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CHAPTER I                                             INTRODUCTION 

  

1.1 General 

A sewerage system consists of a network of sewer pipes laid in order to carry the 

sewerage from individual homes to the sewage treatment plant. The sewer system is 

generally considered as an integrated urban drainage system. This network of sewers may 

consist of house sewers (or individual house connections); main sewers (generally called 

trunk sewers); out fall sewer (i.e. the sewer which transports sewage to the point of 

treatment); etc. Manholes are provided in every sewer line at a suitable interval to facilitate 

their cleaning and inspection. In the sewers which carry the sewage and the storm water, 

inlets called catch basins are provided to permit entrance of storm water from street 

gutters.   

The cost of the sewerage system is the major portion of the cost of a wastewater 

system. The sewer pipes carry sewage under gravity or as open channel flow and therefore 

are laid at continuous gradient in the downward direction up to the outfall point from 

where it may be lifted up, treated and disposed off.  In the design of a sewerage system the 

sewer line is the basic unit. Any savings during the design of this unit will affect the 

overall cost of the sewerage system. A survey of the literature indicates that various 

optimisation techniques are being applied for least-cost solutions. Several assumptions and 

constraints are made in the development of optimization models which are in accordance 

with engineering practice. These include the assumptions of gravity flow, minimum and 

maximum permissible velocities, minimum cover, non-decreasing pipe sizes in the 

downstream direction, and a set of cost equation for pipes and manholes. 

In the design of a sewerage system, a sewer line is a basic unit occurring repeatedly 

in the design-process and finally the combinations of these basic units formulate the 

complete sewer system. However, the branch sewer lines, main sewers, trunk sewers, 

pumping stations, treatment plant and outfall sewers are in general the main components of 

an urban wastewater collection, treatment and disposal systems.  

  In general these approaches provide continuous pipe sizes, which are converted to 

closest commercial sizes for adoption, which would heavily dilute the optimal outcome. 

Search methods are also adopted to obtain cost-effective design solutions using directly 

commercial pipe sizes, which are computationally expensive. The linear programming, 

using piecewise linearization of the objective function and constraints in every cycle, 
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requires substantial computer time. On the other hand, dynamic programming algorithms 

are subjected to the “curse of dimensionality,” thus requiring large amounts of computer 

memory.  

1.2 Sewerage System 

The water supply pipes carry water without containing any kind of solid particles, 

either organic or inorganic in nature: on the other hand sewer lines contain such particle in 

suspension and the heavier of these particles may settle down as and when the flow 

velocity reduces thus ultimately resulting in the clogging of the sewers (Garg, 2005). In 

order to avoid such clogging or silting of sewers, it is necessary that the sewer pipes be of 

such a size and laid at such a gradient as to generate self cleansing velocity at different 

possible values of discharge. 

The sewer must be designed such that the size is adequate to avoid their overflow 

and subsequent damages to properties, and health hazards. In order to provide 

economically adequate sized sewers, it is necessary that the likely sewage discharge be 

estimated as correctly as possible. The sewer system should then be designed to be laid on 

a slope that will permit reasonable velocity of flow. Some limitations are described in the 

succeeding subsection (IS: 1712-1973). 

1.2.1 Design limitations 

1. A circular sanitary sewer is designed to carry the maximum flow sewage while 

flowing 70% full. 

2. From consideration of ventilation in the waste water flows, sewer should not be 

designing to run full. 

3. Sewer up to 400 mm dia. may be designed to at half depth sewers, between 400 to 

900 mm dia. may be designed for 2/3
rd

  depth of sewers and larger sewers may be 

designed for 3/4
th

  depth at ultimate design peak flow. 

4. Self cleansing velocity is maintained at present peak flow. Self cleansing velocity 

0.45 m/s at minimum discharge can also be ensured by keeping the minimum 

design velocity to a value as high as 0.8 m/s. 

5. The maximum permissible velocity of sewer line depends on the pipe material used 

in case of cement concrete pipe the maximum permissible limit is 2.5 m/s to 3 m/s.  
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1.2.2 Manhole  

A manhole is the top opening of the sewer line or any underground utility 

constructed at suitable intervals along the sewer lines for providing access point for 

making connections or help in joining sewer length, and also helps in their inspection, 

cleaning and maintenance on underground and buried public utility and other. Manhole 

closings are protected by a manhole cover, a flat plug designed to prevent accidental or 

unauthorized access to the manhole. Those plugs are traditionally made of metal, but may 

be constructed from precast concrete, glass reinforced plastic or other composite material. 

Manholes are usually outfitted with metal, polypropylene, or fibreglass steps installed in 

the inner side of the wall to allow easy descent into the utility space. Manholes are 

generally provided at every bend, junction, change of gradient or change of sewer dia.  

 The spacing between manholes depends mainly upon the size of the sewer line, the 

larger is the diameter of the sewer, and the greater will be the spacing between the 

manholes (IS: 1742-1982).                                           

 1.3 Objective of the Thesis 

The main aim of this study is to develop optimization models for designing gravity-fed 

sewer lines as connecting links between different manholes by minimizing the cost of 

system. The specific objectives of this study are: 

  To develop a linear programming model for the design of gravity-fed trunk sewer 

lines. 

 To develop a backward recursive dynamic programming model for the design of 

gravity-fed trunk sewer lines.  

 To illustrate the applicability of the developed optimal design models. 

1.4 Organization of the Thesis 

This thesis contains five chapters including this introductory chapter. In Chapter II, 

review of relevant literature dealing with the design of sewer lines is presented. In Chapter 

III details of the design considerations related to sewer system are presented. Then the 

developed linear programming model as well as backward recursive dynamic 

programming model for designing the trunk sewer lines is presented in this chapter. In 

Chapter IV the application of the developed optimal design models are presented with the 



Introduction......... 
 

help of an example. The last chapter contains the summary and conclusions of the thesis. 

The recommendations for further work are also included in chapter V.  
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CHAPTER II                                                                        REVIEW OF LITERATURE 

 

2.1 General 

The sewer system is used to carry the sewerage from the individual houses to the 

treatment plants. The sewer system is considered a part of the integrated urban drainage 

system. The concept of an integrated urban drainage has gained increasing importance in 

the last few decades aiming at the optimization of the drainage system. The integrated 

consideration of all parts of the system simultaneously allows better optimization 

possibilities. 

Generally, the sewerage or urban drainage system has two types: the combined 

sewerage system and the separate sewerage system. When the drainage is taken along with 

sewage, it is called combined sewerage system. In the combined sewerage system, the 

same pipeline carries both storm-water as well as sewage (also called dry weather flow) 

directly to the wastewater treatment plant. In case of separate sewerage system, the 

drainage and sewage are taken independently of each other through two different sets of 

conduits. Sometimes a part of drainage water especially that originating from roofs or 

courtyards of building is allowed to be admitted into the drains, the resulting system is 

called partially separate system. In economic point of view, it is difficult to treat a large 

amount of storm-water at the plant.  

The sewer system is therefore designed to transport only a part of the storm-water 

(normally 2-3 times the dry weather flow). In case of heavy rain the excess water therefore, 

to be discharged in to the nearest receiving water bodies because the storm-water in the 

sewer will exceed the designed capacity of sewer system.  

The overall wastewater collection and treatment systems consist of house sewers, 

trunk/main sewers, sometimes combined sewer systems, pumping stations, treatment plant 

and outfall point. Now days, wastewater reuse and recycling components are also 

becoming integral part of the urban wastewater systems. However, in the design of a 

sewerage system the sewer line is the basic unit occurring repeatedly in the design-process 

and finally the combinations of these basic units formulate the complete design of sewer 

system.  
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2.2 Sewer System Design  

Camp (1946) was the first to present a method for the hydraulic design of the 

sewer networks and emphasised considering the maximum discharge for which it is 

designed and the transport suspended solids. Since then a large number of research workers 

contributed to the subject of sewer design. The concept of modern sewer systems was born 

in the 19th century due to hygienic reasons.  

Swamee et al. (1987) presented a direct and simple method for determination of 

sewer geometry of circular and noncircular shapes for partly full-flowing conditions with 

the known variables being discharge, bed slope, and Manning’s roughness coefficient. 

Methodology has been developed for satisfying the minimum and maximum velocity 

constraints in a design procedure. A criterion of time of existence of self-cleaning velocity 

has been suggested for checking against self-cleaning velocity. The design method 

determines sewer geometry and checks for velocity constraints for circular, and various 

non-circulars, sewer shapes. 

Some of the researchers employed heuristic methodologies (Liebman 1967; Mays 

and Yen 1975; Cook and Lockwood 1977; Lornie 1982; Dasher and Davis 1986; Miles 

and Heaney 1988; and Charalambous and Eliman 1989 and Elimam and 

Charalambous,1990). Argaman et al. (1973) used dynamic programming for the design 

of sewer lines. All these approaches used the Manning equation or Hazen-Williams 

equation for resistance description. The Manning equation is applicable for a limited 

bandwidth, 0.004–0.04, of relative roughness (Christensen 1984). ASCE (1963) has 

recommended the use of the Darcy-Weisbach equation for open-channel resistance. On the 

other hand, in a detailed study Liou (1998) strongly discouraged the use of the Hazen-

Williams equation  

The researchers in the recent past have given equal importance to economic 

considerations and hydraulics of the flow as opposed to conventional design method based 

on only self cleaning velocity concepts.  

  2.3 Optimal Design of Sewer Networks Using Non-linear/Linear Programming   

Many researchers addressed the problem of sewer line design on the basis of 

minimum cost. Most of methods developed by these investigators assumed a linear or 

nonlinear cost equation for the objective function that can be solved using standard 
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available mathematical algorithms. Holland (1966) assumed a nonlinear cost function and 

used a combination of separable programming and random sampling as a means to solve 

for the optimum design. Several researchers have developed mathematical programming 

models for the optimal design of sewer networks. Deininger (1970) proposed a linear 

programming model, assuming the excavation and sewer costs to be linear. Dajani et al. 

(1972) addressed the problem of understanding the nature of cost functions of waste water 

collection networks using a convex separable programming model based upon the work of 

Holland (1966) in their linear programming model.  Deininger (1970) as well as Dajani 

et al. (1972) assumed sewer pipes to be available in any theoretical sizes. Dajani and 

Hasti (1974) solved the drainage networks design problem by sequential linear 

programming methods and minimised the cost of the drainage networks. Gupta et al. 

(1976) used Powell’s method of conjugate directions to optimize the cost function.  

Elimam et al. (1989) presented a combined linear programming heuristic approach 

based on hydraulic and mathematical model for the optimum design of large gravity sewer 

networks. In their model the modified Hazen-Williams hydraulic model at part-full 

conditions was used, along with a newly developed universal expression to compute the 

coefficient of roughness based on pipe material. Sukhwan and Larry (1990) evaluated the 

risk of each element by applying risk and uncertainty in the developed Urban Storm Sewer 

Optimal Layout Design (USSOD) model which considers the lag time of the peak flow by 

way of optimization design in the urban sewer system, and develops the model which 

estimates the most economical pipe size, slope, elevation and return cost of setup as result 

of the evaluation of risk bearing cost. USSOD model that considers a risk model looked for 

a design which is optimized through a risk analysis -that has a least cost as an objection 

function by construction expense.  

Yuri A. Ermolin (1998) presented an algorithm for the optimized control of a 

branching urban head-and-gravity sewer network is proposed. The control consists in 

redistribution of the sewage flows between the network structural components. The 

algorithm is based on a mathematical model and presupposes the use of a computer. The 

mathematical model consists of a set of algebraic equations with the structure transporting 

capacities captured as constraints. The mathematical task of control is stated and solved as 

an optimization problem. The objective function is the minimization of total electric 

energy consumption over all the network pumping stations. The assumptions substantiated 
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by practice would reduce the problem to the known problem of linear programming. The 

proposed control method obtained in the sub-network of Moscow's sewer network. 

Swamee (2001) formulated the sewer line design problem as a minimization of the 

cost function and solved by using a dimensionally consistent resistance equation and 

iterative application of the Lagrange-multiplier method. Neelakantan et al. (2008) 

conducted their study to develop an optimisation model that optimises the total cost of 

installation of a water distribution system and maintenance of the system for its service life 

(say 50 years), and to demonstrate the advantages of this model over the model that does 

not include maintenance cost in optimisation. The importance of incorporating break-repair 

costs and pipe-replacement costs in optimal design of a water distribution network is 

highlighted and demonstrated with a hypothetical network. Deterioration due to ageing of 

pipes requires expensive maintenance and causes inconvenience. The number of breaks 

generally increases exponentially with pipe age and small diameter pipes are more likely to 

break than large-diameter pipes. 

 Afshar and Rohani (2012) proposed cellular automata based hybrid method for 

the optimal design of sewer networks and compared their performance with some of the 

common heuristic search methods. The problem of optimal design of sewer networks was 

first decomposed into two sub-optimization problems which were solved iteratively in a 

two stage manner. In the first stage, the pipe diameters of the network were assumed fixed 

and the nodal cover depths of the network were determined by solving a nonlinear sub-

optimization problem. In the second stage, the nodal cover depths calculated from the first 

stage were fixed and the pipe diameters were calculated by solving a second nonlinear sub-

optimization problem.  

Swamee and  Sharma (2013) addressed the optimal design of the sewer system 

presented applying linear programming (LP) optimisation technique for the estimation of 

pipe diameters and sewer depths, using the Darcy–Weisbach equation as the resistance 

equation and commercially available pipe diameters directly in the problem formulation. 

Their approach eliminates the problem of rounding off the estimated pipe sizes to the 

nearest commercial sizes.  
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2.4 Optimal Design of Sewer Networks Using Dynamic Programming  

Alan et al. (1969) addressed the waste water collection estimation as a dynamic 

programming model. The model was indented as a long range planning tool to estimate the  

present worth of investment associated with installing and maintaining sewer subsystems.  

Meredith (1972) developed a dynamic programming model to determine the 

components of minimum cost non-branching sewer systems. Merritt and Bogan (1973) 

presented the computer based dynamic programming model for determining the least cost 

design of sewer system. Walsh and Brown (1975) developed a dynamic programming 

model for determining the least cost design of sewer system. 

Mays and Yen (1975) proposed the methodologies for optimal design of branched 

sewer system based on minimizing the costs of the sewer system. They used traditional 

dynamic programming (DP) as well as a discrete differential dynamic programming 

(DDDP). The branched system is decomposed into equivalent serial subsystem, which 

were then solved sequentially. In the development of the optimisation techniques they 

assumed the flow occurs in the sewer system due to gravity, and pumping stations and 

pressurized sewers were not considered.   

 Mays and Wenzel (1976) formulated the optimal design of multi-level branching 

sewer systems as discrete differential dynamic programming. The model considered the 

sewer network as a serial optimization problem such that the tree- shaped structure can be 

handled more easily. Dajani et al. (1977) designed a sewage collection network using 

separable, dynamic, and geometric programming approaches for very small networks. 

Their approach provides nonstandard pipe diameters. 

Joneja, et al. (1978) developed a simple design optimization approach based on the 

Manning’s formula for various conditions like (Full, Partially filled). They noted that 

further improvement was needed to incorporate variable roughness with depth of flow. 

Gupta et al. (1983) used a modified dynamic programming method that is only suitable 

for medium-sized networks and does not guarantee global optimality. 

Kulkarni and Khanna (1985) presented a Dynamic programming (DP) 

optimization algorithm for cost trade-off analysis of "Gravity-Cum-Pumped" systems to 

enable minimal cost designs of sewer networks. A modified Hazen-William's hydraulic 
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equation has been used in this DP-based approach and application of DP to sewer design 

has been plagued with problems of dimensionality. 

Michael and Mays (1985) presented an optimization model that determines the 

minimum cost detention and drainage channel system for a watershed. The model 

determines the location and size of detention basins, the size, type, and number of outlet 

structures in addition to the design of downstream channel modifications. This new model 

was based upon dynamic programming for non-serial systems. As evidenced by the 

hypothetical application to Brays Bayou, the model is capable of considering the cost 

interactions of the detention basins, the outlet structures, and the channels connecting the 

basins. Additionally, the hydraulic constraints of a given system can be satisfied and first 

order approximations of land and facility costs can be calculated.  

2.5 Motivation for Present Work 

The literature reviewed in the preceding sections establishes the fact that various 

researchers have worked on the design of sewer systems. In the last few decades the 

application of optimization methods for designing the sewer systems has increased 

significantly. Optimization methods result in best solutions satisfying the conditions 

related to the design parameters such as velocity of flow (maximum and minimum limits), 

depth of flow in sewer pipes, slope and discharge through the sewer system. Most of the 

researchers/designers are utilizing the tool of optimization by using a new method for 

sewer system design.  

Generally minimization of cost is the objective function of the optimization models 

used. In this study, the total cost of the system is considered in the objective function, in 

order to obtain optimal pipe sizes, elevation at different nodes and optimal path of sewer 

line between different manholes. The linear programming and dynamic programming 

based optimization models are simple to use and produce least cost design satisfying the 

requirements of hydraulic parameters of sewer system design. The results from the 

proposed linear programming optimization model and backward recursive dynamic 

programming model are compared with the dynamic programming model which was 

solved earlier by Mays and Tung (1992). 
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2.5 Conclusion 

From this chapter it is clear that a lot of optimization models have been developed 

for the design of sewer systems in urban area. Many of the optimization models developed 

use non- linear and dynamic programming algorithms. Only few researchers have used 

linear programming for the minimization of the cost of sewer system. This literature 

review clearly shows that there is a need for the development of optimization based models 

for the design of sewer system. 
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CHAPTER III            MATERIALS AND METHODS 

 

3.1 General  

The main objective of this study is to develop optimization models for designing 

trunk sewer lines. A linear programming model as well as a dynamic programming model 

has been developed for minimizing the total cost of the sewer system satisfying the 

requirements of discharge, minimum and maximum velocities, length between two 

successive manholes. The models select the optimal pipe sizes from the available 

diameters in the market. The objective of the optimization models is to minimize the 

capital cost of the sewer system and select the optimal path for the sewer system design. 

The decision variables of the optimization model are different diameters of available pipes 

in market. The length between the two manholes is assumed fixed. The constraints for 

recommended minimum and maximum values of velocity in the pipes are also imposed in 

the model. In this chapter the design considerations for the design of trunk sewer lines are 

first discussed. Then the linear programming model and backward recursive dynamic 

programming model are presented.  

3.2 Materials Used 

In this study, a linear programming model and a backward recursive dynamic 

programming model are developed for designing the sewer systems. The sewer line 

between two successive manholes is called as a link. The linear programming model 

involves minimization of total cost of the sewer system in all links satisfying the 

requirement of the length, diameter and slope in different links. The capital cost of the 

cement concrete sewer pipes of different diameters has been taken from Mays and Tung 

(1992).  

The linear programming model has been solved using software LINGO8.0 which is 

a comprehensive tool designed to make building and solving mathematical optimization 

models easier and more efficient. LINGO provides a completely integrated package that 

includes a powerful language for expressing optimization models, a full-featured 

environment for building and editing problems, and a set of fast built-in solvers capable of 

efficiently solving most classes of optimization models. LINGO's primary features include 

Algebraic Modelling Language, Convenient Data Options, Model Interactively or Create 
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Turnkey Applications. It allows building models that pull information directly from 

databases and spreadsheets. One can build and solve models within LINGO, or one can 

call LINGO directly from an application written by user. For building turn-key solutions, 

LINGO comes with callable DLL and OLE interfaces that can be called from user written 

applications. LINGO can also be called directly from an Excel macro or database 

application. LINGO currently includes programming examples for C/C++, FORTRAN, 

Java, C#.NET, VB.NET, ASP.NET, Visual Basic, Delphi, and Excel. LINGO provides all 

of the tools one will need to get up and running quickly. LINGO is available with a 

comprehensive set of fast, built-in solvers for linear, nonlinear (convex & non-convex), 

quadratic, quadratically constrained, and integer optimization. One never has to specify or 

load a separate solver, because LINGO reads the formulation and automatically selects the 

appropriate one. 

3.3 Methodology  

In this study, two optimization models one linear programming based and the other 

dynamic programming based  have  been developed for designing the gravity-fed sewer 

lines between different manholes for specified discharge values. The developed 

optimization models use the hydraulics of flow in sewer systems and the total costs 

involving cost of pipe, cost of excavation for laying the pipe and cost of excavation at 

manholes. The requirements of minimum and maximum permissible velocities are also 

used in the optimization models. In developing the proposed optimization models, many 

assumptions have been made considering the engineering practice related to sewers. The 

flow is assumed to occur under gravity in sewer line of known length. Further, a minimum 

cover over the sewers, non-decreasing pipe sizes in the downstream direction are also 

assumed. In the minimum cost design of a storm sewer system the trade-off between pipe 

cost and excavation cost is considered. To convey a specified quantity of runoff, using a 

steeper pipe slope, the required pipe size is smaller, hence a lower pipe cost. A 

methodology is demonstrated in this section that can be used to determine the least-cost 

combination of sizes and slopes of the sewers and the depth of manholes for a sewer 

network to collect and drain the storm water runoff from an urban drainage basin. Because 

sewer slope depends on the end elevations of the sewer, design variables are the diameters 

and the upstream and downstream crown elevations of sewers, and the depths of manholes. 

The methodology considers that the network’s layout connecting manholes is 
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predetermined. The related hydraulics estimation and optimization models are described in 

the succeeding subsections. 

3.3.1 Hydraulics of flow and design considerations 

The sewer and drains are generally designed as open channels except when it is 

especially required to design them as flowing under pressure, e.g. in the case of inverted 

siphons, and discharge lines from sewage pumping stations. Various empirical formulas 

have been suggested for determining the gradients necessary to obtain design velocities of 

flow in sewers. Detailed discussion on different formulae for calculation of average 

velocity in sewers/channels is available in (Subramanya, 2010). 

The most commonly used formula for computation of velocity in an open channel 

is due to Manning as: 

𝑉 =
1

𝑁
× 𝑅

2
3 × 𝑆0

1
2                                                                                                                    (3.1) 

where, V is the velocity of flow in the channel in m/s,  N is the manning’s 

roughness coefficient (IS: Code 1712-1973), R is the hydraulic mean radius of channel (m) 

and S0 is the longitudinal slope of the channel bottom/sewer pipe between two 

sections/consecutive manholes. In order to avoid clogging or silting of sewers, the velocity 

should be such that neither the suspended materials in sewage get silted up nor the pipe 

material gets scoured out. Therefore, it is necessary to design the sewer system such that 

the velocity is always more than a specified minimum value and less than a specified 

maximum value. The minimum velocity should be so high that would not permit the solids 

to be settled down; i.e. it should cause self-cleansing effect. Such self cleansing velocity 

which will even scour the deposited particles of a given size must be developed in the 

sewers, at least once a day, so as not to allow any deposition in the sewers. The self 

cleansing velocity can be calculated as (S.K. Garg, 2010): 

𝑉𝑠 =  
8 𝑔

𝑓
𝐾𝑑𝑠   𝐺 − 1                                                                                                                 (3.2) 

where, Vs is the self-cleansing velocity (m/s),  f is the friction factor usually taken 

as 0.03 for sewer pipes, g is the gravitational acceleration (m/s
2 

), ds is the effective 
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diameter of suspended grains (m), G is the specific gravity of suspended solids and K is a 

dimensional constant, indicating an important characteristic of sediments (solids) present 

in sewage. Its value usually varies from 0.04 (minimum) applicable to start of scouring of 

clean grit, to about 0.8 applicable for removal of sticky grit. For relatively clean inorganic 

and organic matters present in sewage, its values are taken at 0.04 and 0.06 respectively. 

Self cleansing velocity is maintained at present peak flow. Self cleansing velocity 0.45 m/s 

at minimum discharge can also be ensured by keeping the minimum design velocity to a 

value as high as 0.8 m/s. The maximum permissible velocity of sewer line depends on the 

pipe material used in case of cement concrete pipe the maximum permissible limit is 2.5 

m/s to 3 m/s.  

From consideration of ventilation in the waste water flows, sewer should not be 

designed to run full. Sewers up to 400 mm dia. may be designed to half full, larger may be 

designed for 2/3
rd

 depth to 3/4
th

 depth at ultimate design peak flow. 

The approximate gradients which give this velocity for the sizes of pipes likely to 

be used in building drainage and the corresponding discharges when flowing partially-full 

are given in Table 3.1 (IS: Code 1742-1983). 

 

Table 3.1 Gradients for different diameters and discharges in sewers 

Diameter(mm) Gradients Discharge (m
3
/s) 

100 1 in  57 0.18 

150 1 in  100 0.42 

200 1 in  145 0.73 

230 1 in 175 0.93 

250 1 in  195 1.10 

300 1 in  250 1.70 

 

In cases, where it is practically not possible to conform to the ruling gradients, a 

flatter gradient may be used but the minimum velocity in such cases shall on no account be 

less than average self-cleansing velocity (0.61 m/s). 

The discharge through a sewer pipe is calculated by using Manning’s equation as:   

𝑄 = 𝑉 × 𝐴                                                                                                                                   (3.3) 
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where, Q is the peak discharge of sewer flow (m
3
/s) and A is the area of cross 

section of sewer pipe (m
2
). The hydraulic radius is calculated as ratio of area of cross 

section to wetted perimeter, P (m). These values are calculated for any depth of flow as: 

𝐴 =
𝑑2

8
(2𝜃 − 𝑆𝑖𝑛2𝜃)                                                                                                               (3.4)   

and 

𝑃 = 𝑑 ×  𝜃                                                                                                                                    (3.5)   

where, d is inside diameter of pipe (m) and  2𝜃 is the angle (in radian) subtended at 

the centre of the pipe by water surface as shown in  Figure 3.1.  From equations 3.3, 3.4 

and 3.5 with depth of flow equal to 0.75 times the diameter and 𝜃 = 2.094395, the 

diameter can be calculated as:  

𝑑 = ( 3.5184 ×
𝑛

 𝑆0
× 𝑄 )

3
8                                                                                                      (3.6)

Figure 3.1: Circular channel running partially full 

3.3.2 Cost Estimation 

 The cost of the gravity-fed trunk sewer lines can be estimated as a sum of cost of 

piping cost of excavation and cost of manholes as described in the following subsections. 

Cost estimate for foot rest and PCC has not been considered. 

3.3.2.1 Pipe Cost  

The cost of a pipe line varies with diameter nonlinearly and can be calculated on 

the basis of diameter and length of sewer pipe, according commercial pipe sizes available 

in the market and can be represented as: 
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𝑃𝑐 = 𝐶𝑝 × 𝐿                                                                                                                                      (3.7) 

where, 𝑃𝑐  is the pipe cost ($), 𝐶𝑝  is the pipe cost per unit length ($/m), L is the 

length in (m) of pipe between two consecutive manholes.    

3.3.2.2 Excavation Cost  

The excavation cost can be calculated on the basis of the depth of average 

excavation (adding pipe size with minimum safe excavation cover), average width of 

excavation, and hence the volume of excavation. The excavation cost can be represented 

as:                

𝐸𝑐 = 𝐶𝑒 × 𝑉𝑒                                                                                                                                   (3.8)     

where,  𝐸𝑐  is the excavation cost ($), 𝐶𝑒  is the excavation cost per unit volume of 

the sewer system between two manholes ($/m
3
) and 𝑉𝑒  is the volume of excavation (m

3
) of 

the sewer system between two manholes (or two nodes).  

3.3.2.3 Manhole Cost  

A manhole is the top opening of the sewer line or any underground utility 

constructed at suitable intervals along the sewer lines for providing access point for 

making connections or help in joining sewer length, and also helps in their inspection, 

cleaning and maintenance on underground and buried public utility and other. Manholes 

are generally provided at every bend, junction, change of gradient or change of sewer 

diameter.  

Manhole cost varies linearly with depth of excavation and can be represented as:        

𝑀𝑐 = 𝐶𝑚 × 𝑌                                                                                                                                 (3.9)    

where, 𝑀𝑐  is the manhole cost ($),  𝐶𝑚  is the  manhole cost taken per unit depth at 

upstream node of the link ($/m) and  Y is the depth (m)of manhole at upstream node for 

each link. 

3.3.2.4 Total Cost  

The total cost of sewer system is dependent on the diameter and length of sewer 

pipe, depth of excavation and manhole size. Total cost of the sewer system between two 

consecutive manholes (link) can be calculated as: 
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𝑇 = 𝑃𝑐 + 𝐸𝑐 + 𝑀𝑐                                                                                                                      (3.10)    

where, T is total cost ($).  

3.3.3 Linear programming model  

The linear programming based optimization model for designing a sewer system 

involves minimization of total cost of the sewer system in all links satisfying the 

requirement of the length, diameter and slope in different links. The links of a sewer pipe 

network are defined by the upstream node, j and the downstream node, k respectively. The 

decision variables are given by the sewer pipe length, which are used in each link between 

upstream node j and downstream node k.  

3.3.3.1 Objective function 

The objective of the linear programming model is to minimize the cost of total 

length of the sewer line including all links. The objective function can be written as: 

𝑀𝑖𝑛 𝑍  =      𝐶𝑖𝑗𝑘

   𝑛𝑑(𝑖)

𝑘=1

  𝑋𝑖𝑗𝑘

𝑛𝑢 (𝑖)

𝑗 =1

                                                                                 (3.11) 

𝑛𝑙

𝑖=1

 

where  Z is total cost of the sewer system, i is link number, nl is total number of 

links in the sewer system, j is upstream node number for i
th

 link, nu(i) is total number of 

upstream nodes in the i
th

 link, k is downstream node number for i
th

 link, nd(i) is total 

number of downstream nodes in the i
th

 link,  𝐶𝑖𝑗𝑘   is the cost  per meter length of the i
th

 

sewer link laid between j
th

 upstream node and k
th

 downstream node, 𝑋𝑖𝑗𝑘  is the length of  i
th

 

sewer link laid between j
th

 upstream node and k
th

 downstream node. For each link the 

combination of upstream and downstream nodes is chosen in such a way that downstream 

node is at a lower elevation than the upstream node. 

3.3.3.2 Constraints The constraints imposed in the linear programming based model are 

related to the lengths of different links. 

𝑋𝑖𝑗𝑘 ≥ 0                  ∀ 𝑖, 𝑗, 𝑘                                                                                                      (3.12) 

   𝑋𝑖𝑗𝑘 𝐶𝑜𝑠(𝛼𝑖𝑗𝑘 )
𝑛𝑑 (𝑖)
𝑘=1

𝑛𝑢 (𝑖)
𝑗 =1  =  𝐿𝑖              ∀ ,   𝑖 = 1, 𝑛𝑙                                                   (3.13)    
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where, Li is the horizontal length between two manholes connected by link i and   

𝛼𝑖𝑗𝑘  is the angle in degree for  𝑋𝑖𝑗𝑘  such that:  

𝑡𝑎𝑛(𝛼𝑖𝑗𝑘 ) =
∆𝐻𝑖𝑗𝑘  

𝐿𝑖
                                                                                                                    (3.14)  

where,  ∆𝐻𝑖𝑗𝑘  is the elevation difference between j
th

 upstream node and k
th

 

downstream node of i
th

 link,   

3.4 Dynamic Programming Model 

In dynamic programming (DP), the optimum solution of a multivariable problem is 

determined by decomposing it into stages, each stage comprising a sub problem having 

single variable (Taha, 2007).  Dynamic programming transforms a sequential or multistage 

decision problem that may contain many decision variables into series of single-stage 

problem, each containing only one or a few variables. It is a mathematical technique well 

suited for the optimization of multistage decision problems. It is a very useful technique in 

solving large complex problems by decomposing a problem into a series of a smaller sub-

problems and then entire model composition.  An advantage of the decomposition is that 

the optimization process at each stage involves only one variable. This simplifies the 

computational task than dealing with all the variables simultaneously. A DP model is 

basically a recursive equation linking different stages of the problem in a manner which 

guarantees that each stage’s optimal feasible solution is also optimal feasible solution for 

the entire problem.  

3.4.1 Basic feature of the dynamic programming can be summarized as  

1. In dynamic programming, decisions regarding a certain problem are typically 

optimized at subsequent stages rather than simultaneously. This implies that if a 

program is to be solved using dynamic programming, it must be separated into n 

sub problems. 

2. DP deals with problems in which choices, or decisions, are to be made at each 

stage. The set of all possible choices is reflected and/or governed by the state at 

each stage. 
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3. Associated with each decision at each stage is a return function that evaluates the 

choice made at each decision in terms of the contributions that the decision can 

make to the overall objective (Maximization or Minimization). 

4. Each stage n the total decision process is related to its adjoining stages by a 

quantitative relationship called a transition function. This transition function can 

either reflect discrete quantities or continuous quantities depending on the nature of 

the problem. 

5. Given the current state, at an optimal policy for the remaining stages in terms of a 

possible input state is independent of the policy adopted in previous stages. 

6. The solution procedure always proceeds by finding the optimal policy for each 

possible input state at the present stage. 

7. By using the recursive relation, the solution procedure moves from stage to stage –

each time finding an optimal policy for each state at that state-unit the optimal 

policy for the last stage found. Once the n-stage optimal policy has been 

discovered, the n-components decision vector can be recovered by tracing back 

through the n-stage transition functions. (Ravindran,1987). 

Different terms in dynamic programming pertaining to sewer line design are 

described as:  

Stages (n) are the points of the problem where decisions are to be made. Therefore, 

if a problem can be decomposed into n number of sub problems it will have n stages in the 

dynamic programming formulation.  In the problem of design of pipe diameter for a sewer 

line, the pipe connected between the upstream Mi
th

 node (or manhole), to the downstream 

M(i+1)
th

 node will be treated as a stage of the problem. where i = 1, 2, 3,…..,Mn , (total 

number of manholes) thus total number of stages is equal to Mn - 1. 

State or State variable (Sn) The state variables are variables describing the state of 

a system at any stage. A state variable of the system in a dynamic programming model has 

the function of linking succeeding stages so that, when each stage is optimized separately, 

the resulting decision is automatically feasible for the remaining stages without having to 

check the effect of future decisions for decisions previously made. In this case, the states 

are taken as the elevation of the pipe at the upstream end (manhole Mi) and downstream 

end (manhole Mi+1). At any stage the input states  𝑆𝑀𝑖 ,𝑀 𝑖+1 
for a pipe connecting Mi and 
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Mi+1 manhole will be the elevation of the pipe at the upstream end and output states will be 

the elevation of the pipe at the downstream end. 

Decision variables (dn) are courses of action to be taken for each stage. The 

number of decision variables dn, in each stage is not necessarily to be same. The decision at 

each stage is selected on the basis of the minimum cost and optimal diameter of the sewer 

system, which also specifies the length and slope of the preceding stages. 

Stage return (Rn) is the measure of the effectiveness of decision making in each 

stage. It is a function of the input state, the output state, and the decision variables of a 

particular stage. 

 𝑅𝑖 = 𝑟𝑖    𝑆𝑖+1, 𝑑𝑖                                                                                                                         (3.15) 

Stage transformation or state transition (Tn) is a single valued transformation 

which expresses the relationships between the input state, the output state, and the 

decision. In general, through the stage transformation the output state at any stage can be 

expressed as the function of the input state and the decision variable. (S. Rao, 2003).                                                    

 𝑆𝑛 =   𝑇𝑛 𝑆𝑛 , 𝑑𝑛                                                                                                                         (3.16) 

  For a single stage, the above components are shown in Figure 3.2. as: (Ravindran 

1987) 

 

Figure 3.2: Line diagram of single stage 
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3.4.2 Objective function 

The dynamic programming based optimization model for designing a sewer system 

involves minimization of total cost of the sewer system in all stages satisfying the 

requirement of the length, diameter and slope in different possible combinations between 

two states. To have separately of the objective function, we must be able to represent the 

objective function as the composition of the individual stage returns. This requirement is 

satisfied for additive functions, the objective function can be written as: 

𝑓𝑛
∗ 𝑑𝑖 =  𝑅𝑖

𝑛

𝑖=1

=  𝑟𝑖

𝑛

𝑖=1

 𝑆𝑖+1, 𝑑𝑖                                                                                        (3.17)    

where, 𝑓𝑛
∗ 𝑑𝑖  is the minimized cost for any specified value of the input state sewer 

system, 𝑑𝑖 is the decision variable at different stage i,  𝑅𝑖  is the optimal return at the each 

stage, 𝑆𝑖+1 is the state transformation and n is the total stages. 

3.4.3 Design procedure (backward algorithm) 

The design procedure using backward recursive algorithm for a sewer system 

comprising of three stages (links) is described and explained in this section. The three 

stages are shown in Figure 3.3.  

 

 Figure 3.3: Various stages of sub-optimization 

  Consider the first sub-problem by starting at the last stage in backward direction 

i=1. If input at this stage S2 is specified, then according to principle of optimality, d1 must 

be selected to optimize R1. Irrespective of what happens to the other stages, d1 must be 

selected such that 𝑅1   𝑆2, 𝑑1  is an optimum for the input S2, Therefore, the optimum 

value is calculated as: 
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𝑓1
∗ 𝑆2 = 𝑜𝑝𝑡𝑖𝑑1

  𝑅1 𝑆2, 𝑑1                                                                                                    (3.18) 

Next, consider the second sub-problem by grouping the last two stages together. If 

𝑓2
∗ denotes the optimum objective value of the second sub-problem for a specified value of 

input S3, then the optimal values at this stage can be calculated as: 

𝑓2
∗ 𝑆3 = 𝑜𝑝𝑡𝑖𝑑2 ,𝑑1

  𝑅2 𝑆3, 𝑑2 + 𝑅1 𝑆2, 𝑑1                                                                         (3.19) 

The principle of optimality requires that d1 be selected so as to optimize R1 for a 

given S2.  Since S2 can be obtained once d1 and S3 are specified, equation 3.16 can be 

written as. 

𝑓2
∗ 𝑆3 = 𝑜𝑝𝑡𝑖𝑑2

  𝑅2 𝑆3, 𝑑2 + 𝑓1
∗ 𝑆2                                                                                  (3.20) 

Next, consider the third sub-problem by grouping the combination of last three 

stages together. If 𝑓3
∗ is the optimum objective value of the third sub-problem for specified 

value of input S4, then optimal values at this stage can be calculated as: 

𝑓3
∗ 𝑆4 = 𝑜𝑝𝑡𝑖𝑑3𝑑2 ,𝑑1

  𝑅3 𝑆4, 𝑑3  + 𝑅2 𝑆3, 𝑑2 + 𝑅1 𝑆2, 𝑑1                                           (3.21) 

The principle of optimality requires that d2 be selected so as to optimize R2 for a 

given S3.  Since S3 can be obtained once d2 and S4 are specified, equation 3.18 can be 

written as: 

𝑓3
∗ 𝑆4 = 𝑜𝑝𝑡𝑖𝑑3

  𝑅3 𝑆4, 𝑑3 + 𝑓2
∗ 𝑆2                                                                                 (3.22) 

The above procedure can be generalized and the recursive equation to minimize the 

n-stage objective function 𝑓𝑖
∗ 𝑆𝑖+1  which is the sum of the individual stage returns or can 

expand above equation as: 

 𝑓𝑛
∗ 𝑆𝑛+1  = 𝑜𝑝𝑡𝑖𝑑𝑛  ,…  𝑑2 ,𝑑1

[𝑅𝑛 𝑑𝑛 , 𝑆𝑛+1 + 𝑅𝑛−1  𝑑𝑛−1, 𝑆𝑛 + ⋯ + 𝑅1 𝑑1, 𝑆2 ]      (3.23)  

Or, 

𝑓𝑖
∗ 𝑆𝑖+1 = 𝑜𝑝𝑡𝑖𝑑𝑖

  𝑅𝑖 𝑆𝑖+1, 𝑑𝑖 + 𝑓𝑖−1
∗  𝑆𝑖                                                                            (3.24) 

where, 𝑓𝑖−1
∗  is the optimal value of the objective function corresponding to the last 

stages, and Si is the input to the stage i-1. The state and decision variables are related as: 
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𝑆𝑖 =   𝑇𝑖 𝑆𝑖+1, 𝑑𝑖 ,                                                                       𝑖 = 1, 2, 3 … . . , 𝑛                  (3.25) 

3.5 Conclusion 

            As we know that the traditional method of designing the sewer lines is tedious, time 

consuming and may not be economical. To overcome these problems, two optimization 

based models are developed for minimizing the cost of sewer system satisfying the 

maximum and minimum velocity requirements and discharge requirement between 

different manholes. LP and DP based models are used to design the sewer system with the 

objective of minimizing the cost of sewer system. The application of these models is 

presented in next chapter. 

 

 



 

 

 

 

 

 

  

Results & Discussion 



          Results and Discussion.......... 
 

 

 

CHAPTER IV               RESULTS AND DISCUSSION 

4.1 General   

In Chapter III, the linear programming based and backward recursive dynamic 

programming optimal methods for design of the gravity-fed sewer lines were presented. 

The design requirements for gravity-fed sewer lines were also discussed in Chapter III. In 

the present chapter, the application of design methods is illustrated through design 

examples. The results obtained from the solution of the optimization models in terms of the 

optimal diameters and optimal path of sewer lines laid between different manholes are 

presented and discussed in the following sections.  

4.2 Design of Trunk Sewer Lines Using Linear Programming  

The linear programming (LP) has been extensively applied to the optimal design of 

water distribution networks. However, only few researchers have made its application in 

the design of sewer systems without linearization of objective function. In the proposed 

method using LP, the whole system is designed as single entity and not as individual pipe 

link. The algorithm terminates in limited number of iterations depending upon the number 

of sizes of available commercial pipes used in the optimization problem for formulation. 

With the commercial pipe sizes used directly in the sewer line design methodology, the 

conversion of continuous estimated pipe diameters to nearest commercial pipe sizes could 

be avoided which otherwise would lose the optimality of the whole system (Swamee and 

Sharma, 2013). 

 4.3 Design Example 

An example is used to illustrate the application of proposed LP model to determine 

the minimum cost of sewer system. The problem is taken from Mays and Tung (1992) for 

Goodwin Avenue sewer. The data relating to ground elevations, sewer length and peak 

design inflows are provided in Table 4.1. In this table the sewer links are named as I, II and 

III instead of 5.1, 6.1 and 7.1, respectively. Similarly, the manholes are named as M1, M2, 

M3 and M4, respectively from u/s to d/s. A minimum cover depth over the sewer pipe of 

1.0668 m is required. At a manhole the crown elevation of the downstream pipe draining 

the manhole must be equal to or less than the crown elevation of the upstream pipe 
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draining into the manhole. In all, three possible elevations were considered for both u/s and 

d/s ends of a sewer link between two consecutive manholes. Thus total number of possible 

paths for each sewer link will be nine. The difference between two consecutive possible 

elevations of u/s (or d/s) end of the sewer link was taken as 0.3048 m.  

Table 4.1 Information for Goodwin Avenue 

Sewer 

Link 

    

Manhole number 

 

Ground elevation 

at      upstream 

(m) 

Sewer length 

(m) 

Peak 

Inflow 

(m
3
/s) 

 u/s d/s 

I M1 M2 219.83 70.104 1.0423 

II M2 M3 218.88 48.768 1.1896 

III M3 M4 218.05 76.505 1.3312 

 M4  

 

The unit cost for excavation is 6.00$/m
3
 and the manhole cost is $100.00/m depth. 

A 1.524 m (5ft) Excavation width is assumed for all pipes. The unit cost for excavation is 

6.00$/m
3
 and the manhole cost is $100.00 /m depth. The unit cost ($/m) of available 

commercial pipe sizes are given in Table 4.2. 

Table 4.2 Unit cost of different pipe sizes 

Diameter 

 (cm) 

30.48 38.1 45.72 53.34 60.96 68.58 76.2 91.44 106.6

8 

121.9

2 

137.1

6 

Unit cost 

($/m) 
11.15

5 
14.60

0 

19.35
7 

24.27
9 

30.184 36.25
4 

46.58
8 

62.5 82.02
1 

127.4
61 

129.4
3 

  

The plan of the sewer system at ground level is shown in Figure 4.1. The sewer 

system consists of 4 manholes denoted by circles and 3 links denoted by lines the arrow 

denotes the direction of flow. The elevation of the sewer system is shown in Figure 4.2 in 

which the possible paths for different links are denoted by lines between u/s and d/s 

endpoints.  In Figure 4.2, the elevations of all assumed u/s and d/s endpoints of different 

links are also shown.  
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Figure 4.1: Schematic line diagram for the plan of sewer system 

 

Figure 4.2: Schematic line diagram for possible paths of sewer links. 

SOLUTION: Firstly the slope was calculated on the basis of elevation difference between 

the upstream and the downstream ends of every sewer link. Manning’s coefficient was 

taken as 0.013 from the (IS: Code 1712-1973) for all pipes to compute the value of the 

diameter for a given peak inflow discharge by using equation 3.6. Then an appropriate 

commercial pipe size equal to or just larger available size was selected as the desired pipe 

size. For the selected pipe size, the pipe cost was taken from Table 4.2. The excavation 

cost was calculated as product of volume of excavation and the cost of unit volume of 
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excavation. To calculate volume of excavation, average width of excavation of 1.52 m was 

used and the depth of excavation was used as a sum of pipe diameter and minimum safe 

excavation cover. The total cost was calculated as sum of pipe cost, the excavation cost 

and the manhole cost at upstream node by using equations 3.7 to 3.10. The above 

computations are shown in Table 4.3.  

Table 4.3 Computation of cost of sewer system 

Li

nk 

No

. 

U/

s 

m

an

ho

le 

D/s 

man

hole  

U/

p 

El

ev

ati

on 

Crown 

elevatio

n 

u/s  

 (m) 

D/

s 

El

ev

ati

on 

Crown 

elevatio

n d/s 

 (m) 

Slope 

m/m 

Dia. 

Meter 

(cm) 

Pipe 

cost(P) 

($) 

Excavatio

n cost (E)        

at u/s 

manhole  

($) 

U/s 

manhol

e cost 

(M) 

 ($) 

Total 

cost (T) 

 ($) 

Cost/ 

length 

I M1 M2 1 218.75 1 217.81 0.01341 76.20 3266.00 1533.60 600.00 5399.60 77.0227 

 1 218.75 2 217.51 0.01768 68.58 2541.50 1597.22 575.00 4713.72 67.2390 

1 218.75 3 217.20 0.02211 68.58 2541.50 1735.00 575.00 4841.50 69.0617 

2 218.45 1 217.81 0.00913 91.44 4381.50 1788.89 750.00 6920.39 98.7205 

2 218.45 2 217.51 0.01341 76.20 3266.00 1788.89 700.00 5754.89 82.0906 

2 218.45 3 217.20 0.01768 68.58 2541.50 1852.78 675.00 5069.28 72.3109 

3 218.15 1 217.81 0.00485 91.44 4881.50 1916.66 850.00 7148.16 101.9619 

3 218.15 2 217.51 0.00913 91.44 4381.50 2044.44 850.00 7275.94 103.7878 

3 218.15  3 217.20 0.01355 76.20 3266.00 2044.44 800.00 6110.40 87.1620 

II M2 M3 1 217.81 1 216.99 0.01671 76.20 2286.20 1073.33  600.00 3959.53 80.6871 

 1 217.81 2 216.69 0.02282 68.58 1779.05 1118.06 575.00 3472.11 70.7543 

1 217.81  3 216.38 0.02914 68.58 1779.05 1207.50 575.00 3561.55 72.5769 

2 217.51 1 216.99 0.01060 91.44 3067.05 1252.22 750.00 5069.27 103.3010 

2 217.51 2 216.69 0.01671 76.20 2286.20 1252.22 700.00 4238.42 86.3701 

2 217.51  3 216.38 0.02303 68.58 1779.05 1296.94 675.00 3750.99 76.4373 

3 217.20 1 216.99 0.00428 106.68 4025.00 1431.11 900.00 6356.11 129.5241 

3 217.20 2 216.69 0.01040 91.44 3067.05 1431.11 850.00 5348.16 108.9844 

3 217.20 3 216.38 0.01671 76.20 2286.20 1431.11 800.00 4517.31 92.05303 

III M3 M4 1 216.99 1 216.90 0.00118 137.16 9901.95 2231.12 800.00 12933.07 169.0491 

 1 216.99 2 216.59 0.00523 106.68 6275.00 2091.66 700.00 9066.66 118.5110 

1 216.99  3 216.29 0.00915 91.44 4781.55 2091.66 650.00 7523.21 98.3365 

2 216.69 1 216.90 ----- ---- 10^20 10^20 10^20 3*10^20 ---- 

2 216.69 2 216.59 0.00131 137.16 9901.95 2510.00 900.00 13311.95 174.0015 

2 216.69  3 216.29 0.00523 106.68 6275.00 2370.56 800.00 9445.56 123.4636 

3 216.38 1 216.90 -------- ---- 10^20 10^20 10^20 3*10^20 ---- 

3 216.38 2 216.59 -------- ---- 10^20 10^20 10^20 3*10^20 ---- 

3 216.38 3 216.29 0.00118 137.16 9901.95 2788.88 1000.00 13690.33 178.9475 
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4.3.1 Optimal design 

The data pertaining to the cost and the lengths were used in the linear programming 

model as presented in section 3.3.3.1. The resulting linear programming model is: 

Minimize [Z] = 77.0227*X1 + 67.2390*X2 + 69.0617*X3 + 98.7205*X4 + 

82.0906*X5 + 72.31086*X6 + 101.9619*X7 + 103.7878*X8 + 87.1625*X9 + 

80.6871*X10 + 70.7543*X11 + 72.5769*X12 + 103.3010*X13 + 86.3701*X14 + 

76.4373*X15 + 129.5241*X16 + 108.9844*X17 + 92.05303*X18 + 169.0491*X19 + 

118.5110*X20 + 98.3365*X21 + 3.92*10^18*X22 + 174.0015*X23 + 123.4636*X24 + 

3.92*10^18*X25 + 3.92*10^18*X26 + 178.9475*X27; 

Subject to: 

 

X1*0.9999 + X2 *0.9998 + X3*0.99989 + X4*0.9999 + X5*0.9998+ X6*0.9997 + 

X7*0.9999 + X8*0.9998 + X9*0.9998 = 70.104; 

X10*0.9998 + X11*0.9997 + X12*0.9996 + X13*0.9999 + X14*0.9998 + X15*0.9997 + 

X16*0.9999 + X17*0.9999 + X18*0.9998 = 49.0728; 

X19*0.9999 + X20*0.9999 + X21*0.9999 + X22*0 + X23*0.9999 + X24*0.9999 + 

X25*0 + X26*0 + X27*0.9999 = 76.5048; 

 

X1, X2, X3, X4, X5, X6, X7, X8, X9  > = 0; 

 

 X10, X11, X12, X13, X14, X15, X16, X17, X18 >= 0 

 

X19, X20, X21, X22, X23, X24, X25, X26, X27 >= 0 

The above linear programming model was solved by LINGO 8.0. The optimal cost 

of sewer system was obtained as $ 15712.25 and optimal lengths for the first, second and 

third links were obtained as X2 = 70.115 m, X11 = 49.086 m and X21 = 76.508 m, 

respectively. The corresponding paths for link I, link II and link III are 1-2, 1-2 and 1-3 

respectively and the corresponding optimal diameters of the sewer pipes are 68.52 cm (27 

inch), 68.58 cm(27 inch) and 91.44 cm (36 inch), respectively. The optimal design results 

are presented in Table 4.4.  
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Table 4.4 Optimal results from linear programming model 

 

The results obtained by linear programming model in the present study were 

compared with those obtained by Mays and Tung (1992) by using the forward recursive 

dynamic programming optimization technique. It was found that the linear programming 

based optimization model results in more economical sewer system than the one obtained 

by dynamic optimization model. The results from linear programming based model and 

forward recursive dynamic programming model are shown in Table 4.5.   

 

Table 4.5 Comparison of results from linear optimization model and dynamic 

programming model (Mays and Tung, 1992) 

 

From Table 4.5, it can be seen that the optimal diameter is obtained by both the 

models are the same, and paths are also same for link I and link III.  However, there is 

difference in paths for link II.  Due to this path difference for link II the excavation cost is 

different, therefore the total cost obtained by linear programming model is less than the 

forward recursive dynamic programming model.  

 

Link No. Optimal length 

(m) 

Optimal path Optimal diameter 

 (cm) 

Optimal cost 

($) 

 I 70.115 1-2 68.58   

15712.25   II 49.086 1-2 68.58 

 III 76.508 1-3 91.44  

   

S.N. 

Optimal results from linear programming 

model  

Optimal results from dynamic programming 

model  

 

Link 

No. 

Optimal 

length 

(m) 

Opti

mal 

path 

Optimal 

Diameter 

(cm) 

Optimal 

cost 

 ($) 

Optimal 

length 

(m) 

Optima

l path 
Optimal 

Diamete

r 

(cm) 

Optimal 

cost  

($) 

 I 70.115 1-2 68.58  

 

15712.25     

70.104 1-2 68.58  
 
16882.35  
 

II 49.086 1-2 68.58 49.073 2-3 68.58 

 III 76.508 1-3 91.44 76.104 1-3 91.44 
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4.4 Sensitivity Analysis  

 To study the effect of slope of the sewer line on the optimal design, the linear 

programming model was solved for two more sets of slopes in addition to those used in the 

above solution. Thus, the optimal design of the sewer network was obtained for three cases 

(case I, case II and case III) corresponding to three different sets of slopes of the links. 

These different sets of slopes for all links are given in Table 4.6. For case I, the optimal 

solution has already been presented in the preceding sections. For case II, the crown 

elevation of each link at downstream end is taken as one foot (0.3048m) lower than the 

values for case I. The details for case II are presented schematically in Figure 4.3.  

 

Figure 4.3: Schematic line diagram for possible paths of sewer links in case II.  

The cost of the sewer system for case II was calculated as described in section 4.3 

and the values are given in Table 4.7. 
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Table 4.6 Different sets of slopes 

CASE Path Link I Link II Link III 

 

 

 

 

 

I 

 

 

 

 

 

 

U/S 

Elevation 

D/S  

Elevation  

U/S Elevation D/S  

Elevation 

U/S Elevation D/S 

Elevation 

1-1 218.75 217.81 217.81 216.99 216.99 216.90 

1-2 218.75 217.51 217.81 216.69 216.99 216.59 

1-3 218.75 217.20 217.81  216.38 216.99 216.29 

2-1 218.45 217.81 217.51 216.99 216.69 216.90 

2-2 218.45 217.51 217.51 216.69 216.69 216.59 

2-3 218.45  217.20 217.51  216.38 216.69 216.29 

3-1 218.15 217.81 217.20 216.99 216.38 216.90 

3-2 218.15 217.51 217.20 216.69 216.38 216.59 

3-3 218.15 217.20 217.20  216.38 216.38 216.29 

 

 

 

 

 

II 

1-1 218.75 217.51 217.51 216.68 216.68 216.59 

1-2 218.75 217.20 217.51 216.38 216.68 216.29 

1-3 218.75 216.90 217.51 216.07 216.68 215.98 

2-1 218.45 217.51 217.20 216.68 216.38 216.59 

2-2 218.45 217.20 217.20 216.38 216.38 216.29 

2-3 218.45 216.90 217.20 216.07 216.38 215.98 

3-1 218.15 217.51 216.90 216.68 216.07 216.59 

3-2 218.15 217.20 216.90 216.38 216.07 216.29 

3-3 218.15 216.90 216.90 216.07 216.07 215.98 

 

 

 

 

 

 

III 

1-1 218.75 217.66 217.66 216.84 216.84 216.90 

1-2 218.75 217.35 217.66 216.53 216.84 216.59 

1-3 218.75 217.05 217.66 216.23 216.84 216.29 

2-1 218.45 217.66 217.35 216.84 216.53 216.90 

2-2 218.45 217.35 217.35 216.53 216.53 216.59 

2-3 218.45 217.05 217.35 216.23 216.53 216.29 

3-1 218.15 217.66 217.05 216.84 216.23 216.90 

3-2 218.15 217.35 217.05 216.53 216.23 216.59 

3-3 218.15 217.05 217.05 216.23 216.23 216.29 
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Table 4.7 Computation of cost of sewer system for case II 

L

i

n

k 
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o

. 
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le 

D/
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m
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le  

U/

p 
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on 

 

Crown 

elevatio

n 

u/s  

 (m) 

D/

s 

El

ev

ati

on 

Crown 

elevatio

n d/s 

 (m) 

Slope 

m/m 

Dia. 

Meter 

(cm) 

Pipe 

cost(P) 

($) 

Excavatio

n cost (E)        

at u/s 

manhole 

 ($) 

U/s 

manhol

e cost 

(M) 

 ($) 

Total 

cost (T) 

 ($) 

Cost/ 

length 

I M1 M2 1 218.75 1 217.51 0.01769 68.58 2541.50 1597.26 575.00 4713.52 67.2256 

 1 218.75 2 217.20 0.02211 68.58 2541.50 1981.04 575.00 5097.57 72.6968 

1 218.75 3 216.90 0.02625 68.58 2541.50 1853.72 575.00 4970.22 70.8735 

2 218.45 1 217.51 0.01341 76.20 3266.00 1788.05 700.00 5754.05 82.0717 

2 218.45 2 217.20 0.01783 68.58 2541.50 1853.07 675.00 50769.57 72.3036 

2 218.45 3 216.90 0.02211 68.58 2541.50 1981.036 675.00 5197.54 74.1224 

3 218.15 1 217.51 0.00913 91.44 4381.68 2044.54 850.00 7276.036 103.7849 

3 218.15 2 217.20 0.01355 76.20 3266.00 2044.62 800.00 6110.62 87.1576 

3 218.15  3 216.90 0.01783 68.58 2541.5 2108.66 775.00 5425.16 77.3752 

2 M2 M3 1 217.51 1 216.69 0.01692 76.20 2286.20 1252.40  700.00 4238.60 86.3611 

 1 217.51 2 216.38 0.02303 68.58 1779.05 1297.29 675.00 3751.16 76.4202 

1 217.51 3 216.07 0.02934 68.58 1779.05 1386.98 675.00 3841.03 78.2383 

2 217.20 1 216.68 0.01060 91.44 3067.05 1431.19 850.00 5348.24 108.9788 

2 217.20 2 216.38 0.01671 76.20 2286.20 1431.32 800.00 4517.52 92.0441 

2 217.20 3 216.07 0.02303 68.58 1779.05 1476.23 775.00 4030.28 82.1283 

3 216.90 1 216.68 0.00448 106.68 4025.00 1610.02 1000.00 6635.016 135.1988 

3 216.90 2 216.38 0.01060 91.44 3067.05 1610.09 950.00 5633.14 114.7841 

3 216.90 3 216.07 0.01692 76.20 2286.20 1610.23 900.00 4796.43 97.7268 

3 M3 M4 1 216.68 1 216.59 0.00118 121.92 7743.35 2370.556 850.00 10963.90

6 

143.3100 

 1 216.68 2 216.29 0.00510 106.68 6275.08 2370.588 900.00 11013.94 143.9543 

1 216.68 3 215.98 0.00915 91.44 4781.55 2370.66 850.00 8002.21 104.45904 

2 216.38 1 216.59 ----- ---- 10^20 10^20 10^20 ---- --- 

2 216.38 2 216.29 0.00118 121.92 7743.35 2649.44 950.00 11342.79 148.2625 

2 216.38 3 215.98 0.00523 106.68 6275.08 2649.48 1000.00 11392.83 148.9064 

3 216.07 1 216.59 -------- ---- 10^20 10^20 10^20 ---- ---- 

3 216.07 2 216.29 -------- ---- 10^20 10^20 10^20 ---- ----- 

3 216.07 3 215.98 0.00118 121.92 7743.35  2928.33 1050.00 11721.68 153.2019 
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4.4.1 Optimal design for case II 

The data pertaining to the cost and the lengths were used in the linear programming 

model as presented in section 3.3.3.1. The resulting linear programming model is presented 

as: 

Minimize [Z] = 67.2256*X1 + 72.6968*X2 + 70.8735*X3 + 82.0717*X4 + 

72.3036*X5 + 74.1224*X6 + 103.7849*X7 + 87.1576*X8 + 77.3752*X9 + 86.3611*X10 

+ 76.4202*X11 + 78.2386*X12 + 108.9788*X13 + 92.0441*X14 + 82.1283*X15 + 

135.1988*X16 + 114.7841*X17 + 97.7268*X18 + 175.3196*X19 + 143.9543*X20 + 

104.45904*X21 + 3.92*10^18*X22 + 180.2724*X23 + 148.9064*X24 + 3.92*10^18*X25 

+ 3.92*10^18*X26 + 185.2253*X27; 

 

Subject to: 

 

 X1*0.9998 + X2*0.9997 + X3*0.9997 + X4*0.9999 + X5*0.9998 + X6*0.9997 + 

X7*0.9999 + X8*0.9998 + X9*0.9998 = 70.104; 

 

X10*0.9998 + X11*0.9997 + X12*0.9996 + X13*0.9999 + X14*0.9998 + X15*0.9997 + 

X16*0.9999 + X17*0.9999 + X18*0.9998 = 49.0728; 

 

X19*0.9999 + X20*0.9999 + X21*0.9999 + X22*0 + X23*0.9999 + X24*0.9999 + 

X25*0 + X26*0 + X27*0.9999 = 76.5048; 

 

X1, X2, X3, X4, X5, X6, X7, X8, X9  > = 0; 

 

 X10, X11, X12, X13, X14, X15, X16, X17, X18 >= 0; 

 

X19, X20, X21, X22, X23, X24, X25, X26, X27 >= 0; 

 

The above linear programming model was solved by LINGO 8.0 The optimal cost 

of sewer system was obtained as $ 16457.42 and optimal lengths for the first, second and 

third links were obtained as X2 = 70.118 m, X11 = 49.088 m and X21 = 76.528 m, 

respectively, and corresponding paths were, 1-2, 1-2 and 1-3 respectively. The 

corresponding optimal diameters of the sewer pipes are 68.52 cm (27 inch), 68.58 cm (27 

inch) and 91.44cm (36 inch), respectively. The optimal design results are given in Table 

4.8. 
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Table 4.8 Optimal results from linear programming model for case II 

 

For case III, the crown elevation of each link at downstream end is taken as half 

foot (0.1524m) lower than the values for case I that is at midpoint of the case I and case II. 

The details for case III are presented schematically in Figure 4.4 and the computation of 

costs is given in Table 4.9.  

Figure 4.4: Schematic line diagram for possible paths of sewer links in case III. 

Table 4.9 Computation of cost of sewer system for case III 

Link No. Optimal length 

(m) 

Optimal path Optimal diameter 

 (cm) 

Optimal cost 

 ($) 

 I 70.118 1-2 68.58  

16457.42  II 49.088 1-2 68.58 

III 76.528  1-3 91.44 
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Total cost 

(T) 

 ($) 

Cost/ 

length 

I M1 M2 1 218.75 1 217.66 0.01555 76.20 3266.00 1597.22 600.00 5463.22 77.930 

 1 218.75 2 217.35 0.01998 68.58 2541.50 1661.11 575.00 4777.61 68.151 

1 218.75 3 217.05 0.02425 68.58 2541.50 1788.89 575.00 4905.39 69.973 

2 218.45 1 217.66 0.01127 76.20 3266.00 1725.00 700.00 5691.00 81.179 

2 218.45 2 217.35 0.01569 76.20 3266.00 1852.78 700.00 5818.78 83.002 

2 218.45 3 217.05 0.01997 68.58 2541.50 1916.67 675.00 5133.17 73.222 

3 218.15 1 217.66 0.00699 91.44 4881.50 1980.56 850.00 7712.06 110.009 

3 218.15 2 217.35 0.01141 76.20 3266.00  1980.56 850.00 6096.56 86.965 

3 218.15  3 217.05 0.01569 76.20 3266.00 2108.33 800.00 6174.33 88.074 

II M2 M3 1 217.66 1 216.84 0.01671 76.20 2286.20 1162.78  650.00 4098.98 83.529 

 1 217.66 2 216.53 0.02303 68.58 1779.05 1207.50 625.00 3611.55 73.596 

1 217.66 3 216.23 0.02914 68.58 1779.05 1296.94 625.00 3640.99 74.196 

2 217.35 1 216.84 0.01039 76.20 3067.05 1252.22 750.00 5069.27 103.301 

2 217.35 2 216.53 0.01671 76.20 2286.20 1341.67 750.00 4377.87 89.117 

2 217.35  3 216.23 0.02283 68.58 1779.05 1386.39 725.00 3890.44 79.279 

3 217.05 1 216.84 0.00428 91.44 3067.05 1431.11 900.00 5398.16 110.003 

3 217.05 2 216.53 0.01060 76.20 2286.20 1431.11 850.00 4567.31 93.072 

3 217.05 3 216.23 0.01671 76.20 2286.20 1520.56 850.00 4656.76 94.895 

II

I 

M3 M4 1 216.84 1 216.90 0.00131 121.92 7743.35 2231.11 800.00 10774.46 140.834 

 1 216.84 2 216.59 0.00523 91.44 4781.55 2091.67 700.00 7573.22 98.991 

1 216.84  3 216.29 0.00928 91.44 4781.55 2231.11 700.00 7712.66 100.813 

2 216.53 1 216.90 ----- ---- 10^20 10^20 10^20 3*10^20 ------ 

2 216.53 2 216.59 0.00118 121.92 7743.35 2510.00 900.00 11153.35 145.786 

2 216.53 3 216.29 0.00523 91.44 4781.55 2370.56 750.00 7902.11 103.289 

3 216.23 1 216.90 -------- ---- 10^20 10^20 10^20 3*10^20 ------ 

3 216.23 2 216.59 -------- ---- 10^20 10^20 10^20 3*10^20 ----- 

3 216.23 3 216.29 0.00131 121.92 7743.35 2788.89 1000.00 11532.24 150.739 
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4.4.2 Optimal design for case III 

The data pertaining to the cost and the lengths were used in the linear programming 

model as presented in section 3.3.3.1. The resulting linear programming model is presented 

as: 

Minimize [Z] = 77.930*X1 + 68.151*X2 + 69.973*X3 + 81.179*X4 + 83.002*X5 

+ 73.222*X6 + 110.009*X7 + 86.965*X8 + 88.074*X9 + 83.529*X10 + 73.596*X11 + 

74.196*X12 + 103.301*X13 + 89.117*X14 + 79.279*X15 + 110.003*X16 + 93.072*X17 

+ 94.895*X18 + 140.834*X19 + 98.991*X20 + 100.813*X21 + 3.92*10^18*X22 + 

145.786*X23 + 103.289*X24 + 3.92*10^18*X25 + 3.92*10^18*X26 + 150.739*X27; 

 

Subject to: 

 

X1*0.9998 + X2*0.9997 + X3*0.9997 + X4*0.9999 + X5*0.9998 + X6*0.9997 + 

X7*0.9999 + X8*0.9999 + X9*0.9998 = 70.104; 

 

X10*0.9998 + X11*0.9997 + X12*0.9996 + X13*0.9999 + X14*0.9998 + X15*0.9997 + 

X16*0.9999 + X17*0.9999 + X18*0.9998 = 49.0728; 

 

X19*0.9999 + X20*0.9999 + X21*0.9999 + X22*0.9999 + X23*0.9999 + X24*0.9999 + 

X25*0.9999 + X26*0.9999 + X27*0.9999 = 76.5048; 

  

X1, X2, X3, X4, X5, X6, X7, X8, X9  > = 0; 

 

 X10, X11, X12, X13, X14, X15, X16, X17, X18 >= 0; 

 

X19, X20, X21, X22, X23, X24, X25, X26, X27 >= 0; 

  

The above linear programming model was solved by LINGO 8.0 The optimal cost 

of sewer system was obtained as $ 15965.78 and optimal lengths for the first, second and 

third links were obtained as X2 = 70.12504 m,  X11 = 49.08753 m and  X20 = 76.51245 

m, respectively and corresponding paths were, 1-2, 1-2 and 1-2, respectively. The 
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corresponding optimal diameters of the sewer pipes are 68.58 cm (27 inch), 68.58 cm (27 

inch) and 91.44 cm (36 inch), respectively. The optimal design results for this case are 

given in Table 4.10.  

 

Table 4.10 Optimal results from linear programming model for case III 

 

Comparison of the optimal design results for three cases based on the difference in 

slope of the sewer line can be seen from Table 4.11.  

 

Table 4.11 Comparison of optimal results obtained for different sets of the 

slope 

 

Case Link Diameter(m) Paths U/S Elevation D/S Elevation Length(m) Total cost 

($) 

 

I  

I 68.58 1-2 218.75 217.51 70.115  

15712.25  II 68.58 1-2 217.81 216.69 49.086 

III 91.44 1-3 216.99 216.29 76.508 

 

II 

I 68.58 1-2 218.75 217.20 70.118  

16457.42    II 68.58 1-2 217.51 216.38 49.088 

III 91.44 1-3 216.68 215.98 76.528  

 

III 

I 68.58 1-2 218.75 217.35 70.12504  

15965.78 II 68.58 1-2 217.66 216.53 49.08753 

III 91.44 1-2 216.84 216.59 76.51245  

  

 It is clear from Table 4.11 that the optimal cost of the sewer system is maximum 

for case II and minimum for case I, thus it is found to increase with increase in the slope of 

the pipes. The optimal paths for case I and case II are found same, but for case III, there is 

difference for link III. The optimal diameters are found same for all cases. The increase in 

Link No. Optimal length 

(m) 

Optimal path Optimal  diameter 

 (cm) 

Optimal cost 

 ($) 

 I 70.12504 1-2 68.58  

15965.78  II 49.08753 1-2 68.58 

III 76.51245  1-2 91.44 
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the cost of the sewer system with increase in the slope only is due to increase in the cost of 

depth/volume of excavation.  

4.5 Design of Trunk Sewer Lines Using Dynamic Programming   

The dynamic programming (DP) optimization method with backward algorithm has 

been applied to determine the optimal design of the sewer systems. The dynamic 

programming based optimization model for designing a sewer system involves 

minimization of total cost of the sewer system in all stages satisfying the requirement of 

the length, diameter and slope in different possible combinations between two states. The 

algorithm terminates in limited number of iterations depending upon the minimum and 

maximum sizes of commercial pipes used in the optimization problem for formulation. 

With the commercial pipe sizes used directly in the sewer line design methodology, the 

conversion of continuous estimated pipe diameters to nearest commercial pipe sizes could 

be avoided which otherwise would lose the optimality of the whole system (Mays and 

Tung, 1992). 

4.5.1 Optimal design by backward recursive dynamic programming  

Cost can be calculated as earlier in Table 4.3. Here backward algorithm is applied 

to optimize the given problem. Computation in dynamic programming (DP) is done 

recursively, so that the optimum solution of each sub-problem is used as input to the next 

sub-problem. By the time the last sub-problem is solved the optimum solution for the 

entire problem is at hand. The manner in which the recursive computations are carried out 

depends on how we decompose the original problem. In particular, the sub-problems are 

normally linked by common constraints as we move from one sub-problem to the next, the 

feasibility of these common constraints must be maintained.    

The design of the trunk sewer lines can be represented as multi stage decision 

process between the different manholes. The decision variables d1, d2, and d3 represent the 

diameter for link I, II and III, respectively. Thus the variable d1 can take nine discrete 

values, each corresponding to a particular feasible slope between two successive manholes 

for link I, out of these nine feasible slope the model select only one suitable slope, 

corresponding this suitable slope select the diameter of the sewer pipe, similarly selects the 

variables d2 and d3 for link II and link III, respectively.  
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Sub optimization of Stage 1 (Link I) 

For the sub-optimization of stage 1, minimize the cost R1 (S2, d1) for any specified 

value of input state S2 to obtained f1
*
(S2) as:  

𝑓1
∗ 𝑆2 = 𝑚𝑖𝑛𝑑1

  𝑅1 𝑆2, 𝑑1                                                                                                         (4.1)  

 The results of sub-optimization of stage 1 are given in Table 4.12  

Table 4.12 Results of sub-optimization at 1
st
 stage, for link III 

S2(U/S) 

elevation 

(D/S) 

elevation 

(m) 

Diameter(cm

) 

Correspondi

ng 

(slope) 

Optimal 

dia. for 

min. cost 

(d1
*
)(cm) 

Cost for 

minimum 

dia. (f1
*
)  ($) 

Optimal 

cost for 

optimal 

dia.($) 

Correspond

ing value of 

S1=(D/S)    

elevation 

Optim

al 

path 

216.99 216.90 137.16  12933.07    

 216.59 106.68  9066.66    

 216.29 91.44 91.44 7523.21 7523.21 216.29 1-3 

216.68 216.90 ----  3*10^20    

 216.59 137.16  13311.95    

 216.29 106.68 106.68 9445.56 9445.56  216.29 2-3 

216.38 216.90 ----  3*10^20    

 216.59 ----  3*10^20    

 216.29 137.16 137.16 13690.33 13690.33   216.29 3-3 

 

 From Table 4.12, it can be seen that the optimal diameter of the sewer lines 91.44 

cm, 106.68 cm and 137.16 cm, respectively for link I, II and III, and corresponding optimal 

paths are 1-3, 2-3, and 3-3. 

 Sub-optimization of Stages2 and Stage1 (between link II & link I) 

 In this stage we combine the link II and link I and use the optimal results obtained 

from the sub-optimization stage 1 and minimize the cost (R1+R2) for any specified value of 

the input S3 state to obtained f2
*
(S3) as 

𝑓2
∗ 𝑆3 = 𝑚𝑖𝑛𝑑2 ,𝑑1

  𝑅2 𝑆3, 𝑑2 + 𝑅1 𝑆2, 𝑑1  = 𝑚𝑖𝑛𝑑2
  𝑅2 𝑆3, 𝑑2 + 𝑓1

∗ 𝑆2              (4.2)   

 The results of sub-optimization of stage 2 and stage 1 are given in Table 4.13 
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Table 4.13 Shows sub-optimization at 2
nd

 stage, (for link III and link I) 

S3(U/S) 

elevati

on 

(D/S) 

elevati

on 

(m) 

Dia. 

(cm) 

Corres

pondin

g 

(slope) 

d2 

Cost of 

link2 

R2 

($) 

S2 

(D/S) 

elevati

on 

(m) 

Optimal 

cost of 

link3 f1
*
   

($) 

Combin

ed cost 

at stage 

2 

R2+ f1
*
 

($) 

Optimal 

cost up 

to stage 

2 (f2
*
)  

($) 

Optim

al dia. 

for 

min. 

cost 

(d2
*
) 

(cm) 

Opt

ima

l 

pat

h 

217.81 216.99 76.20 3959.53 216.99 7523.21  11482.74 11482.74 76.20 1-1 

 216.69 68.58 3041.53 216.69 9445.56  12487.09    

 216.38 68.58 3561.55 216.38 13690.33  17251.88    

217.51 216.99 91.44 5069.27 216.99 7523.21  12592.48 12592.48 91.44 2-1 

 216.69 76.20 4238.42 216.69 9445.56  13683.98    

 216.38 68.58 3750.99 216.38 13690.33  17441.32    

217.20 216.99 106.68 6356.11 216.99 7523.21  13879.32 13879.32  106.68  3-1 

 216.69 91.44 5348.16 216.69 9445.56  14793.72    

 216.38 76.20 4517.31 216.38 13690.33  18207.64    

 

 From Table 4.13, it can be seen that the optimal diameter of the sewer lines 76.20 

cm, 91.44 cm and 106.68 cm, respectively for link I, II and III, and corresponding optimal 

paths are 1-1, 2-1, and 3-1. 

Now desired quantities (f2
*
 and d2

*
) corresponding to the various discrete values of 

S3 can be summarized as follows in Table 4.14. 

Table 4.14 Show optimal values at 2
nd

 stage 

S3(U/S) elevation Optimal dia. For min. cost 

(d2
*
) (cm) 

Optimal cost up to stage 2 

(f2
*
) ($) 

S2 (D/S) 

Elevation (m) 

217.81 76.20 11482.74 216..99 

217.51 91.44 12592.48 216..99 

217.20 106.68 13879.32 216..99 

  

Sub-optimization of Stages3, Stage2 and Stage1 (among link III, link II & link I) 

 In this case we consider the all three stages 3, 2 and 1, and use the optimal results 

obtained from the sub-optimization stage 2 and minimize the cost (R3+R2+R1) for any 

specified value of the input S4 to obtained f3
*
(S4) as:  
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𝑓3
∗ 𝑆4 =  𝑚𝑖𝑛𝑑3𝑑2 ,𝑑1

 𝑅3 𝑆4 , 𝑑3 + 𝑅2 𝑆3, 𝑑2 + 𝑅1 𝑆2 , 𝑑1  = 𝑚𝑖𝑛𝑑3
  𝑅3 𝑆4 , 𝑑3 + 𝑓2

∗ 𝑆2                     (4.3) 

 The results of sub-optimization of stage 3, 2 and 1 are given in Table 4.15 

Table 4.15 Shows sub-optimization at 3
rd

 stage, (for link III, link II and link I) 

S4(U/S

) 

elevati

on 

(D/S) 

elevati

on 

(m) 

Dia. 

(cm) 

Corr

espon

ding 

(slop

e) 

d3 

Cost of 

link1 

R3 

($) 

S3 

(D/S) 

elevati

on 

(m) 

Optimal 

cost at 

stage2   

f2
*
   

 ($) 

Combined 

cost at 

stage 2 

R3+ f2
*
 

($) 

Optimal 

cost up 

to stage 

3 (f3
*
)  

($) 

Optim

al dia. 

for 

min. 

cost 

(d3
*
)(c

m) 

Opti

mal 

path 

218.75  217.81 76.20 5399.60 217.81 11482.74 16882.34 16882.34 76.20 1-1 

 217.51 68.58 4713.72 217.51 12592.48 17306.20    

 217.20 68.58 4841.50 217.20 13879.32  18720.82    

218.45 217.81 91.44 6920.39 217.81 11482.74 18403.13    

 217.51 76.20 5754.89 217.51 12592.48 18347.37 18347.37 76.20 2-2 

 217.20 68.58 5069.28 217.20 13879.32  18948.60    

218.15 217.81 91.44 7148.16 217.81 11482.74 18630.90 18630.90 91.44 3-1 

 217.51 91.44 7275.94 217.51 12592.48  19868.45    

 217.20 76.20 6110.40 217.20 13879.32  19989.72    

 

 From Table 4.15, it can be seen that the optimal diameter of the sewer lines 76.20 

cm, 76.20 cm and 91.44 cm, respectively for link I, II and III, and corresponding optimal 

paths are 1-1, 2-2, and 3-1. 

Now desired quantities (f3
*
 and d3

*
) corresponding to the various discrete values of 

S4 can be summarized as follows in Table 4.16. 

Table 4.16 Show optimal values at 3
rd

 stage 

S4(U/S) elevation Optimal dia. for min. 

cost (d3
*
) (cm) 

Optimal cost up to 

stage 3 (f3
*
) ($) 

S3 (D/S) elevation (m) 

218.75 76.20 16882.34 217.81 

218.45  76.20 18347.37 217.20 

218.15 91.44 18630.90 217.81 
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 From Table 4.16, it can be seen that the minimum cost of the sewer system is 

16882.34 $. 

  Finally optimal cost of sewer system is obtained with the help of dynamic 

optimization model 16882.34 $. corresponding optimal values of decision variables  d1
*
, 

d2
*
and d3

*
 are 76.20 cm, 76.20 cm and 91.44 cm, respectively for link I, II and III, and 

optimal path is obtained crown elevation joining 1-3, 1-1 to 1-1 in backward direction for 

link I, II and III, respectively.  

 Now finely we compared the results obtained by the linear programming model, 

backward recursive dynamic model and forward recursive dynamic model were illustrated 

by Mays and Yen 1992. The comparison is given in Table 4.17  

Table 4.17 Comparison of the results obtained by in this study 

  

From Table 4.17, it is clear that the linear programming optimization based model is 

more economical than the dynamic programming method. 

 4.6 Conclusion 

One design example was solved in this chapter. The design example is solved by 

both linear programming as well as dynamic programming methods. First, the design 

example is solved by the linear programming based optimization method developed in this 

 

S.

N. 

Optimal results from linear 

programming model  

Optimal results from 

dynamic programming 

model (Mays and Tung, 

1992) 

 

Optimal results from  

dynamic programming 

backward model developed 

in this study 

Lin

k 

No

. 

Opti

mal 

path 

Optimal 

Diamete

r 

(cm) 

Optimal 

cost 

 ($) 

Optim

al path 
Optim

al 

Diame

ter 

(cm) 

Optimal 

cost 

($) 

Optimal 

path 

Optim

al 

diamet

er 

Optimal 

cost 

($)  

I 1-2 68.58  

15712.25 

1-2 68.58  
 

16882.3

5 
 

1-1 76.20  

 

16882.3

4 

II 1-2 68.58 2-3 68.58 1-1 76.20 

III 1-3 91.44 1-3 91.44 1-3 91.44 
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study. To compute the optimal cost of the sewer system. Then the sensitivity analysis is 

applied to find out the changes in the optimal cost of the design example. After then the 

dynamic programming (Backward Recursive Algorithm) method is applied to determine 

the optimal cost of sewer system. On comparing the results obtained from both the 

optimization models illustrated. From the results it is clear that the linear programming 

optimization based model is more economical than the dynamic programming method.  

 

 



 

 

 

  

Summary & Conclusions 
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CHAPTER V                      SUMMARY AND CANCLUSIONS 

 

5.1 Summary 

The sewer system is generally considered as an integrated urban drainage system. 

This network of sewers may consist of house sewers (or individual house connections); 

main sewers (generally called trunk sewers); out fall sewer (i.e. the sewer which transports 

sewage to the point of treatment); etc. Manholes are provided in every sewer line at a 

suitable interval to facilitate their cleaning and inspection. In the sewers which carry the 

sewage and the storm water, inlets called catch basins are provided to permit entrance of 

storm water from street gutters.   

The sewer system design is an important work for development of industrial, urban 

and rural area. The design of sewer system in an urban area is important for disposing the 

domestic sewage such that the velocity remains within the permissible limits. The 

traditional method is a trial and error method which is time consuming and may not be 

economical. In this study an attempt has been made to develop a linear programming based 

optimization method and a dynamic programming (backward recursive) optimization 

method to design a sewer system in urban area. Both the optimization models have the 

objective of minimizing the total cost of the sewer system meeting the requirement of 

velocity and slopes being within limits of minimum and maximum permitted values.  

 The inputs to the linear programming optimization model are: unit cost of different 

pipe sizes for which velocity is within permissible limits, unit costs of excavation and unit 

cost of manhole. The outputs of the linear programming optimization model are: optimal 

diameters selected for different lengths and minimum cost of the sewer system. The 

optimal design model developed in this study presents the advantage that it select the 

optimal length or optimal roots between two successive manholes on the basis of optimal 

length the optimal diameters of pipes selected from the list of available pipe sizes, which 

would be time consuming and inaccurate by traditional method. 

The performance of the developed linear programming based optimization model is 

evaluated for two other sets of slopes. The results were obtained satisfactorily better than 

the dynamic programming based optimization model. 
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5.2 Conclusions 

 

From this study, the following conclusions can be made. 

1. The developed linear programming based optimization model can be used to 

achieve minimum cost design of gravity-fed trunk sewer lines considering the 

requirements of minimum and maximum velocity through the pipes.  

2. The developed dynamic programming (backward recursive algorithm) based 

optimization model can be used to design of gravity-fed trunk sewer lines.  

3. Comparison of the results from linear optimization model with those obtained 

from dynamic programming based optimization models (both forward recursive 

as well as backward recursive) establishes that the developed linear 

programming based optimization model results in more economical design of 

sewer system in urban area. 

4. The effect of slope on the performance of the linear programming model 

showed that the cost of sewer system increased with increase in the slope of the 

pipes. The optimal cost increased 1.613% and 4.742% when the slope in each 

section was increased by lowering the pipe 15 cm and 30 cm in each section, 

respectively. 

 5.3 Recommendation for Further Work 

The possible extension of this study could be to apply this developed linear 

programming based optimization model as well as dynamic programming based 

optimization model for economical design of sewer system for any industrial areas, urban 

and rural areas.  
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A sewerage system consists of a network of sewer pipes laid in order to carry the 

sewage from individual homes to the sewage treatment plant. The design of sewer system 

for disposing the domestic sewage should be such that the velocity remains within the 

permissible limits. The traditional method is a trial and error method which is time 

consuming and may not be economical. Many researchers addressed the problem of sewer 

line design on the basis of minimizing the cost. Most of methods developed by these 

investigators assumed a linear or nonlinear cost equation for the objective function that can 

be solved using standard available mathematical algorithms.  

The main objective of this study is to develop optimization models for designing 

trunk sewer lines.  A linear programming model and a dynamic programming model has 

been developed for minimizing the total cost of the sewer system satisfying the requirements 

of discharge, minimum and maximum velocities, length between two successive manholes. 

The objective of the optimization models is to minimize the capital cost of the sewer system 

and select the optimal depth of laying the sewer system. The total costs involve the cost of 

pipe, cost of excavation for laying the pipe and cost of excavation at manholes. The cost per 

unit length of each link of sewer lines is taken as the input variable for this study. These 

models select that link which has the minimum cost per unit length. On the basis of 

minimum cost per unit length of links, the optimal pipes sizes are selected from the available 

diameters in the market. The developed optimization models have been applied to a design 

example. The performance of the developed linear programming based optimization model 

is evaluated for two other sets of slopes. The results obtained in this study shows that the 

optimal cost of the designed sewer network increases with the increase of slope of the pipes. 

The linear programming model resulting in more economical design than the dynamic 

programming model. 
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