2310.89 0.07 13.76
19 1.52 2.25 4.16 0.04 2.79 908.40 0.03 17.85
75 2.18 3.47 3.77 0.06 2.83 2315.16 0.02 16.10
91 3.73 7.04 5.00 0.22 2.76 9774.77 0.05 21.92

Table 4.31 shows and analyses an outlier explanation, as well as estimation
results. Outliers were detected in about 4 percent of the 97 observations. The values of
the outliers were estimated using various techniques as already discussed. The outliers
have a value of 1.52 to 3.73 units when utilizing Mahanablios distance, and a value of
2.25 to 7.04 units when using Robust MCD. Standardized robust residuals, cook's
distance, WSSDI, Hat diagonal, and deleted residual observations vary from 3.3 to
5.00, 0.04 to 0.22, 2.07 to 2.83, 908.4 to 9774.77, 0.02 to 0.07, and 13.76to 21.92

units respectively.
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Table 4.32: Estimates of maize yield w.r.t labour and capital for square root

production function through OLS.

Variable Regress1?sn ::;)efﬁcnent Parameters
NS
Intercept 8.32
(4.62)
0.01N8
M1 (0.06)
0.05* F-value
2 (0.02) 107.88(p<0.0001)
R?=0.85
2,12 0.26* AIC=623.49
(0.09) BIC=641.44
NS
2 -0.05
z (0.02)
0.02%
1/2 :
(xl * xz) (001)

* 5%Ilevel of significance NS= non significant

As from the table 4.32 it is observed that the estimated results for the square
root production function with standard errorx;/? is 0.26 unit which found to be
positive and significant coefficient but x,'/?is negative and non significant 0.05 unit.
The model is suitable for the study variable because the F-value is substantial. Any
predicted coefficient may have the proper sign due to the presence of HLP. The
regression coefficient estimates were calculated using OLS. The existence of HLP
could be attributed to the R? value of (0.85) with AIC (623.49) and SBIC (641.44)

unit.

In Fig 4.24 the diagnostic panel for the square root production function model
based on ordinary least squares was tested and found to be insufficient. These
experiments demonstrate that this model is a complete failure. The residuals and
studentized residuals graphs vs projected values showed poor trends. The behaviour
of the dependent variable (y) is predicted by the points on the plot of the dependent
variable (y) versus the expected values. The plot of studentized residual vs. leverage
showed that leverage points outside of the -2 to +2 range are HLP. Furthermore, the
Cook's graph demonstrates that the majority of observations are lying outside and the

large leap in the cut-off clearly indicates that data are influencing the decision.
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Table 4.33: Estimation of square root production functions through robust

methods for maize yield w.r.t labour and capital and comparison with OLS

thereof.
Estimates of the regression coefficients
Modified
Variable OLS . M . .LTS_ MM_ . S . Estimate after
(S.E) Estimation | Estimation Estimation Estimation handling HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept 8321 7.93% 8.01* 7.50N8 7.53N8 8.34 N8
(4.62) (3.73) (3.96) 4.37) (4.32) (3.91)
0.01N 0.010%* 0.01N 0.08* 0.01N 0.01*
1 (0.06) (0.05) (0.06) (0.03) (0.06) (0.01)
0.05* 4.67* 3.49N8 0.002* 0.02* 0.03*
2 (0.02) (2.03) (2.50) (0.001) (0.01) (0.01)
12 0.26* 0.20* 0.18* 0.20* 0.19* 0.19™
1 (0.01) (0.07) (0.07) (0.08) (0.084) (0.07)
Y -0.05™ -0.03™ -0.05" -0.04™ -0.03™ -0.05"
2 (0.21) (0.02) (0.01) (0.020) (0.02) (0.01)
12 0.09* 0.04* 0.03* 0.05*% 0.03* 0.02*
(1 * x2) (0.01) (0.01) (0.01) (0.011) (0.01) (0.01)
R? 0.85 0.64 0.86 0.61 0.83 0.86
AIC 623.49 145.12 -257.66 176.89 585.34 119.21
BIC 641.44 160.34 2422 197.84 603.29 123.21
* 5%]level of significance NS= non significant

The table 4.33 shows the results of the estimation for the square root
production function, suggesting that each estimation coefficient may be correct in
terms of predicted sign. According to HLP's behaviour, the regression coefficient was
estimated using OLS, M Estimation, MM, S, LTS, and modified OLS. The OLS
estimate of x; /?was found to be positive and significant having value 0.26 unit while
as the M, MM, S, LTS estimates were generally positive and significant with
coefficients 0.20, 0.03, 0.18, 0.20, 0.19 unit respectively. The estimate of the
production function were also found to be positive and non-significant after handling
HLP i.e. 0.19.Furthermore modified OLS has a much higher coefficient of
determination i.e. 0.86 indicating that this method can explain 86 percent of the
variation in the study variable. The OLS estimates of x,'/? was negative 0.05 unit and
non-significant, while as the M, MM, S, LTS estimate were also negative and non-
significant 0.03, 0.05, 0.04, 0.03 unit respectively. The estimates of thex,/?
production function was found to be negative and non-significant after handling HLP

0.05. Thus the method OLS after handling HLP have same behaviour and more
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precise in many cases of Linear production function and can be considered as robust
method. The estimate of x; labour cost is non significant as per OLS method whereas
found to be non significant in case of LTS and S estimation. Thus if one unit increase
in the cost of labour it will decrease overall yield of maize. The estimate of x,capital
cost is non significant as per OLS method whereas found to be significant in case of
M, MM and S estimation. Modified OLS is also significant. If one unit increase in the

capital cost it will increase the yield of maize and it increases by three percent.

4.2 Estimation of Non-linear production function of Cobb- Douglas and

Mitscherlich-Baule.

The Cobb Douglas (CD) function is used widely in empirical studies of
manufacturing industries. It is used to determine the relative shares of labour &
capital in output. Its parameters represent elasticity coefficients that are used for inter
sectoral comparisons. The Mitscherlich-Baule function 1is characterized by
continuously positive marginal productivities of the input factors. It does not exhibit
negative marginal productivities the function has been found to be preferable for use
in an economic model because it allows for factor substitution following von Liebig’s

law of minimum.

4.2.1 Estimation of Cobb- Douglas production function through Robust
method(s).

Table 4.34: Summary Statistics of simulation data (P;)w.r.t. endogenous and

exogenous variables for Cobb Douglas production function.

Variable Q Median Qs Mean ]S)f'vl::zzz MAD C.V (%)
X, -0.48 -0.15 0.07 025 0.43 0.39 173.26
X, -0.47 -0.13 0.15 021 0.55 0.47 257.13
y 0.55 0.84 0.07 0.50 0.74 037 147.88

Based on simulated data, the mean and standard deviation of the study
variable were 0.50 and 0.74 unit respectively in Table 4.34.There is greater variation
in the data since the mean is smaller than the standard deviation which is due to the
presence of influencing observations. The mean and standard deviation of auxiliary
variables x; andx,were found to be 0.25 and 0.43and 0.21 and 0.55 unit respectively
indicating that the data set has more variability. The variable y had the least mean
absolute deviation 0.37 unit. Both x; andx, had negative Q; of 0.48 and 0.47unit

respectively, and y had a positive Q;0.55 unit.The low standard deviation indicates



91

that the data points tend to be very close to the mean and high standard deviation
indicates that the data points are spread out over a large range of value. Coefficient of
variation of the Y is found to be low 147.88 unit whereas for x; and x, coefficient of
variation is very high 173.26 and 257.13 unit respectively indicating inconsistency in

the data set which may be due to HLP.

The Fig 4.25 shows that the outlier and leverage diagnostics for the dependent
variable for simulated data for the CD function. As observed there are 21 outliers and
51 leverage points among the 500 observations. Outliers and leverage points can be
easily identified using a scatter plot of standardized robust residuals vs. robust
distances (RD plot). The robust distances are plotted against the traditional
Mahalanobis distances see Fig 4.26. Outliers as well as high leverage points can be

identified using this plot.

Table 4.35: Detection of outliers of simulation data (P;) and values of

distance/residual through various techniques for Cobb Douglas production

function.
Observat | Mahalan | Robust | Standard | Cook’s | Studenti | WSSDI | Hat Deleted
ions obis MCD ized zed diagona
(HLP) Robust 1
1.7 1.91 6.33 0.06 5.06 0.05 0.07 2.57
6 0.39 0.32 -3.06 0.04 -2.2 0.03 0.01 -1.12
26 0.57 0.56 -4.03 0.08 -2.95 0.19 0.09 -1.5
83 1.47 1.61 -4.58 0.02 -3.36 0.01 0.02 -1.7
86 0.41 0.36 -3.62 0.05 -2.64 0.03 0.09 -1.34
104 0.74 0.82 -4.3 0.01 -3.17 0.01 0.01 -1.61
150 0.88 0.87 -6.04 0.02 -4.49 0.02 0.08 -2.28
168 2.44 3.17 -3.42 0.03 -2.54 0.02 0.05 -1.29
211 0.5 0.49 -3.14 0.04 -2.26 0.05 0.01 -1.15
224 1.02 1.13 -4.05 0.01 -2.95 0.01 0.04 -1.49
236 0.83 1.31 -3.36 0.07 -2.46 0.09 0.04 -1.24
246 0.56 0.61 -5.89 0.07 -4.39 0.02 0.06 -2.23
250 1.49 2.08 -3.64 0.06 -2.67 0.06 0.05 -1.36
258 1.74 1.97 -3.07 0.03 -2.19 0.07 0.08 -1.11
272 1.19 1.34 -3.9 0.03 -2.84 0.02 0.08 -1.44
345 1.11 1.31 -4.34 0.06 -3.21 0.03 0.04 -1.63
363 0.7 0.82 -6.05 0.02 -4.5 0.01 0.07 -2.28
380 1.07 1.14 -3.28 0.08 -2.36 0.17 0.01 -1.2
412 0.6 0.65 -3.29 0.05 -2.38 0.08 0.01 -1.21
414 1.63 1.94 -8.43 0.1 -6.33 0.08 0.02 -3.22
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474 135 | 159 | 322 | o001 | 232 | o01 | o005 | -117 |

An outlier explanation and estimation results are shown and discussed in
Table 4.35. 4 percent of the 500 observations found to be outliers. Further to examine
HLP the techniques viz .mahalanobis distance, Robust MCD Distance, Standardized
Robust Residual, cook's distance, studentized residual, WSSDI, Hat Diagonal, and
Deleted Residual were used. The value of outliers coming very high using
Mahanablios distance, the range is from 0.39 to 2.44, whereas in case of Robust MCD
ranges from 0.32 to 3.17. For standardized robust residuals, cooks distance, WSSDI,
Hat diagonal, and deleted the range of observations is from -8.43 to 6.33, 0.01 to 0.1,
and 6.33 to 5.06, 0.01 to 0.2, 0.01 to 0.09, and 3.22 to 2.57 units respectively.

Table 4.36: Estimates of Cobb Douglas production function (P;) through
Ordinary Least Square (OLS).

Variable Regress1z)sn ::())efﬁclent Parameters
Intercept 0.76*
p (0.07) F-value
NS 1.28(p<0.001)
0.06 Ny
X1 (0.05) R™=0.05
— AIC=744.18
% 0.05 BIC=761.03
(0.04)

* 5%Ilevel of significance NS= non significant

The estimated results for the CD function with standard error are shown in
Table 4.36. in case of the coefficients x; (0.06) having value positive and non-
significant whereas x, with size (0.05) also has a positive and non-significant. The F-
value is significant, therfore the model is adequate for the study. Due to the presence
of HLP coefficient may have the correct sign. The R? value is very low 0.05 with AIC
(744.18) and BIC (761.03) respectively could be related to the occurance of HLP.

In Fig 4.27 the diagnostic panel for the CD function model utilizing ordinary
least squares was tested and found to be insufficient. These tests demonstrate that this
model is a huge failure. Poor trends can be seen in the residuals and studentized
residuals plots versus predicted values. The points on the plot of the dependent
variable (y) versus the anticipated values predict the dependent variable's behaviour.
The plot of studentized residual versus leverage reveals that leverage points outside of

the range -2 to +2 are HLP. Furthermore, the Cook's graph showed that the majority



Residual

Residual

Percent

Standardized Robust Residual

Outlier and Leverage Diagnostics for y

Leverage Diagnostics

&
o,
Ll 187, o™
e
0 346 461,18 %7 8 214
02Ho40 153 o°1° @
00|08 163 o s
& ol S M o &
%@Tgyg Fogy ° oo 1, | Obsenons 500 | §
Bope g1 W F | outers n | 2 Observations 500
e g o280 152 "o, LeveragePts 51 = Outhers 2
i 5 2y 7" Rescuot 3 | S LeveragePts 51
&0“2 O ” 2 2040001 " 0 158 Levouolt 2718 | 3 LevCutoft 2718
o509 S | 5
S R 8 2
05 S0y, 0 €,
4% 32890, 2
3
24
"0 01
oM 4
0 2 4 6 0 1 2 3 [ 5

Robust MCD Distance
o Oullier o Leverage o Outier_Leverage

Fig 4.25 : Outlier and Leverage
diagnostics for dependent variable for
Simulation data (P;) for Cobb Douglas

production function.

Mahalanobis Distance

o Outlier o Levérage o Outlier_Leverage

Fig 4.26 : Leverage diagnostics for
dependent variable for simulated data (P;)
for Cobb Douglas production function

Fit Diagnostics for y

CTa so

25

RSludent

-2.5

-5.0

oE0 065 070 075 080
Predicted Values

-2

Quantile

-3 2 -1 o 1 2 3
Rasidual

oo -

4 o | s.0 - o |
2s |
= 2 o
e = po == B o
=2 g2
& -2s o 1
-5.0 =~
o o |
. : : |
0.60 065 0.70 0.75 D80 0.00 0.0z 0.04
Predicted Value Leverage
=) 1 oo
D.08
> 0.06 -
=
8 D.oa
= 0.02 -
-2 o 2 O 100 200 300 400 SO0
Predicted Valus Observation
Fit—Mean Residual
=
Observations sS00
Parameters 3
———
Error DF 497
MSE 0.2568
R-Square 0.0051

Aclj R-Square 0.0011

o0 o4 O8 o0 Oo4 08
Proportion Less

Fig 4.27: Diagnostics Panel of Cobb Douglas function through OLS.

93



94

of observations are outside and the huge jump in the cut-off plainly suggests that data

are influenced by outliers in case of CD function.

Table 4.37: Estimation of Cobb Douglas functions through robust methods for

simulation data (P;) and comparison with OLS thereof.

Estimates of the regression coefficients
. oLs S MM M Lrs N handing
Variable (S.E) Estimation Estimation Estimation Estimation HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Tntercept 0.76* 0.892* 0.873* 0.845% 0.836* 0.83%*
0.02) (0.02) 0.02) (0.021) (0.01) 0.02)
0.06 ™8 0.09N8 0.01™8 0.09N8 0.01 N8 0.02N8
1 (0.05) (0.03) (0.03) (0.04) (0.03) (0.03)
0.06™° 0.08* 0.09* 0.07* 0.09* 0.10%
2 (0.04) (0.03) (0.03) (0.03) (0.02) (0.02)
R? 0.05 0.14 0.09 0.01 0.01 0.02
AIC 744.18 272.24 397.20 518.46 -2627.01 410.38
BIC 761.03 287.32 412.50 532.72 -2821.01 427.24
* 5%]level of significance NS= non significant

Table 4.37 shows the estimation results for the Cobb Douglas production
function, showing that each estimation coefficient may have correct in terms of
expected sign. The regression coefficient was estimated using OLS, M Estimation,
MM, S, LTS, and modified OLS after dealing with HLP. The OLS estimate of x; was
positive 0.06 and non-significant, whereas the M, MM, S Estimation, and LTS was
positive and non-significant 0.09, 0.01, 0.09 and 0.01 unit respectively. Modified
estimate of the production function was also found to be positive and non-significant
after handling HLP i.e. 0.02. For S estimation, AIC and BIC values are 272.24 and
287.32 respectively which are lowest among all the robust methods. If exceptional
observations are excluded from the study, the remaining observations will create a
linear pattern. It was also found that the OLS estimate of x, was positive 0.06 and non
significant whereas M, MM, S and LTS estimate were positive and significant 0.08,
0.09, 0.07 and 0.09 unit respectively. After handling HLP, modified estimate of the

x, was determined to be positive and significant 0.10 unit.

Table 4.38 : Summary Statistics of simulation data (P;) w.r.t. endogenous and

exogenous variables for Cobb Douglas production function.

. . Standard o
Variable Q Median Q; Mean Deviation MAD C.V (%)

X1 -0.48 -0.17 0.06 0.27 0.46 0.39 171.43
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Xy -0.50 -0.14 0.15 0.22 0.53 0.48 241.89

Y 0.52 0.84 1.07 0.48 0.74 0.38 154.45

As per table 4.38,the study variable has mean and standard deviation as 0.48
and 0.74unit respectively. The mean is smaller than the standard deviation the data is
asymmetrical which is due to the presence of influencing observations. The mean and
standard deviation of auxiliary variables x; were 0.27 and 0.46and forx, 0.22 and 0.53
unit respectively showing that the data are influenced i.e. having more variability. The
variable y had the smallest MAD as compared to others it is (0.38). The Q,of x; and
x,are negative, 0.48 and 0.50 unit respectively, whereas the Q,0f y was positive which
is 0.52 unit. Low standard deviation indicates that the data points tend to be very close
to the mean and high standard deviation indicates that the data points are spread out
over a large range of value. Coefficient of variation of the Y is found to be
154.45whereas for x; and x,are very high 171.43 and 241.89 unit respectively

indicating inconsistency in the data set which may be due to HLP.

The Fig 4.28 and 4.29 depicts that the outlier and leverage diagnostics for the
CD function. Among the 1000 observations, there are 30 outliers and 114 leverage
points, as shown in the diagram. The graph can be used to identify outliers as well as

high leverage points.

Table 4.39: Detection of outliers of simulation data (P;) and values of

distance/residual through various techniques for Cobb Douglas production

function.
Observati | Mahalan Robust | Standardi | Cook’s Studentize | WSSD Hat Deleted
ons obis MCD zed d I Diagonal
(HLP) Robust
2 1.70 1.97 6.14 0.04 5.27 0.22 0.09 2.54
26 0.58 0.56 3.92 0.01 -3.14 0.03 0.05 -1.51
83 1.54 1.72 -4.41 0.01 3.53 0.16 0.01 -1.70
86 0.43 0.35 -3.52 0.01 -2.80 0.02 0.05 -1.35
104 0.75 0.82 421 0.01 -3.39 0.05 0.05 -1.63
150 0.89 0.91 -5.87 0.01 -4.77 0.06 0.04 -2.30
168 2.52 3.17 -3.44 0.02 2.79 0.46 0.09 -1.35
211 0.53 0.54 -3.01 0.01 237 0.02 0.06 -1.14
224 1.08 1.19 -3.87 0.01 -3.08 0.08 0.08 -1.48
236 0.86 1.29 -3.26 0.01 -2.60 0.05 0.07 -1.25
246 0.57 0.6 -5.74 0.01 -4.66 0.03 0.03 2.24
250 1.39 2.15 -3.44 0.01 274 0.15 0.02 -1.32
258 1.75 2.04 -3.00 0.01 2.37 0.23 0.09 -1.14
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272 1.26 1.39 3.73 0.01 2.97 0.11 0.01 -1.43
345 L11 1.32 427 0.01 -3.45 0.10 0.07 -1.66
363 0.69 0.89 -5.81 0.01 -4.70 0.04 0.04 2.26
380 1.12 1.18 -3.16 0.01 250 0.09 0.01 -1.20
412 0.61 0.64 3.21 0.01 2.55 0.03 0.06 -1.23
414 1.66 2.02 -8.07 0.05 -6.58 0.20 0.06 3.17
474 1.35 1.68 -3.01 0.01 -2.36 0.14 0.013 -1.14
525 0.64 0.58 -3.16 0.01 251 0.03 0.06 -1.21
538 119 1.29 -3.00 0.01 -2.36 0.10 0.01 -1.14
565 0.99 1.02 3.27 0.01 2.59 0.07 0.08 -1.24
625 1.56 2.09 -4.65 0.02 372 0.19 0.01 -1.79
636 0.95 1.04 372 0.01 2.95 0.06 0.07 -1.42
734 1.06 1.11 -3.29 0.06 -3.66 0.08 0.09 -1.77
743 3.43 4.54 -4.47 0.01 -3.06 0.81 0.04 -1.48
856 1.62 1.88 -3.86 0.01 2.67 0.18 0.03 -1.29
878 L15 1.52 -3.34 0.01 -3.60 0.09 0.09 -1.73
932 1.09 1.23 -4.46 0.01 -3.26 0.10 0.07 -1.22

Table 4.39 shows an outlier explanation as well as estimation results. Outliers
were found in approximately three percent of the 1000 observations. To identify
outliers as good/bad the methods used are Mahanablios distance, Robust MCD
Distance, Standardized Robust Residual, cook's distance, studentized residual,
WSSDI, Hat Diagonal and Deleted Residual. The values range from 0.43 to 3.43 unit
when using Mahanablios distance and from 0.35 to 4.54 unit while using Robust
MCD and are very high. The range of observations for standardized robust residuals,
cooks distance, WSSDI, Hat diagonal, and deleted is -8.07 to 6.14, 0.01 to 0.06, and
6.58 to 5.27, 0.02 to 0.81, 0.01 to 0.06, and 3.17 to 2.54 units respectively indicating

the leverages are bad leverage point.

Table 4.40 : Estimates of Cobb Douglas production function (P;) through
Ordinary Least Square (OLS).

Variable RegreSSI?Sn ::())efﬁclent Parameters
Intercept 0.77*
P (0.01) F-value
4.11(p<0.005
0.07* (p<0.005)
X 0.03) R2=0.08
AIC=1378.78
0.04N8 BIC=1398.41
X2 (0.02)

* 5%]level of significance NS= non significant




97

The estimated results for the CD function with standard error have been shown
in table 4.40. The F-value is significant indicating that the model is acceptable w.r.t.x,
and x,.Further the coefficients of x;and x, having value 0.07 and 0.04 unit are positive
and significant but x,(0.04) unit has a positive and non-significant coefficient. Any
anticipated coefficient may have the correct sign due to the presence of HLP. The
regression coefficient estimations were obtained using OLS. The R? value is 0.08
with AIC (1378.78) and BIC(1398.41) unit could be related to the occurrence of
HLP.

Fig 4.30 shows the diagnostic panel for the CD function model was evaluated
and found to be insufficient. This shows that the model is a complete failure. The
plots of residuals and studentized residuals vs. projected values reveal dismal trends.
The points on the plot of the dependent variable (y) versus the predicted values
forecast the dependent variable's behaviour. The studentized residual vs leverage plot
reveals that leverage locations outside of the -2 to +2 range are HLP. Furthermore, the
Cook's graph showed that the majority of observations were outside and the big spike

in the cut-off clearly indicating the data are influenced.

Table 4.41: Estimation of Cobb Douglas function through robust methods for

simulation data (P,) and comparison with OLS thereof.

Estimates of the regression coefficients
| os M| ouTs | oMM | s g BRI
Variable (S.E) Estimation | Estimation | Estimation Estimation handling HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept 0.776* 0.84%* 0.83* 0.86* 0.88%* 0.82%*
(0.01) (0.01) (0.01) (0.01) (0.01) (0.01)
0.07* 0.06* 0.06* 0.05%* 0.03 0.09*
1 (0.03) (0.02) (0.02) (0.02) (0.02) (0.02)
0.04N8 0.06* 0.05* 0.06* 0.06* 0.06*
2 (0.02) (0.02) (0.02) (0.02) (0.02) (0.02)
R? 0.08 0.08 0.02 0.09 0.06 0.09
AIC 1378.78 1010.37 -2653.84 788.10 821.21 965.52
BIC 1398.41 1026.46 -2638.38 885.33 875.28 985.15
* 5%]level of significance NS= non significant

Table 4.41 shows the estimation results for the Cobb Douglas production
function. The regression coefficient were estimated using OLS, M Estimation, MM,
S, LTS, and modified OLS after dealing with HLP. The OLS estimate of x; was
positive 0.07 and significant, whereas the M, MM, Estimation, LTS were positive and

significant 0.06, 0.06, 0.05 unit and S estimation was positive 0.03 and non
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significant. Modified estimates of the production function was also found to be
positive (0.09) and non-significant after handling HLP. If exceptional observations are
excluded from the study, the remaining observations create a linear pattern that
explains more of the variation in the simulated data. It was also found that the OLS
estimate of x, was positive 0.04 and non significant whereas in case of M, MM, S
and LTS estimates were positive and significant 0.06, 0.05, 0.06 and 0.06 unit. After
handling HLP, modified estimate of the production function was found to be positive
and significant 0.06 unit thus in case of HLP the estimates of CD function affected in
case of small as well as big data. Therefore, it is matter of fact to propose the best
estimates of the real data in case of CD method in the presence of HLP. The first data

in series is the survey done at Kashmir.

Fig 4.31and Fig 4.32 depicts outlier and leverage diagnostics for the dependent
variable for real data for the CD function. There are 14 outliers and 63 leverage points
among the 204 observations. Their estimated values of HLP related to techniques

used are mentioned in table 4.42

Table 4.42 : Detection of outliers in case of Apple yield data and values of

distance/residual through various techniques for Cobb Douglas production

function.

Observat | Mahalan | Robust Standard | Cook’s Studenti | WSSDI Hat Deleted

ions obis MCD ized zed Diagonal

(HLP) Robust
4 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
8 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
9 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
15 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
31 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
111 2.44 11.91 3.16 0.05 2.19 0.01 0.01 0.28
122 1.43 5.50 4.38 0.05 3.28 0.18 0.05 0.42
133 3.13 3.01 3.02 0.10 2.37 3.59 0.02 0.31
137 1.43 5.53 4.38 0.05 3.28 0.18 0.05 0.42
160 2.44 11.90 3.22 0.05 2.24 0.01 0.01 0.28
161 1.72 8.42 4.02 0.06 3.22 0.41 0.06 0.41
164 2.44 11.90 4.47 0.12 3.27 0.41 0.01 0.42
166 1.72 8.42 4.02 0.06 3.22 0.41 0.06 0.41
167 1.72 8.42 4.02 0.06 3.22 0.01 0.06 0.41

The first column represents the observations which are outliers where as the

rest columns are the values of HLP w.r.t different techniques as discussed .The range
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of HLP through Mahanablios distance is 1.43 to 3.13unitwhereas for Robust MCD it
was from 3.01 to 11.91 unit. The other ranges for standardized robust residuals,
cooks distance, WSSDI, Hat diagonal, and deleted is 3.02 to 4.47, 0.05 to 0.12 and
2.19t0 3.28, 0.01 to 3.59, 0.01 to 0.06, and 0.28 to 0.42 unit respectively.

Table 4.43: Estimates of Apple yield w.r.t labour and capital for Cobb Douglas
production function through Ordinary Least Square (OLS).

Variable Regression coefficient Parameters
(S.E)
Intercept -6.90™
p (0.19)
F-value
X 2.10% 920.42(p<0.001)
! (0.23) R?=0.90
s AIC=-257.54
N -0.07 BIC=-244.27
2 0.21)

* 5%Ilevel of significance NS= non significant

Table 4.43 displays the Cobb Douglas production function's estimated results
with standard error. The F-value is significant, indicating that the model for the
variable in this study is adequate. The coefficient of x;is 2.10 unitfound to be positive
and significant, however the coefficient of x, is0.07 unit is negative and non-
significant. Due to the presence of HLP, any expected coefficient may have the
correct sign. OLS was used to estimate the regression coefficients. The R* value
(0.90) with AIC (-257.54) and BIC (-244.27) unit could be related to the occurrence
of HLP.

The panel of diagnostics for the CD function model using ordinary least
squares has been evaluated and found to be inadequate like earlier due to HLP in Fig
4.33. And found that this model is a resounding failure. Poor trends can be seen in the
residuals and studentized residuals plots versus predicted values. Further, the
estimates of regression coefficients have been estimated through the OLS as well as

various robust techniques .As per the comparisons purposes see table 4.44
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Table 4.44: Estimation of Cobb Douglas function through robust methods for
apple yield data and comparison with OLS thereof.

Estimates of the regression coefficients
OLS M LTS MM S Modified OLS after
Variable (S.E) Estimation | Estimation | Estimation Estimation handling HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
-6.90 N8 -6.93" -6.832N8 -6.03 N8 -6.71 N8 -7.55%
Intercept
0.17) (0.19) (0.10) (0.167) (0.128) (0.15)
2.10% 2.35% -0.54 N8 -0.66™° 2.60* 2.36*
1 (0.23) (0.16) (0.13) (0.26) (0.12) (0.15)
-0.07 ™8 -0.32N8 2.52% 2.46* -0.63 N8 -0.18™
2 0.21) (0.15) 0.12) 0.23) 0.11) (0.14)
R? 0.90 0.77 0.98 0.70 0.95 0.94
AIC -257.54 212.22 -521.05 485.02 171.45 -411.31
BIC -244.27 224.60 -513.02 460.21 185.26 -398.04

* 5%Ilevel of significance NS= non significant

The OLS estimate of x; was found positive2.10 and significant whereas the
coefficients of M and S Estimation were positive 2.35and 2.60 and significant. The
MM and LTS estimates are negative 0.66 and 0.54 unit and non-significant. Modified
estimate of the production function was also found to be positive 2.36 unit and
significant after handling HLP. Moreover the coefficient of determination was
remarkably higher in case of LTS estimation 0.98 which indicates that 98 percent
variation of study variable is explained through this method but this method is not
recommended Chen, C (2002). Further it explains if one unit decrease in the cost of
labour will increase overall yield of apple. It will be increased by two percent of the
total. The estimate of coefficient of x, capital cost is also non significant as per OLS
method whereas found to be significant in case of robust method. Thus one unit
decrease in the capital cost will decrease the yield of apple and it decreases by one
percent. Further the data pertains to maize is used to see the impact of HLP in the
estimation of parameters in case of CD function. The Fig 4.34 and 4.35 clearly
depicted that the data are influenced by outliers. The figure showed that there are 3

outliers and 7 leverage points out of the 97 observations.
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Table 4.45:Detection of outliers in case of maize yield data and values of

distance/residual through various techniques for Cobb Douglas production

function.
Observati| Mahalan | Robu| Standardi Cook’s Studentized| WSSDI Hat Deleted
ons obis st zed Diago
nal
MCD| Robust
67 1.13 1.18 -5.81 0.16 -4.48 0.01 0.05 -4.48
75 1.62 2.08 3.36 0.08 249 0.04 0.01 249
91 1.81 1.96 4.12 0.01
0.16 3.26 0.08 3.26

Further the Table 4.45 shows estimation results of outliers w.r.t different
techniques used. Outliers were found in approximately three percent of the 97
observations. The outlier values range from 1.13 to 1.81 unit when using Mahanablios
distance and from 1.18 to 2.08 unit while using Robust MCD. The range of
observations for standardized robust residuals, cooks distance, WSSDI, Hat diagonal,
and deleted is -5.81 to 4.12, 0.08 to 0.16, and -4.48 to 3.26, 0.01 to 0.08, and 0.01 to

0.05unit respectively.

Table 4.46:Estimates of maize yield w.r.t labour and capital for Cobb Douglas
production function through Ordinary Least Square (OLS).

Variable Regress1z)sn E;)efﬁcnent Parameters
SRER
Intercept 021
F-value
x 0.74%* 156.92(p<0.0001)
' (0.02) R’-0.85
© AIC=632.28
X -0.04 BIC=650.30
2 (0.03)

* 5 % level of significance NS= non significant

The CD function results predicted with standard error are shown in table
4.46. The F-value in this study is also significant indicating that the model for the
variable is appropriate. The coefficient of x; was 0.74and is positive and significant
whereas in case of x,it was 0.04 and found to be negative and non-significant. Any
expected coefficient may have the correct sign due to the presence of HLP. The

regression coefficients were estimated using OLS. The R? value (0.85) in combination
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with the AIC (632.28) and BIC (650.30) could indicate the presence of HLP.Further,
the comparision of different robust techniques w.r.t OLS has shown in table 4.57 to

see which is the best method to tackle the problem of HLP in CD function.

Fig 4.36 shows the panel of diagnostics for the CD function model using
ordinary least squares has been evaluated and found to be inadequate due to HLP.
And found that this model is a resounding failure. Poor trends can be seen in the
residuals and studentized residuals plots versus predicted values. Further, the
estimates of regression coefficients have been estimated through the OLS as well as

various robust techniques.

Table 4.47: Estimation of Cobb Douglas functions through robust methods for

maize yield w.r.t labour and capital and comparison with OLS thereof.

Estimates of the regression coefficients
| oLs M LTS | MM S e e

Variable (S.E) Estimation Estimation Estimation Estimation HLP
(S.E) (S.E) (S.E) (S.E) (S.E)
Intercept -1.15™ -1.31M -1.49N8 -1.38™ -1.50N8 -1.28"8
0.21) 0.17) (0.15) 0.17) (0.179) (0.18)

0.74* 0.76* 0.79* 0.76* 0.789* 0.74*

1 (0.04) (0.03) (0.02) (0.03) (0.035) (0.03)
-0.04 N8 -0.02M -0.01N8 -0.01N8 -0.08 N8 -0.01™

*2 (0.03) (0.03) (0.02) (0.02) (0.02) (0.03)

R? 0.82 0.65 0.86 0.62 0.82 0.85
AIC 632.28 109.82 -265.21 174.6 -188.19 104.52
BIC 650.30 118.76 -257.50 185.17 -180.46 94.22

* 5%]level of significance NS= non significant

Table 4.47 shows the estimation results for the CD function, showing that each
estimation coefficient may be correct in terms of expected sign. The regression
coefficient was estimated using OLS, M Estimation, MM, S, LTS, and modified OLS
after dealing with HLP. The OLS estimate of x; was positive 0.74 and significant
whereas M, MM, S and LTS Estimation were positive 0.76, 0.79, 0.76 and 0.78 unit
and significant respectively. Modified estimates of the production function were also
found to be positive 0.74 unit and significant after handling HLP. Moreover, the
coefficient of determination is remarkably higher in case of LTS estimation 0.86
which indicates that 86 percent variation of study variable is explained through this
method but this method is not recommended because it is based on trimmed mean

Chen and Cary (1987). The least were found to be in case of MM method it is0.62
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unit. If the cost of labour is reduced by one unit, the overall output of apples will
increase. It will be increased by seventy four percent of the total amount. The OLS
technique finds the estimate of capital cost to be not significant whereas the robust
method finds it to be significant. The yield of an apple will reduce by one percent if

the capital cost is reduced by one unit.

Table 4.48:Estimates of Mitscherlich-Baule production function through robust

methods for simulation data ( P,) and comparison with OLS thereof.

Variable Least square method Iteratively Reweighted Least Squares
Gauss Newton Method Marquardt Method Gradient Method
a 512.41N 504.30N 100.01 N
(262.20) (241.01) (763.01)
b 121 0.07* 1.110™
(3.01) (0.33) (0.43)
c 413 4.86™ 3.02M
(0.35) (3.99) (0.36)
d 0.06* 0.05* 0.04*
2.97) (0.01) (0.40)
e 2378 44170 3.99N8
(3.10) (0.10) (6.07)
R? 0.65 0.52 0.51
AIC 1836.83 6667.11 6663.21
BIC 1851.53 6681.22 6677.71

* 5%Ilevel of significance NS= non significant

Mitscherlich-Baule production function gives great flexibility in modelling the
relationship between the response variable and independent (regressors) variables. It
uses additional coding compared to model specifications in linear modelling
procedures. It has sufficient flexibility to accommodate limited factor substitution.
The Mitscherlich-Baule production function estimates of simulated data have been
done through two methods least square method (LS) and Iteratively Reweighted Least
Squares (IRLS).In LS method, the gauss newton method and in IRLS the marquardt
and gradient method have been applied. It is observed from the table 4.48 that the
coefficient estimates of parameters through Gauss newton method are a(512.41), b
(1.21), ¢ (4.13) and e (2.37) unit and non-significant while as the coefficient estimates
of d (0.06)unit is positive as well as significant. The R* (0.65) value in case of gauss
newton method is greater than other two methods which indicates that 65 percent
variation of study variable is explained through this method. Further, the AIC
(1836.83) and BIC (1851.53) values are low among other two methods. In case of
marquardt method which is usually middle most between the both having the

coefficient estimates positive and non significant a (504.30), ¢ (4.86), e (4.41) unit
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whereas b (0.07) and d (0.05) are significant. The R* is 0.52 with AIC and BIC value
are 6667.11 and 6681.22 respectively. In case of Gradient method, the results of
coefficient estimates are same as Guass Newton methods in terms of significant and
non significant but different w.r.t sizes of the estimates i.e. a (100.01), b (1.11), ¢
(3.02), d(0.04) and e (3.99) unit having R? value 0.51 with AIC and BIC values
6663.21 and 6677.71 respectively. The coefficients b and d describes the influence of
the corresponding input factors on the study variable. ¢ and eare the input variables
that include x;and x,.The decision on the most appropriate estimation technique can
exclusively be based on statistical measures. For instance, the goodness of fit with
AIC and BIC. Thus in case of simulation data with large observation Gauss newton
method outperforms Marquardt and Gradient method on the basis of coefficient of
determination. But the parameters of marquardt method are more significant as
compared to the other methods. In order to see the performance of MB, the simulation

data of 500 observations is considered.

Table 4.49: Estimates of Mitscherlich-Baule production function through robust

methods for simulation data (P;) and comparison with OLS thereof.

Least square method Iteratively Reweighted Least Squares
Variable Gauss Newton Method Marquardt Method Gradient Method
a 131.00N 442 22N8 100.01N8
(292.90) (357.00) (751.31)
b 418N 0.07* 201N
(1.12) (0.60) (18.59)
c 1.94N8 7.58% 4,008
(0.08) (0.20) (12.10)
d 0.01* 14.60 NS 0.05*
(1.10) (7.22) (0.51)
e 90.17N8 72.11%8 501N
(36.20) (05.20) (11.30)
R? 0.99 0.99 0.47
AIC 3830.84 3611.00 3618.99
BIC 3842.63 3623.64 3631.64

* 5%Ilevel of significance

NS= non significant

According to table 4.49 the coefficient estimates of gauss newton method area

(131.00), b (4.18), ¢ (1.94) and e (90.17) units and found non significant while as the
coefficient estimate of d (0.01) was significant. The R? (0.99) value in case of Gauss
newton and Marquardt method were same but AIC (3611.00) and BIC (3623.64)
values in case of Marquardt is low among two methods. In case of Marquardt method
the coefficient estimates of a (442.22), d (14.60) and e (72.11) unit were also non
significant while as ¢ (7.58) and b (0.07) is significant with R*(0.99). In case of
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gradient method, the coefficient estimate of a (100.01), b (2.01), ¢ (4.00) and e (5.01)
unit are not significant while as d (0.05) is significant having R* value 0.47 with AIC
and BIC 3618.99 and 3631.64 unit respectively. The coefficients b and ddescribes the
influence of the corresponding input factors on the study variable. c and e are the
input variables that include x;and x,. Here marquardt outperforms gauss newton
method and gradient method which is robust than other two methods Cuthbert et
al.(1980) as this method interpolates between the Gauss Newton and gradient method.
In simulation data set the Gauss Newton and Marquardt method performs well. Now
in order to see the performance of MB in case of real data sets the discussions are as

follows.

Table 4.50: Estimates of Mitscherlich-Baule production function through robust

methods for apple yield data w.r.t labour and capital and comparison with OLS

thereof.
Least square method Iteratively Reweighted Least Squares
Variable Gauss Newton Method Marquardt Method Gradient Method
a 869.321* 609.12"° 43.61*
(382.27) (338.21) (2.91)
b 0.03™ 6.75% 0.01™
(0.02) (0.03) (6.04)
c -10.60™° -7.40M8 0.01™
9.71) (14.61) (2.31)
d 3.75% 7.64% 0.04™
(0.09) (0.03) 0.21)
e 13.117 15.82% 4.10%
(106.21) (3.58) (1.24)
R? 0.63 0.87 0.53
AIC 1411.56 1227.96 1990.92
BIC 1421.51 123791 2000.85
* 5%]level of significance NS= non significant

This function is characterized by continuously positive marginal productivities
of the input factors. It does not exhibit negative marginal productivities. As per table
4.50the coefficient estimate of b (0.03) ¢ (-10.60), and e (13.11) unit are non
significant while as the coefficient estimate of a (869.321) and d (3.75) unit are
significant as per Gauss Newton Nethod. In Marquardt Method the coefficient
estimate of a (609.12) and c (-7.40)are not significant while as b (6.75), d (7.64) and e
(15.82) unit are significant. In Gradient method, the coefficient estimate of b (0.01), c
(0.01), and d (0.04) unit are non significant while as a (43.61) and e (4.10)are

significant. The R? value in case of marquardt method is remarkably high 0.87 among
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other two methods which indicates that 87 percent variation of study variable is
explained through this method. The AIC (1227.96) and BIC (1237.91) values in case
of Marquardt method is low among two methods and is best fitted as per adequacy
criteria. The coefficients b and d describes the influence of the corresponding input
factors on the study variable. In this case Marquardt outperforms Gauss Newton
method and Gradient method. Thus in this case it is interesting to observe the
efficiency of these methods in case of another real data set pertains to study the yield
of maize w.r.t input variables as labour cost and capital cost involves in infrastructure.
In the series now the data pertains to 97 observations had been used to examine the

performance of MB.

Table 4.51: Estimates of Mitscherlich-Baule production function through robust

methods for maize yield data w.r.t labour and capital and comparison with OLS

thereof.

Least square method Iteratively Reweighted Least Squares
Variable Gauss Newton Method Marquardt Method Gradient Method

a 142.20%* 150.40%* 99.99*
(30.21) (62.28) (18.71)
b 1.01* 0.02™ 0.05*
(0.02) (1.60) (0.01)

c 0.01™ 12.6% 0.01™
(0.02) (0.01) (2.31)

d 404N 0.04™8 0.04™°
(5.49) (1.09) (7.75)
e 44.00* 55.80* 4.00*
(20.01) (12.35) (0.01)

R’ 0.75 0.94 0.77
AIC 381.39 362.96 374.6
BIC 389.10 370.67 382.31
* 5%]level of significance NS= non significant

The Mitscherlich-Baule production functions estimates of real data are
presented in Table 4.51. In Gauss Newton method coefficient estimate of ¢ (0.01) and
d (4.04) are non significant while as the coefficient estimate of a (142.20), b (1.01)
and e (44.00) are significant, R? value in case of Gauss Newton method is 0.75 while
as values of AIC and BIC are 381.39 and 389.10 units. In marquardt method, the
coefficient estimate of b (0.02) and d (0.04) are non significant while as a (150.40), ¢
(12.6) and e (7.64) is significant. The R? value in this method is 0.94 which indicates
that 94 percent variation of study variable is explained through this method and AIC
and BIC have values are 362.96 and 370.67 unit respectively. In Gradient method the
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coefficient estimate of ¢ (0.01) and d (0.04) are not significant while as a (99.99), b
(0.05) and e (4.00) are significant. The coefficients b and d describes the influence of
the corresponding input factors on the study variable. TheR? value in this method is
0.77 with AIC and BIC are 374.6 and 382.31unit respectively. The primary
application of Marquardt algorithm is best among the others which is on the basis of

IRLS.

Table 4.52: Estimated MVP and Elasticity of real data of linear and non-linear

production functions.

Linear production functions
Production Quadratic function Square root function
function
ata Apple (204) Maize (97) Apple (204) Maize (97)
MVP | Elasticity | MVP | Elasticity | MVP | Elasticity | MVP | Elasticity
Variable
X1 0.03 -33.40 0.01 -6.61 0.01 -101.20 0.01 -4.48
Xy -0.03 24.09 -0.01 29.85 0.04 34.41 0.01 29.38
Non Linear production functions
Production Cobb Douglas function Mitscherlich Baule function
function
ta Apple (204) Maize (97) Apple (204) Maize (97)
MVP | Elasticity | MVP | Elasticity | MVP | Elasticity | MVP | Elasticity
Variable
X1 0.65 -6.48 0.24 -2.11 0.03 -21.21 0.01 -5.58
Xo -0.02 1.21 -0.01 1.54 0.05 2.08 0.02 6.71

The marginal value product is a measure of the additional profits raised during
increasing the quantity of an input used by one unit while maintaining all other input
quantities constant. The table 4.55 shows the MVP and elasticity of linear and non-
linear production functions of real data. The MVP was calculated by using regression
coefficients of each input of both the functions and geometric mean value of input
values. The MVP values in case of quadratic production function for the apple data
w.r.t the variables Labour cost and Capital i.ex;and x,were found to be 0.03 and -0.03
respectively. The elasticity for x; (-33.40) is less than zero showed a negative
decreasing function to the factors indicating the over-utilization of the input implying
that its allocation and utilization were in irrational stage of production (stage III) of
the production process. Further, the elasticity values for x, (24.09) in quadratic
production function was found to be greater than unity indicating that the output

responds strongly to increases in the use of these inputs indicating that the allocation
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and utilization of the variable was in the Stage I of production process. In case of
maize data for the QF the MVP for x,and x,were found to be 0.01 and -0.01 and the
elasticity for x4 (6.61) and x, (29.85) respectively. For the SF, the MVP values for
x;,and x, ,in case of apple data, were found 0.01 and 0.04. The Elasticity forx;is (-
101.20) the negative sign indicates that the over-use of the input and the allocation of
use were irrational in the production process (stage III), and the elasticity values for
X5 (34.41) was found to be larger than unity in square root production, showing that
the result responds strongly indicating that the allocation and utilization of the
variable was in the Stage I of production process. In case of maize data the MVP for
x,and x,were found to be same 0.01 and the elasticity forx; (-4.48) was less than zero,
suggesting an over-utilization of the input, meaning that its allocation and utilization
were at an irrational stage of production (stage III) of the production process.
Furthermore, the elasticity values for x, (29.38) in SF were found to be greater than
unity, showing that the output responds strongly to increases in the use of these
inputs, indicating that the variable was allocated and employed in Stage I of the
production process. In case of CD function, the MVP value for x; and x, were found
to be 0.65 and -0.02, respectively, while the elasticity for x; (-6.48) is less than zero
showed a negative decreasing function to the factors, indicating over-utilization of the
input implying that its allocation and utilization were in irrational stage of production
(stage III) of the production process. The elasticity values forx, (1.21) was found to
be greater than unity, indicating that the output responds strongly to increases in the
use. For maize data the MVP for x,and x,were found to be 0.24 and -0.01 and the
elasticity for x; and x, -2.11 and 1.54 respectively. The same trend is found in apple
as in the case of maize. In case of Mitscherlich-Baule production function ¢ and eare
the inputvariables that include x;and x, .For apple data the MVP forx;and x, were
found to be 0.03 and 0.05. x, is influencing the yield more than x;. The elasticity for
x; (-21.21) was less than zero, suggesting a negative decreasing function to the
factors, indicating over-utilization of the input and implying that its allocation and
utilization were in an irrational stage of the manufacturing process (stage III). The
elasticity values for x, (2.08) are more than unity, indicating that the output responds
substantially to increases in consumption. For maize data the MVP for x;and x,were
found to be 0.01 and 0.02. The elasticity for x; (-5.58) was less than zero, signalling a

negative decreasing function for the factors, indicating over-utilization of the input
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and implying that its allocation and use were in an irrational stage of the
manufacturing process (stage III).The elasticity values for x, (6.71) are greater than
one, showing that production responds to increases in consumption significantly. The
x, and x,describes the influence of the corresponding input factors on the study
variable. Theoverall the trend of MVP and elasticity for apple and maize data were

found to be similar in all the four functions.

Table 4.53 Performance criteria of production functions for simulation data

using cross validation technique.

N= 500

Model (Production | Root |Depend | R- |AdjR-| AIC | AICC |PRESS SBC Cv ASE ASE

Type |Function MSE ent |Square| Sq PRESS [ (Train) |(Validate)
Mean

Linear [Quadratic 36.77 | 26.67 099 | 0.96 [4109.75 |4109.83 | 680021 | 3620.39 | 731078 |1102.52 | 1620.31

Square root | 38.27 | 24.35 098 | 0.94 [4147.78 |4147.81 | 733942 | 3650.00 | 731099 |1181.22 | 1753.13

Cobb 0.50 0.74 0.05 | 030 [-176.74 |-176.69 | 128.67 | -670.31 | 128.32 | 0.211 0.303
Non- (Douglas

Linear |Mitscherlic
h-Baule 36.82 26.68 0.02 0.01 (4111.10(4111.18|682236 (3621.74 684372 (1121.87 | 1631.02

N=1000

Linear [Quadratic 27.73 17.19 097 | 0.96 [7650.34|7650.38 | 772503 | 6663.06 | 779186 | 725.90 | 811.09

Square root | 28.21 4.98 0.96 | 099 |-334.27 |-334.23 | 262.85 | -1321.55 | 262.39 | 0.27 0.25

Cobb 0.48 0.74 0.08 | 0.06 [-459.08 |-459.04 | 232.09 | -1446.36 | 231.28 | 0.200 0.267
Non- (Douglas

Linear |Mitscherlic 27.74 17.20 0.03| 0.03|7650.43| 7650.47| 771936|6663.15 7757201725.902 | 811.09
h-Baule

The cross validation technique is a data resampling method by partitioning a
data set into two training and testing data set. The training data set is used to fit a
model and testing data set for evaluate the prediction performance of the fitted model
through prediction error .As per Table 4.56, the performance for simulated data of
production functions using cross validation techniques. In linear production functions
the root mean square error (RMSE) value of QF and SF are 36.77 and 38.27
respectively. The former model is best to study being the lowest values of RMSE. The
R?value for QD and SF are 0.99 and 0.98 respectively. Further, AIC, AICC, predicted
residual error sum of squares (PRESS), Schwarz criterion (SBC) and CVPRESS
values for both the production function are as 4109.75and 4147.78; 4109.83and
4147.81; 680021and 733942; 3620.39 and 3650.00; 731078 and 731099 respectively.
The overall R? value in case of QF was found to be greater with low AIC and BIC
values as compared to SF. The lowest values of PRESS indicating the best model is
QF. Further,both the models are acting normally, because training error is not higher
than validation error.In non-linear production functions, the CD function has RMSE

value 0.50 while as the value for MitscherlichBaule function is 36.82. Further, AIC,
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AICC, PRESS, SBC and CVPRESS values for both the production function are as -
176.74 and 4111.10; -176.74and4111.18; 128.67 and 682236; -670.31and 3621.74;
128.32and684372 respectively.PRESS is the analogue of coefficient of determination.
The lowest PRESS values indicate the best model.Generally, the lower the PRESS
value, the better the prediction power of the model. Furthermore, both models are
behaving appropriately because the training error is not greater than the validation
error. Further, in case of simulation data pertains to big data the results of cross
validation are depicted in Table 4.58. The linear production functions undertaken in
study QF and SF their having RMSE value as 27.73 and 28.21 respectively. The
former model is best to study being the lowest values of RMSE. The R’value for QF
and SF are 0.97 and 0.96 respectively. Further, AIC, AICC, PRESS, SBC and
CVPRESS values for both the production function are as 7650.34 and -334.27,;
7650.34 and -334.27; 772503 and 262.85; 6663.06 and -1321.55; 779186 and 262.39
respectively. The overall R? value in case of QF was found to be greater than the SF
i.e. 0.97which indicates that 97 percent variation of variable is explained by this
model. Also in QF the AIC and BIC values are low as compared to square root
production function. Thus QF is the best in case of linear production functions. In
general the smaller the PRESS values the better the models predictive ability which is
QF. In non-linear production functions P,CD function has RMSE value 0.48 while as
the value for MitscherlichBaule function is 27.74. AIC, AICC, PRESS, SBC and
CVPRESS values for both the production function are as -459.08 and 7650.43; -
459.04 and 7650.47; 232.09 and 771936; -1446 and 6663.15; and 231.28 and 775720
respectively. Thusconcluded that both the models are acting normally, because

training error is not higher than validation error.

Table 4.54 Performance criteria of production functions for real data using cross

validation technique.

Apple (204)
Production : ASE ASE
Model Root Pependent| R- Adj AIC AICC PRESS | SBC Cv
pre Function MSE Mean Square R-Sq PRESS (Train) Validate)

Quadratic 17.16 43.68 0.82 |0.82 |1371.90 |1372.47 63021 |1185.80 |63253 | 246.95 | 526.97

Linear
Square root | 19.25 43.68 0.78 |[0.78 |1415.70 | 1415.90(76613 |1219.66 |75967 | 228.03 | 530.37

Cobb

0.12 1.46 035 |031 |-634.33 |-634.21 | 3.36 |-833.70 | 3.29 0.01 0.02
Douglas

Non-

Linear ;‘;;slceher“c"' 2270|  43.68| 040| 0.41| 1481.88| 1482.00[106478| 1282.521105003 | 338.07| 77235
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Maize (97)

Quadratic 6.09 22.26 0.85 |0.85 | 454.31 | 45524 PB797.25| 368.18 B712.95| 31.64 47.22

Linear
Square root |6.19 22.26 0.84 |[0.83 | 455.86 | 456.29 B796.72| 364.58 PB871.02| 29.73 46.80

Cobb

0.64 22.26 0.29 |0.21 | 454.30 | 45524 PB797.24| 368.18 PB712.95| 0.04 0.16
Douglas

Non-
Linear Mitscherlich-

Baule 6.32 22.26 0.32 |0.33 |458.73 | 458.99 p924.92| 364.88 |4001.1 | 31.64 47.22

The performance of production functions in case of real data sets using cross
validation techniques is shown in Table 4.54. The quadratic production function has
an RMSE of 17.16 in linear production functions of apple data while the square root
function has an RMSE of 19.25. Because it has the lowest RMSE values, the former
model is the best to investigate. QF and SF have R” values of 0.82 and 0.78,
respectively. Furthermore, for both production functions, the AIC, AICC, PRESS,
SBC, and CVPRESS values are 1371.90 and 1415.70; 1372.47and1415.90; 63021 and
76613; 1185.80 and1219.66; 63253and75967 respectively .The R? value for the QF
was found to be greater than the SF, i.e. 0.82, indicating that this model can explain
82 percent of the variation in the variable. The PRESS values with the lowest values
indicate the best model, which is QF. It has been concluded that both models are
performing properly because the training error is not more than the validation error. In
appledata Cobb Douglas production function has RMSE of 0.12 while Mitscherlich
Baule function has RMSE of 22.70. Moreover, the AIC, AICC, PRESS, SBC, and
CVPRESS values for both the production functions are -634.33 and 1481.88; -634.21
and 1482.00; 3.36 and 10647; -833.70 and1282.52; 3.29 and 10500, respectively. We
also came to the conclusion that both models are functioning normally because the
training error is not greater than the validation error. Moreoverin linear production
functions of maize data QF has RMSE value 6.09 while as the value for SF is
6.19.The former model is best to study being the lowest values of RMSE.The R*value
for QF and SF is 0.85 and 0.84 respectively. Further, AIC, AICC, PRESS, SBC and
CVPRESS values for both the production function are as 454.31 and 455.86; 455.24
and 456.29; 3797.25 and 3796.72; 368.18 and 364.58; 3712.95 and 3871.02. The
lowest values of PRESS indicating the best model is QF. In case Cobb Douglas
production function has RMSE value 0.64 while as the value for Mitscherlich Baule
function is 6.32. The AIC, AICC, PRESS, SBC and CVPRESS values for both the
production functions are as 454.30 and 458.73; 455.24 and 458.99; 3797.24 and
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3924.92; 368.18 and 364.88; 3712.95 and4001.1 respectively.The lowest PRESS
value indicates model has highest predictive power.The training error is not more than

the validation error thus both models are operating normally.

Table 4.55 Performance criteria of production functions for simulation data

using k-fold cross validation technique.

N=500
K=5 K=10

Model [Production | Root R- |Dependent| Adj [CV (%)| Root R- |Dependent| Adj |[CV (%)
type Function MSE |Square| Mean R-Sq MSE (Square| Mean |R-Sq
Linear |Quadratic 36.86 | 0.01 26.88 0.05 | 139.67 | 36.22 | 0.01 25.93 0.05 | 137.11

Square root | 38.36 | 0.07 24.44 -0.06 | 161.72 | 37.65 | 0.09 23.37 |-0.02 | 156.95
Non-  |Cobb 3.23 | 0.08 0.76 0.04 | 67.51 3.16 | 0.04 0.76 -0.05| 66.16
Linear [Douglas

Mitscherlich-| 36.74 | 0.01 26.88 0.01 | 139.42 | 36.16 | 0.01 25.93 0.08 | 136.68

Baule

N=1000
K=5 K=10

Model [Production [Root |R- Dependent |Adj |CV (%) |[Root |R- Dependent |Adj |CV (%)
type Function MSE [Square|Mean R-Sq MSE |Square |Mean R-Sq
Linear |Quadratic |27.96 [0.03 |17.54 0.02 |159.42 [28.41 (0.03 |17.55 0.02 |161.91

Square root |23.21 [0.99 |4.48 0.99 |10.21 21.12 10.99 |4.91 0.99 110.12
Non-  |Cobb 3.01 [0.01 |0.74 0.01 16520 295 [0.08 |0.75 0.06 |63.07
Linear [Douglas

Mitscherlich-28.02 ]0.02  [17.54 0.02 |161.77 2839 (0.02 |17.55 0.02 |159.75

Baule

Further the K fold cross validation takes care of large portion of the data set. It
is a good ratio of testing data points-folded cross validation is a procedure used to
estimate the skill of the model on new data. There are common tactics that can use to
select the value of k for your dataset. Table 4.55 shows performance criteria of
production functions for both the simulated data using k-fold cross validation
technique. The real error rate is small with a large number of folds (K), but the
variation is large. Depending on the complexity of the models under consideration-
fold validation has been replicated samples 10 times. We have reflected the value of
K for 5 fold and 10 fold i.e. K=5 and K=10 for the linear and non linear production
functions. Out of these two cases 10 folded comes out to be best as R? value is more.
The Coefficient of variation in case of 5 fold was found be larger than 10 fold cross

validation. Therefore 10 folded validation comes out to be best.
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Table4.56 Performance criteria of production functions for real data using k-fold

cross validation technique.

N=204
K=5 K=10
Model Production [Root |R- DependentAdj [C V(%)Root |R- DependentAdj [CV (%)
Type Function MSE |SquareMean R-Sq MSE [Square[Mean R-Sq

Linear Quadratic (16.95 [0.83 [44.60 0.83 |38.00 [17.71 |0.83 |46.87 0.82 |37.80

Square root |18.34 (0.80 [44.60 0.80 [41.12 [18.99 |0.80 |46.87 0.79 140.52

Cobb 1.34  (0.89 |1.47 0.89 |8.77 1.34 0.90 |1.49 0.90 |8.69
Non- Douglas
Linear Mitscherlich-22.98 (0.69 [44.60 0.68 |51.51 [23.10 [0.70 |46.07 0.70 49.42

Baule

N=97
K=5 K=10

Model Production (Root |R- DependentAdj [C.V Root [R- DependentAdj (CV (%)
Type Function MSE |SquareMean R-Sq [(%) MSE |SquareMean R-Sq

Linear Quadratic [5.81 |0.87 |21.98 0.86 |26.01 |5.75 0.86 |22.12 0.85 |26.03

Square root |5.50 [0.88 [22.64 0.87 [25.61 [5.85 0.84 |21.32 0.83 |27.46

Cobb 144 |0.78 |[1.23 0.78 |13.05 [1.45 0.74 |1.22 0.73 |13.26
Non- Douglas
Linear Mitscherlich-6.04 [0.86 [22.64 0.86 [26.70 [6.06 0.82 |21.32 0.82 (28.45
Baule

Table 4.56 provides k-fold cross validation performance criteria for production
functions for real data sets. With a large number of folds (K), the real error rate is
minimal, but the variation is substantial. The computational time may be very long
depending on the complexity of the models under consideration. We replicated
samples ten times in K-fold validation. For the linear and nonlinear production
functions, the K values used are 5 and 10, i.e. K=5 and K=10. The R? value in the
case of 10 folded cross validation techniques is greater than the R? value in the case of
5 folded cross validation technique. Coefficient of variation in case of 5 fold was
found be larger than 10 fold cross validation is .Therefore 10 folded validation comes
out to be best. While as in case of maize data 5 folded comes out to be best as R
value is greater in case of 5 folded, also coefficient of variation in case of 5 folded is
smaller than 10 folded cross validation technique. It is also observed that the RMSE
value at K=10 for the QF in linear is least and found to be the best model in case of
both data whereas CD and MB are usually used under different conditions so are not

compared.



Chapter-5

Discussion

In any statistical data analysis the quality of the observations are very
important. Generally, the real world datasets contaminated with the outliers. In this
situation, the identification of outlier is the preliminary step in the process of data
analysis. If the existing outliers are not properly treated, it will lead into inappropriate
results. Hence, the analysts need to be very careful in dealing with these outliers.
Datasets often used to estimate the parameters. Outliers can bias the estimates and
therefore, may produce misleading results. It is often difficult to detect outliers
through visual inspection without the aid of analytic or graphical tools. The
experiment of Collett and Lewis (1976) indicates that visual inspection alone is not a
reliable way to identify potential outliers. A superior approach uses a specific function
of the observations. Such a measure aims not to identify observations as definite
outliers, but only to label them as sufficiently suspect to merit further investigation. In
this way, an outlier-labeling rule is an improved alternative to visual inspection.
According to Iglewicz and Hoaglin (1993) the issues with regard to outliers can be
categorized as outlier labeling method, outlier accommodation and outlier
identification. Each method serves the need of different situations. The outlier
identification methods formally test whether observations are outliers so that they can
be set aside. As a basis for making such tests at a specified significance level, adopt
the customary convention that the good observations adequately described as a
sample from a normal distribution. Outlier accommodation emphasizes the techniques
that suffer little adverse effect when outliers are present, but that do not attempt to
remove the outliers. The outlier accommodation procedure can use robust statistical
techniques that will not be excessively affect by outliers. There are many diagnostics
available for identifying high leverage points that can distinguish between the good
and bad ones. High leverage points contain both the good leverage points and bad
leverage points. a leverage point is called ‘good leverage point’ if it does not deviate
from the typical relationship. Good leverage points are no outliers and even improve
the regression inference as these points reduce standard errors of coefficient estimates.
The bad points are harmful to the fit while the good points improve it. The analysis of

observations indicated as outliers is of particular relevance to exhibit the data
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structure. Outlier detection methods explicitly determine if observations are outliers,
allowing them to be discarded. Adopt the standard practice that excellent observations
are properly characterized as a sample from a normal distribution as a basis for
running such tests at a defined significance level. When outliers are present, outlier
accommodation emphasizes strategies that have little negative impact but do not
attempt to remove the outliers. Outlier accommodation can make advantage of robust
statistical procedures that aren't affected too much by outliers. There are a variety of
diagnostics for identifying high leverage points that can tell the difference between
good and bad ones. Both positive and harmful leverage points can be found in high
leverage positions. If a leverage point does not stray from the conventional
connection, it is referred to as a "good leverage point." There are no outliers at good
leverage points, and they even help regression inference by lowering standard errors
of coefficient estimations. The results obtain during the present investigation entitled
“Estimation and Validation of linear and non linear production functions through

Robust Regression” in preceding chapters have been discussed under the following

sub-heads:

5.1 Robust Methods for Quadratic Production Function in Case of
Simulated/Real Data in Presence of HLP.

5.1.1 Robust methods for Quadratic Production Function for Simulated Data

(Py).

The results of summary statistics Table (4.1) for independent variable and
dependent variables indicted that the mean and standard deviation of the study
variable w.r.t simulated data were found to 24.31 and 38.47 clearly indicates
variation is more than mean that is due to the presence of influential observations. In
multiple regression models, reaching a significant F statistics for a model in linear
regression problem is not always an indicator of best fit, especially in determining the
regression coefficient every observation requires a detailed examination. Even a
single observation on a parameter can be very influential and removal of the set can
completely change the regression equation. Both the influential observations and
outliers violate the assumptions of multiple regression models. In the table (4.2) the
detection of outliers has been done through Mahanablios Distance, Robust MCD
Distance, and Standardized Robust Residual, cooks distance, studentized residual,

WSSDI, Hat Diagonal and Deleted Residual. Table (4.3) provides Estimates of
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quadratic production function P; through ordinary least square (OLS).The F-value
was found to be significant indicates the model is adequate w.r.t to study variable.
Table (4.4) presents the estimation results for the Quadratic production function
through M Estimation, MM, LTS, S and modified OLS after handling HLP through
linear interpolation technique. The coefficient of determination is clearly higher in the
case of MM estimation 0.99which indicates that 99 percent variation of study variable
is explained through this method also AIC and BIC values for MM estimation are low
as compared to other robust techniques which makes this estimation method best

among other robust methods.

5.1.2 Robust methods for Quadratic Production Function for Simulated Data
(P2).

The examination of outlier observations is very important for displaying the
data structure. The mean and standard deviation of the study variable w.r.t simulated
data were found to be 17.19 unit and 28.15 unit respectively, indicating that variation
is greater than mean due to the presence of influential observations, according to the
results of summary statistics Table (4.5) for independent and dependent variables.
Reaching a substantial F statistic for a model in a linear regression problem is not
always an indicator of best fit in multiple regression models, especially when
determining the regression coefficient for each observation. Outliers were detected
using Mahanablios Distance, Robust MCD Distance, and Standardized Robust
Residual, cooks distance, studentized residual, WSSDI, Hat Diagonal, and Deleted
Residual in Table (4.6). Table 4.7 shows the results of ordinary least squares to
estimate the quadratic production function. The fact that the F-value was significant
shows that the model is adequate in terms of the study variable. Table (4.8) shows the
results of M Estimation, MM, LTS, S, and modified OLS after handling HLP using
the linear interpolation methodology for the Quadratic production function. The
coefficient of determination is higher in the case of LTS estimation 0.991, but this
method is not usually recommended because it is based on trimmed mean SAS/STAT
13.1 User's Guide. Cary, NC (2013). This is followed by S estimation 0.99 and AIC
and BIC values are also low in S estimation method which makes it better than

other robust methods.
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5.1.3 Robust methods for Quadratic Production Function for Apple Data.

For exhibiting the data structure, it's critical to look at outlier observations.
According to the results of summary statistics Table (4.10) for independent and
dependent variables, the study variable's mean and standard deviation were 2.05 unit
and 2.18 unit respectively, showing that variation is greater than mean due to the
presence of influencing observations. In multiple regression models, achieving a
significant F statistic for a model in a linear regression issue is not always an indicator
of optimal fit, especially when determining the regression coefficient for each
observation, which requires a thorough investigation. Outliers were found utilizing
Mahanablios Distance, Robust MCD Distance, and Standardized Robust Residual in
table 4.11, as well as cooks distance, studentized residual, WSSDI, Hat Diagonal, and
Deleted Residual. The results of ordinary least squares estimation of the quadratic
production function of apple data are shown in Table 4.12. The presence of a
significant F-value indicates that the model is sufficient in terms of the study variable.
After processing HLP employing the linear interpolation methodology for the
Quadratic production function of apple data, Table (4.13) displays the outputs of M
Estimation, MM, LTS, S, and modified OLS. Modified OLS after handling HLP has a
higher coefficient of determination (0.83), which outperforms other robust
approaches, followed by MM estimation (0.77).The AIC and BIC values for Modified
OLS after handling HLP was lowest among other methods, lower the value of AIC
,BIC better the model is considered.

5.1.4 Robust methods for Quadratic Production Function for Maize Data.

A single outlier can lead the coefficient estimates to deviate arbitrarily far
from the real underlying values, which the least squares estimator cannot control.
Outliers lead to erroneous coefficient estimates as a result. In Table 4.15the outliers
have been identified by Mahanablios distance, Robust MCD Distance, Standardized
Robust Residual, Cooks distance, studentized residual, WSSDI, Hat Diagonal, and
Deleted Residual, as well as HLP. Throughout the situation of three observations,
outliers 19, 75, and 91 were discovered, and HLP was used. The maximum was
determined to be 3.91 in Mahanablios distance and 21.15 in Robust MCD. The
maximum was found to be 3.95, 0.30, 2.99, 3761, 0.07, 19.75 in standardized robust
residuals, cook's distance, studentized residual, WSSDI, Hat diagonal, and deleted

residual, respectively. Table 4.18 also shows the regression coefficients for estimating
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maize yield using exogenous factors such as labour and capital, utilizing several
robust approaches. M estimate has a coefficient of determination of 0.881, which is
higher than other robust approaches. The least was found in the case of MM estimate,
which has 0.631. After dealing with HLP, the value of R” in the case of OLS was 0.88
and explained 88 percent of the predictor variables variation. The AIC and BIC values
in case of M estimation are very low as compared to other robust methods. Using
robust estimation, the spread of ideal input values is narrowed across the various
functional forms. As a result, when robust regression is used to estimate production

functions, the differences between different functional forms are minimized.

5.1.5 The Best Model of Linear Production Function for Simulated and Real

Data for Quadratic Production Function

The Best Model of Linear Production Function for Simulated Data P;for

quadratic production function is as:

? = 4.99 + 504x," + 3.06x," — 0.01x,2" — 0.04x,2"> — 0.06x,x,"S

In this function among different robust methods.MM estimations comes out to
be best on the basis of Maximum R” value and Minimum AIC and BIC values. The
parameters obtained from the OLS and robust regression estimation revealed the
composition of the input factors, their squared values, and an additional interaction

term.

The Best Model of Linear Production Function for Simulated Data (N=1000)

for quadratic production function is as:

? =5.08 + 5.03%," + 3.09%," + 0.02x,2"° = 0.03x,2"° + 0.05x, 2,5

In this S estimation outperforms the other robust approaches due to big data.
The input factor composition, their squared values, and an additional interaction term
were revealed by the variables obtained from the OLS and robust regression estimate.
In contrast to OLS, robust regression was selected because of the sign, size, and

significance of the variable.

The Best Model of Linear Production Function for Apple Data for quadratic

production function is as:

? =38.25 — 0.02x;," + 0.01x," + 0.06x,2"° + 0.03x,2" — 0.01xx,".
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In apple data for QF function modified OLS after handling HLP comes out to be best
among different robust techniques on the basis of sign, size and significance of the
variable. The parameters obtained from the robust regression estimation revealed that
for yield of apple the variable x,(capital) will maximize the yield whereas the
increase in cost of labour will decrease. Further the interactions of both the variables

are decreasing the yield.

The Best Model of Linear Production Function for Maize Data for quadratic

production function is as:

? = 7.36 + 0.03%, "5 — 0.04x,M5 — 5.67x,2" 4 9.73%,2" + 2.71x,x,".

In maize data for QF function M estimation outperforms other robust
techniques due to maximum R” with sign, size, and significance of the parameters.
The parameters estimated by robust regression estimation revealed that for maize
yield variables x; (labour), x, (capital) are non-significant whereas the square of the
cost of infrastructure and interaction of both the variables i.e. labour and capital will

increase the yield of maize.

5.2 Robust Methods for Square Root Production Function in Case of
Simulated/Real Data in Presence of HLP.

5.2.1 Robust methods for Square root Production Function for Simulated

DataP;,.

In summary statistics table (4.19) the study variable's mean and standard
deviation were 24.35 and 38.27 for independent and dependent variables,
respectively, indicating that variation is greater than mean due to the presence of
influencing observations. A significant F statistic for a model in a linear regression
problem is not always an indicator of optimal fit in multiple regression models,
especially when determining the regression coefficient for each observation, which
necessitates a comprehensive analysis. Outliers were identified using Mahanablios
Distance, Robust MCD Distance, and Standardized Robust Residual, as well as cooks
distance, studentized residual, WSSDI, Hat Diagonal, and Deleted Residual, as shown
in Table 4.20. Table (4.22) demonstrates the outputs of M Estimation, MM, LTS, S,
and modified OLS after handling HLP using the linear interpolation methodology for
the square root production function of simulated data (500). MM estimation excels

other robust techniques with a higher coefficient of determination (0.99), followed by
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LTS estimation (0.98) .The least was found Modified OLS after handling high
leverage points 0.54.in this case of simulation data of 500 observations MM
estimation method comes out to be best among all robust methods, MM estimation

has also Minimum AIC and BIC which also makes it best among all methods.

5.2.2 Robust methods for Square root Production Function for Simulated

DataP,.

Outlying observations deviate from the (quasi) linear relationship described by
the majority of the data. They can have a large influence on estimation results. The
results of summary statistics Table (4.23) for independent variable and dependent
variables indicted that the mean and standard deviation of the study variable w.r.t
simulated data were found to 14.44 and 29.75 unit clearly indicates variation is more
than mean that is due to the presence of influential observations. In multiple
regression models, reaching a significant F statistics for a model in linear regression
problem is not always an indicator of best fit, especially in determining the regression
coefficient. Every observation requires a detailed examination even a single
observation on a parameter can be very influential and removal of the set can
completely change the regression equation. Both the influential observations and
outliers violate the assumptions of multiple regression models. In the Table (4.24) the
detection of outliers has been done through Mahanablios Distance, Robust MCD
Distance, and Standardized Robust Residual, cooks distance, studentized residual,
WSSDI, Hat Diagonal and Deleted Residual. Table (4.26) presents the outputs of M
Estimation, MM, LTS, S, and modified OLS after handling HLP using the linear
interpolation methodology for the square root production function of simulated data.
Modified OLS after handling high leverage points excels other robust techniques with
a higher coefficient of determination (0.99) as compared to other robust approaches
AIC and BIC values in case of Modified OLS is also low among all robust

techniques.
5.2.3 Robust methods for Square root Production Function for Apple Data.

When dealing with outliers, analysts must use extreme caution. The
parameters are frequently estimated using datasets. Outliers can affect estimates,
resulting in potentially misleading results. When outliers are present, outlier

accommodation promotes approaches that have little adverse influence but do not
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attempt to remove the outliers. The identification of outlier is the preliminary step in
the process of data analysis. The mean and standard deviation of the study variable
were found to be 2.05 and 2.18, respectively, implying that variation is greater than
mean due to the presence of influential observations, according to the results of
summary statistics Table (4.27) for independent and dependent variables. Acquiring a
significant F statistic for a model in a linear regression problem is not always an
indicative of best fit in many regression models, especially when determining the
regression coefficient. Every observation must be thoroughly examined; even a single
observation on a parameter can have a significant impact, and removing the set can
totally alter the regression. The assumptions of multiple regression models are
contradicted by both influential observations and outliers. Outliers were detected
using Mahanablios Distance, Robust MCD Distance, and Standardized Robust
Residual, cooks distance, studentized residual, WSSDI, Hat Diagonal, and Deleted
Residual in Table (4.28). Table (4.29) shows the results of using ordinary least
squares to estimate the square root production function of an apple (OLS). The
presence of a significant F-value suggests that the model is adequate for the study
variable. The estimated results for the square root production function of apple are
shown in Table 4.30. With an R? of 0.99, S estimation outperforms the other robust
methods proposed for this study. With an R* value of 0.98, the modified OLS after
handling HLP also produces better results.

5.2.4 Robust methods for Square root Production Function for Maize Data.

In multiple regression models, achieving a significant F statistic for a model in
a linear regression issue is not always an indicator of optimal fit, especially when
determining the regression coefficient for each observation, which requires a thorough
investigation. Outliers were found by Mahanablios Distance, Robust MCD Distance,
and Standardized Robust Residual in table (4.31), as well as by cooks distance,
studentized residual, WSSDI, Hat Diagonal, and Deleted Residual. The results of
ordinary least squares estimation of the square root production function of maize data
are shown in Table 4.32. The presence of a significant F-value indicates that the
model is sufficient in terms of the study variable. After processing HLP employing
the linear interpolation methodology for the Square root production function of maize
data. Table (4.33) displays the outputs of M Estimation, MM, LTS, S, and modified
OLS. Among Robust methods modified OLS estimation comes out to be best with R
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value 0.86 followed by S estimation .AIC and BIC values are also low in modified

OLS after handling HLP.

5.2.5 The Best Model of Linear Production Function for Simulated and Real

Data for Square Root Production Function

The Best Model of Linear Production Function for Simulated Data P; for

square root production function is as:

? =513 +5.03x, /2" + 3.06%, /2" — 0.122,5 — 0.04%,M5 + 0.04(x; * x,)/2"°

It is very similar to the quadratic form to ensure decreasing marginal
productivity of each input factor, the parameters satisfy the same conditions as
quadratic form and their interpretation is identical. In this method MM estimation
performs better than other robust approaches. On the basis of the sign, size and

significance of the variable in relation with OLS, robust regression has been selected.

The Best Model of Linear Production Function for Simulated Data P,for square root

production function is as:

? = 4.95 +5.07x,/2" + 3.01, /2" + 0.06x,"5 + 0.02x,"5 — 0.04(x; * x,)V/2"°

In this function Modified OLS after handling HLP have shown good
performance as compared to other robust methods .The factors satisfy the same
constraints as quadratic form and their interpretation is equivalent to that of a
quadratic form, which assures the decreasing marginal productivity of every input
factor. Robust regression was based primarily on the sign, size and significance of the

variable in relation to OLS.

The Best Model of Linear Production Function for Apple Data for square root

production function is as:

? = 47.51 + 0.03%, /2" + 0.05x,/2" + 3.49%x,* — 4.76x,™ — 0.09(x; * x,) /2"

In this function S estimation outperforms other robust approaches. The
parameters determined by classical OLS and robust regression estimation revealed
that for apple production. The square root of both the variables i.e. x;and x, are
maximizing the yield. Overall the cost of labor variable is contributing to maximize
the yield of apple. In case of Linear Production Function for Maize Data for square

root production function the best model is as:
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7 =834+ 0.01x, /2" + 0.03x%,2/2" + 0.19x,¥5 — 0.05x,M5 + 0.02(x; * x,)Y/%".

The variables satisfy the same conditions as a quadratic form, and their
interpretation is the same as a quadratic form, ensuring that each input factor's
marginal productivity decreases. In this function Modified OLS after handling HLP
comes out to be best on the basis of higher R” value and low AIC and BIC values.
Robust regression was essentially dependent on the wvariable's sign, size, and
significance in relation to OLS. The square root of both the variables labor and capital
are significantly contributing to maximize the output i.e. yield of the maize and their

interaction is also coming significant.

It is concluded that the input variables individually contribute significantly in
case of quadratic function whereas the interaction is significant in case of square root
production function if data are contaminated with HLPS. Thus production functions

should be used accordingly.

53 Robust Methods for Cobb Douglas Production Function in Case of
Simulated/Real Data in Presence of HLP.

5.3.1 Robust methods for Cobb Douglas Production Function for Simulated
Data (P,).

From Table (4.34), it has been observed the mean and standard deviation of
the study variable w.r.t simulated data were found to 0.50 and0.74 unit which clearly
indicates variation is more in the data as the mean is smaller than the standard
deviation due to the presence of influential observations. The Low standard deviation
indicates that data points tend to be very close to the mean and high standard
deviation indicates that the data points are spread out over a large range of value. The
outliers have been presented in the table (4.35) It has been observed about 4 percent
data were found as outliers and HLP. The different methods used for identify the
outliers as per the techniques used were Mahanablios distance, Robust MCD
Distance, Standardized Robust Residual, Cooks distance, studentized residual,
WSSDI, Hat Diagonal and Deleted Residual. Robust methods need to be applied for
studying the effect on the estimates of the parameter of quadratic function. Table
(4.37) presents different robust methods M estimation, MM, LTS and S estimation.
AIC and BIC values for S estimation is smaller as compared to other robust

estimation methods Which makes this method best among other methods.
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5.3.2 Robust methods for Cobb Douglas Production Function for Simulated
Data(P,).

Outlier detection methods formally determine if observations are outliers,
enabling them to be removed. Adopt the standard convention that good observations
are properly represented as a sample from a normal distribution as a basis for
performing such tests at a defined significance level. The mean and standard deviation
of the study variable w.r.t simulated data were found to be 0.48 and 0.74 unit
respectively, indicating that variation is greater than mean due to the presence of
influential observations, according to the summary statistics Table (4.38) for
independent and dependent variables. Reaching a significant F statistic for a model in
a linear regression problem is not always a sign of best fit in multiple regression
models, especially when determining the regression coefficient for each observation,
which requires a full inspection. Even a single observation on a parameter can have a
big impact, and removing the set can modify the regression equation completely. The
assumptions of multiple regression models are violated by both influential
observations and outliers. Outliers were detected using Mahanablios Distance, Robust
MCD Distance, and Standardized Robust Residual, cooks distance, studentized
residual, WSSDI, Hat Diagonal, and Deleted Residual in Table (4.39). Estimates of
the Cobb Douglas production function P,using conventional least squares are
presented in Table (4.40).The fact that the F-value was significant shows that the
model is adequate in terms of the research variable. Table (4.41) shows the results of
M Estimation, MM, LTS, S, and modified OLS after handling HLP using the linear
interpolation methodology for the Cobb Douglas production function.AIC and BIC
values in case of MM estimation are smaller as compared to other robust methods.

Lower the value of AIC and BIC better the model is considered.
5.3.3 Robust methods for Cobb Douglas Production Function for Apple Data.

Researchers must exercise extra care when working with outliers. Datasets are
widely used to estimate parameters. Outliers can distort estimates, sometimes leading
to misleading conclusions. Outlier accommodation supports measures that have little
adverse influence but do not strive to eradicate outliers when they are present. The
detection of outliers is the first stage in the data analysis process. In many regression
models, obtaining a significant F statistic for a model in a linear regression problem is

not always indicative of optimal fit, particularly when determining the regression
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coefficient. Every observation must be reviewed closely; even a single observation on
a parameter can have a big impact, and eliminating the set can completely change the
regression. Influential observations and outliers both defy the assumptions of multiple
regression models. Outliers were identified using Mahanablios Distance, Robust
MCD Distance, and Standardized Robust Residual, as well as cooks distance,
studentized residual, WSSDI, Hat Diagonal, and Deleted Residual, as shown in table
(4.42). The outcomes of performing ordinary least squares to estimate the Cobb
Douglas production function of apple data are shown in Table (4.43). A significant F-
value indicates that the model is appropriate for the studied variable. Table 4.44
shows the estimated results for the Cobb Douglas apple production function. S
estimate outperforms the other robust approaches proposed for this investigation on

the basis R? value and AIC and BIC values.
5.3.4 Robust methods for Cobb Douglas Production Function for Maize Data.

A significant F statistic for a model in a linear regression problem is not
always an indicator of optimal fit in multiple regression models, especially when
determining the regression coefficient for each observation, which necessitates a
comprehensive analysis. Mahanablios Distance, Robust MCD Distance, and
Standardized Robust Residual, as well as cooks distance, studentized residual,
WSSDI, Hat Diagonal, and Deleted Residual, were used to find outliers in table
(4.45). Table shows the findings of the Cobb Douglas production function of maize
data using ordinary least squares estimation (4.46). A significant F-value implies that
the model is adequate in terms of the research variable. Following HLP processing,
the Cobb Douglas production function of maize data was interpolated using a linear
interpolation methodology. The outputs of M Estimation, MM, LTS, S, and modified
OLS are shown in Table (4.47). Modified OLS after handling HLP has been found to
be best among robust techniques as the values of AIC and BIC were very low in this

method.

5.3.5 The Best Model of Non-Linear Production Function for Simulated and

Real Data for Cobb Douglas Production Function

The Best Model of Non-Linear Production Function for Simulated Data P; for

Cobb Douglas production function is as:

NS *
P(xl,xz) = 0.83x10'02 xZO'lo
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X1 1s the labour input, x, is the capital input, b (0.83) is the total factor productivity
and a (0.02) and B (0.10) are output elasticities of labour and capital respectively.The
Cobb-Douglas produced a remarkably good fit. In this function S estimation
outperforms the other robust approaches. These findings show that the Cobb-Douglas

functional form is flexible enough that it can fit the data well.

The Best Model of Non-Linear Production Function for Simulated Data P, for

Cobb Douglas production function is as:
P(xl,xZ) = 0.86X10'05*xZ0'06*

The labour input isx;, the capital input isx,, the total factor productivity is b
(0.86), and the output elasticities of labour and capital are (0.05) and (0.06),
respectively. The Cobb-Douglas developed an extremely accurate fit. These findings
show that the Cobb-Douglas functional form is adaptive enough to accommodate the
data. Among different robust estimation techniques MM estimation performed better

on the basis of R*value, AIC and BIC values.

The Best Model of Non-Linear Production Function for apple data for Cobb

Douglas production function is as:
P(xl, xZ) = —6.71x12'60*x2_0'63N5

It is a homogeneous production function of degree one which takes into
account two inputs, labour and capital for the entire output. Cobb-Douglas produced a
remarkably good fit. These findings show that the Cobb-Douglas functional form is
flexible enough that it can fit the data well the output elasticities of x;(labour) and
X (capital) are 2.60 and -0.63 respectively. In this S estimation method have shown
good performance on the basis of maximum R? value and Minimum AIC and BIC

values. The cost involved in labor maximizing the yield.

The Best Model of Non-Linear Production Function for Maize Data for Cobb Douglas
production function is as:
P(xy,xy) = _1_28Nsx10.74*x2—0.011"5

It is a homogeneous class one production function which takes two inputs,
labour and capital into account for the entire yield. The efficiency of Cobb-Douglas

had been excellent. These results suggest that the functional form of Cobb-Douglas is
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sufficiently flexible to match the data, with the output elasticities of x; (labour) and
X (capital) respectively 0.74 and -0.01.In this function modified OLS after handling

outperforms comes out to be best.

54 Robust Methods for Mitscherlich-Baule Production Function in Case of
Simulated/Real Data in Presence of HLP.

5.4.1 Robust methods for Mitscherlich-Baule Production Function for
Simulated Data(P;).

This function is characterized by continuously positive marginal productivities
of the input factors. It does not exhibit negative marginal productivities .the function
has been found to be preferable for use in an economic model because it allows for
factor substitution following von Liebig’s law of minimum. Mitscherlich Baule
function regimes the most appropriate method the parameters are estimated by MLE
procedure .it has sufficient flexibility to accommodate limited factor substitution if the
data or production process suggest von Liebig’s law of minimum : It states
that growth is dictated not by total resources available, but by the scarcest resource
(limiting factor).In least square method, Gauss Newton Method had been used and in
Iteratively Reweighted Least Square method, Marquardt Method and Gradient
Method had been used. Gauss newton method is the simple optimization procedure
that we can use with any machine learning algorithm. It is used when training data
models can be combined with every algorithm and is easy to understand and
implement. Marquardt Method It is used to solve non linear least square problems. It
is faster to converge than other methods. It can handle models with multiple free
parameters which are not precisely known. It interpolates between the gauss Newton
and gradient method. The primary application of Marquardt algorithm is in least
square curve fitting problem .Gradient method an iterative algorithm to solve non
linear least square problems. It requires Jacobean matrices and many partial
derivatives to find a solution. In table 4.48 among three methods Gauss Newton
Method outperforms other two methods. R? value (0.65) in case of Gauss Newton
Method is remarkably higher than Marquardt method and Gradient Method. This
indicates that 65 percent variation of study variable is explained through this method.
The least were found to be in case of Gradient Method of 0.51.The AIC and BIC in
case of Gauss newton method is also low. This method is more robust than other two

methods.
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5.4.2 Robust methods for Mitscherlich-Baule Production Function for
Simulated Data(P,).

The parameters of the Mitscherlich Baule function regimes are computed
using the MLE process. If the data or manufacturing process reflects von Liebig's law
of minimum, it has enough flexibility to accommodate limited factor substitution: It
asserts that growth is determined not by the overall amount of resources available, but
by the scarcest resource (limiting factor). The Gauss Newton Method was utilized in
the least square approach, and the Marquardt Method and Gradient Method were
employed in the Iteratively Reweighted Least Square method. The Gauss-Newton
method is a simple optimization procedure that may be used to any machine learning
system. The gauss Newton and gradient methods are interpolated. The Marquardt
algorithm is most commonly used in the least square curve fitting problem. The
gradient technique is an iterative strategy for solving problems with non-linear least
squares. The Marquardt Method surpasses the other two methods in Table 4.49. This
strategy is more reliable than the other two. The R? value of the Marquardt Method
(0.99) is significantly greater than the R? values of the Gauss Newton and Gradient
methods. In case of Marquardt Method approach, the AIC (3611.00) and BIC
(3623.64) are also low.

5.4.3 Robust methods for Mitscherlich-Baule Production Function for Apple
Data.

The marginal productivities of the input elements are continually positive in
this function. It doesn't have any negative marginal productivity. The function has
been determined to be preferred for usage in an economic model since it allows for
factor replacement in accordance with von Liebig's rule of minimum. The parameters
of the Mitscherlich Baule function regimes are computed using the MLE process. If
the data or manufacturing process reflects von Liebig's law of minimum, it has
enough flexibility to accommodate limited factor substitution: It asserts that growth is
determined not by the overall amount of resources available, but by the scarcest
resource (limiting factor). The Gauss Newton Method was utilized in the least square
approach, and the Marquardt Method and Gradient Method were employed in the
Iteratively Reweighted Least Square method. The Gauss-Newton method is a basic
optimization procedure that may be used to any machine learning system. When

training data models can be integrated with any algorithm and are simple to
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comprehend and implement, it is used. Method of Marquardt it is employed in the
solution of nonlinear least squares problems. It converges faster than previous
approaches. It can handle models with a large number of free parameters that are not
exactly known. It is capable of interpolating between the Gauss Newton and gradient
methods. In table 4.50, the Marquardt Method trumps the other two approaches. This
approach is more resilient than the other two. The R? value (0.87) of the Marquardt
Method is noticeably greater than that of the Gauss Newton Method and the Gradient
Method. This technique accounts for 87 percent of the variation in the study variable.
The Gradient Method yielded the lowest results of 0.53. In the instance of the
Marquardt Method, the AIC (1227.96) and BIC (1237.91) are also low. The lower the
AIC and BIC values, the better the technique.

5.4.4 Robust methods for Mitscherlich-Baule Production Function for Maize

Data.

The MLE technique is used to calculate the parameters of the Mitscherlich
Baule function regimes. If data or manufacturing processes follow von Liebig's law of
minimum, they have enough flexibility to support restricted factor substitution: it
states that growth is determined not by the total number of resources available, but by
the scarcest resource (limiting factor). The least square approach used the Gauss
Newton Method, whereas the Iteratively Reweighted Least Square method used the
Marquardt Method and Gradient Method. Any machine learning system will benefit
from the Gauss-Newton approach, which is a simple optimization procedure. There
are interpolated between the gauss Newton and gradient methods. In the least
quadruple curve fitting problem the Marquardt algorithm is most usually utilized. The
technique of gradients is an iterative way for resolving non-linear minor square issues.
The Marquardt approach in Table 4.51is better than other methods. The Marquardt
method's R” value (0.94) is much higher than the Gauss Newton and Gradient's R
values. The AIC (362.96) and BIC (370.67) are also low in the case of the Marquardt
Method.

5.4.5 The Best Model of Non-Linear Production Function for Simulated and

Real Data for Mitscherlich-Baule Production Function

The Best Model of Non-Linear Production Function for Simulated Data P,for

Mitscherlich-Bauleproduction function
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Y = 442.23(1 — exp(—0.07 * (7.58 + x,))) = (1
— exp(—14.60 = (72.11 + x,"5)))

This production function follows von Liebig approach. Moreover, this
functional form is characterized by continuously positive marginal productivities of
the input factors. The coefficient describes the influence of the corresponding input
factors on the study variable. Robust regression has been selected on the basis of sign,
size and significance of the variable as compared to OLS. In this function Gauss
newton method performs better than marquardt and gradient method on the basis of

R*value, AIC and BIC values.

The Best Model of Non-Linear Production Function for Simulated Data P; for

Mitscherlich-Baule production function

Y = 504.30(1 — exp(—0.07 * (4.86 + x,"%))) = (1
— exp(—0.05 x (4.41 + x,%)))

This production function provides an overview of Liebig. In contrast, the
marginal productivities of the variables of input are continually positive in this
functional form. The coefficient describes the effect on the study variable of the
respective input factors. In this function marquardt method performs better than Gauss
newton and gradient method on the basis of R? value, AIC and BIC values. On the
basis of sign, size and significance of the variable compared to OLS, a robust

regression has been adopted.

The Best Model of Non-Linear Production Function for Apple Data for

Mitscherlich-Baule Production Function
Y = 609.12(1 — exp(—6.75(=7.40 + ;%)) ) * (1 — exp(—7.64 * (15.81 + x,")))

The constantly positive marginal productivity of input elements distinguishes
this functional form. The coefficient describes the influence on the variable in this
study of the respective input factors. On the basis of sign, size and significance of the
variable in relation to OLS the robust regression has been found. In this function
marquardt method performs better than Gauss newton and gradient method on the

basis of R? value, AIC and BIC values.

The Best Model of Non-Linear Production Function for Maize Data for

Mitscherlich-Baule Production Function
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Y = 150.40%(1 — exp(—0.02 x (12.6 + x;))) * (1 — exp(—0.04 x (55.8 + x,")))

In this function marquardt method performs better than Gauss newton and
gradient method on the basis of R* value, AIC and BIC values. This function provides
an instant overview of Liebig. In this functional form, however, the marginal
productivities of the input variables always are positive. The coefficient expresses the
impact of the various input elements on the variable in this study. A robust regression
has been used to compare the sign, magnitude, and significance of the variable to

OLS.

(5.5) Estimated Marginal Value Product (MVP) and Elasticity Of Linear and

Non Linear Production Functions

The Marginal Value Product (MVP) and elasticity of simulated data and real
data of linear and non linear production functions were found. MVP was calculated by
using regression coefficients of each inputs of the functions and geometric mean value
of inputs. The marginal value productivity were found to be positive in SF and MB
thereby indicating that an increased used of these inputs could increase the output
because these were sub optimally used. Marginal value productivity in QF and CD
was found to be negative hence indicating excess use and should be avoided to check
the fall of returns in production. The MVP more than one indicates that there is a
chance to spend an additional cost on these factors to received additional income.
Further, the elasticity was found to be greater than unity indicating that the output
responds strongly to increases in the use of these inputs. Elasticity greater than unity
indicating that the allocation and utilization of the variable was in the Stage I of
production process. The elasticity for less than zero showed a negative decreasing
function to the factors, indicating the over-utilization of the input implying that its
allocation and utilization were in irrational stage of production (stage III) of the

production process.

5.6 Performance Criteria of Linear and Non-Linear Production Functions for

Simulated Data/Real using Cross Validation/ Technique.

Table 4.53 shows the performance for simulated data of linear and non-linear
production functions using cross validation techniques. Cross-validation is to test the
model's ability to predict new data that is not used in estimating it, in order to flag

problems like over fitting or selection bias and to give an insight on how the model
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will generalize to an independent dataset. The model is best to study which has lowest
values of RMSE. Lower values of RMSE indicate better fit. RMSE is a good measure
of how accurately the model predicts the response, and it is the most important
criterion for fit if the main purpose of the model is prediction. The RMSE
is directly interpretable in terms of measurement units, and so is a better measure of
goodness of fit than a correlation coefficient. One can compare the RMSE to observed
variation in measurements of a typical point. Further in table 4.58 AIC, AICC,
PRESS, SBC values have been found for simulated data of linear and non-linear
production functions.AIC is a single number score that can be used to determine
which of multiple models is most likely to be the best model. A lower AIC score is
better.BIC is an estimate of a function of the posterior probability of a model being
true, lower BIC means that a model is considered to be more likely to be the true
model. The lowest values of PRESS indicating the best model. It has also been
concluded that both the models are acting normally, because Training error is not
higher than validation error. Further the performance of linear and non-linear
production functions utilizing cross-validation approaches for simulated data is shown
in Table4.54. Cross-validation is to test the capacity of the model to preview fresh
data not used to estimate it, to indicate problems such as fitting or selection errors and
to provide insights into how the model can generalize to an independent dataset. The
easiest way to study the model is to have lowest RMSE values. Lower RMSE values
show better efficiency. RMSE is a good indicator of how correctly the model predicts
the result, and if the main objective of the model is to prediction it is the most
essential fit criterion. In terms of units of measurement the RMSE is directly
interpretable and therefore a better indicator of efficiency than a correlation
coefficient. The RMSE can be compared to observable variations in normal point
measurements. SBC values for simulated linear and non-linear production functions
data were also found in table 4.58 AIC, AICC, PRESS. AIC is an individual
numerical score which is most likely to be the best model of several models. Better is
a lower AIC score. The BIC calculation is based on the subsequent likelihood that a
model is correct; the lower BIC signifies that a model is more likely to be the real

model.
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5.7 Performance Criteria of Production Functions for Simulated Data/Real

Data using K-Fold Cross Validation Technique.

The available learning set is partitioned into k subgroups of approximately
equal size in k-fold cross-validation. The number of resulting subsets is referred to as
fold in this case. This partitioning is done by taking a random sample of cases from
the learning set and not replacing them. The model is trained using k -1 subsets that
represent the training set as a whole. The model is then applied to the remaining
subset, known as the validation set, and the performance is evaluated. This approach
is repeated until all k subsets have been used as validation sets. The cross-validated
performance is the average of the k performance measurements on the k validation
sets. Using the k-fold cross validation technique, Table 4.55 displays the performance
criteria of production functions for simulated data. K-Fold validation has been
repeated up to 10 times depending on the complexity of the models under
consideration. For the linear and non linear production functions, we have given the
value of K for 5 fold and 10 fold. In each of these cases, 10 folded comes out on best
as the R? value is higher in this case. In case of 5 fold cross validation, the coefficient
of variation was found to be higher than in the case of 10 fold cross validation. As a
result, 10 folded validation comes out to be best as compared to 5-Fold validation
technique. In case of real data sets Table 4.56shows the performance criteria of
production functions for simulated data using the k-fold cross validation technique.
Depending on the complexity of the models under consideration, K-Fold validation
has been done up to ten times. The K values for 5 fold and 10 fold linear and non
linear production functions. In each of these circumstances, 10 folded is the best
option because the R value is higher. The coefficient of variation was found to be
higher in the case of 5 fold cross validation than in the case of 10 fold cross
validation. Lower the coefficient of variation better the method is. As a result, the 10-

fold validation technique outperforms the 5-fold validation technique.



Chapter-6

Summary and Conclusions

The Present study was based on “Estimation and validation of linear and non
linear production functions through Robust Regression”. In order to estimate the
production productions in case of HLP’s. To summarize and concluded results for the
production functions, the research utilizes robust regression methods for the
estimation of the production functions of simulated data and real data sets
contaminated with outliers and influential observations. It was observed the
assumptions of the OLS were not achieved so robust regression model(s) have been
proposed. Four functional forms of production functions commonly used linear viz
the quadratic and square root, non linear viz Mitscherlich-Baule and Cobb Douglas
functions. It has been seen that the major source of misleading results if the least
squares criterion is used to estimate production function coefficients due to presence
of HLP. It is observed that the use of robust estimation narrows the range of optimal
input levels across the different functional forms. Thus, differences between
functional forms are reduced by applying robust regression. Our study showed that,
besides the functional form, the estimation method through OLS is decisive for
production function comparisons. Therefore the properties of robust regression to
ensure efficient and reliable coefficient estimation in presence of outliers might thus
be particularly valuable for applications and economic assessments. Altogether,
robust regression is a valuable tool for a wide range of modelling problems that
require a proper representation of response functions to variable inputs. The different
robust regression methods, such as M-estimation, MM-estimation, LTS estimation
and S estimation were used for achieving the precise results. The techniques used
namely mahalanobis distance, robust minimum covariance determinant (MCD)
distance, standard robust residuals, cook’s distance, studentized residual, WSSDI, hat
Diagonals and deleted residuals are recommended and are effective to identify the bad
leverages cum HLP. There are also HLP replaced with robust values estimated
through interpolation techniques had shown the precise results. In case of linear
production functions,QF outperforms SF on the basis of high R* value, minimum AIC

and BIC while in case of non-linear production function CD and MB are usually used
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under different conditions so are not compared but the preference is to MB due the

estimation of input variable and influenced in study variable.

In the last as per the validation techniques among linear production functions
Quadratic function outperforms square root function on the basis of Minimum RMSE,
maximum R’value, and Minimum PRESS value. All models are acting normally,
because training error is not higher than validation error. In K-fold validation the
samples replicated more than 10 times. The value of K for 10 folded comes out to be
best on the basis of minimum RMSE and maximum R”The marginal value
productivity were found to be positive in SF and MB thereby indicating that an
increased used of these inputs could increase the output because these were sub
optimally used. Marginal value productivity in QF and CD was found to be negative
hence indicating excess use and should be avoided to check the fall of returns in
production. The MVP more than one indicates that there is a chance to spend an
additional cost on these factors to received additional income vice versa. Elasticity
greater than unity indicating that the allocation and utilization of the variable was in
the Stage I of production process. The elasticity for less than zero showed a negative
decreasing function to the factors, indicating the over-utilization of the input implying
that its allocation and utilization were in irrational stage of production (stage III) of

the production process.
Strength of the Thesis

I.  Robust regressions are more appropriate in the presence of outliers, influential
observations. It provides stable results in presence of outliers. Moreover it is
observed that if the HLP are replaced by the robust values then the estimation
of functions through OLS provides precise estimates at par with robust

regression techniques.

II.  The input variables individually contribute significantly in case of quadratic
function whereas the interaction is significant in case of square root
production function if data are contaminated with HLPs. Thus production

functions should be used accordingly.

III. ~ When input factors are characterized by positive marginal productivities
Mitscherlich-Baule function should be considered while as in case of negative

marginal productivities Cobb Douglas function is preferred.
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Future Work

The role of robust methods like W estimation, L estimation R estimation and
Least Median of Square (LMS) need to be studied in the presence of HLPs. The
estimation of other linear and nonlinear production functions are also required when

the data are contaminated by outliers.
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