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ABSTRACT

The Generalized Hermite polynomial and its relationship with Bell
polynomial and its Super-Gaussian form are presented in this thesis.
chapter 2 contains three theorems of Generalized Hermite polynomial
which proofs are based upon the relationship of Bell polynomial and
Generating Hermite Polynomial . We describe some examples as well as
some properties of Bell Polynomial in chapter 3. A brief information of
Super -Gaussian form of Hermite Polynomial was discussed in chapter —
4. This thesis concluded that Hermite Polynomial plays an important role
in both mathematics and physics.
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Introduction: -

The Hermite Polynomials was presented over a year prior. Hermite
Polynomials were characterized by Pierre-Simon Laplace in 1810. However, it
was unmistakable structure and in 1859 studied by Pafnuty Chebyshev in details.
Chebyshev's work was neglected and finally in 1864 Charles Hermite composed
on the Polynomials describing them as new. Since that day it was perceived as a

remarkable strategy in pure and applied mathematics both.

Hermite recommended a set of summed up polynomials. Right now, the

importance of Hermite polynomial (H,,(y) = ?m=o u(';l)_;;')'

(2y)™~**)has
been seen and use to address the quantum mechanical and optical beam transport
Issues. Inside this rear system, summed up types of harmonic oscillator eigen
functions is being proposed. The Hermite polynomials evolution theory has been
sluggish but steady. Recently, the generalised special functions theory has

undergone a considerable transformation.

The motivations for being interest dare varied. Limiting ourselves to the
practical, we observe that the application of new classes of special functions
enabled answers to several physical issues that were difficult to achieve using
traditional analytical and numerical methods. Just the generalised Bessel
functions have recently supplied arguments for reconsidering the generalised
Hermite polynomials theory (G.H.P.) in a broader framework. Further research
has mainly focused on the orthogonal qualities of as well as the potential of

establishing an infinite variable Hermite polynomial. This study contributes the
theory of Generalised Hermite Polynomials (e2*V~7* = ¥®_, '%Hm(y))in a

new way.
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In this thesis we study about Bell Polynomials and investigate the
relationship between Generalised Hermite Polynomial and Bell polynomials and
also a new type of polynomial’s properties. We will explain the super-Hermite
for its significance to the super-Gaussian Hermite functions. Which is discussed
in chapter 4 Thisis going to play an essential role in the theory of super Gaussian
beam. There has yet to be devised a general mode development theory. We shall

introduce super Gaussian functions in this work.

In mathematics a class of Orthogonal Polynomial was formed by Hermite
Polynomial. In physics then use as Eigen functions of the harmonic oscillator. In
numerical analysis they appear as Gauss-Hermite quadrature. In this chapter we
proof some results by using the relationship between Generating Hermite
Polynomial and Bell Polynomial. And we also give a brief idea of Supergaussian

form of Hermite Polynomial.

3 | Page



CHAPTER-2



PRELIMINARY OF GENERATING HERMITE
POLYNOMIALS:

For Hermite polynomial we consider differential equation as follows

d?x
1dy2

ZyZ—;+2yx =0 e, (1)

Which is known as Hermite differential equation.

The solution of equation (1) is

Lo Capm
nZo rl(m— 2u)! 2y

Where, [m/2] = {m/2, if m is even}

{(m-1)/ 2, if m is odd}

Ho(y) =32 _, 2™ (gyym=2u 2)

ul(m-2u)!
This is Hermite polynomial.
Puttingm=20,1,23 ................ in (2) we have
Ho(y) =1
Hi (y) =2y
Ha(y) = 4y*- 2
Ha(y) = 8xy3- 12y

Ha(y) = 16y* — 48y>+12
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Generating Hermite Polynomial

— V' 2
- Zm=0 Zﬁ_/o

Y=o

6 | Page

(D Ey)m 2"
ul(m-2u)!

(—D¥(2y)"™mi v

u! (m—-2u)! m!

=¥%0 = Hy(y) . (Proved)

2xV—v% _\ 00 va
e =Ym=0 Py m(Y)
Proof: -
.2
eZyv ve
2yv ,-v? y2 y2
=e“ e {eY=1+y+—+—+. . ......
2! 3!
—2 mY
=" 2 V=30, ™
I
e = Lu=0
u!
2yV— 00 (Zyv)t
e Y=y
t!
_\vo - @ (2yv)*
. (_1)u+2u (_1)t+2u
—\'c0 Zoo (_1)u(ZY)tVt+2u
Put t+2u =m
t=m-2u



Orthogonal Property: -

Prove that[~ ™" Hm(X)Hn(X) dx
= {0 m#n
{vz2™m!, m=n

Recurrence relation: -

1) H'm(y) =2m Hp,_1(y) m=1

2) Hyy1(¥) =2y Hyp(y) — 2MHp 1 (y) M= 1
3) H'p (Y) = 2y Hpp(Y) — Hing 1 (Y)-

4) H" o (y)-2y H'p(y)+2mH,, (y)=0

Rodrigue’s formula: -
] _ m 211f1 a2
l.e- Hp,(y) =(-1)"eY o © Y

Squares of Hermite Polynomial

The squares of Hermite polynomial is defined as

1 290 oo HZ (y) v™
\/T—Uszp 1+v - Zm:o m F ----------- (3)

Reformulating equation (3) we get

1 yv = 5 v
\/T—vzexp1+v N ZO Hm(‘/;)ﬁ
m=

HAC) ym

1 yvo_ .
TP, T Xm=0 om e (4)
s _ _ 1 yv
Let’s define F(v) = F(v,y) = AP i, e (5)
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In this paper, we are going to review the generating functions e2vy~"*and F(v) =

F(v,y) defines in (5), represent the clear-cut formulas for the nth order derivatives

of the functions F(t) and e2vy=v* This can be gazed as ordinary differential
equations or derivative polynomials [8], find further differential equations for

Hermite polynomials Hy(x) and their squares H2(x).

The main outcomes of this thesis can be expressed as the succeeding theorems.

Theorems:

Theorem 2.1.

For n > 0, the nth order derivative of the function F(v) = F(v, y) define in (4)

can be evaluated by

F(v) = F(v, ) = = exp,

1+v

d"F®) _ ((=D"nlon D" 1 (en-m  DFa+*
dvm _{(1+v)" m=0 m! (1+t)m<zk:0 2k (n—k

1m-—1)x

1-1)12" 21
bt CE0k-D)rF

where() 0 )=1and (p q) = 0 for g>p=>0.

Theorem 2.2

The Hermite polynomials Hn(y) can be evaluated by

! 22" _
Ho(y) =(-D™ 23y (—DF =,k )x2
Form=>0

And the nth derivative of their generating function 22Yv=""can be computed by

dne2yv-v? m! 22" k _
Y N GO Vit (N [ ) S
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Theorem 2.3

The Hermite polynomials Hy, (y) and their derivatives H'm(y) fulfil the

condition: form >0

Hn(y) = 0,
andH',,(y) = 2mH,,_.(y) (8)
for m € N Consequently,
Hm (Y) =2y Hma(y) - Hpet (V) 9)
for m> 2.
Hi (Y) = 2y Hma(y)- 2(m-1) Hno(y) s (10)

we proof these theorems using some properties of Bell Polynomials.
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Bell Polynomials:

The class of Bell Polynomials includes extensions of Generalised Hermite

polynomials.

We will give a brief over view of bell polynomials in this chapter, highlighting
their connection to the exponential generating function in combinatorics as well

as the formal power series composition & inversion.

Numerous attributes are going to start on the fly ,with quick proofs .The majority
of the key findings can be discovered in LovisComtet’s advanced combinatories
book .Combinatorial theory by Martin Aigner is a good foundation
topolynomials’ Binomial sequences and how they are often employed in
polynomials operators’ theory.
The relationship between Generating Hermite polynomials and Bell Polynomials
IS

o] t" m
PR V)= Inmo = Hn ™ (k)

where{s}m=1273...... m.

ydm= x1,X0, e vi v Xy,

One can identify H,“"™ ({y,} )asa

G.H.P with m variables.

Let’s consider a sequence of real numbers

Yo (1)

Since problems about convergence are never raised, the power series is

considered formal only at t=0 do we want to assess it and its derivatives
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fi = dtkf(t)lllt 0 e (2)

Here (ii) is defined as the coefficient of a Taylor series

(i)  Known as a formal Taylor series and it is k" Taylor coefficient of
f(k)

The variables in those polynomials ,which have an unlimited number of them, are
actually the coefficient f1 ,f2 and so on of an unknown exponential generating

functions

k
=2 fiz- 3)
Where f0=f(0)=0 is our assumption.

The bell polynomials By, =B, x(f1,£2...)are defined by ,

I t"
eyf(t) —0 Zk:o Bn kzkﬁ

for example :

Bi(y1) = v,
B,(y1,¥2)=yi + y2,

B3(¥1,¥2,¥3)=y + 3y1¥2+ 3,
By(y1, Y2, V3, Ya)= Y+ 6y Yo+ 4y, y3+3y5+y,
Bs(y1, Y2, V3, ¥, Y5 )=y +10y,y3 +15y5y; +10y3y2+10y3y,+5y, Y1 +Vs

By differentiating their quire amount of times and setting x=t=0,we can

isolateB,,  in eg-iv as

— 6
Bnk atnyﬂ t)”lzzo’ t=0
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Bk = a2y nf"( M=o (5)
For all n, k> 0.

Specifically , this states that B,, ,is the nth Taylor coefficient of % A G)

tn

1 (0]

—f*®O=Z30 Bax—, (6)
As soon as we set k=0 we get By, = 1 and B, = 0 forn> 1

By setting k=1 we getB,, ; = f,, for n> 0.

Asf, = Owe have.

i@ =Lt oo = )

Wherek>n, B, = fi".

We obtain the following explicit expression for B,, , by carefully expanding out

eg- (7) and looking at the coefficient of%t

JigJ
fofy

2001t =R 2y )3y iy <1'>11(2')12

We can infer a number of things from this formula, including first, the constraints
of summation implies for some j;>0, j,>......... js>0......we have if the variable fs

occurs in By, ,
S-1<j,+2j3+. ... H(s-1)js +......... =n-K
Givinguss<n—k + 1.

Therefore,B,, , = By (fi,. .- fn—k+1)Which means that Bn depends only on

the variablesf;, f; ... ... fn-k+1and no other value.
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In addition ,it is simple to observe that B, ;homogeneous of degree k and a

combinatorial argument may be used to prove that all of the coefficients are in

fact integers.

Sometimes it is more convenient to write B,, , (f(t)) instead of B, x(fi,f2...)

whereas always f(0) defined by (ii1). When doing this ,it’s crucial to keep in
mind that B, . (f(t)) is a function of f1,f, not t.

As previously mentioned, for constant f(t), the following polynomials can be
defined in z

Bo(Y) = Bo(y: f(©) = Xk=o  Bux(f())y*Byi

These polynomials can be seen as being produced by the expansion of
0= 5, B

Note that since B, = f;"

We have that deg B,,(y) = n, for all n

If f1£0 and degB,,(y) < n for all n>0 if ;=0

It is inevitably true that degB,(y) = 0 since B,(y) = 1 for every f(t) .

Let B= B(f(t)) denote the infinite lower triangular matrix

0f,0000......
0f,f2000....
OfSBS,Z flSO 0 cee

O f4B4’ZB4’3 f14. cee

Example:
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The following are a few of the almost familiar examples of bell polynomials

B(f(t)) and the corresponding polynomials B(y;f(0).

1. The standard polynomials y"= By(y; t)
2. Bell Polynomial of 1% kind

The following factorials [y],= Bn(y; log (1+t)).
Yl =y@y-1) oo (yn+1)=ER20  Snad”
Where the Stirling numbers of the first kind are the integers s, k = B, K(log(1+t)).
3. The rising factorials
V1" = Y(y+D) (y40-1) = Xy S|y
So that
[Snke|= B,k (-log(1-1)).

4. Bell Polynomial of 2nd kind
The exponential polynomials ¢n(y) = Bn(y;e*1)

(I)n(Y) = 2713=0 Sn,kyk
where the numbers S, x= B k(e'-1) are known as the string numbers of the

second kind.

5. Laquerre Polynomial

The Laguerre Polynomials Ln(y)=Bn(y, t/ (t-1))

I—n(y) = 2713=0 Ln,kyk
Where the numbers

L= (/(t—=1))

are called Lah numbers given by

Lnge = (~D"%[n— 1k — 1]
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In order to proof our main theorems that discuss in chapter 2 we desire handful

of lemmas below.

Lemma 3.1

For n>k>0, the Bell polynomials of the second kind, or say, partial Bell

polynomials, denoted byB,, j, (z1,2...... Znk+1), are defined by

Bn,k (21,22 ...... Zn-k+1)

=y ... n! n—k+1 ( ) '
1<j<n,l;€{0}JUN n;:}éc-'-lli! Z?:l jlj=7’l Z;lzl l]=k =1 j!

The Fa’a di Bruno formula can be explained by using the second-class Bell

polynomial B, (Y1.Y2...... Vek+1)-
Lfoh®y =33y fY(h®)Bor(h ®,h°®.. A" V(). ....... (i)

Lemma 3.2

For complex number a and b, we have
Bn,k(abJ’1,ab2)’2 ........ ,ab™ **lz, i = aan,k(}’1,3’2.......,}’n—k+1) ------------- (ii)

Lemma 3.3

The Bell polynomials of the second kind B,, ; satisfy.

1 n!

Bri,1,0 ... 0) = sz ()Y T e (iii)

ForO0<k <n

Lemma 3.4

for n>k>0,
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We have

Bp(U12! . (n—k+ 1)) = (" :— .......

Some more properties of Hermite polynomials

. Zr+s=k Zl+m:n (rll) (i:ll) % (_1)mBn,k(1! 20,

o« T, ko (COMH((IEeR
o T¥E, ¥, (—D"(H(IDG

Which is not easier than the delicate appearance;

(m—s+1)

PROOFS OF MAIN RESULTS THAT DISCUSS IN

CHAPTER 2

Proof of theorem 2.1

Using the lemma 3.1, 3.2 and 3.3

we derive

dk

1 1
:ZIg:O (_ E) L (_Z)IBk,l(t, 1,.,.. O)
et ™2

e 1 1 1 1 Kkl N2tk
=Yt=0 (_E> e(l_tz)l+1/22 Zk—lﬂ(k—l)t

gk (21-1)! 1 ;1 E( l )tZt_k 2i-n!
—4t=0 2l (1-¢2)+1/2 7 k-1 ) \k-1 21

1 [ J— @i-1nrt t2t
"~ Vi1-t2 (2tk) Zt=o0 1! (k—l) (1-t2)t
Where u=u(t)=1-t2

Likewise , by the equation (i),(ii) we acquire
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k

d yt
ﬁ(exmﬂ)
K k-1
l 11 -2 (=) (k= 1+1)!
= Z yeZBk’l 7 ER A k=I1+2 )
& (1+0)° (1+0) (1+1)
Yt 1kt
=th:c=o y ei+t (( 1+)t)k Bk,l(l! 2L (k=14 1)!yl
k
(DG (“Dik-1 Yt
3 e“t—my«Z T <l—1)(1+t)lz’
t=0 ( =0 .

Where v= v(t)=#. Using the above two results and applying the Leibniz rule

give

d"F(t) N oy df 1y dnE xt
atn kz_o (k) dtk (\/1 — tZ) dtnk (exp 7 + t)

_on m 1 [ R @i-1rt . t2!
= Zk:O (k) W(Zt)k Zl:O I (k—l) (1—t2)l

e CD (- Ol gt (D" 1) n—k-1y_Y"
(1+t)nk =1/ a+e)!

_ ot (-1) nlzn_o -1D* (1+t) T (21—1)!21><

[ " 2nf I

LYt an—k D" n—k-1)_y™
(el) =22 (")

k—l (1—t2)l m=0 m! m—1 (1+t)m
(-1)"n! —D*A+6)* g @i-nrt,
=F(t)——- a+on k=0 T ok &l=0 (k—l) X

n-k (D™ 1) n—k— 1 _ym
(1—t2)lz = ( (1+)m
(-D"n! @n— [GEO SR n-m DA+
O g (1+t)n Lim= m!  (1+t)m (Z 2k X

_ l 21
(n k-1 [ Itc . (21 1!1)!2 (kl—l) t ])ym

(1—t2)l

Hence proved.
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Proof of theorem 2.2

By the equations (i), (ii),(iii)

PO =¥y (€9WB,(2:29,20........0)
d*

= yr , ePtt(=2)kB, . (t-y,1,0.....,0)

o 2Vt= t2 k1 nlrg 2k—
Y k 0 (_ ) on— kkl(n—k)(t_y) n

)
n! eZyt t 22k

?(t—y)n; ﬂkﬂ(nik)((t_y)m{)

Where u=u(t)=2yt-t2.

Thus, we obtain

eZyt t2

H,(y)=2

! e2yt—t?

e \yn
2n (t-y)n “k=0

(- 1)“, (F ) —»)2*

_nl 1 k2 k
_Z_n(_y)n Z:O ( 1) (n k)( y)z

272 -
=DM ESE,  (CDFE( )y
Formula (8) follows that

— (_1\ynpy? 4" —y2
Hn(y) ( 1) e dyne

2 _y2

ye -y
Or  Hy(y)=ez (y —d/dy)"e 2

This completes the proof.

Proof of the theorem 2.3
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Differentiating the Hermite Polynomial equation with respect to y on both sides

we get

_t2 . ’ tn
2tet =y Hn()’)z

200 Ha0)==Ze0 HRO)S

® tn+1 ® tn
2 2H, (y) iy = Z H’n(y) E
n=0 n=0

Swo HaOD oo =Zme HnO)
It follows that H',(y)=0 and (9) valid.

Differentiating the Generating Hermite Polynomial with respect to y we get

4yt 1 2y%t O 2HaOOH () "
1+tﬁ—tzexp1+t=; 2n n!
Bege BN ge 2O
-
e %i(y) t’% =y Hn(y);’n(y) %1 YO 2Hn(y2)f’n(y) t:l
oo szzri:ll(y) (nt—nl)! =y Hn(y);’n(y) ;_"l +

Zoo ZHn—l(Y)H,n—l(y) t"
n=0 2n-1 (n—1)!

This can be simplified as

H,(y)H ,(y) =2n H,_ (Y [2yH-1(y) — H' 1 (¥)]

Proof is complete.
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Super-Gaussians form of Hermite Polynomials.

From the relationship between Bell Polynomial and Generating Hermite

polynomial we get the idea that

H, (SIm-co) ({&}mﬁw) =Y (X e X)) (1)

s!
Where, H,(x) is Hermite Polynomial and

Bell Polynomial is denoted as yyx,,..... X))

We notice from Bell Polynomials is

m
(%) e9® = (9B, (gP (), .. g™ (®)) )

Assuming g(x) = -x™equation 2 for, m is an integer

(&) exp(—x™) = exp—xmy,,,, X (~mam=1), ~m(m —

m!

m—2 -
1)x e T

x™M)L.(3)

For n > m equation 3 vanishes.

When m = 2 we can identify that

Yn2(=2{x*~}) = (D"H,(x) . (4)

According to equation to equation (3) we also find

<%n(m_1)>yn’m [{ m xm_s}n] =(=D"m"(nm —n)! ... (5)

(m—ys)!

In order to represent the beams comprised in optical cavities with mirrors
showing Supergaussian reflectivity tapering the following equation from Bell

Polynomial, supergaussians have been used in optics.
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d 1 d m
ety (£ 49) "} 0an®) = n00m() 6
Where @,, ., (x) was introduced as the Hermite oscillator like functions

1 2
Q)n,m(y) = WHn,m (y)exP (_ y?)

We introduce the super- Gaussian Hermite functions with the assumption that

Is even and larger than 2

Gn,m(y) = _1nYn,m (_{ m xm—s}

(m-s)!
n<m.
For m = 2 equation (1) is reduced to the usual Gauss- Hermite functions.

Here G, ., (v) are not orthogonal but it can show the overlapping integral
Powm= [ o Gom@)Gpm()dx L (8)
For n >n’(m-1) equation is vanishing.

When n =n’(m-1)

The equation becomes

i.e. - Paonem) = (-l)”*”'(fj;o exp (—xm) Y n,m (x) Y n’,m (x) dx)

=17 [(2)" exp (=0™ |y m )i

/ ' ’ +00 da n-n/(m-1)
= (— 1)V D (' — )1 [ [(E) exp(—X)m]
_ (_1)n’(m+1)+n ' , , 1
_Tmn (nm—n)']/(;) ........ (9)

The integral vanishes when n > n’ (m-1)

23 | Page



If n’<n<n’(M-1), pp, » m is NON zero bt we get a more complected expression

as compare to equation (9)

Clearly when m = 2 equation (9) diminishes to the usual orthogonally

condition.
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Conclusion

The paper illustrates the relationship between generating Hermite polynomial and
bell polynomial. A basic information about Super — Gaussian form of Hermite
polynomial is also described using this relationship. The use of Hermite
polynomial is invariant. We use Hermite polynomial as a set of orthogonal
function in quantum mechanics. The properties of Hermite polynomial and bell
polynomial are used as a natural tool for super- Gaussian form. In optics, this
form plays an important role. Generally, the role of Hermite polynomial is take a

Important place in mathematics as well as physics.
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