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Chapter I

INTRODUCTION AND REVIEW OF LITERATURE

1.1 Introduction

The data generated from designed experiments is used to draw valid inferences about
the population. Heterogeneity in the experimental material is the major source of
variability to be reckoned within the statistical designing of scientific experiments.
Occasionally, one can find a certain factor (called nuisance factor) that though not of
interest to the experimenter, does contribute significantly to the variability in the
experimental material. Various levels of this factor are used for blocking. In
experimental situations with only one nuisance factor, block designs are used. These
designs are useful in controlling the heterogeneity of the experimental units and it is
ascribed to between blocks variability. But in many experimental situations the
response is dependent on the spatial or temporal position of the experimental units
within a block and thus trend in the experimental units become another important
nuisance factor. In such situations one may think of suitable designs in which treatment
effects are orthogonal to trend effects, in the sense that analysis of the design could be
done in usual manner, as if no trend effects were present. Such designs may be called

trend-free designs.

Such situations may occur in field experiments when there is slope in field or on
undulating land in hilly areas. It is because that when the land is irrigated, the nutrients
supplied by the fertilizers may not be equally distributed and a slope may cause a trend
in experimental units. In the sequel, we describe the experimental situations where such

trend may occur over time or space.

Experimental situation 1.1: [Federer and Schlottfeldt (1954)]. “An experiment was
devised in the spring of 1951, to determine whether the exposure of tobacco seeds to
different dosages of cathode rays would affect the growth of the resulting plants. The
seeds were from a strain of tobacco that had been under controlled pollination since

1909, and hence, the material used in the experiment was highly uniform with respect



to its genetical background. The seven different treatments (the different doses of
cathode rays) were laid out in a randomized complete block design with eight
replicates. The plot size was 2 rows by 10 plants with 3 feet between rows and 1.5 feet
between the plants. The following measurements were made

1) Plant height on 13-07-1951 and 14-08-1951,

i) Length of longest leaf on 13-07-1951 and 14-08-1951 and

1i1) Width of widest leaf on 13-07-1951.

Shortly after the plants were transplanted to the field it became apparent that an
environmental gradient existed from the center of the replicates outward. This was
confirmed when the data were obtained. The data were analyzed using: a) usual
analysis of variance (ANOVA), b) analysis of covariance (ANCOVA) with position of
the plots within a replicate as covariates. Upon fitting curvilinear covariance of second
degree a considerable reduction in mean square error (MSE) is obtained. In fact, the

MSE by ANCOVA was about half that obtained by ANOVA.”

Experimental Situation 1.2: [Cox (1958)]. “Consider an experiment to investigate the
effect on textile process of changing the relative humidity. Suppose that three relative
humidities 50, 60 and 70% are to be used. To obtain uniform experimental units a
suitable quantity of raw material was taken and thoroughly mixed and then divided into
say, nine experimental units. The first batch was processed at one relative humidity in
the first period, the second batch at different relative humidity in the second period, and
so on. Superimposed on any treatment effects and on random variations remaining, is
likely to be a smooth trend due to aging of the material. It would be of interest to
estimate this trend explicitly, as well as to set up the experiment so that the trend has

little or no influence on the estimates of treatment effects.”

Here we have three humidities as three treatmentsT,,, T, and T,,. Since the

experimental material is having trend over time, so the treatments are to be allocated in

the following order to eliminate the effect of linear trend.



Treatments Teo | Tso | Too | Too | Teo | Tso | Tso | Too | Teo

Plot position 1 2 3 4 5 6 7 8 9

Coefficient of Orthogonal | 4 | 3 | o | | 0 1 2 3 4
Polynomial (Linear)

The mean influence of trend on T, is%(2 +6+7) =35, the mean influence of trend on

Te, 1s %(1 +5+9) =5and the mean influence of trend on T, is also%(?v +4+8)=5.

Alternate way to examine that allotment of treatments are orthogonal to trend, is to test
whether the sum of the coefficients of orthogonal polynomials is zero for each

treatment separately. For treatment number T, sum of the coefficients of polynomials

(-3+1+42) 1s zero. Similarly for T, and T,, sum of the polynomials is also zero. Hence,

treatments allocated are orthogonal to linear trend. Thus any contrast among these

treatments is not affected by the linear trend.

Experimental situation 1.3: In an aviary nutrition experiment, four feeds were the

four treatments; say T,, T,, T; and T,. The chicks were kept in cage-tier system. In a

cage there are four tiers one below the other. The experimenter was aware from
previous experiences that if chicks are kept from top tier to bottom tier there are
chances of trend due to sunlight, fresh air, etc. But the experimenter may not be aware
of trend-free designs. The experimenter applied the same treatment to all the tiers in a
cage to avoid the effect of any trend. In each tier there were 10 birds. The body weight

of the birds from birth to sixth week of age was measured.

To confirm whether there is effect of trend among the tiers within the cage, the
obtained data were analyzed by two methods; one by usual analysis of variance
(ANOVA) and the other by using analysis of covariance (ANCOVA) with position of
tiers as covariates assuming linear trend between the tiers within each cage. The mean
square errors of the analysis for live weight from third week of age to sixth week of age

by the two methods are given in Table-1.



Table-1.1. ANOVA and ANCOVA Table of live weight of chicks

Week ANOVA
Degrees of MSE-I
freedom
111 12 1416.7
10\% 12 12902.2
\4 12 32571.9
VI 12 51897.9

ANCOVA
Degrees of MSE-I | MSE-I/
freedom MSE-II
11 1173.5 | 0.8288
11 12585.7 | 0.9755
11 28898.9 | 0.8872
11 46407.4 | 0.8942

These results revealed there is a reduction in mean square errors using Analysis of

Covariance.

In another aviary experiment, a study was made by Sachdev et al. (1989) to investigate

the effect of cage-tier system. The study was based on adult female quails, 200 each

from line A and B, up to 50 weeks of age and the following observations were made:

1. In Line A, significant effect of cage-tier locations was observed on feed

consumption during 6™ to 10" and 15" to 18" weeks of age.

2. In Line B, the feed consumption during 23™ and 26™ weeks of age, total egg

production, feed efficiency and shell weight were significant influenced by cage-

tier locations.

A typical type of magic square is given by Philips (1968) as shown in Tablel.2. It is a

2% factorial experiment, in which A, B, C and D represents the four treatments and

their subscripts 0 and 1 are the two levels of each of them. The numbers of the

occasions of measurement have been entered in the body of the table as a symmetric

magic square. The numbers in the table are the plot positions at which the treatment

combinations are to be allocated.

Table 1.2
Co Cy
D, D, D, D,
Ao B, 16(15) | 2(-13) | 3(11) | 13(9)
B, 57 | 11G) | 103) | 8¢D)
Al B, 9(1) 7(3) | 6(5 | 12(7)
B, 4(-9) | 14(11) | 15(13) | 1(-15)

Note: Figures in parentheses are the coefficients of orthogonal polynomials.




In above square table of order4x4, sum of each row, column and diagonal is

%n(n2 +1) i. e. 34. The main effects A, B, C and D are linear trend-free as the average

for each of its level is% =8.5 . For the interaction AxB,A xC,BxD and CxDthe

mean effect is same for each of its levels e.g. in interaction A xB for each level of

4,B;, i,j=0,1 mean effect is % =8.5. It shows that these effects are also linear

trend-free. But it is not true for interactions AxD and B x C, these two interactions are
not linearly trend-free. Also averages of numbers of higher order interactions are not
balanced (for example the numbers for third order interactions and AxBxCxD are

inevitably unbalanced).

In these experiments trend-free designs will be more efficient designs. Other
experimental situations where trend may occur are Green-house experiments, where
source of heat is located on sides of the house; in poultry experiments where the source
of heat is at the center of the shed and chicks of early age are in the cages; orchard and

vineyard experiments on undulating topography, etc.

1.2 Linear Trend-free Block Designs

The study on systematic designs was initiated by Cox (1951). He considered the
arrangement of treatments to experimental units ordered in time or space without
blocking and with a smooth polynomial trend is assumed to exist over the entire
sequence of experimental units. Other early approaches to the problem of trend
elimination were discussed by Box (1952). Box and Hay (1953) gave the method of
construction of a certain class of designs with quantity factors by means of which trend
occurring during a comparative experiment may be eliminated without loss of

efficiency. The design and analysis have been illustrated with an example of bioassay.

Bradley and Yeh (1980) first gave the theory of trend-free block designs. They have
considered the situation where a common polynomial trend is assumed to exist over the

plots in each block of a classical experimental design. They defined a trend-free block



design as a block design in which the adjusted sum of squares due to treatments in a
model with the trend effects remains the same as in the model without trend effects.
They derived the necessary and sufficient condition for the block design to be trend-
free block (TFB) design under the assumption of uniform trend within blocks for a

equireplicated and homoscedastic block design model.

Yeh and Bradley (1983) discussed the existence of TFB design for specified trends
under a homoscedastic model when each treatment is equally replicated. Some results
for linear and odd degree polynomial TFB designs are given by them. Dhall (1986)
studied the trend-free incomplete block designs. He prepared a catalogue of trend-free
balanced incomplete block (BIB) designs for 3 < k£ < 6 and LTFBIB designs for 7 <k <
15. He gave some trend-free group divisible partially balanced incomplete block
designs for two-associate class. Bradley and Odeh (1988) gave an algorithm in
FORTRAN 77 for the construction of linear trend-free block (LTFB) designs. Stufken
(1988) gave a weak point of Yeh and Bradley (1983), " Every binary block design
having r(k+1)=0 (mod 2) can be converted into Linear trend-free block design" with an

example.

Chai and Majumdar (1993) made a correction to Yeh and Bradley (1983) and proved
that a binary block design can be converted into linear trend-free block (LTFB) design
when (i) the design is BIB design, or (ii) k, the block size is an even number, or (iii) the
design is balanced block design with b > 3. They also gave a distinct definition of
LTFB and strongly linear trend-free block (SLTFB) design. Jacroux, Majumdar and
Shah (1995, 1997) developed some methods for identifying efficient designs when
different blocks may have linear trend effect of different slope. Majumdar and Martin
(2002) extended the above study for quadratic and cubic trend effects. Lal, Parsad and
Gupta (2005) obtained the condition for a general block design to be trend-free block
design under heteroscedastic model. They prepared the catalogues of binary variance
balanced block, balanced incomplete block and partially balanced incomplete block
designs that are trend-free. They have also investigated the trend-free nested balanced

incomplete block designs and block designs for diallel crosses



In all theses studies, the following usual additive model for a block design with

polynomial trend term added is written as
v ) p
Vi=H+Y. 8T+ B+ .0,0,(0)+e, (1.1)
i=1 a=1

forj=1,.., b;t=1, .., k, where y o is the observation on plot M position of block j; u,

7, and [, are respectively, the usual mean, treatment and block parameters; e, are

Jt
random errors assumed to be independently and identically distributed as normal with

zero mean and variance ¢”; & ;, =1or0 as the treatment i is or is not on the plot (j, #), i

=1,...,v. Fora =1 the design is said to be linear trend-free block (LTFB) design, for
a = 2 the design is quadratic trend-free and so on. The maximum value that a can takes

is (k- 1). Here we consider the case of @ = 1 i.e. linear trend free designs only.

A linear trend free-block design can be defined as follows:

Let a design d be represented by a kxb array of symbols 1, ..., v, with columns
denoting blocks and rows periods, and the class of all connected block designs with v
treatments in b blocks each of size £. Thus, if the entry of a cell (i, j) of d is i, it means

that under d, treatment i has to be applied in period / of block j and S ,, denotes the

number of times treatment i appears in row (period) l. Then a design is LTFB design iff
k
zSdilq)l(l) =0,i=1,..,v
=1

(1.2)
where @, (/) is the orthogonal polynomials of degree 1, /=1, ..., k.

1.3 Nearly Linear Trend-free Designs

Sometimes it is not possible to make the design linear trend-free and this provides a
motivation to go for nearly linear trend-free designs. Yeh, Bradley and Notz (1985)
introduced the concept of nearly linear trend-free block (NLTFB) designs. They
defined a NLTFD as a block design under model (1.1) if

i{ii%@l(ﬁ} (1.3)



is minimum among class of connected designs with the same (treatment-block)

incidence matrix.

Chai (1995) gave method for construction of nearly trend-free version of balanced
incomplete block designs to be NTFB designs. Chai simplified and brought clarity for

the condition of nearly linear trend-free block design as
k
Q s, @, (1)) =1 fori=12,...,v.
1=1

Thus a block design is NLTFB design if
v ! 2
Z|:Zsilq)l(l)i| <v. (1.4)
i=l LI=1
He also discussed A-, D- and E- optimality of BIB designs for the model that include

trend effects.

14 Designs for Factorial Experiments

It is known that designs for factorial experiments have been widely used in agricultural,
biological and industrial experiments. Similar to block designs, the experimental units
in factorial experiment may exhibit a trend over space or time. In factorial experiment,
we estimate the main effects, interactions of two factors, three factors and so on. If
there is trend in the experimental units, the interest of experimenter is to eliminate the
trend effect. It is assumed that most of the trend is reduced, if we are able to eliminate
the linear trend. Thus in the presence of linear trend in the experimental units in
factorial experiments, the treatments combinations of factorial experiment are allocated
to the experimental units such that the contrasts of interest (main effects and lower
order interactions) are estimated free from linear-trend. Thus in such experiments the
run order of treatment combinations are made so that contrasts of main effects, two

factor interaction, three factor interaction, etc. are orthogonal to linear trend.

An ordered application of the treatments to experimental unit over time or space is
called a run order. In matrix notations we consider the design for factorial experiment

in block design set up with trend terms added as



y=Xp+By+TO+e, (1.5)
E(e)=0,D(e)=c"I.
The linear-trend vector T can be expressed as follows:

T=(-(n-1),-(n-3),...—3,-1,1,3,(n - 3),(n - 1)), for n even and

T: _n_l,_n_l_{_1,“.,_2,_1’0’1’2’...’”_1_ljn__l ,fOf}’lOdd,
2 2 2 2

and y is an nxlobservable random vector and X is the nxv design matrix,

B= (,B1 yees ﬁv) , 1s the vector of parameters of interest, i.e. main effects and interactions

which are not aliased with each other nor confounded with blocks, B is nxbdesign
matrix for nuisance parameters and y = (71 yees 71;) , the vector of block effects, e is the

(n x1) column vector of random errors with zero mean and variance o°I; T=1 , Ot t
is the linear trend vector equal to that of block size and can be expressed as above . As
before, we refer to this linear model as a “conceptual” linear model for factorial
experiments with trend. The first k rows of X~ = [XEBET] correspond to the & treatment

combinations in the first block, the next £ rows to the treatment combinations in the

second block and so on.

Definition 1.1: (Linear trend-free block designs) A block design modeled by (1.5) is a

linear trend-free block design if

SS(X|B) = SS(X | B,T)

Using this relation, Bradley and Yeh (1980) obtained a necessary and sufficient
condition for a block design modeled by (1.5) be linear trend-free is that

XT=0 (1.6)
In simple factorial completely randomized block (CRD) design setup when there is no

blocking, the model (1.4) becomes
y=Xp+TO+e, E(e)=0,D(e) = o°I. (1.7)

By using the relation SS (X) = SS (X|T) the condition becomes X'T=0. (1.8)



Now it is required to mention that the difference between the varietal treatments and
factorial experiments in CRD and block design setup in reference to trend-free designs.
In varietal treatments X is the usual design matrix of treatments verses observations
while in factorial experiments X is the matrix obtained by writing the columns as the
contrasts of main effects and treatment interactions effects. In factorial experiments it is
not possible to obtain a design that is linear trend-free for all the treatments effects. The
experimenter is always interested to obtain a design that linear trend free for main
effects and some of the lower order interactions so that these effects can be estimated
more precisely. For example if A, B, C, ... are the vector of contrasts of main effects in
factorial experiments then matrix of main effects is X=[ A B C ...]. Thus model
(1.6) is applicable when we have complete factorial design in one replication and model
(1.5) is applicable when we have more than two blocks in one replication by

confounding the higher order interaction.

Similar to block designs, it may not always be possible to make the design for factorial
experiment that is linear trend-free for the all effects of interest. This provides a
motivation to go for nearly linear trend-free designs for the effects of interest in
factorial experiment. Thus condition given by Chai (1995) in (1.4) can be simplified for
the factorial experiments. In factorial experiment, let A be any contrast of order nx1of
any effect of interest and T be the trend vector (coefficient of orthogonal polynomial)
then contrast A is linear trend free if
A'T=0 (1.9)
and nearly linear trend-free if
AT<n, (1.10)

where 7 is the total number of treatment combinations.

Hill (1960) introduced the concept of kept factors. The factors are said to be kept
factors if the levels of the factors present or absent in a factorial experiment remains
present or absent in the fold-over experiment. Daniel and Wilcoxon (1966) developed
plans for sequencing the treatment combinations of two-level full or fractional

factorials to experimental units, in order to achieve “better” estimation of specified

10



effects in the presence of trends. Draper and Stoneman (1968) introduced the cost
criterion using an eight-run factorial plan. Dickinson (1974) extended the work of
Draper and Stoneman (1968) to 2*and 2° complete factorial plans with the search

restricted to minimum cost run orders.

Cheng (1985) gave a theoretical description of the cost structure in two-level factorial
designs, and also provided some examples of run orders that satisfied the criteria of
trend-freeness and minimum cost. Cheng and Jacroux (1988) further introduced trend-
free run orders of two-level designs using group theory and the standard orders of
treatment combinations for Yates' algorithm. Coster and Cheng (1988) introduced the
generalized foldover scheme (GFS) for generating systematic run orders of any prime

number level full and fractional factorial plan.

John (1990) introduced a foldover method developed from the Daniel and Wilcoxon
(1966) plans, and discussed the trend free properties of systematic run orders based on
their method. Jacrox and SahaRoy (1990) gave some methods of construction of

designs where a complete and factorial experiment having all factors at 2 levels using

2" x2" row-coloum design incorporating trend effect. Cheng (1990) discussed the
relationship between these two methods given by Cheng and Jacroux (1988), and
pointed out that they are actually equivalent. Bailey (1992) gave the method for
construction of trend-resistant factorial designs, when one observation can be taken at a
time. Coster (1993) extended the work of Coster and Cheng (1988) to mixed level
factorial designs. Using the general fold-over scheme (GFS), Coster (1993) provided
tables of minimum cost, and linear trend-free run sequences for two- and three-level
fractional factorial designs. Jan and Wang (1995) provided algorithms for a run order of
two-level designs with minimum cost under the assumption of unequal cost for each

factor with or without trend.

1.5  Response Surface Designs
Data from experiments with levels or level combinations of one or more factors as

treatments are normally investigated to compare level effects of the factors and their

11



interactions. Though such investigations are useful to have objective assessment of the
effect of levels tried in the experiment, this seems to have inadequate in nature. The
analysis as such does not give any information regarding the possible effects of the
intervening levels of the factors or their combinations, i.e. one is not able to interpolate
the responses at the treatment combinations not tried in the experiment. In such cases, it
is more realistic and informative to carry out investigations to determine and quantify
the relationship between the values of one or more measurable response variable (s) and
the setting of a group of experimental factors presumed to affect the response (s) and to
find the settings of the experimental factors that produce the best value or the best set of

values of the response(s).

Thus if all the factors are quantitative in nature, it is proper to think the response as a
function of the factor levels and data from quantitative factorial experiments can be
used to fit the response surfaces over the region of interest. Response surfaces
determine the relationship between the values of one or more measurable response
variables and provide the settings of the experimental factors that produce the best
values of the response. In addition to it, these provide information about the rate of
change of a response variable. They can also indicate the interactions among the

quantitative treatment factors.

The special class of designed experiments for fitting the response surfaces is called
response surface design. Response surface designs have wide applications in
agricultural, biological and industrial experiments. Similar to factorial experiments,
experimental units in response surface design may exhibit trend over space or time.
Hinkelmann and Jo (1998) first studied linear trend-free response surface designs. They
gave a unique solution of equations for & (block size of BIB design) = 2 and discussed
the procedure for £ >4 to construct the linear trend free response surface Box- Behnken
designs.

1.6  Problem Formulation and Motivation

There are many experimental situations in which the experimental units exhibit a trend.

This can be due to the course of sequential application of the treatments to experimental
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units, the same units or their contributions to the overall response change in a smooth
gradient fashion. This may however, be visualized by past experience or previous
available data or the similar type of experiments, as explained above. In such situations
trend will affect the precision of the estimates of treatment contrasts. It is, therefore,
necessary to eliminate the effect of trend by permutation of treatments to the
experimental units by using the condition of a design such that treatment effects are
estimated free from trend effect. This can be achieved through the use of trend-free

designs.

Trend-free designs are quite useful in the experimental situations that may occur in
Green house experiments where the source of heat is located on sides of the house and
the experimental units (pots) are kept in lines; in poultry experiments where the source
of heat is at the centre of the shed and chicks of early age are in the cages; in animal
experiments where littermates (animals born in the same litter) are experimental units
within a block i.e. litters are blocks. Other such experiments are orchard and vineyard
experiments on undulating topography, experiments in which response variable of
interest is affected by slowly migrating insects entering the area from one side,
laboratory experiments where the responses to the experimental units may be affected

within time periods by instrument drift or analyst fatigue, etc.

Factorial experiments are being used in agricultural, industrial and biological
experiments and trend may occur in the experimental units over time or space. Thus
any estimate of contrast for main effects or interaction effects may be affected by this
trend effect. In block designs sufficient literature is available on trend-free designs but
on factorial experiments not much literature could be traced particularly on trend-free
confounded and fractional factorial experiments and response surface designs. In
factorial experiments, the interest of the experimenter is to obtain trend-free designs for
various treatment effects. Thus it is not so easy to obtain the design for factorial
experiments that is trend-free for all or some of the factorial effects. Whatever little is

available has not been found much favour from the experimenters.
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One of the possible reasons of hampering the applications of these designs is that the
construction for such design is not easily available. Therefore, it is required to give easy
method of construction, possibly computer aided for the construction of these designs.
From the last three decades computer aided search/generation/construction has emerged
as a powerful tool to obtain designs for various experimental settings. Various
researchers have worked in this field and have developed algorithms/ programs for
different situations. This gave a motivation to search/ generate computer aided factorial
(complete, confounded, fractional) designs that are at least linear trend-free for main
effects. In addition to this, the interest of the experimenter will be to know other
treatment combinations that are linear trend free. Some times it is not possible to obtain
the effects that are linear trend free. Then it is desired to search whether the effect is
nearly linear trend free or not. In many factorial experiments, the factors are
quantitative in nature and it is desired to establish a relationship between response and
level of various factors. For such situations, response surface designs are used. The run
orders in response surface design may also be affected by the presence of trend.
Therefore, there is a need to make attempt for computer aided construction of linear
trend-free response surface designs. Keeping in view the above the present

investigation is taken up with the following objectives:

1.7  Objectives

1. To develop algorithm for computer aided search of linear trend-free designs for
two level factorial experiments

2. To develop algorithm for computer aided search of linear trend-free designs for
two level fractional factorial experiments

3. To develop algorithm for computer aided search of linear/nearly linear trend-

free response surface designs

1.8 Scope of the Present Investigation

The main purpose of the present investigation is to develop computer algorithms for
construction of trend-free designs for multifactor experimental settings. The algorithm

developed is helpful in generating the factorial experiments that are linear trend-free for
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main effects. A search has been made to identify the two and three factor interactions
that are estimable free from linear trend effect. The developed algorithm is in general
and can generate linear trend-free designs for any number of factors each at two levels.
The algorithm has also been developed for generation of two level linear trend-free
fractional factorial plans. Algorithm has also been developed to generate Box-Behnken
response surface designs that are linear trend-free in general and a catalogue is prepared

for linear trend-free Box-Behnken response surface designs.

Chapter I of the thesis gives the motivation with some experimental situations for
undertaking the problem handled in the present investigation. It is followed by a review

of literature, motivation of the problem and objectives of the studies.

Chapter II of the thesis describes the development of algorithm to construct trend-free
designs for full factorial experiment when all factors are at two levels. Linear trend-free
designs for confounded factorial experiments have also been obtained. The algorithm
along with the computer program has been given in general for any number of factors
each at two levels for complete factorial in a replication and confounded factorial
experiments separately. The catalogues of complete and confounded factorial
experiments is given that is restricted to factorial experiments for £ = 3 to 7 factors each
at 2 levels for full factorial in a replication and confounded factorial experiments

separately has been prepared in this chapter.

Chapter III is devoted to obtain trend-free fractional factorial designs. In this chapter
using the equation solving, trend-free fractional factorial designs have been developed.
For fractional factorial experiments the algorithm along with the computer program has
been given in general for any number of factors each at two levels. The catalogue has

been prepared for £ =5 to 8 factors each at 2 levels.

Chapter IV is devoted to obtain computer aided linear trend-free response surface

designs. In this chapter algorithm is developed to generate Box-Behnken response
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surface designs with the help of a given BIB design. Further algorithm is developed to
search linear trend-free Box-Behnken from the obtained designs. The procedure is
developed in general and the catalogue for linear trend-free Box-Behnken response

surface designs is given for k taking values as 2, 3, 4 and 5.

In the last, summary of the present research work are given. The thesis is concluded

with a list of references.
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Chapter 11

DEVELOPMENT OF LINEAR TREND-FREE DESIGNS FOR TWO
LEVEL FACTORIAL EXPERIMENTS

2.1 Introduction

Experiments in which the effects (main effects and interactions) of more than one factor
are studied together are called factorial experiments. In general, if there are k factors,
say, F|,F,,....,F, and the i factor has s, levels, i =1,...,k, then the total number of

k
treatment combinations are Hsl. . Factorial experiments are of two types.

i=1
1. Symmetric Factorial Experiments: In these experiments the number of levels

of all factors is same i.e.s;, =s Vi=1,...,k.

2. Asymmetrical Factorial Experiments: In these experiments the number of
levels of all factors is not same i.e. there are at least two factors for which the
number of levels is not same. These are also known as mixed level factorial

experiments.

In factorial experiments, 2° is a symmetrical factorial experiment with k factors each at
2 levels. In it there are 2* —1factorial effects (main effects and interaction effects) and

contrasts of all these treatment combinations are orthogonal to each other. 2* factorial
experiment is known as the simplest type of factorial experiment. The two levels of a
factor may be its presence or absence or a high and a low dose or two modes of
application of a technique. In factorial experiments, the experimenter is interested to
estimate all the main effects and interactions. This can be achieved through designing
complete factorial experiments conducted by using a complete randomized or

randomized complete block design with more than one replication.

The factorial experiments have many advantages over single factor experiments as

these experiments provide an opportunity to study not only the individual effects but
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also their interactions. These experiments further economize the experimental
resources. When the experiments are conducted factor by factor a large number of
experimental units are required for getting the same precision of estimation as one
would have got when all the factors are experimented together in the same experiment.

There is thus considerable amount of saving of the resources.

When the number of factors and/ or levels increases, the number of treatment
combinations becomes so large that it is not possible to accommodate them without
losing homogeneity within block. To handle such situations, the concept of
confounding is introduced in factorial experiments. In confounded factorial
experiments, there are more than one block per replication and we lose information on
the factorial effects whose contrasts become identical to the block contrasts in a given

replication.

In factorial experiments, the interest of the experimenter is to obtain trend-free designs
for various treatment effects when the experimental units are having trend-effect over
time or space. Sufficient literature is available on linear trend-free factorial
experiments. But not much is available on linear trend-free factorial experiments
simultaneously on main effects and lower order interactions and linear trend-free
confounded factorial experiments. Moreover the construction of linear trend-free
factorial experiments available in the literature is algebraically involved. Therefore, it is
required to give easy method of construction, possibly computer aided for the

construction of these designs.

Some of the studies on computer aided designs are available in the literature in different
areas. Nguyen (1983) gave algorithms for construction of D-optimal fractional factorial
plans and MS-optimal incomplete block designs. Bradley and Odeh (1988) gave an
algorithm in FORTRAN 77 for the construction of linear trend-free block (LTFB)
designs. Dwivedi (1997) developed the algorithm for search of optimal block designs,
minimal connected D-optimal designs and D-optimal saturated main effect plans.

Rathore (2004), Rathore ef al. (2004) developed algorithms for computer aided search
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of optimal/ nearly optimal balanced treatment incomplete block designs, designs for
making treatment-treatment and treatment-control comparisons. Satpati (2006), Satpati
et al.(2006) investigated computer aided search of efficient designs for dependent
observations, correlated error structure for nested block designs, block designs and
designs for making test treatment control treatment comparisons and change over
designs. Kohli (2006) carried out computer aided construction of two level
supersaturated designs. No work seems to be available on computer aided construction
on trend-free factorial experiments. This chapter, therefore, deals with the computer
aided construction of complete factorial experiments without confounding and with
confounding that are linear trend-free for main effects and identification of two and
three factor interactions that are linear trend-free/ nearly linear trend-free in the

obtained designs.

Section 2.2 deals with general description of linear trend-free factorial experiments
each factor at two levels. Under Section 2.3 algorithm to obtain the two level factorial
experiments for any number factors has been described for generation of linear trend-
free two level factorial experiments in which main effects are estimated free from linear
trend effects. This algorithm is extended to make a search for identification of two and
three factor interactions that are estimable free from linear trend effects. In Section 2.4
working of the algorithm for complete factorial to be linear trend-free for main effects
has been illustrated. In Section 2.5, algorithm has been developed to generate
confounded factorial experiments that are linear trend-free for main effects and search
has been made to investigate the two and three factor interactions that are estimable
free from trend. In Section 2.6 working of algorithm for confounded factorial

experiments has been described.

The algorithms developed have been translated in computer program in Microsoft
Visual C++ and the program is given in Appendix 2.1. The catalogues of the 2°
factorial experiments for (k = 3, ..., 7) that are linear trend-free for main effects are
given in Appendix 2.2. The identified two and three factor interactions that are linear

trend-free are given along with the design.
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2.2 Linear Trend-free Designs for Factorial Experiments

Designs for factorial experiments have been widely used in agricultural, biological and
industrial experiments. Similar to block designs, the experimental units in factorial
experiment may exhibit trend over space or time. In factorial experiments, the interest
of the experimenter is to estimate the lower order factorial effects precisely. Thus in the
presence of the trend in experimental units, a search is made to identify contrasts of two

and three factor interactions that are linear/nearly linear trend-free.

For a design of 2* factorial experiment the total number of treatment combinations

aren = 2* and the model for factorial experiment with linear trend effect is

y=B1+XB, +X,p, +-+X B, +TO+e, (2.1)

E(e)=0,D(e) =0T ,
where y is an x 1 vector of observations,

1 is the vector of 1°s,

X, is a matrix of contrasts of order n x k of k main effects,
: : k k : :
X, is the matrix of contrasts of order n x 5 of 5 two factor interactions, and so

on,

X, is a vector of contrast of order n x 1 of a k factor interaction,
B, is a constant,

B, is the k£ % 1 vector of a coefficient for main effects,

: k : : :
B, is the (2] x 1 vector of a coefficient for two factor interactions and so on,

B, is the coefficient of k-factor interaction,

T is the vector of coefficient of first degree polynomial of order 7,
0 is the regression coefficient and

e is n x 1 vector of identically independently normally distributed errors.

In 2* factorial experiment, total number of treatment combination is even. So vector T
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can be defined as

T=(-(n-1),-(n-3)..,~3,-1,1,3,(n-3),(n-1)) (2.2)
Here our interest is to obtain designs for factorial experiments in which contrasts for the
main effects are estimated free from linear trend effects and to identify/search two and
three factor interactions that are estimable free from linear trend effect. To obtain such

designs we begin with following Lemmas:

Lemma 2.1: In any run order of a complete 2 design, the number of mutually

orthogonal linear trend-free factorial contrasts (main effects or interaction) is at most

2¥ —k —1 (Cheng and Jacroux, 1988).

Let s, 05, 0...0s, be the vector of coefficients of contrast of first, second and so on k"

factor and o represents the component-wise product of two vectors. Then we have the

following Lemma:

Lemma 2.2: Let 5, o5, o...0s, is the contrast of main effect, then it is orthogonal to

(k-1)™ order trend (Cheng and Jacroux, 1988).

The algorithm to generate the design is given in Section 2.3.

2.3 Algorithm for linear trend-free factorial experiment

The algorithm for obtaining designs for complete factorial experiments without
confounding which are trend-free for estimation of main effects and to identify the 2-
and 3- factor interactions that are estimable free from linear trend effect is developed in

three steps which are described in the sequel.

I. Algorithm to generate the two level factorial experiments

I.1 Let us have £ factors.

1.2 The number of treatment combinations isn = 2*. Here 7 is an even number.

L3 Make an array of dimensionn x k .

1.4 The first column of the array of size n is made such that the entries are -1 and

21



+1 alternatively.

L5 The second column of the array is made such that the entries are in
combinations of two i.e. -1, -1 and +1, +1 alternatively, and so on.

1.6 The ™ column is made such that the first n/2 places are filled with -1 and last
n/2 places with +1.

1.7 In the obtained nx k matrix, each column is the coefficient of contrast of main
effects separately and thus & columns are coefficients of contrast of & factors.

I8 The n rows of nxk matrix represent n (=2") treatment combinations in

lexicographic order.

The obtained factorial experiment in lexicographic order has been converted into linear

trend free for main effects by using the algorithm given below:

II. Algorithm to generate linear trend-free two level factorial experiments
From the generated 2* factorial experiment above, we proceed as follows:

IL.1 In 2* factorial experiment, the treatment combinations are in standard order.
I1.2 Let s,,5,,...,5, are the k vectors denoting the coefficients of contrast for main

effects that are in standard order i.e.

s, S, S,
-1 -1 -1
I -1 -1
-1 -1
1 1 -1
-1 -1 1
1 -1 1
-1 1 1
I 1 1
IL.3 Component-wise product of s,and s, (s, os,) is made to develop the desired
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designs for factorial experiments.
1.4 There are two methods for £ odd and k even.
For k is odd: When £ is odd the new coefficient vectors for main effects is obtained as:

Let 4; be the new coefficient vectors for main effects for i™ factor, i=1,2,...,k
A =s08,0:08, 05, 008 (=L2,...,k-1)
and 4, =s,08,0-05,; (i=k)

For Kk is even: When £k is even the new coefficient vectors for main effects is obtained

as:
Ai =§,08,0::08, 08, 008, (i=12,... k).

1.5 Thus & columns corresponding to & main effects are generated.

I1.6 A trend vector (T) is generated using (2.2).

I1.7 To examine whether obtained columns (coefficients of main effect) are linear
trend-free, multiply each column with trend vector and sum it.

I1.8 Sum of all product columns is made. It is checked that sum of all product
column is zero or not. The column (main effect) for which the sum is zero, is

linear trend-free otherwise not.

III. Algorithm to search two and three factors interactions that are linear
trend-free
From the design obtained in first two steps, a search has been made for two and three
factor interactions that are linear or nearly linear trend-free.
For two factor interactions
III.1  From the obtained k columns (coefficients of main effects) in 1.5, we multiply
each pair of columns in all possible ways.
.2 “C, columns are obtained, that are the coefficients of contrasts of two factor
interactions.
III.3  Multiply each of the above columns with trend vector.
III.4  The column (coefficient of two factor interaction) for which the product sum is
zero, is linear trend-free.

III.5 The columns for which product sum is < n (total number of treatment
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combinations), are nearly linear trend-free (as discussed in (1.10)) and others

are not.

For three factor interactions
II1.6  From the obtained k columns in II.5, we multiply columns in combinations of

three in all possible ways

HL7  Thus “C, columns are obtained, that are the coefficients of contrasts of three

factor interactions.

III.8  Multiply each of the above columns with trend vector.

II1.9  The column (coefficient of three factor interaction) for which the sum is zero,
is linear trend-free.

III.10 The columns for which product sum is < n, are nearly linear trend-free and

others are not.

The part-III of the algorithm gives two and three factor interactions that are estimable

linear trend-free/nearly linear trend-free.

The above algorithm was translated in Microsoft Visual C++ program. The listing of
the program is given in Appendix 2.1. From this program, one can obtain the desired
factorial experiment for any number of factors £ (> 3). The catalogue of the obtained
design for 2* factorial experiment (for k = 3, ..., 7) that are linear trend-free for main
effects is given in Appendix 2.2. The identified two and three factor interactions that

are linear trend-free are given along with the design.

All the above three parts of the algorithm have been illustrated with the help of an

example in Section 2.4.

2.4  Working of algorithm

Consider the problem of constructing a 2* factorial experiment with four factors A, B,

C and D. In which all four main effects linear trend-free.
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Using the computer algorithm described in Section 2.3, we first obtain 16 x4 array by
using the steps 1.3 to 1.6. This gives coefficients of four main effects in standard order.
These are the main effects of 2* factorial design in lexicographic order. We denote the

contrasts of main effects ass,, s,, s,ands, in Design-2.1.

Design-2.1

Treatment g g g

combinations ¢ ° ¢ 4
1) -1 -1 -1 -1
a 1 -1 -1 -1
b -1 1 -1 -1
ab 1 1 -1 -1
c -1 -1 1 -1
ac 1 -1 1 -1
bc -1 1 1 -1
abc 1 1 1 -1
d -1 -1 -1 1
ad 1 -1 -1 1
bd -1 1 -1 1
abd 1 1 -1 1
cd -1 -1 1 1
acd 1 -1 1 1
bed -11 1 1
abced 1 1 1 1

Using computer program of algorithm-II, perform the component-wise product of

s;and s, (s; o5 ;) by using step I.4. Here k (= 4) is even so factor A has been generated

using component-wise product of s,,s, and s,as: A=s, os_os,.

Sp  Se Sg SpeS8.°8, A
-1 -1 -1 -1%1%1 = -1
-1 -1 -1 -1%1%1 = -
1 -1 -1 1*-1*1 = 1
1 -1 -1 1*-1*1 = 1
-1 1 -1 -1k =1
-1 -1 S1*1*1 = 1
1 1 -1 1*¥1*1 = -1
1 1 -1 1*1*1 = -1
-1 -1 1 ) R |
-1 -1 1 -1*-1*1 = 1
1 -1 1 1*-1*1 = -1
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-1 1 1*-1*1 = -1
- 1 1 -1*¥1*1 = -1
- 1 1 -1*¥1*1 = -1
11 1*1*1 = 1
I 1 1 1*1*1 = 1
Similarly B, C and D are generated using the formula:
A =808, 0008, 08, 0085 (i=1,2,...,k).
Thus we get the Design-2.2
Design-2.2
Treatment A B C D
combinations
1) -1 -1 -1 -1
bed -1 1 1
acd I -1 1 1
ab 1 1 -1 -1
abd 1 1 -1 1
ac I -1 1 -1
be -1 1 -1
d -1 -1 1
abc I 1 1 -1
ad I -1 -1 1
bd -1 -1 1
c -1 1 -1
cd -1 1 1
b -1 1 -1 -1
a I -1 -1 -1
abed 1 1 1 1

A trend vector (T") is generated using (2.2) i.e. the coefficients of linear orthogonal

polynomial are generated

= -15 -13 -11 -9 -7 -5 -3 -1 1 3 5 7 9 11 13 15

To examine whether obtained columns (coefficients of main effect) of the Design-2.2
are linear trend-free, we multiply each column of Design 2.2 with trend vector T'and
sum it. This is presented in Table 2.1.
Table 2.1
Treatment A B C D
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combinations

1) 15 15 15 15
bed 13 -13 -13 -13
acd -11 11 -11  -11
ab -9 -9 9 9
abd -7 -7 7 -7
ac -5 5 -5 5
be 3 -3 -3 3
d 1 1 1 -1
abc 1 1 1 -1
ad 3 -3 -3 3
bd -5 5 -5 5
c -7 -7 7 -7
cd -9 -9 9 9
b -11 11 -11  -11
a 13 -13 -13 -13
abed 15 15 15 15
Sum 0 0 0 0

Table 2.1 shows that all column sums are zero. Hence Design-2.2 is linear trend-free
for main effects. Here the meaning of Design-2.2 is linear trend-free for main effects is
that if we allocate the 16 treatments combinations to 16 experimental units in the order
as in Design- 2.2 then the contrasts of main effects are estimated orthogonal to linear

trend and thus these contrasts are said to be linear trend-free.

In Design-2.2 not only main effects are linear trend-free but some other treatment
combinations may also be linear trend-free. Since the interest of the experimenter is to
estimate low order interaction more precisely so we shall search the treatment
combinations of two and three factor interactions that are linear trend-free in obtained

Design-2.2 by using algorithm-III.

From the obtained 4 columns (coefficients of main effects) in Design-2.2, we multiply

each pair of column in all possible ways by using step III.1 and IIl.2. Here
*C, = 6 columns are obtained and these are the 6 coefficients of two factor interaction

given in Table 2.2.
Table - 2.2
AB AC AD BC BD CD
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1 1 1 1 1 1
-1 -1 -1 1 1 1
-1 1 1 -1 -1 1

I -1 -1 -1 -l 1

I -1 1 -1 1 -1
-1 I -1 -1 1 -1
-1 -1 1 I -1 -1

1 I -1 I -1 -1

1 I -1 I -1 -1
-1 -1 1 I -1 -1
-1 I -1 -1 1 -1

I -1 1 -1 1 -1

1 -1 -1 -1 -1 1
-1 1 1 -1 -1 1
-1 -1 -1 1 1 1

1 1 1 1 1 1

Multiply each of the columns of Table 2.2 with trend vector T'using step II1.3. The
obtained columns and their columns (coefficient of two factor interaction) sum are

given in Table 2.3.

Table-2.3

AB AC AD BC BD CD
-15 -15 -15 -15 -15 -15
13 13 13 -13 -13 -13
11 -11 -11 11 11 -11
-9 9 9 9 9 9
-7 7 -7 7 -7 7
5 -5 5 5 -5 5

3 3 3 3 3 3
-1 -1 1 -1 1 1
1 | 1 -1 -1
3003 3 3 3 3
-5 5 -5 -5 5 -5
7 -7 7 -7 7 -7
9 9 9 9 9 9
-11 11 11 -11 -11 11
-13 -13 -13 13 13 13
15 15 15 15 15 15
Sum 0 0 0 0 0 0

Now using the condition given in 1.9 and 1.10, treatment combinations for which the

product sum are zero, is linear trend-free and the columns for which product sum is
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< 16, are nearly linear trend-free and others are not nearly linear trend-free. Since all
the column sums are zero; hence Design-2.2 is linear trend-free for all the six two

factor interactions.

Now to examine three factor interactions, we proceed in as below:

For three factor interactions we multiply columns in combinations of three in all
possible ways i e. *C, = 4 columns are obtained. These columns are the coefficients of

three factors interactions and are presented in Table-2.4.
Table-2.4
ABC ABD ACD BCD

-1 -1 -1 -1
-1 -1 -1 1
-1 -1 1 -1
-1 -1 1 1
-1 1 -1 -1
-1 1 -1 1
-1 1 1 -1
-1 1 1 1
1 -1 -1 -1

1 -1 -1 1
1 -1 1 -1
1 -1 1 1
1 1 -1 -1
1 1 -1 1
1 1 1 -1
1 1 1 1

Similar to two factor interaction, multiply each of the three factor interaction obtained
in Table 2.3 with trend vector T'and sum these products. These sums are given Table-
2.5.
Table-2.5
ABC ABD ACD BCD

15 15 15 15
13 13 13 -13
11 11 -11 11
9 9 -9 -9
7 -7 7 7
5 -5 5 -5
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3 -3 -3 3
1 -1 -1 -1
1 -1 -1 -1
3 -3 -3 3
5 -5 5 -5
7 -7 7 7

9 9 -9 -9
11 11 -11 11
13 13 13 -13
15 15 15 15
Sum 128 64 32 16

We see that among three factor interactions BCD has column total 16 i.e. < n. Hence
using condition (1.10) only treatment combination BCD is nearly linear trend-free and
the other 3 three-factor interactions i e. ABC, ABD and ACD are neither linear nor

nearly linear trend-free.

Remark 2.1: Here we have illustrated the construction of a 2* factorial experiment
with factors A, B, C and D. If we permute the treatments, we can obtain 4! factorial
experiments that all are linear trend-free for main effects. But the treatment

combinations that are linear trend-free of order two and three may change and the

number may vary. This has been illustrated by taking 2° factorial experiment in the

Catalogue given in Appendix 2.2. In the catalogue, first design 2% is listed and its five
more (total 6) designs that are linear trend-free for main effects are given and the
interactions that are linear trend-free or nearly linear trend-free are given below the

design .

Further in factorial experiment as the number of factors and/or levels increase, the
number of treatment combinations becomes so large that it is not possible to
accommodate them without losing homogeneity within block. To handle such situations
the concept of confounding is introduced in factorial experiments. In a confounded
factorial experiment, there is more than one block per replication and information on

the factorial effects whose contrast becomes identical to the block contrast is lost. In
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confounded factorial experiments, there may be trend effect within blocks. Thus there

is need to have confounded factorial designs that eliminates the effect of linear trend.

In 2* factorial experiment, let there be p independent treatment combinations that are

confounded. Then we have2” = b blocks each of size2*"” = m, say. For obtaining the
confounded factorial experiment that is linear trend-free for main effects, we use the
model and the condition given in (1.5) and (1.6). The condition is

XT=0
where X=[A B C ...]and A, B, C, ... are the vector of contrasts of main effects in

factorial experiments and the vector T=1, ®t, t is the (m % 1) linear trend vector for

block size m and b is the number of blocks. The matrix X is partitioned into » blocks

asX=[X| X,---X}] .Each X, i=1,2,..., b is having the vector of contrasts of

main effects A, B, C, ... such that each factor is at its high level and low level equal
times, so that main effects are estimable in each block and are not confounded with
blocks. With this the algorithm is developed for confounded factorial experiments that
are at least linear trend-free for main effects and for some of the two and three factor

interactions and is given in Section 2.5.

2.5  Algorithm for Ilinear trend-free designs in confounded factorial

experiments

To obtain the desired design, first generate the 2* confounded factorial experiment in

which higher order interactions are confounded with block.

I. Algorithm for confounded factorial experiment

I.1  Let there are k factors, each at two levels.

I.2  Total number of treatment combinations is n=2".

.3  Generate full factorial design in standard (lexicographic) order using the steps
1.3 to 1.8 of the algorithm given in Section 2.3.

I.4  For solving the equation, change all -1 entries into 0.

I.5  First decide the treatment effect that has to be confounded.

.6  Solve the following equations for the chosen contrast (treatment combination)

Zx ;=0

Dx; =L(j=12,..,k)
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where j takes the values of chosen contrast for the treatment combination to be

confounded (j=1,2,...,k) _

I.7  Similarly other equations are solved if more than one-treatment combinations
are to be confounded by following the principle of confounding.

I.8 If p independent treatment combinations are confound, then this algorithm

generates 27 blocks each of size 2“7

To rearrange the treatment combination within each block, such that the design is linear

trend-free for main effects, use the following steps:

I1. Algorithm to generate linear trend-free two level factorial experiments

II.1  The treatment combinations within these blocks are maintaining the same order
of sequence as in the lexicographic order of complete factorial experiment.

II.2  Change all O entries into -1.

IL3  Here we have b =2 blocks each of size m = 2*77.

.4 Lets, i=1,2, ..., k represent the coefficient of the contrasts of the £ main
effects. Perform component-wise product within each of b blocks separately.
Similar to complete factorial experiment, there are two procedures of
component-wise product. The procedure of component-wise product is as given
below:

For K is odd: When £ is odd the new coefficient vectors for main effects will be
obtained as:

Let A, be the new coefficient vectors for main effects for i™ factor, i=1,2,....,k

A =5 08,008, 08 008, (=12, k-1)

1
and A =8,08,02:08,; (i=k)
For K is even: When £ is even the new coefficient vectors for main effects will

be obtained as:

Ai =8§,08,0-+08, 08,008, (i=12,....,k).
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IL.5
I1.6

I1.7

I1.8

I1I.

These b blocks are kept in same order as in the complete design.

Now we have X, X, ...X, be b matrices of main effects of b blocks.
Make the matrix X by arranging X, X,...X, asX=[X] X, ---X]] and the
trend vector T as T =1, ®t, where vector t is trend vector of order m.

The condition X'T =0 is checked whether the main effects are linear trend-

free.

Algorithm to search two and three factors interactions that are linear

trend-free.

For two factor interaction

I11.1

I11.2

I11.3

I11.4

I11.5

From the obtained k columns (main effects) of matrix X, we multiply each pair

of column within each block.
g C, columns are obtained, that are the coefficients of two factor interactions.

Multiply each of the coefficients of two factor interactions of matrix X with
trend vector T.

The columns (coefficients of two factor interaction) for which the sum is zero,
is linear trend-free.

The coefficient of two factor interaction for which the sum is < n is nearly

linear trend-free.

For three factor interaction

I11.6

1.7

I11.8

I11.9

From the obtained & columns (main effects) of matrix X, we multiply each

combination of three columns in all possible ways.

“C, columns are obtained, that are contrasts of three factor interactions of

matrix X with trend vector T.

The columns (coefficients of three factor interaction) for which the sum is
zero, are linear trend-free.

The coefficients of three factor interaction for which the sum is < » are nearly

linear trend-free.
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The algorithms given in Section 2.3 generate/ search the factorial experiments that are
at least linear trend-free for main effects when all the treatment combinations of a
complete factorial are to be allocated to experimental units in one replication and the
experimental units are having the trend effect. Sometimes it is not possible to
accommodate all the treatment combinations in one block because of large number of
treatment combinations in one replication then one has to go for having the
homogenous blocks of smaller size in one replication by confounding the higher order
interactions. In such situations uniform trend may occur within each block and thus in
Section 2.5 algorithms have been developed that generate/ search the confounded
factorial experiments in which the contrasts of main effects are estimated at least free
from linear trend and further identifies the 2- and 3- factor interactions whose contrasts

are free from linear trend.

Working of the algorithms given in Section 2.5 has been elaborated by developing a

2 confounding factorial experiment by confounding higher order interaction that is at
linear trend-free for main effects and identifies 2- and 3- factor interaction whose

contrasts are free from linear effect.

2.6  Working of the algorithm
Using algorithm I of section 2.3, with four factors each at two levels, the full factorial
experiment in lexicographic order generated and is same as the Design 2.1 in Section

2.4. Using step 1.4 of section 2.5, change all -1 into 0 and the design is

Design-2.3
1) 0 0 0O
a 1 000
b 01 00
ab 1 1.0 0
c 0 01 0
ac 1 01 0
bc 0110
abc 1 1 1 0
d 0 0 0 1
ad 1 0 0 1

34



bd 01 01
abd 1 1 0 1
cd 0 0 1 1
acd 1 0 1 1
bed 0 1 1 1
abed 1 1 1 1

In the above design factorial effect ABCD has to be confounded. Then using step 1.6 of

section 2.5, two blocks are obtained by solving following two equations:
s,+s,+s,+s,=0
s,+s,+s, +s5,=1

Now change all 0 into -1 using step I1.2 of section 2.5. The two blocks of the design

are:
Design 2.4

Block — 1 Block — 2
A B C D A B C D
@ -1 -1 -l a 1 -1 -1 -1
ab 1 1 -1 -1 b -1 -1 -1
ac 1 -1 1 -1 ¢ -1 -1 1 -1
be -1 1 - abe 1 1 1 -1
ad I -1 -1 1 d -1 -1 -1 1
bd -1 1 -] 1 abd 1 1 -1 1
cd -1 -1 1 1 aed 1 -1 1 1
abed 1 1 1 1 bed -1 1 1 1

Perform component-wise product separately within each block, using step I1.4 of

section 2.5. The obtained design is

Design 2.5
Block - 1 Block - 2
A B C D A B C D
(1) -1 -1 -1 -1 bed -1 1 1 1
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ab 1 1 -1 -1 acd 1 -1 1 1

ac I -1 1 -1 abd 1 1 -1 1
be -1 1 -1 d -1 -1 -1 1
ad I -1 -1 1 abc 1 1 1 -I
bd -1 1 -1 1 c -1 -1 1 -1
cd -1 -1 1 1 b -1 1 -1 -1
abed 1 1 1 1 a 1 -1 -1 -1

To test whether the obtained design is linear trend-free for main effects, use step I1.7

and IL.8.

A BCD ABC D
-1 -1 -1 -7 777 7
11 -1 -1 5 5555
1 -1 1 -1 3 3 3-3 3
1011 -1 -1 1-1-1 1
1 -1 -1 1 1 1-1-1 1
101 -1 1 3 333 3
11011 5 5555
11 1 1 7 777 7
11 1 1 T e—- 777 -7
1 -1 1 1 5 5 55 -5
11 -1 1 3 3333
1-1 -1 1 -1 111 -1
11 1 -1 1 111 -1
1.1 1 -1 3 3333
T T 5 5 55 -5
1 -1 -1 -1 7 777 -7
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Thus obtained Design 2.5 is linear trend-free for main effects. We further investigate
two and three factor interactions that are linear trend-free in Design 2.5 using
algorithm-III of section 2.5. Using step II1.2 six two factor interactions are obtained.
Further multiply each of the coefficients of two factor interactions with trend vector.
From step II1.4 it is found that all the two factor interactions i.e. AB, AC, AD, BC, BD
and CD are linear trend-free. Further three factor interactions are investigated using
algorithm steps I11.6 to II1.9 of section 2.5. Among three factor interactions BCD is
linear trend-free, ACD is nearly linear trend-free and the other two ABC and ABD are

neither linear trend-free nor nearly linear trend-free.

By using the above algorithm given in section 2.5, program has been written using
Microsoft Visual C++. The listing of the program is given in Appendix 2.3. From this
program, we can obtain the desired confounded factorial experiment in more than one
block per replication by confounding higher order interaction for any number of factors
k (> 3). The catalogue of the obtained design for 2" confounded factorial experiment
(for £ =3, ..., 7) that are linear trend-free for main effects is given in Appendix 2.4.
The identified two and three factor interactions that are linear trend-free are given at the

bottom of each design.

37



Appendix-2.1

A. Computer program in Microsoft Visual C++ for obtaining complete
factorial experiments that are linear tend free for main effects
#include <stdio.h>
#include <conio.h>
#include <math.h>
static int a[1024][10], b[1024][10], t[1024], c[1024][10], d[1024], e[1024][45],
arr[1024][45];
void main()
{
FILE *fp;
fp=fopen("d:\output\sushl.txt","a+");
int 1,j,h=0,1,m,n,q,k,sum=0,s,y=0,z=0;
printf("Enter the number of factors n =");
scanf("%d",&n);
if(fp!=NULL){
m=pow(2,n);
for(i=0;1<n;i++)
y=yti;
for(j=0;j<n;j++)
{
if(j==0)
{
for(i=0;1<m;i++)
{
1f(1%2==0)
afi][jl=-1;
else
afi]fjl=1;
b
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}

else
{
for(i=0;i<m;)
{
if(h%2==0)
{
for(1=0;1<pow(2,j);1++)
{
a[i][j1=-1;
i+t
¥
}
else
{
for(1=0;1<pow(2,j);1++)
{
a[i][j1=1;
i++;
}
}

h++;

}
h=0;
}
if (n%2==0)
{
for (i=0;i<m;i++)

{
for (k=0;k<n;k++)
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b
b

else

b
}

{

{

bli][k]=1;
for(j=0;j<n;j++)

bli](k]=b[i][k]*afi][j];

bli](k]=b[i][k}/a[1][k];
}

for (1=0;1<m;i++)

{

for (k=0;k<n-1;k++)
{
b[i][k]=1;
for(j=0;j<n;j++)

bli]k]= b[i][k]*afi][j];

bli][k]=b[i][k]/a[i][k];
}
{
bli][k]=1;
for(j=0;j<n;j++)
b[i](k]= bli][k]*a[i][];
}

for (i=0;1<2*m;i++)

q=(-(m-(i+1)));
t[i/2]=q;
fprintf(fp,"%3d",t[i/2]);
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fprintf(fp,"\n");
i=i+1;
b
for(i=0;i<m;i++)
{
for(j=0;j<n;j++)
{
fprintf(fp,"%3d" a[i][j]);
printf("\t");
b
fprintf(fp,"\n");
}
for(i=0;1<m;i++)
{
for(k=0;k<n;k++)
{
fprintf(fp,"%3d",b[1][k]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
}
if(n==3)
{
for(i=0;1<m;i++)
{
s=b[i][0]*b[i][1];
printf("%3d\n",s);

b
else if(n>3)

{
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for(k=0;k<n-1;k++)

{
for(j=1;j<n;j++)
{
for(i=0;i<m;i++)
{
art[i][z]=b[i][k]*b[i][j];
}
z=z+1;
if(z<=y)
continue;
else
break;
}
if(z<=y)
continue;
else
break;
printf("\n");
}
}
for(i=0;i<m;i++)
{
for(j=0;j<y;j++)
{
printf("%3d",arr[i][j]);
}
printf("\n");
}
for(i=0;i<m;i++)
{
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for(k=0;k<n;k++)
{

c[i][k]=t[i]*b[i][k];
fprintf(fp,"%3d",c[i][k]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");

b
for(i=0;1<m;i++)
{
for(k=0:;k<y;k++)
{
e[i][k]=t[i]*arr[i][k];
printf("%3d",e[i][k]);
printf("\t");
b
printf("\n");
}
for(k=0;k<n;k++)
{
for(i=0;i<m;i++)
{
sum=sum-+c[i][k];
b
fprintf(fp,"%3d",sum);
sum=0;
fprintf(fp,"\t");
b
for(k=0;k<y;k++)
{

for(i=0;1<m;i++)
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sum=sum-+e[i][k];
¥
printf("%3d",sum);
sum=0;

printf("\t");

}
fclose(fp);

getch();
}
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Appendix — 2.2

Catalogue of complete factorial experiments that are linear trend-free for main
effects and some of 2- and 3- factor interactions

By using the algorithm developed in section 2.3, computer program in Microsoft Visual
C++ is run for obtaining complete factorial experiments that are linear-tend free for
main effects. With this program, designs have been developed for £ = 3, ..., 7 factors
each at two levels. These designs are linear trend-free for main effects. Two and three
factor interactions that are linear trend-free (LTF) or nearly linear trend-free (NLTF)
are given at the bottom of the design. For each of the design of k factors, k! different
designs can be generated by permuting columns of main effects that are linear trend-
free for main effects. In these k! different designs, the treatment combinations of two

and three factor interactions that are linear/nearly linear trend-free may be different. For

illustration 6 different designs Design 1.1 to Design 1.6 are given for 2’ factorial

experiment. For other design of factor k=4, 5, 6 and 7 only one design is given.

2’ Design
Design-1.1 Design-1.2 Design-1.3

A B C A B C A B C
ab 1 1 -1 ac 1 -1 1 ab 1 1 -1
ac 1 -1 1 ab 1 1 -1 be -1 1 1
be -1 1 1 be -1 1 1 ac 1 -1 1
(6)) -1 -1 -1 1) -1 -1 -1 1 -1 -1 -1
c -1 -1 1 b -1 1 -1 c -1 -1 1
b -1 1 -1 c -1 -1 1 a 1 -1 -1
a 1 -1 -1 a 1 -1 -1 b -1 1 -1
abc 1 1 1 abc 1 1 1 abc 1 1 1
LTF: AB NLTF: AC LTF: AC LTF: AB

Design-1.4 Design-1.5 Design-1.6

A B C A B C A B C
ac 1 -1 1 be -1 1 1 be -1 1 1
be -1 1 1 ab 1 1 -1 ac 1 -1 1
ab 1 1 -1 ac 1 -1 1 ab 1 1 -1
1) -1 -1 -1 1) -1 -1 -1 1) -1 -1 -1
b -1 1 -1 a 1 -1 -1 a 1 -1 -1
a 1 -1 -1 c -1 -1 1 b -1 1 -1
c -1 -1 1 b -1 1 -1 c -1 -1 1
abc 1 1 1 abc 1 1 1 abc 1 1 1
LTF: AC NLTF: AB NTLF: AC
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2* Design

A B C D

A B C D

abc
ad
bd

0]

-1

bed
acd
ab

abd
ac

be

1

abed

BCD

NLTF:

LTF: All two factor interactions

2° Design

A B C D E

A B C D E

1

abced
ae

acd
abe

be

abd
ace

ce

bd
ad

1

abce
de

abc
ade

bc

ac

1

1

abde
ab

cde

1
-1

acde
bede

0]

1

abcde

1-

LTF: All two and three factor interactions

2° Design

A B C D E F

1

A B C D E F

abcde
af
bf

1
-1

bedef -1

acdef
ab

1

cde
cf

1

abdef
ac

bde
ade

be

1

abcef
df

1

abcef
ad
bd

bce
ace

1

abdf
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abe

cd
bef
aef

acdf
bedf

-1

1
1

abed

ef

abedf
ae

bed -

acd

be

1

abef

cef
ce

abd

-1

acef
bcef

bdf
adf

-1

1

abce
de

abc

-1

1
-1

adef

bcf
acf

bdef

1

abde
abf

-1

-1

cdef

-1

1
-1

acde
bcde

1

1

abcedef

LTF: All two and three factor interactions

2" Design
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1
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bdeg
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1
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acdeg
bcdeg

bf

-1
-1
1

af

abcdeg

abcde
afg
bfg
cde
cfg

-1

bcede

acde
abfg

abde

1
1

bde
ade

acfg
befg

de

-1
-1
1
1
-1

1

abcfg

-1

abce

bce
ace

adfg
bdfg
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1

abdfg
abe

-1
-1

cdfg
be

1
-1

acdfg
bedfg
efg
efg
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1
1
1
-1
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abced

bed
acd

aefg
befg

cd

abefg 1

abd

-1

-1
-1

cefg

bd
ad

-1

bceefg

1
-1
-1
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defg
be
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1
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bdefg

-1
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1
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-1

1
-1
-1
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)

1
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S B |

LTF: All two and three factor interactions
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Appendix-2.3

#include <stdio.h>
#include <conio.h>
#include <math.h>
static int a[1024][10], b[10], b1[10], b2[10],t[1024];
int al[1024][10], a2[1024][10], a3[1024][10],c1[1024][10],d1[1024][10];
void main()
{
FILE *tp;
fp=fopen(“d:\obj2.txt”,”a+");
int
1,d,j=0,h=0,q,],m,m1,n,sum,y=0,z=0,n1,j 1,fr=0,k=0,n2,k 1=0,n3,k2=0,k3=0,c,c5;
printf(“Enter the number of factors K = *);
scanf(“%d”,&n);
if(fp!=NULL){
m=pow(2,n);
for(i=0;i<n;i++)
y=y+L;
for(j=0;j<n;j++)
{
if(j==0)
{
for(i=0;i<m;i++)
{
1f(1%2==0)
a[i][j1=0;
else
a[i]j]=1;
}
J
else
{
for(i=0;1<m;)
{
if(h%2==0)
{
for(1=0;1<pow(2,j);1++)
{
ali[j]=0;
1++;
}
}

else

{
for(1=0;1<pow(2,j);1++)
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afil[j]-1:
1++;
}
}
h++;
}
}
h=0;
}

printf(“Enter 1 for half fraction”);
printf(“Enter 2 for quarter fraction™);
printf(“Enter 3 for 1/8 fraction”);

scanf(“%d”,&fr);
if(fr==1)
{

printf(“Enter the number of factors for interaction”);
scanf(“%d”,&nl);

printf(“Enter interaction”);

for(i=0;i<n1;i++)

{
;

for (1i=0;1<2*m;i++)
{
q=(-(m-(i+1)));
t[i/2]=q;
fprintf(fp,”%3d”,t[1/2]);
fprintf(fp,”\n”);
it+;

}

for(i=0;1<m;i++)

scanf(“%d”,&b[i]);

{
sum=0;
for(j1=0;j1<nl1;j1++)
{

}

sum=sum-+a[i][b[j1]];

if((sum%2)==0)
{
for(j=0;j<n;j++)
{
al[k][j]=ali][j];

}

k++;
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}

for(i=0;i<n1;i++)

{
j

fprintf(fp, \n%3d”,b[i]);

for(k=0;k<m/2;k++)
éor(jZO;j<n;j++)
{ fprintf(fp,”%3d”,al[k][j]);
fprintf(fp,”\t”);
fpringf(fp,”\n”);
}

for(k=0;k<m/2;k++)
é0r(1'=0;j<n;j++)
{ fprintf(fp,”%3d”,al[k][j]);
fprintf(fp, »\t ») ;
fprint}f(fp, »\n ») ;
‘i‘or(k=0;k<m/2;k++)
{

for(j=0;j<n;j++)

{

if(al[k][j]==0)
{
d=1;
fprintf(fp, »%3d »,d) ;
fprintf(fp, »\t ») ;
b

else

d=0;
fprintf(fp,”%3d”,d);
fprintf(fp, »\t ») ;
b
}
fprintf(fp, »\n ») ;

}
for(k=0;k<m/2;k++)
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{
for(j=0;j<n;j++)

{
if(al[k][j]==0)
{
al[k]jl=-1;
cl{k][j]=al[k][];
c=clk][j];
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
}
else
{
fprintf(fp,”%3d”,al[k][j]);
fprintf(fp, »\t ») ;
}
}
fprintf(fp, »\n ») ;
}
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
if(al[k][j]==0)
{
al[k][j]=-1;
cl{k][j]=al[k][j];
fprintf(fp,”%3d”,al[k][j]);
fprintf(fp,”\t”);
}
else
{
cl{k][j]=al[k][j];
fprintf(fp,”%3d”,al[k][j]);
fprintf(fp, »\t ») ;
}
}
fprintf(fp, »\n ») ;
}
k3=m/2;
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{

if(al[k][j]==0)
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{

al[k][j]=-1;
c=1*al[K][j];
cl[k3][j]=c;
fprintf(fp,”%3d”,c);

fprintf(fp,”\t™);
}
else
{
c=-1*al[k][j];
cl[k3][j]=c;
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
h
}
k3++;
fprintf(fp,”\n”);
}
for(k=0;k<m;k++)
{
for(j=0;j<n;j++)
{
clk][jI=tlk]*el[k][j];
fprintf(fp,”%3d”,c1[k][j]);
fprintf(fp, »\t ») ;
j
fprintf(fp, »\n ») ;
b
sum=0;
for(k=0;k<n;k++)
{
for(i=0;i<m;i++)
{
sum=sum-+c1[i][k];
J
fprintf(fp,”%3d”,sum);
sum=0;
fprintf(fp,”\t”);
b
}
if(fr==2)
{

printf(“’Enter the number of factors for first interaction”);
scanf(“%d”,&nl);
printf(“Enter interaction”);
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for(i=0;i<n1;i++)

{
b

printf(“Enter the number of factors for second interaction”);
scanf(“%d”,&n2);

printf(“Enter interaction”);

for(i=0;1<n2;1++)

{

}
ml=m/2;
for (i=0;i<2*ml;i++)
{
q=(-(m1-(i+1)));
t[i/2]=q;
fprintf(fp,”%3d”,t[1/2]);
fprintf(fp,”\n”);
it+;

}

for(i=0;i<m;i++)

scanf(“%d”,&b[i]);

scanf(“%d”,&b1[i]);

{
sum=0;
for(j1=0;j1<n1;j1++)
{

}

sum=sum-+a[i][b[j1]];

1f((sum%?2)==0)
{
for(j=0;j<n;j++)
{
al[k][j]=ali][j];

}

k++;

}

for(i=0;i<nl;i++)

{
b

fprintf(fp,”\n%3d”,b[1]);

for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
fprintf(fp,”%3d”,al[k][j]);
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fprintf(fp, »\t ») ;

h
fprintf(fp, »\n ») ;

b
for(k=0;k<m/2;k++)
{
sum=0;
for(j1=0;31<n2;j1++)
{
sum=sum+al[k][bl[j1]];
b
if((sum%2)==0)
{
for(j=0;j<n;j++)
{
a2[k1][jl=al{k][j];
}
k1++;
}
b

fprintf(fp,”\nb1\n");
for(i=0;i<n2;i++)
{ fprintf(fp,”\n%3d”,b1[i]);
} for(k1=0;k1<m/4;k1++)
1§or(j=0;j<n;j+ +)
{ fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp, »\t ») ;
} fprintf(fp, »\n ») ;
for(k1=0;k1<m})4;kl++)
ﬁor(jzo;j<n;j++)
{ fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp, »\t ») ;
} fprintf(fp, »\n ») ;
for(k1=0;k1<m}}4;k1++)
{
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for(j=0;j<n;j++)

b
}

{

if(a2[k1][j]==0)

d=1;
fprintf(fp, »%3d »,d) ;
fprintf(fp, »\t ») ;

d=0;
fprintf(fp,”%3d”,d);
fprintf(fp, »\t ») ;

fprintf(fp, »\n ») ;

for(k1=0;k1<m/4;k1++)

{

for(j=0;j<n;j++)

b
j

{

if(a2[k1][j]==0)

else

{

a2[k1][j]=-1;
fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp,”\t”);

j

fprintf(fp, %3d”,a2[k11[j]);
fprintf(fp, »\t ») ;

fprintf(fp, »\n ») ;

for(k1=0:k 1<m/4;k1++)

{

for(j=0;j<n;j++)

{

if(a2[k1][j]==0)

{

a2[Kk1][j]=1;
cl[k1]jl=a2[k1][j];
fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp,”\t”);

}
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else

{
cl[k1][jl=a2[k1][j];
fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp, »\t ») ;
b
b
fprintf(fp, »\n ») ;
}
k3=m/4;
for(k1=0:k1<m/4;k1++)
{
for(j=0;j<n;j++)
{
if(a2[k1][j]==0)
{
a2[k1][j]=-1;
c=a2[k1][j]*-1;
cl[k3][j]=c;
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
}
else
{
c=a2[kl1][j]*-1;
cl[k3][j]=c;
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
b
yk3++;
fprintf(fp,”\n”);
}
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
clk]jI=tik]*cl[k][j];
fprintf(fp,”%3d”,c1[k][j]);
fprintf(fp, »\t ») ;
}
fprintf(fp, »\n ») ;
b
sum=0;

for(k=0;k<n;k-++)
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}

}

for(i=0;1<m/2;1++)
{

sum=sum-+c1[i][k];

J
fprintf(fp,”%3d”,sum);
sum=0;
fprintf(fp,”\t”);

if(fr==3)

{

printf(“Enter the number of factors for first interaction”);
scanf(“%d”,&nl);

printf(“Enter interaction”);

for(i=0;i<n1;i++)

{
b

printf(“Enter the number of factors for second interaction”);
scanf(“%d”,&n2);

printf(“Enter interaction”);

for(i=0;1<n2;i++)

{
j

printf(“Enter the number of factors for third interaction”);
scanf(“%d”,&n3);

printf(“Enter interaction”);

for(i=0;1<n3;i++)

{

H
ml=m/4;
for (1i=0;1<2*m1;i++)
{
q=(-(m1-(i+1)));
tfi/2]=q;
fprintf(fp,”%3d”,t[1/2]);
fprintf(fp,”\n”);
i++;

}

for(i=0;1<m;i++)

scanf(*“%d”,&b[i]);

scanf(*“%d”,&b1[1]);

scanf(“%d”,&b2[i]);

sum=0;
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for(j1=0;j1<n1;j1++)

{
sum=sum-+a[i][b[j1]];
¥
if((sum%2)==0)
{
for(j=0;j<n;j++)
{
al[k][jl=alil[j];
}
k++;
}
¥

fprintf(fp,”\nb\n”);
for(i=0;i<nl;i++)

{
fprintf(fp,”\n%3d”,b[1]);
}
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
fprintf(fp,”%3d”,al[k][j]);
fprintf(fp,”\t”);
}
fprintf(fp,”\n”);
}
for(k=0;k<m/2;k++)
{
sum=0;
for(j1=0;j1<n2;j1++)
{
sum=sum+al[k][b1[j1]];
}
1f((sum%?2)==0)
{
for(j=0;j<n;j++)
{
a2[k1][j]=al[k][j];
}
k1++;
}
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}

fprintf(fp,”\nb1\n");
for(i=0;i<n2;i++)

{
b

fprintf(fp,”\n%3d”,b1[i]);

for(k1=0;k 1 <m/4;k1++)
{
for(j=0;j<n;j++)
{
fprintf(fp,”%3d”,a2[k1][j]);
fprintf(fp, »\t ») ;

h
fprintf(fp, »\n ») ;

}
for(k1=0;k1<m/4;k1++)
{
sum=0;
for(j1=0:j1<n3;j1++)
{

}

sum=sum+a2[k1][b2[j1]];

if((sum%2)==0)
{
for(j=0;j<n;j++)
{
a3[k2][jl=a2(k1][j1;

;
k2++;

}

fprintf(fp,”\nb2\n");
for(i=0;i<n3;i++)

{
fprintf(fp,”\n%3d”,b2[i]);
b
for(k2=0;k2<m/8;k2++)
{
for(j=0;j<n;j++)

{
fprintf(fp,”%3d”,a3[k2][j]);
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fprintf(fp,”\t”);

}
fprintf(fp,”\n”);
j
for(k2=0;k2<m/8;k2++)
{
for(7=0;j<n;j++)

{
fprintf(fp,”%3d”,a3[k2][j]);
fprintf(fp, »\t ») ;

b

fprintf(fp, »\n ») ;
b
for(k2=0;k2<m/8;k2++)
i
for(j=0;j<n;j++)

{

if(a3[k2][j]==0)

{
d=1;
fprintf(fp, »%3d »,d) ;
fprintf(fp, »\t ») ;

b

else

{
d=0;
fprintf(fp,”%3d”,d);
fprintf(fp, »\t ») ;

}

b
fprintf(fp, »\n ») ;
j
for(k2=0;k2<m/8;k2++)
{
for(j=0;j<n;j++)
{
if(a3[k2][j]==0)
{
a3[k2][j]=-1;
fprintf(fp,”%3d”,a3[k2][j]);
fprintf(fp,”\t”);
b
else
{

fprintf(fp,”%3d”,a3[k2][j]);
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fprintf(fp, »\t ») ;

}
}
fprintf(fp, »\n ») ;
b
for(k2=0;k2<m/8;k2++)
{
for(j=0;j<n;j++)
{
if(a3[k2][j]==0)
{
a3[k2][j]=-1;
cl[k2][jl=a3[k2][j];
fprintf(fp,”%3d”,a3[k2][j]);
fprintf(fp,”\t”);
}
else
{
cl[k2][jl=a3[k2][j];
fprintf(fp,”%3d”,a3[k2][j]);
fprintf(fp, »\t ») ;
b
}
fprintf(fp, »\n ») ;
b
k3=m/8;
for(k2=0;k2<m/8;k2++)
{
for(j=0;j<n;j++)
{
if(a3[k2][j]==0)
{
a3[k2][j]=-1;
c=a3[k][j]*-1;
cl[k3][j]=c;
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
b
else
{

c=a3[K2][j]*-1;
c1[K3][j]=c:
fprintf(fp,”%3d”,c);
fprintf(fp,”\t”);
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}

1k3++;
fprintf(fp,”\n”);
}
for(k=0;k<m/4;k++)
{
for(j=0;j<n;j++)
{
cIfk]1=tk]*c1[k][j];
fprintf(fp,”%3d”,c1[k][]);
fprintf(fp, »\t ») ;
}
fprintf(fp, »\n ») ;
b
sum=0;
for(k=0;k<n;k-++)
{
for(i=0;i<m/4;i++)
{
sum=sum-+c1[i][k];
}
fprintf(fp,”%3d”,sum);
sum=0;
fprintf(fp,”\t”);
}
j
fprintf(fp,”\nfr=%d “,fr);
}
fclose(fp);
getch();
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Catalogue of confounded factorial experiments that are linear trend-free for

Appendix-2.4

main effects and some of 2- and 3- factor interactions

24

A
-1
1
1
-1
1
-1
-1
1

Block-1
B C
-1 -1
1 -1
-1 1
1 1
-1 -1
1 -1
-1 1
1 1

Design, confounding ABCD

D
-1
-1
-1
-1

1

1
1
1

(1)
ab
ac
be
ad
bd
cd
abed

A

1

Block-2
B C
1 1
-1 1
1 -1
-1 -1
1 1
-1 1
1 -1
-1 -1

D
1
1
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1
-1
-1
-1
-1

bed
acd
abd
d
abc
c
b
a

LTEF: All two factor interaction and BCD; NLTF: ACD

2° Design, confounding ABCDE

Block-1 Block-2
A B C D E A B C D E
-1 -1 -1 -1 -1 1 -1 -1 -1 -1
1 1 -1 -1 -1 -1 1 -1 -1 -1
1 -1 1 -1 -1 -1 -1 1 -1 -1
-1 1 1 -1 -1 1 1 1 -1 -1
1 -1 -1 1 -1 -1 -1 -1 1 -1
-1 1 -1 1 -1 1 1 -1 1 -1
-1 -1 1 1 -1 1 -1 1 1 -1
1 1 1 1 -1 -1 1 1 1 -1
1 -1 -1 -1 1 -1 -1 -1 -1 1
-1 1 -1 -1 1 1 1 -1 -1 1
-1 -1 1 -1 1 1 -1 1 -1 1
1 1 1 -1 1 -1 1 1 -1 1
-1 -1 -1 1 1 1 -1 -1 1 1
1 1 -1 1 1 -1 1 -1 1 1
1 -1 1 1 1 -1 -1 1 1 1
-1 1 1 1 1 1 1 1 1 1

LTF: AB, AC, AD, AE, BC, BD, CD and all three factor interactions; NLTF: BE
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LTF: All two and three factor interactions

2" Design, confounding ABCDE, CDEFG and ABEFG
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LTF: All two and three factor interactions except CD
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Chapter I11

DEVELOPMENT OF LINEAR TREND-FREE DESIGNS FOR TWO
LEVEL FRACTIONAL FACTORIAL EXPERIMENTS

3.1 Introduction

Factorial experiments are quite useful for conducting the field experiments because
these experiments give the comparison of not only main effects but all types of
interactions. The comparisons required in this type of experiments are not the pair-wise
comparison as in varietal trials but a special type of comparison called main effects and

interactions.

In factorial experiments as the number of factors and/or levels increase the number of

treatment combinations increase very rapidly e.g. in 2" factorial experiment, when k = 3
total number of treatment combination » = 8 and when k£ = 7 total number of treatment
combination becomes n = 128. In such situations, the resources of the experimenter
may not allow to have even one replication. Finney (1945) proposed a method in
which only a fraction of treatment combinations will be experimented with. Such
experiments are called fractional factorial experiments. In fractional factorial
experiments, though the size of experiment is reduced, information on certain higher
order interactions is sacrificed. The crucial part of the fractionally replicated design is
the suitable choice of the defining or identity relationship. The non-estimable effects or
interactions for the selected fraction of the treatment combinations, when equated with
defining contrasts I, are called the identity relation. After selecting a fraction of
treatment combinations one can easily note that any contrast of the selected treatment
combinations represents more than one effect or interaction, and all effects or
interactions, represented by the same treatment combinations are called aliases. In
aliases, assuming that higher order interactions are negligible when compared with one
of them, in which he is interested (lower order); the experimenter can estimate it by the

corresponding contrast of the selected treatment combinations.
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In fractional factorial experiment, lower order interactions are more likely to be
important than higher order interactions. There has been much progress on the
construction of two level factorial designs. Recently more attention has been paid to
regular two level-designs that are characterized by their specification in terms of

defining contrasts.

Similar to complete factorial experiments, the experimental units in fractional factorial
designs may exhibit trend effect over space or time. The contrasts of interests, say main
effects, two factor interactions, efc. in fractional factorial designs may be affected by
trend effect. In such situations, the interest of experimenter is to eliminate the trend
effect. It is known that most of the trend is reduced, if we are able to eliminate the
linear trend. Thus in the presence of linear trend in experiments, the run order of
treatment combinations are made such that contrasts of interest i.e. main effects, two

factor interactions, etc. are orthogonal to linear trend.

In chapter II, the algorithm for complete and confounded factorial experiment that is at
least linear trend-free for main effects have been developed. These designs were further
searched for two and three factor interactions that are linear trend-free. The catalogues
of complete and confounded factorial experiments that are linear trend-free for at least

main effects have also been given.

The concept of complement foldover is given in Section 3.2. The algorithm has been
developed to obtain the fractional factorial experiments that are linear trend-free for at
least main effects in Section 3.3. This algorithm will also make a search for
identification of two factor interactions that are estimable free from linear trend effects.
This was followed by working of algorithm, computer program and catalogue of

designs obtained.

. . . . . 1
In fractional factorial experiments, we consider the problem of constructing a YA

fraction of a 2" factorial experiment. Such an experiment is denoted by 2*™”. Out of the
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total of (2*-1) effects and interactions in the full factorial experiment, (27-1) are
inseparable from the mean and the remaining 27 are mutually inseparable in the set

of 27, there being (2*777'-1) such sets.

A necessary and sufficient condition for a linear trend-free factorial design is that there
exists a systematic run order for that factorial design satisfying equation X'T = 0 where
columns of matrix X are coefficients of contrasts of interest and T is vector of

coefficients of polynomial of first order. For example A, B, C, ... are representing the

coefficients of contrasts of main effects and the fractional factorial experiment is 277
The experimenter is interested in estimating these main effect contrasts that are free
from linear trend. It means that the main effects are orthogonal to linear trend. In such

situation, the matrix is X = [A B C ...] and the trend vector T are such that X'T=0.

The technique by which useful information can be obtained with a reasonable  degree
of precision from less than a full replicate of a factorial experiment is known as
fractional replication. Here we will use the concept of complement foldover pair in
factorial experiments. In a factorial experiment two treatment combinations are said to

be complement foldover pair, if one is obtained as the complement of the other.

One of the methods is the Generalized Foldover Scheme (GFS) introduced by Coster
and Cheng (1988). This scheme uses the concept of foldover. Another important feature
discussed by Coster and Cheng (1988) is of the cost of conducting a factorial
experiment. In this case, the cost of conducting an experiment refers to the cost
incurred by changing the levels of factors in the experiment. For example, consider a
factorial experiment in which changing the levels of some factors is technically difficult

and/or expensive.

In such situation, the implication is that the more frequent the level changes of these
factors, the more difficult and/or expensive it is to conduct of the factorial experiment.
That is, in order to reduce the cost of conducting an experiment, one may find a

systematic run order such that the number of level changes is minimized. In section 3.2,
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we will review the concept of complement foldover, which is a basic concept of the

GFS.

3.2  Concept of complement foldover

Consider a two-level complete factorial design D with four factors, i.e., D is2*. This
design consists of four factors, say A, B, C and D each at two levels and having 16
treatment combinations or runs. In factorial experiment, two design points such as ab
and cd are complementary in the sense that one is obtained by changing the levels of all
the factors, in other words it is said to be complement foldover pair. A foldover for n
points is a design that consists of n/2 foldover pairs. We can foldover a design with n

points by running other # points that is their complements.

The concept of complement foldover is used to obtain the fractional factorial
experiments that are linear trend-free for main effects and some of the treatment

combinations. First we give two Lemmas.

Lemma 3.1: If we have a factorial experiment in »n runs (say design D); take its
complement foldover (say design D"), then combining the two, we have design (D*) in

2n runs, that is linear trend-free for main effects.

Proof: for the proof of above lemma, it is sufficient to show that sum of the positions

high level and low level are equal for all the factors under consideration.

Let n,(0)and n,(1) be the number of the i"™ runs in D, in which A (factor) is at its low

level and high level, respectively.

Denote the sumZn ;(0), of the run numbers in D with A at its low level by s,(0)and
the corresponding sum at its high level as s,(1) i.e.s,(0) = Zni (0) and s,(1) = Zni Q)
in D. In other words, s,(0)represents the sum of positions of low level, and s, (1)

represents the sum of positions of high level, in design D.
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Similarly s/(0) and s/(1) are represented in D’and s, (0) and s, (1) are represented in
D*. Since D’is complement foldover of D, so
51(0) =Y n+n,(1)

Then

5, (0)=5,(0)+s,()+n*/2=s5,(1)
Thus the sum of positions of high and low level is same in design D’. Hence the
Lemma is proved.
Lemma 3.2: If we make a design (D*) of 2x runs by combining a factorial experiment
(D) of n runs and (D") of n runs i.e. complement foldover of D, then the main effects

which are linear trend-free in D are quadratic trend-free in D*.

We illustrate Lemma 3.1 with a suitable example. Suppose we begin with half replicate
of 2° factorial experiment defined by defining contrast I = -ABC as

D (1) ab ac bc
Its complement foldover design D’ is

abc C b a
Combining the two, we have D* as

(1) ab ac bc abc c b a

Now if we apply the condition of linear trend-free for main effects X'T =0 for all the

coefficient of contrasts of main effects, it holds true.

A B C T A B C

-1 -1 -1 -7 7 7 7

I 1 -1 -5 5005 5

I -1 1 -3 -3 3 3

X= -1 1 1 -1 X'T= 1 -1 -1
1 1 1 1 1 1 1

-1 -1 1 3 3003 3

-1 1 -1 5 -5 5 5

I -1 -1 7 7T -7

Sum 0 0 0
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We denote the first sequence of n points by D and last sequence of » points that is
complementary foldover of D, as D’"and D* be sequence of 2n points. The sequence D
and D’are such that each factor appears at its high level and low levels exactly n/2

times in D and D’. Then we have the following rules.

Rulel 3.1: If the factor A is folded over as we pass from D to D', we obtain design

th
(D*). In design D*, the level of factor A in the (n+i) position is opposite of its level in

the /™ position. The sum of the positions of high level of A is equal to the sum of the

positions of low level of A. Thus the main effect A is orthogonal to linear trend.

Rule 3.2: If A is linear trend-free in D then A is quadratic trend free in D*.

Consider a 27 fractional factorial design, which has k factors, denoted by 1,2,...,k
and 27 runs uniquely determined by p independent defining words (contrasts). A
word consists of letters that are names of factors denoted by 1,2,...,k or a,b,...and so
on. The group formed by p defining words can be represented by

[=w, =w,="-=w_,

or the treatment defining contrasts sub group G ={I,w,,---,w_,}.

The number of letters in a word is called word length.

For obtaining the design that is linear trend-free for main effects by the technique of
complement foldover, we have two rules other than the rule 3.1 and rule 3.2. If we start
with a defining word and obtain a half replicate design say D. Its complement foldover

is D'. Then combining the two, we have design D*. Then the two rules are:
Rule 3.3: If the letters in the defining word for design D are even, then design D’ is
mirror image of D and so we have only as much information in D* as contained in D

(half replicate).

Rule 3.4: If the letters in the defining word for design D are odd, then the design D’

will contain the different treatment combination as contained in D. Then we have the
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design D* that will have more information than D and will be complete factorial
experiment.
For clarity, we illustrate these two rules by taking the following two different factorial

experiments.

1) When the total number of factors is odd i.e. 2° factorial experiment
Here we consider the two situations as:
A. When letters in the defining word for design D are even i.e. | = AB
Half replicate of design D is
1 ab c abc
Its complement foldover design D’ is
abc c ab 1
Combining the two, we have D* as

1 ab c abc abc c ab 1 (3.1)

B. When letters in the defining word for design D are odd i.e. I =-ABC
Half replicate design D is
1 ab ac bc
Its complement foldover design D’ is

abc c b A

Combining the two, we have D* as

1 ab ac bc abc c b a (3.2)

It can be easily checked that designs D* in (3.1) and (3.2) are linear tend-free for main
effects (Lemma 3.1) but design in (3.1) has the information same as in half replicate
design i.e. that of design D while the design in 3.2 contains the information of complete

factorial experiment i.e. double of the information contained in design D.

2) When the total number of factors is even i.e. 2* factorial experiment

Here also we consider the two different situations as:
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A.

1

1

When letters in the defining word for design D are even i.e. I = ABCD

ab

Half replicate of design D is
1 ab ac be ad bd cd Abcd
Its complement foldover design D’ is

abcd cd bd ad bc ac ab 1

Combining the two, we have D* as

ac bc ad bd cd abcd abecd ¢d bd ad bc ac ab

Then half replicate design D is
1 ab ac bc d abd acd
Its complement foldover design D’ is
abcd cd bd ad abc C b

Now combining the two, we have D* as

ab ac bc d abd acd bed abed cd bd ad Abc ¢ b

B. When letters in the defining word for design D are odd i.e. | = —ABC

a

1

bed

(3.3)

(3.4)

The designs D* in (3.3) and (3.4) are linear trend-free for main effects (Lemma 3.1) but

the design in (3.3) has the information same as in half replicate design while the design

in (3.4) contains the information of complete factorial experiment.

Thus for generation of a fractional factorial experiment of desired fraction that is linear

trend-free for main effects, we use the following principles:

i)

For obtaining complete factorial experiment that is linear trend-free for main

effects, one must start with % fraction and the defining contrast must contain

odd number of factors.

For obtaining % fraction of factorial experiment that is linear trend-free for

main effects, one must start with 1 fraction and two independent defining

4

contrasts must contain odd number of factors.

74



iii)

For obtaining 1 fraction of factorial experiment that is linear trend-free for
4
main effects, one must start with 1 fraction and three independent defining
8
contrasts must contain odd number of factors.
The design D and D'must contain each factor at its high level and low level

equal times, so that main effects are estimable.

Using the Rule 3.1 to Rule 3.4 and simultaneously above principles, the algorithm is

developed to obtain desired fractional factorial experiment that is linear trend-free for at

least main effects.

33
I.
I.1

1.2

L3
1.4

L5

L.6

1.7

Algorithm for trend-free fractional factorial experiments
Algorithm to generate fractional factorial experiments
Use steps 1.1 to .8 of section 2.3 and generate full factorial design in standard
order. The factorial experiment generated is 2" and the levels of the design are
-1 and +1.
For obtaining the fraction of 2”factorial experiment, choose the treatment
combination/ interaction to form identity group of contrast.
For solving the equations, change all -1 entries into 0.
Solve the following equations for the chosen defining contrast

ij =0

dx, =L(j=12,..,k)

where j takes the values of chosen contrast for (j =1,2,...,k). the treatment

combination to be taken in defining contrast.

Out of the two equations, retain the treatment combinations of any one, say

of Z x; =0, for having the half fraction.

Similarly other equations are solved if more than one treatment combinations
are to be taken in defining contrasts by following principle of defining contrast.

If p independent treatment combinations are taken in defining contrasts, then
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: . 1 : : .
this algorithm generates a o replicate of size 2“7

1.8 The fraction is taken to the order so that main effects are not alias of two factor
interactions, may be alias of higher order. This ensures the estimation of main
effect and two factor interactions precisely.

1.9 For half fraction of a factorial experiment, we need to obtain one quarter

replicate.

Using steps I.1 to 1.7 in Section 3.3, a fractional factorial of desired fraction is
generated. For a fraction of the factorial experiment, say 27, p independent defining

words (contrasts) are taken such that the treatment combination in the fraction must
contain each factor at its high level and low level equal times, so that main effects are

estimable.

For obtaining the fractional factorial design that is linear trend-free for main effects, we
follow the Rule 3.1 to Rule 3.4 and using the above principles. Here we describe the

algorithm to half replicate that is linear trend-free for main effects.

I1. Algorithm for obtaining fractional factorial design that is linear trend-free for

main effects.

In this section, algorithm is given to obtain a fractional factorial experiment that is
linear trend-free for main effects and to identify the treatment combinations of two
factor interactions that are linear trend-free/ nearly linear trend-free. Here we are not
considering the three factor interactions as these may be alias of main and two factor

interactions. The steps of the algorithm are given below:

I1.1 Decide the defining word of even letters that is to be used for defining
contrast.

I1.2 Take two independent defining words of odd order length such that their
interaction is the desired defining contrast as in II.1.

I1.3 Taking these two odd letters defining word, generate one-fourth replication by
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using steps 1.1 to 1.7 of above algorithm.

11.4 Change all 0’s by -1, say this design D.

IL.5 Generate the design D’ by taking the complement foldover of D by replacing
all 1 by -1 and -1 by 1.

I11.6 Combine the design D and D'. This is desired design D*.

1.7 The design D* retains the treatment combinations of defining words of odd
order as discussed in rule 3.4. Thus the D* is the desired design of half
fraction in which the defining word is same as in II.1.

11.7 Identify the two factor interactions that are linear trend-free/ linear trend-free

using the steps III.1 to III.5 of section 2.3.

Using this algorithm, we give the working of algorithm by taking a fractional factorial

experiment % (2°) in Section 3.4.

3.4  Working of Algorithm

Suppose the experimenter wants a fractional factorial experiment 1(25) in which the
2

defining contrast is I = ABDE and all the main effects A, B, C, D and E are linear
trend-free. For this we identify two odd letter defining contrasts such that their
generalized interaction is ABDE. These two defining contrasts are ABC and CDE. For

obtaining the desired design, the working of algorithm is as follows:

First develop the factorial experiment 2° with factors A, B, C, D and E. This is

generated using steps 1.1 to 1.8 of algorithm given in section 2.3. This is given in

Design 3.1.
Design 3.1
A C D E A B C D E
§)) -1 -1 -1 -1 -1 e -1 -1 -1 -1 1
a 1 -1 -1 -1 -1 ae 1 -1 -1 -1 1
b -1 1 -1 -1 -1 be -1 -1 -1 1
ab 1 1 -1 -1 -1 abe 1 1 -1 -1 1
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c -1 -1 1 -1 -1 ce -1 -1 1 -1 1
ac 1 -1 1 -1 -1 ace 1 -1 1 -1 1
bc -1 1 1 -1 -1 bce -11 1 -1 1
abc 1 1 1 -1 -1 abce 1 1 1 -1 1
d -1 -1 -1 1 -1 de -1 -1 -1 1 1
ad I -1 -1 1 -1 ade 1 -1 -1 1 1
bd -1 1 -1 1 -1 bde -1 -1 1 1
abd 1 1 -1 1 -1 abde 1 1 -1 1 1
cd -1 -1 1 1 -1 cde -1 -1 1 1 1
acd 1 -1 1 1 -1 acde 1 -1 1 1 1
bed -1 1 1 1 -1 bcde -101 1 1 1
abed 1 1 1 1 -1 abcde 1 1 1 1 1
Change all -1 entries into 0 as per step 1.3 of this section.
Design 3.2

A B C D E A B C D E
(1) o 0 0 0 0 e 0 0 O 0 1
a 1 0 0 O 0 ae 1 0 O 0 1
b O 1 0 0 0 be 0 1 0 0 1
ab 1 1 0 O 0 abe 1 1 0 0 1
c o o0 1 0 0 ce 0O 0 1 0 1
ac 1 0 1 0 0 ace 1 O 1 0 1
bc 0 1 1 0 0 bce 0 1 1 0 1
abc 1 1 1 0 0 abce 1 1 1 0 1
d 0O 0 0 1 0 de 0O 0 O 1 1
ad 1 0 0 1 0 ade 1 0 O 1 1
bd o 1 0 1 0 bde 0 1 0 1 1
abd 1 1 0 1 0 abde 1 1 0 1 1
cd 0o 0 1 1 0 cde 0 0 1 1 1
acd 1 0 1 1 0 acde 1 O 1 1 1
bed 0 1 1 1 0 bcede 0 1 1 1 1
abed 1 1 1 1 0 abcde 1 1 1 1 1

For half fraction, we take the Defining contrasts as ABC i.e. I = ABC. From step 1.3
and 1.5 of this section, we retain the treatment combinations corresponding to the

equation x, +x, +x; =0. We have

Design 3.3
A B C D E
1) 0 0 0 0 0
ab 1 1 0 0 0
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ac 1 0 1 0 0
bc 0 1 1 0 0
d 0 0 0 1 0
abd 1 1 0 1 0
acd 1 0 1 1 0
bed 0 1 1 1 0
e 0 0 0 0 1
abe 1 1 0 0 1
ace 1 0 1 0 1
bce 0 1 1 0 1
de 0 0 0 1 1
abde 1 1 0 1 1
acde 1 0 1 1 1
bede 0 1 1 1 1

For one-fourth replicate, use another defining contrast CDE and solve for

equationx, +x, +x; = 0. Their generalized contrast is ABDE. Finally we have

I = ABC = CDE = ABDE and the design "4 (2°) is given as Design 3.4.

Design 3.4

A B C D E
1) 0 0 0 0 O
ab 1 1 0 0 0
acd 1 0 1 1 0
bed 0 1 1 1 0
ace 1 0 1 0 1
bce 0 1 1 0 1
de 0 0 0 1 1
abde 1 1 0 1 1

As per I1.4 of this section, change all 0’s by -1 say the Design D

Design D

A B C D E
a -1 -1 -1 -1 -
ab 1 1 -1 -1 -1
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acd 1 -1 1

bed -1 1 1 1 -1
ace 1 -1 1 1
bce -1 1 1 1
de -1 -1 -1 1 1
abde 1 1 -1 1

As per IL5 of this section, generate the design D’ by taking the complement foldover
of D by replacing all 1 by -1 and -1 by 1.
Design D’

A B C D
abcde 1 1 1 1
cde -1 -1 1 1
be -1 1 -1 -1
ae 1 -1 -1 -1
bd -1 1 -1 1 -1
ad 1 -1 -1 1 -1
abc 1 1 1 -1 -1
c -1 -1 1 -1 -1

As per 11.6 of this section, combine the design D and D'. This is desired Design D*.
Design D*

A B C D E

1 -1 -1 -1 -1 -1

ab 1 1 -1 -1 -1
acd 1 -1 1 1 -1
bed -1 1 1 1 -1
ace 1 -1 1 -1 1
bce -1 1 1 -1 1
de -1 -1 -1 1
abde 1 1 -1 1
abcde 1 1 1 1 1
cde -1 -1 1 1 1
be -1 1 -1 -1 1
ae 1 -1 -1 -1 1
bd -1 1 -1 | I |
ad 1 -1 -1 1 -1
abc 1 1 1 -1 -1
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This is the desired design D*. In this design treatment combinations of Defining

contrasts ABC and CDE are retained and I = ABDE is still defining contrast.

Thus the design D* is the design that is 1(25) in which the defining contrast is I =
2

ABDE and all the main effects A, B, C, D and E are linear trend-free. Now we examine

whether all main effects of the design D’ are orthogonal to linear-trend by the following

procedure:
A B C D E T A B C D E
-1 -1 -1 -1 -1 -15 15 15 15 15 15
1 I -1 -1 -1 -13 -3 -13 13 13 13
1 -1 1 -1 -1 -11 -11 11 -11 11 11
-1 1 I -1 -1 -9 9 -9 -9 9 9
-1 -1 -1 1 1 -7 7 7 7 -7 -7
1 I -1 1 1 -5 -5 -5 5 -5 -5
1 -1 1 1 1 -3 -3 3 -3 -3 -3
X= -1 1 1 1 1 -1 X'T= 1 -1 -1 -1 -1
1 1 1 1 1 1 1 1 1 1 1
-1 -1 1 1 1 3 -3 -3 3 3 3
-1 I -1 1 1 5 -5 5 -5 5 5
1 -1 -1 1 1 7 7 -7 -7 7 7
1 1 I -1 -1 9 9 9 9 -9 -9
-1 -1 I -1 -1 11 -1 -11 1 -1 -11
-1 1 -1 -1 -1 13 -13 13 -13  -13  -13
1 -1 -1 -1 -1 15 15 -15 -15 -15 -15
Sum 0 0 0 0 0

Further to identify the two factor interactions are linear trend-free/ linear trend- free, we
proceed as per steps III.1 to II1.5 of section 2.3. The two factor interactions AB, AD,
AE, BC, BD, BE, DE are linear trend-free and AC is nearly linear trend-free.

The algorithm given in Section 3.3 was translated in Microsoft Visual C++ program.
The listing of the program is given in Appendix 3.1. From this program, one can obtain
the desired fractional factorial experiment k£ (>5). The catalogue of the obtained
fractional factorial experiment (for k£ = 5, 6, 7 and 8), with varying fractions, that are
linear trend-free for main effects is given in Appendix 3.2. The identified two factor

interactions that are linear trend-free are given along with the design.
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Appendix-3.1

Computer program in Microsoft Visual C++ for obtaining fractional factorial
experiment that are linear trend-free for main effects

#include <stdio.h>
#include <conio.h>
#include <math.h>
static int a[1024][10], b[10], b1[10], b2[10],t[1024];
int al[1024][10], a2[1024][10], a3[1024][10],c1[1024][10],d1[1024][10];
void main()
{
FILE *fp;
fp=fopen("d:\obj2.txt","a+");
int
1,d,j=0,h=0,q,],m,m1,n,sum,y=0,z=0,n1,j1,fr=0,k=0,n2,k1=0,n3,k2=0,k3=0,c,c5;
printf("Enter the number of factors K =");
scanf("%d",&n);
if(fp!=NULL){
m=pow(2,n);
for(i=0;i<n;i++)
Y=yt
for(j=0;j<n;j++)
{
if(j==0)
{
for(i=0;1<m;i++)
{
1f(1%2==0)
alil[j]-0;
else
alilj=1;
b
}
else
{
for(i=0;i<m;)
{
1f(h%2==0)
{
for(1=0;1<pow(2,j);1++)
{
ali[j]=0;
1++;
H
b
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else

{
for(1=0;1<pow(2,j);1++)
{
ali]ljl=1;
1++;
}
}
h++;
}
}
h=0;
}

/**************************/

printf("Enter 1 for half fraction");
printf("Enter 2 for quarter fraction");
printf("Enter 3 for 1/8 fraction");
scanf("%d",&fr);
/*****************/
if(fr==1)
{
printf("Enter the number of factors for interaction");
scanf("%d",&nl);
printf("Enter interaction");
for(i=0;i<n1;i++)

{
}

for (1i=0;1<2*m;i++)

{

q=(-(m-(i+1)));
t[i/2]=q;
fprintf(fp,"%3d",t[i/2]);
fprintf(fp,"\n");

scanf("%d",&bli]);

it+;
}
for(i=0;i<m;i++)
{
sum=0;
for(j1=0;j1<nl;j1++)
{
sum=sum-+a[i][b[j1]];
¥

if((sum%?2)==0)
{
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for(j=0;j<n;j++)
{
al[k][jl=ali][j];

}

k++;

}

for(i=0;i<n1;i++)

{
b

fprintf(fp,"\n%3d",b[1]);

for(k=0;k<m/2;k++)
é0r(j=0;j<n;j++)
{ fprintf(fp,"%3d",al[k][j]);
fprintf(fp,"\t");
fpringf(fp,"\n");
}

for(k=0;k<m/2;k++)
Eor(i=0;j<n;j++)
{ fprintf(fp,"%3d",al[k][j]);
fprintf(fp,"\t");
} fprint}f(fp,"\n");

for(k=0;k<m/2;k++)
{

for(j=0;j<n;j++)

{

if(al[k][j]==0)
{
d=1;
fprintf(fp,"%3d",d);
fprintf(fp,"\t");
}

else

d=0;
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fprintf(fp,"%3d",d);
fprintf(fp,"\t");

}
}
fprintf(fp,"\n");
}
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
if(al[k][j]==0)
{
al[k][j]=-1;
cl{k][j]=al[k][j];
c=cl[K][j];
fprintf(fp,"%3d",c);
fprintf(fp,"\t");
}
else
{
fprintf(fp,"%3d",al[k][j]);
fprintf(fp,"\t");
}
}

fprintf(fp,"\n");

}
for(k=0;k<m/2;k++)

{
for(j=0;j<n;j++)
{
if(al[k][j]==0)
{
al[K][j1=-1;
clk]jl=al[k][j];
fprintf(fp,"%3d",al[k][j]);
fprintf(fp,"\t");
}
else
{
cl[k][jl=al[k][j];
fprintf(fp,"%3d",al[k][j]);
fprintf(fp,"\t");
}
h
fprintf(fp,"\n");
h
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k3=m/2;
for(k=0;k<m/2;k++)

{
for(j=0;j<n;j++)
{
if(alk][j]==0)
{
al[k][j]=-1;
c=-1*al[Kk][j];
cl[k3][j]=c;
fprintf(fp,"%3d",c);
fprintf(fp,"\t");
b
else
{
c=-1*al[k][j];
cl[k3][j]=c;
fprintf(fp,"%3d",c);
fprintf(fp,"\t");
b
}
k3++;
fprintf(fp,"\n");
}
for(k=0;k<m;k++)
{
for(j=0;j<n;j++)
{
cl[k][jl=tk]*c1k][j];
fprintf(fp,"%3d",c1[k][j]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
}
sum=0;
for(k=0;k<n;k++)
{
for(1i=0;1<m;1++)
{
sum=sum-+c1[i][k];
}

fprintf(fp,"%3d",sum);
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sum=0;
fprintf(fp,"\t");
}
H

/**************/
if(fr==2)
{

printf("Enter the number of factors for first interaction");
scanf("%d",&nl);

printf("Enter interaction");

for(i=0;i<n1;i++)

{
j

printf("Enter the number of factors for second interaction");
scanf("%d",&n2);

printf("Enter interaction");

for(i=0;1<n2;i++)

{
b

ml=m/2;
for (1i=0;1<2*m1;i++)
{
q=(-(ml1-(i+1)));
t[i/2]=q;
fprintf(fp,"%3d",t[i/2]);
fprintf(fp,"\n");
it+;

}

for(i=0;1<m;i++)

scanf("%d",&bl[i]);

scanf("%d",&b1[i]);

{
sum=0;
for(j1=0;j1<nl1;j1++)
{

}

sum=sum-+a[i][b[j1]];

1f((sum%?2)==0)
{
for(j=0;j<n;j++)
{
al[k][j]=a[i][j];

}

87



k++;

}
}
for(i=0;i<n1;i++)
{
fprintf(fp,"\n%3d",b[1]);
}
for(k=0;k<m/2;k++)
{
for(j=0;j<n;j++)
{
fprintf(fp,"%3d",al [k][j]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
}
for(k=0;k<m/2;k++)
{
sum=0;
for(j1=0;j1<n2;j1++)
{
sum=sum+al[k][b1[j1]];
}
if((sum%2)==0)
{
for(j=0;j<n;j++)
{
a2[kl1][jl=al[k][];
}
k1++;
}
}

fprintf(fp,"\nb1\n");
for(i=0;1<n2;i++)

{ fprintf(fp,"\n%3d",b1[i]);
} for(k1=0;k1<m/4;k1++)
Eor(j =0;j<n;j++)
{ fprintf(fp,"%3d",a2[k1][j]);
} fprintf(fp,"\t");

fprintf(fp,"\n");
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}

for(k1=0:k 1<m/4;k1++)

{
for(j=0;j<n;j++)

{
fprintf(fp,"%3d",a2[k1][j]);
fprintf(fp,"\t");

b

fprintf(fp,"\n");
b
for(k1=0:k1<m/4;k1++)
{
for(j=0;j<n;j++)

{

if(a2[k1][j]==0)

{
d=1;
fprintf(fp,"%3d",d);
fprintf(fp,"\t");

}

else

{
d=0;
fprintf(fp,"%3d",d);
fprintf(fp,"\t");

}

b
fprintf(fp,"\n");
b
for(k1=0;k 1<m/4;k1++)
{
for(j=0;j<n;j++)
{
if(a2[k1][j]==0)
{
a2[kl1][jl=-1;
fprintf(fp,"%3d",a2[k1][j]);
fprintf(fp,"\t");
b

else

{
fprintf(fp,"%3d",a2[k1][j]);
fprintf(fp,"\t");

}

b
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fprintf(fp,"\n");

}

for(k1=0;k1<m/4;k1++)

{

for(j=0;j<n;j++)

{

if(a2[k1][j]==0)

{
a2[kl][j]=-1;

clfkl1][l=a2[k1][j];

fprintf(fp,"%3d",a2[k1][j]);

fprintf(fp,"\t");
¥

clfkl][jl=a2[k1][j];

fprintf(fp,"%3d",a2[k1][j])

fprintf(fp,"\t");

fprintf(fp,"\n");

else
{
}

}

!

k3=m/4;

for(k1=0;k1<m/4;k1++)

{

for(j=0;j<n;j++)

{

if(a2[k1][j]==0)

else

}
K3+

{

a2[kl][j]=-1;
c=a2[kl][j]*-1;
cl[k3][j]=c;
fprintf(fp,"%3d",c);
fprintf(fp,"\t");

b

c=a2[kl1][j]*-1;
cl[k3][jl=c;
fprintf(fp,"%3d",c);
fprintf(fp,"\t");

fprintf(fp,"\n");

}
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for(k=0;k<m/2;k++)

{

for(j=0;j<n;j++)

{
cl[k][jI=t{k]*c1[k][j];
fprintf(fp,"%3d",c1[k][j]);
fprintf(fp,"\t");

}

fprintf(fp,"\n");

b
sum=0;
for(k=0;k<n;k++)
{
for(i=0;1<m/2;i++)
{
sum=sum-+c1[i][k];
}
fprintf(fp,"%3d",sum);
sum=0;
fprintf(fp,"\t");
H
}
if(fr==3)
{

printf("Enter the number of factors for first interaction");
scanf("%d",&nl);

printf("Enter interaction");

for(i=0;i<n1;i++)

{
j

printf("Enter the number of factors for second interaction");
scanf("%d",&n2);

printf("Enter interaction");

for(i=0;1<n2;1++)

{
b

printf("Enter the number of factors for third interaction");
scanf("%d",&n3);
printf("Enter interaction");

scanf("%d",&bl[i]);

scanf("%d",&b1[i]);
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for(i=0;i<n3;i++)

{
b

scanf("%d",&b2[1]);

ml=m/4;

for (i=0;i<2*m1;i++)

{

q=(-(m1-(i+1)));
t[i/2]=q;
fprintf(fp,"%3d" t[i/2]);
fprintf(fp,"\n");

i++;
}
for(i=0;i<m;i++)
{
sum=0;
for(j1=0;j1<n1;j1++)
{
sum=sum-+a[i][b[j1]];
}
if((sum%?2)==0)
{
for(j=0;j<n;j++)
{
al[k][j]=ali][j];
}
k++;
}
}

fprintf(fp,"\nb\n");
for(i=0;i<nl;i++)
{

}

fprintf(fp,"\n%3d",b[1]);

for(k=0;k<m/2;k++)

Eor(i=0;j<n;j++)
tiprintf(fp,"%3d",a1 (K1 D;
fprintf(fp,"\t");

fpringf(fp,"\n");

h
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for(k=0;k<m/2;k++)

{
sum=0;
for(j1=0;j1<n2;j1++)
{
sum=sum+al[k][b1[j1]];
}
1f((sum%?2)==0)
{
for(j=0;j<n;j++)
{
a2[kl1][j]=al[k][j];
}
k1++;
}
}

fprintf(fp,"\nb1\n");
for(i=0;1<n2;i++)

{
b

fprintf(fp,"\n%3d",b1[i]);

for(k1=0;k1<m/4;k1++)
t{Or(i=0;j<n;j++)
éprintf(fp,"%3 d",a2[k1][3D;
fprintf(fp,"\t");
fpringf(fp,"\n");
}

for(k1=0;k1<m/4;k1++)
{
sum=0;
for(j1=0;j1<n3;j1++)
{

}

sum=sum-+a2[k1][b2[j1]];

if((sum%2)==0)
{
for(j=0;j<n;j++)
{
a3[k2][jl=a2[k1][j];
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k2++;

}

fprintf(fp,"\nb2\n");
for(i=0;i<n3;i++)

{
b

fprintf(fp,"\n%3d",b2[1]);

for(k2=0;k2<m/8;k2++)
{
for(j=0;j<n;j++)
{
fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");
}

fprintf(fp,"\n");
for(k2=%);k2<m/ 8;k2++)
tior(j=0;j<n;j++)
{ fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");
fpringf(fp,"\n");
for(k2=0;k2<m}} 8;k2++)
tior(i=0;j<n;j++)
i{’f(813 [k2][j]==0)

d=1;
fprintf(fp,"%3d",d);
fprintf(fp,"\t");

d=0;
fprintf(fp,"%3d",d);
fprintf(fp,"\t");
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}

fprintf(fp,"\n");

}

for(k2=0;k2<m/8;k2++)

{

for(j=0;j<n;j++)

{

if(a3[k2][j]==0)

{

a3[k2][j]=-1;
fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");

}

fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");

fprintf(fp,"\n");

else
{
}
}
}
for(k2=0;k2<m/8;k2-++)
{

for(j=0;j<n;j++)

{

if(a3[k2][j]==0)

{

a3[k2](j]=-1;
cl{k2][j]=a3[k2][j];
fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");

}

cl[k2][j]=a3[k2][j];
fprintf(fp,"%3d",a3[k2][j]);
fprintf(fp,"\t");

fprintf(fp,"\n");

else
{
}
}
}
k3=m/8;

for(k2=0;k2<m/8;k2++)

{
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for(j=0;j<n;j++)

{
if(a3[k2][j]==0)
{
a3[k2][j]=-1;
c=a3[k][j]*-1;
cl[k3][j]=c;
fprintf(fp,"%3d",c);
fprintf(fp,"\t");
h
else
{
c=a3[k2][j]*-1;
cl[k3][j]=c;
fprintf(fp,"%3d",¢c);
fprintf(fp,"\t");
h
yk3++;
fprintf(fp,"\n");
h
for(k=0;k<m/4;k++)
{
for(j=0;j<n;j++)
{
cl[K][1=tk]*c1[K][1;
fprintf(fp,"%3d",c1[k][j]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
}
sum=0;
for(k=0;k<n;k++)
{
for(i=0;i<m/4;i++)
{
sum=sum-+c1[i][k];
j
fprintf(fp,"%3d",sum);
sum=0;
fprintf(fp,"\t");
h
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}

fprintf(fp,"\nfr=%d ",fr);
J

fclose(fp);

getch();

}
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Appendix-3.2

Catalogue of fractional factorial experiments that are linear trend-free for main

effects (for k=15, 6, 7 and 8) and some of two and three factor interactions

By using the algorithm developed in section 3.1, computer program in Microsoft Visual
C++ is run for obtaining the desired fractional factorial experiment k& (=5). The

catalogue of the obtained fractional factorial experiment (for k=5, 6, 7, 8).

¥ (2°) Experiment, I = ABDE
A B C D E

6)) -1 -1 -1 -1 -1
ab 1 1 -1 -1 -1
acd 1 -1 1 1 -1
acd -1 1 1 1 -1
ace 1 -1 1 -1 1
bce -1 1 1 -1 1
de -1 -1 -1 1 1
abde 1 1 -1 1 1
abcde 1 1 1 1 1
cde -1 -1 1 1 1
be -1 1 -1 -1 1
ae 1 -1 -1 -1 1
bd -1 1 -1 1 -1
ad 1 -1 -1 1 -1
abc 1 1 1 -1 -1
c -1 -1 1 -1 -1

LTF: AB, AD, AE, BC, BD,
BE, DE; NTLF: AC

% (2°) Experiment, I = ABCD
A B C D E

a) -1 -1 -1 -1 -1
ab 1 1 -1 -1 -1
cd -1 -1 1 1 -1
abed 1 1 1 1 -1
ace 1 -1 1 -1 1
bce -1 1 1 -1 1
ade 1 -1 -1 1 1
bde -1 1 -1 1 1
abcde 1 1 1 1 1
cde -1 -1 1 1 1
abe 1 1 -1 -1 1
[ -1 -1 -1 -1 1
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bd
ad
be
ac

LTF: AC, AD, BC, BD, BE,

-1
1
-1
1

1
-1
1
-1

DE; NTLF: AE

¥ (2°) Experiment I = ABCD

@

ab

ac

be
ade
bde
cde
abcde
adf
bdf
cdf
abcedf
ef
abef
acef
beef
abcdef
cdef
bdef
adef
bef
acf
abf

f

bce
ace

abe
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-1
1
1

1
1
-1
-1

-1
-1
-1
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abed 1 1 1 1 -1 -1

cd -1 -1 1 1 -1 -1
bd -1 1 -1 1 -1 -1
ad 1 -1 -1 1 -1 -1

LTF: All two and three factor interactions are except DE and DF

% (2°) Experiment, I = ABCDEF

A B C D E F
6)) -1 -1 -1 -1 -1 -1
ab 1 1 -1 -1 -1 -1
ac 1 -1 1 -1 -1 -1
bc -1 1 1 -1 -1 -1
de -1 -1 -1 1 1 -1
abde 1 1 -1 1 1 -1
acde 1 -1 1 1 1 -1
bcde -1 1 1 1 1 -1
df -1 -1 -1 1 -1 1
abdf 1 1 -1 1 -1 1
acdf 1 -1 1 1 -1 1
bedf -1 1 1 1 -1 1
ef -1 -1 -1 -1 1 1
abef 1 1 -1 -1 1 1
acef 1 -1 1 -1 1 1
bcef -1 1 1 -1 1 1
abcdef 1 1 1 1 1 1
cdef -1 -1 1 1 1 1
bdef -1 1 -1 1 1 1
adef 1 -1 -1 1 1 1
abef 1 1 1 -1 -1 1
cf -1 -1 1 -1 -1 1
af -1 1 -1 -1 -1 1
af 1 -1 -1 -1 -1 1
abce 1 1 1 -1 1 -1
ce -1 -1 1 -1 1 -1
be -1 1 -1 -1 1 -1
ae 1 -1 -1 -1 1 -1
abced 1 1 1 1 -1 -1
cd -1 -1 1 1 -1 -1
bd -1 1 -1 1 -1 -1
ad 1 -1 -1 1 -1 -1

LTF: All two and three factor interactions are except DE and DF
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ABCDFG

% (27) Experiment, I

A B C D E F G

A B C D E F G

1

1
-1
-1

1
-1

abcdefg
cdefg
bdefg
adefg
bceefg

-1
-1
-1
-1
-1

@
ab
ac

be

ad
bd
cd

abefg 1

-1

1

abed
aef
bef

-1

bedg
acdg
abdg

-1
-1
-1

1

1

abcef
def

abcg
cg
bg

-1

1
1
-1

abdef
acdef
bcdef
aeg
beg
ceg

-1

ag

-1

bedf
acdf
abdf

1
1
1

1

1
-1

abceg
deg

1

abcf

1

-1

-1

abdeg
acdeg
bcdeg

fg

-1

abcde 1

1

1

abfg
acfg
befg
adfg
bdfg

-1

1
-1
-1

ace

abe

cdfg

1

abcdfg

LTF: All two and three factor interactions except EF and EG

ABDE= ABCFGH = CDEFGH

Y (2%) factorial I

A B C D E F G H

A B C D E F G H

1
-1

1
-1
-1

abcdefgh
cdefgh
befgh

-1
-1

-1

)

ab

acd
bed

bdfgh -1

adfgh

-1

ace
bce

1
1

abcfgh
cfgh

-1
-1
-1

de

1

abde
fg

1

abcdeh
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-1

cdeh
beh
aeh

-1

1

abfg
acdfg
bedfg

-1

-1

bdh
adh

acefg
bceefg

-1

abch
ch

-1

defg

1

abdefg

1
-1

abcdeg
cdeg
beg
aeg

1

abth

-1

acdfh
bcdth

1

-1

1
-1

acefh

bcefh

abcg

-1

1

abdefh
gh

1
-1

abcdef
cdef

1
1

abgh

-1

acdgh

aef

-1

bedgh
acegh
acegh
degh

adf

-1

1

abcf

1

1

1

abdegh

LTF: All two and three factor interactions except CD, CE, FG and FH; NTLF: AC

ABCDEF = DEGH = ABCFGH

%4 (2*) Experiment, I

A B C D E F G H

A B C D E F G H

1
-1
-1

abcdefgh
cdefgh
bdefgh
adefgh
abcfgh

cfgh

-1
-1
-1
-1
-1
-1
-1
-1
-1

@
ab
ac

be

de

-1
-1

1

abde

bfgh
afgh

-1

acde
bede
dfg

-1

abceh
ceh

1
1
-1

abdfg
acdfg
bedfg
efg

beh
aeh

abcdh
cdh

-1

1

abefg
acefg
bceefg

dfh

-1
-1

1

abdfh
acdfh
bcdfh

efth

-1

-1

1

1

abefth



-1

acefh
bcefh
gh

-1
-1

abcedef
cdef

1
1
1
1
1

1

abgh
acgh
bcgh
degh

bdef

adef

-1

abcef
cf
bf

1

abdegh

-1

acdegh
bedegh

af

-1

LTF: All two and three factor interactions except DF, FG and FH; NTLF: AC
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Chapter 1V

DEVELOPMENT OF LINEAR TREND-FREE RESPONSE
SURFACE DESIGNS

4.1 Introduction

Data from experiments with levels or level combinations of one or more factors as
treatments are normally investigated to compare level effects of the factors and also
their interactions. Though such investigations are useful to have objective assessment
of the effect of levels tried in the experiment, this seems to have inadequate when the
data are quantitative in nature. The analysis as such does not give any information
regarding the possible effects of the intervening levels of the factors or their
combinations, i.e. one is not able to interpolate the responses at the treatment
combinations not tried in the experiment. In such cases, it is more realistic and

informative to carry out investigations with the twofold purposes:

1. To determine and quantify the relationship between the values of one or more
measurable response variable(s) and the setting of a group of experimental

factors presumed to affect the response(s).

2. To find the settings of the experimental factors that produce the best value or

the best set of values of the response(s).

If all the factors are quantitative in nature, it is proper to think the response as a
function of the factor levels and data from quantitative factorial experiments can be
used to fit the response surfaces over the region of interest. Response surfaces besides
inferring about the twin purposes can provide information about the rate of change of a
response variable. They can also indicate the interactions among the quantitative
treatment factors. The special class of designed experiments for fitting the response
surfaces is called response surface design. Response surface designs have their wide

applications in agricultural and industrial experiments. Similar to factorial experiments
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the response surface design may exhibit trend over space or time. Hinkelmann and Jo
(1998) first studied linear trend-free response surface designs. They gave a procedure to
construct the linear trend-free Box-Behnken response surface designs by using the

solutions of some of the equations.

4.2 Box-Behnken designs
A class of three-level incomplete factorial designs for the estimation of the parameters
in second order model was developed by Box and Behnken (1960). By definition, a

three-level incomplete factorial design is a subset of the factorial combinations from a

3* factorial design. The Box-Behnken designs are formed by combining two-level
factorial designs with balanced incomplete block (BIB) designs or partially balanced

incomplete block (PBIB) designs in a particular manner.

Consider a binary incomplete block design with v treatments, b blocks, » replications
and £ units per block. Let N = (n[j) (i=12,...,v;j=1,2, .., b) denotes the incidence
matrix of the BIB or PBIB design. Then we prepare a 2° factorial (where  is the same
as the block size for the given incomplete block design). The levels of & factors are

denoted by -1 and +1, representing the low and high level respectively. We write the

factorial experiment in standard (lexicographic) order. We then write £ column vectors

A, (i=1,2, ..., k) of length 2% with elements +1 such that the elements of A, add to

zero and A, ’s are orthogonal to each other.

Box and Behnken (1960) took the A, to be the columns of the 2* factorial treatment

combinations; other choices are also possible, such as the coefficient vector for the

main effects or interactions for the 2 factorial. Finally, we substitute in each row of

N’ the first 1 by A,, the second 1 by A, and so on the K™ 1 by A, and all 0’s by 0

column vectors of size 2* . Same procedure will be repeated in all rows of the transpose
of incidence matrix i.e. N'. So there are total 52* rows, represents a run for the v input

variables each taking the values -1, 0, +1. To this obtained design we add n, central
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runs (0, O, ..., 0) to obtain a final design, n, should be odd in numbers. This is Box-

Behnken design with total number of runs n = 2" + n, runs in general.

4.3 Linear trend-free Box- Behnken design

The treatments combinations obtained in 4.2 are applied randomly to the n
experimental units. If it is, however, known or assumed that the experimental units or
the experimental material applied to the experimental units exhibit a linear trend over
time or space, then it will be more advantageous to choose a systematic arrangement of

the n run, such that the resulting design is a linear trend-free design.
For the second order response surface design we consider the model

y=5,1+X,B, + X,B, + X;B, +TO+e
4.1)

where,
y is nx1 vector of observations,

X1 is n x v matrix of linear effects,

X2 is n x v matrix of quadratic effects,

X3 is nxv(v—1)/2 matrix of cross products,

B, is the vector of a constant,

B, is the vector of linear coefficients,

B, 1s the vector of quadratic coefficients,

B, is the vector of cross product second order coefficient,

T is the vector of coefficients of the first-degree orthogonal polynomial of order 7,
0 is a regression coefficient, and e is a n x 1 vector of independently and identically

(normally) distributed errors.

Based on a more general definition of linear trend-free, the design under model (4.1) is
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linear trend free if the conditions X;T =0 (for i = 1, 2, 3) are satisfied.

In this objective we develop the algorithm of linear trend free Box-Behnken response

surface designs.

We have a Box-Behnken design with n = b 2k + n, runs, ng is odd in numbers. We can
write vector T for odd number of runs as

T': —n_l,_n_l +1,-.-,_29_130:1929“"n_l _l’n_l
7 2 2 2

4.2)
T is antisymmetric.

A general procedure for the development of algorithm of linear trend-free Box-
Behnmen response surface design is obtained for £ > 4. For k£ = 2 no general procedure
is obtained and design is obtained by solving the equations. No algorithm is given for &
= 2. The design is obtained manually by solving the equations and is included in the
catalogue. So no algorithm is given for k£ = 2, although the design is included in the
catalogue. The algorithm for generation/search of linear trend-free Box-Behnken

response surface design for £ > 4 is given below.

4.4 Algorithm for the linear trend-free Box- Behnken design for k > 4

I.1 Take a binary incomplete block (BIB) design with v treatments, b blocks, r
replications and k units per block. This is stored in a b x k array.

1.2 Prepare a 2 factorial (where & is the same as the block size for the BIB design) in
standard order as described in step 1.1 to I1.8 under Section 2.3.

I3 The levels of k factors are denoted by -1 and +1, representing the low and high
level respectively

1.4 From the above mentioned binary incomplete block (BIB) design in bxk array,
prepare incidence matrix in vxb array, by reading the values block wise and
putting the value 1 in the columns which are the treatment number. The obtained

matrix is incidence matrix N of binary incomplete block (BIB) design.
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L5

1.6

1.7

L.8

1.9

I.10

LetN=(ny) (i=1,2,...,v;j=1,2,...,b).
Take transpose of the incidence matrix N, i.e. N'. The matrix N' has as many ones
in each row as number of columns in 2* factorial experiment.

Let 4,,i=1,2, ..., k represent the coefficient of the contrasts of the k£ main effects.

Perform component-wise product within each of b blocks separately. Similar to
complete factorial experiment, there are two procedures of component-wise
product. The procedure of component-wise product is as given below:

For Kk is odd: When £ is odd the new coefficient vectors for main effects will be
obtained as:

Let A; be the new coefficient vectors for main effects for i factor, i=1,2,...,k
Fo=diodyorod jod o0 d; (=12, k-1
and [} =Aodyo-0d; =k

For Kk is even: When £ is even the new coefficient vectors for main effects will be

obtained as:

F =4 0A,0-c04 0A o0A; (i=12,...k).

Replace each 1 in matrix N’ by obtained F;, such that first 1 by first column (F)),
second 1 by second column (F,) and so on, 0’s by a columns of zero.

This choice of F, ensures that they are independent in the sense that no F; is the
generalized interaction of F,’s. Also, since k = 4 it follows that each F;

corresponds to at least a three factor interaction.
The treatment combinations of the 2* factorial in standard order and the result of

Cheng and Jacroux (1988) implies that each half isF, F' and
Ff for (i =12,..., k) is orthogonal to a linear trend. Say this design is D*
We can write D* as, D*:(BI,BZ,...,Bb) , Bach B, (i:1,2,...,b)

contains F, F,,..., F, exactly once, and v—k 0’s

Partition of each B; is done into an upper part and a lower part as:



Arrange all BYin P,and B’in P, and P, is the central runs (in odd number)

partitioning the design matrix D*, we obtain a design matrix D as

Pl
D=|P,
PZ
where P, represents the first 52" runs, P, represents the last 52" runs and Py is
the central runs (in odd number).
.11 The resultant design is trend free Box-Behnken Design. Theses designs are linear

trend-free for all effects: (a) linear effects are linear trend-free as shown in Section
2.4, hence, X!T=0. (b) F, and F, are symmetric, so X, T=0 and X;T=0

ii

implies that quadratic and cross product effects are also linear trend-free.

For k = 3, no procedure could be worked out by solving equations. However, we
followed the same procedure as given above (for & > 4). From the procedure, Box-
Behnken Design is obtained. In this design, all four the linear and four quadratic effects
are linear trend-free. Among six cross products effects, one effect is linear trend-free,
two are nearly linear trend-free and three are neither nearly nor linear trend-free. This

design is also included in the catalogue.

4.5  Working of algorithm for k£ > 4

Let we have a BIB design with parameters (v=5,b=5,r=4, k=4, 1=23).

12 3 4
1235
N=|1 2 4 5
13 45
2 3 4 5
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Generate incidence matrix from step 1.4

1 1110
1 11 01
N=1 1 0 1 1
1 01 11
01 1 1 1]
Generate its transpose matrix
1 1 1 1 0]
I 11 01
N'={1 1011
1 01 11
0 1 1 1 1)

Since block size is 4 hence 2°factorial design in lexicographic order is generated.
Using steps 1.1 to I1.8 under Section 2.3

Design — 4.1

Treatr.nen.t A, A A,
combinations “ ¢

(1) -1 -1 -1 -1
a 1 -1 -1 -1
b -1 1 -1 -1
ab 1 1 -1 -1
c -1 -1 1 -1
ac 1 -1 1 -1
be -1 1 1 -1
abc 1 1 1 -1
d -1 -1 -1 1
ad 1 -1 -1 1
bd -1 1 -1 1
abd 1 1 -1 1
cd -1 -1 1 1
acd 1 -1 1 1
bed -1 1 1 1
abcd 1 1 1 1
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Using computer program of Algorithm-II of chapter-II, perform the component-wise

product of 4, and A4, by using step IL.4. Here k (= 4) is even so factor A has been

generated using component-wise product of 4,,4, and A,as: A, =A4,0A4.04,.

A, A, A, A, oA oA, A
-1 -1 -1 -1*-1%-1 = -1
-1 -1 -1 -1*-1*-1 = -1
I -1 -1 1*-1*-1 = 1
I -1 -1 1*-1*1 = 1
-1 1 -1 -1*%1%-1 = 1
-1 1 -1 -1*¥1*-1 = 1
1 1 -1 1*1*%-1 = -1
1 1 -1 I*1*1 = -1
-1 -1 1 -1*-1*1 = 1
-1 -1 1 -1*-1*1 = 1
I -1 1 1*-1*1 = -1
I -1 1 1*-1*1 = -1
-1 1 1 -1*%1*1 = -1
-1 1 1 -1*%1*1 = -1
1 1 1 1*1*1 = 1
1 1 1 *1*1 = 1

Further B, C and D are generated using the formula:
Fi=4 04,004, 04,004 (i=a,b,c, and d)
Thus we get the Design-4.2
Design-4.2
Treatment A(F,) B(F,) C(F) D(F)

combinations

(1) -1 -1 -1 -1
bed -1 1 1 1
acd 1 -1 1 1
ab 1 1 -1 -1
abd 1 1 -1 1
ac 1 -1 1 -1
be -1 1 1 -1
d -1 -1 -1 1
abc 1 1 1 -1
ad 1 -1 -1 1
bd -1 1 -1 1
c -1 -1 1 -1
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cd

abcd

Substituting each column of factorial experiment in transpose incidence matrix, we get

the Box Behnken design in five factors each at three levels in 80 runs.
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1 1 0 - 1 0 -1 -1 1
1 -1 0 -1 0 -1 1 -1 -1
-1 1 0 -1 0 1 -1 -1 -1
-1 -1 0 - 1 0 1 1 1

We can write D* as: D*=(B,,B,,...,B,)

s Dy,

Each B, (i =a,b, c,d,e) contains F, F, ..., F,exactly once, and 1 column of zero.
B’

Now partition of each B; is done into an upper part and a lower part as: B; = {BL } (i =12,..., b)
Rearranging and partitioning the design matrix D*, we obtain a design matrix D as

Pl

D=|P,

P2

where P; represents the first 40 runs, P, represents the last 40 runs and Py has one

central runs. Thus the obtained Box-Behnken design in 80 runs is linear trend-free for

all five linear effects, five quadratic effects and ten cross products.

A C D E A B C D E
-1 -1 -1 -1 0 0 1 1 1 -1
-1 1 1 1 0 0 1 -1 -1 1
1 -1 1 1 0 0 -1 1 -1 1
1 1 -1 -1 0 0 -1 -1 1 -1
1 1 -1 1 0 0 -1 -1 1 1
1 -1 1 -1 0 0 -1 1 -1 -1
-1 1 1 -1 0 0 1 -1 -1 -1
-1 -1 -1 1 0 0 1 1 1 1
-1 -1 -1 0 -1 1 0 1 1 -1
-1 1 1 0 1 1 0 -1 -1 1
1 -1 1 0 1 -1 0 1 -1 1
1 1 -1 0 -1 -1 0 -1 1 -1
1 1 -1 0 1 -1 0 -1 1 1
1 -1 1 0 -1 -1 0 1 -1 -1
-1 1 1 0 -1 1 0 -1 -1 -1
-1 -1 -1 0 1 1 0 1 1 1
-1 -1 0 -1 -1 1 1 0 1 -1
-1 1 0 1 1 1 -1 0 -1 1
1 -1 0 1 1 -1 1 0 -1 1
1 1 0 -1 -1 -1 -1 0 1 -1
1 1 0 -1 1 -1 -1 0 1 1
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Appendix-4.1

Computer program in Microsoft Visual C++ for obtaining linear trend-free Box-
Behnken designs

#include <stdio.h>
#include <conio.h>
#include <math.h>
static int a[1024][10],b[10][6],b1[1024][10],c[10][10],arr[80][10].k;
void main()
{
FILE *fp;
fp=fopen("f:\sushl.txt","a+");
int 1,J,h=0,1,m,m1,m2,v,n,y=0,z=0,¢;
printf("Enter the no of treatments v=");
scanf("%d",&v);
printf("Enter the block size K =");
scanf("%d",&n);
printf("Enter the No of blocks b =");
scanf("%d",&e);
printf("Enter the treatment No row wise ");
for(i=0;1<e;i++)

{
for(j=0;j<n;j++)
{
scanf("%d",&b[i][j]);
;
b

printf("Enter the number of central points");
scanf("%d",&m?2);
if(fp!=NULL)
{
m=pow(2,n);
for(i=0;1<n;i++)
y=y+;
for(j=0;j<n;j++)
{
if(j==0)
{
for(i=0;1<m;i++)
{
1f(1%2==0)
afi][j]=-1;
else
}a[i] =15
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}

else
{
for(i=0;i<m;)
{
1f(h%2==0)
{
for(1=0;1<pow(2,j);1++)
{
ali[j]=1;
1++;
§
}
else
{
for(1=0;1<pow(2,j);1++)
{
alili]=1;
1++;
}
h
h++;
h
}
h=0;
}
for(i=0;i<e;i++)
{
for(j=0;j<n;j++)
{
fprintf(fp,"%3d",b[i][j]);
fprintf(fp,"\t");
}

fprintf(fp,"\n");
}
if(n>=4)
{
if (n%2==0)
{
for (i=0;1<m;i++)
{
for (k=0;k<n;k++)
{
bl[i][k]=1;
for(j=0;j<n;j++)
bl[i][k]= bI[i][k]*a[i][j];
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blfi][k]=bl[i](k}/a[i][k];

b
}
h
else
{
for (i=0;i<m;i++)
{
for (k=0;k<n-1;k++)
{
bl[i](k]=1;
for(j=0j<n;j++)
bl[i](k]= bl[i][k]*a[i][j];
bl[i](k]=bl[i][k]/a[i][k];
}
{
bl[i](k]=1;
for(j=0;j<n;j++)
bl[i](k]= bl[i][k]*a[i][j];
h
h
}
for(i=0;i<m;i++)
{
for(k=0;k<n;k++)
{
fprintf(fp,"%3d",b1[i][k]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
}
for(i=0;1<v;i++)
{
for(j=0:j<e;j++)
\ c[i][j]=0;
for(i=0;i<e;i++)
{
for(j=0;j<n;j++)
{
m1=0;
ml1=b[i][j];
c[ml-1][i]=1;
b
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}

for(i=0;i<v;i++)

{
for(j=0;j<e;j++)
{
fprintf(fp,"%3d",c[1][j]);
fprintf(fp,"\t");
¥

fprintf(fp,"\n");
}

int trans_mat[10][10];
fprintf(fp,"this is the transpose matrix\n");
for (i=0;i<e;i++)

{
for (j=0;j<v;j++)
{
trans_mat[i][j]=c[j][i];
fprintf(fp,"%3d", trans_mat[i][j]);
fprintf(fp,"\t");
b
fprintf(fp,"\n");
}
int c1[100][10];
for(i=0;i<e*m+m2;i++)
{
for(j=0;j<v;j++)
cl[1][j]=0;
H
int 1,i2=0;
for(i=0;i<e;i++)
{
12=0;
for(j=0;j<v;j++)
{
if(trans_mat[i][j]==1)
{
for(il=i*m;il<(i+1)*m;il++)
cl[il][j]=b1[i1%m][i2];
12++;
}
}
}
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int d[1024][10];
for(i=0;i<e;i++)

{
12=0,11=0;
for(j=0;j<v;j++)
{

if(trans_mat[i][j]==1)

{
for(il=1*m;i1<(i+1)*m;il++)
d[il][j]=b1[i1%m][i2];
12++;

h

}
}
for(i=0;i<e*m+m2;i++)
{

for(j=0;j<v;j++)

{
fprintf(fp,"%3d",c1[i][j]);
fprintf(fp,"\t");

}

fprintf(fp,"\n");

h

int ¢2[20][5],k=0;
for(i=0;i<e*m;i++)

{
if{(i%m)<(m/2))
{
for(j=0;j<vij++)
c2[k][jl=c1[i][j];
fprintf(fp,"%3d",c2[k][j]);
fprintf(fp,"\t");
h
k++;fprintf(fp,"\n");
h
H
}
if(n<4)
{
for(i=0;i<m;i++)

{
//fprintf(fp,"block[%d] = ",i+1);
for(j=0;j<n;j++)

119



{
fprintf(fp,"%3d" a[i][j]);
fprintf(fp,"\t");

H
fprintf(fp,"\n");
}
for(i=0;i<v;i++)
{
for(j=0;j<e;j++)
c[i][j1=0;
H
for(i=0;i<e;i++)
{
for(j=0:j<n;j++)

{
m1=0;
ml=b[i][j];
c[ml1-1][i]=1;

b

J
for(i=0;1<v;i++)
{

for(j=0:j<e;j++)

{
fprintf(fp,"%3d",c[1][j]);
fprintf(fp,"\t");

j

fprintf(fp,"\n");

H

int trans_mat[10][10];
fprintf(fp,"this is the transpose matrix\n");
for (1i=0;i<e;1++)

{
for (j=0;j<v;j++)
{
trans mat[i][j]=c[j][i];
fprintf(fp,"%3d", trans_mat[i][j]);
fprintf(fp,"\t");
}
fprintf(fp,"\n");
b
int c1[100][10];
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for(i=0;i<e*m+m2;i++)

{
for(j=03j<vj++)
cI[i][j1=0;
}
int 11,12=0;
for(i=0;i<e;i++)
{
12=0;
for(j=0;j<v;j++)
{

if(trans_mat[i][j]==1)

{
for(il1=1*m;11<(i+1)*m;il++)
cl[il][jl=a[i1%m][i2];
12++;

}

}
}
int d[1024][107];
for(i=0;i<e;i++)
{
12=0,11=0;
for(j=0;j<v;j++)
{

if(trans_mat[i][j]==1)

{
for(il=1*m;11<(i+1)*m;il++)
d[il][j]=a[il%m][i2];
12++;

}

}
j
for(i=0;i<e*m+m2;i++)
{

for(j=0;j<v;j++)

{
fprintf(fp,"%3d",c1[i][j]);
fprintf(fp,"\t");

}

fprintf(fp,"\n");

}

int ¢2[20][5],k=0;
for(i=0;1<e*m;i++)
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}
H
}
fclose(fp);
}

if((i%m)<(m/2))
{
for(j=0;j<v;j++t)
{
c2[k][jl=cl[1][j];
fprintf(fp,"%3d",c2[k][i]);
fprintf(fp,"\t");
}

k++; fprintf(fp,"\n");
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Appendix-4.2
Catalogue of linear trend-free Box-Behnken designs (for k =2, 3, 4 and 5)

Design-1: for k = 2, Box-Behnken design in 3 factors

A B C
I 1 O
-1 0 -1
-1 0 1
I -1 0

101
1 -1

—_——_——— O O O O O
p—
—_

All effects are linear trend-free

Design-2: for k = 3, Box-Behnken design in 4 factors

@)
=
>
=
a
=}

PR PRPROOCOCORPRRERRERRE
1

]
PRERRrREREbERrREARAPROOOO

COoOOCORRRRPRREbBPRRERBR

OCO0OO0COORPLRERLRREERRRELR P
ORPPPRPOOOCORRRRLRRLRRLRRLRLWT
Ok RrbLRELERERROOCOOERRRE
ORRrRPRPRPRRRPERERRALPOOOO
PRRPRPRPPRPPRPPPRPOOCOORRRR

All linear, quadratic effects and AB are linear trend-free, BC, CD is nearly linear trend-

free and others are neither linear nor nearly linear trend-free.

123



4, Box-Behnken design in 5 factors

Design-3: for k

-

oS O

All effects are linear trend-free
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5, Box-Behnken design in 6 factors

Design-4: for k
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All effects are linear trend-free.
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SUMMARY

Designs for factorial experiments have been widely used in agricultural, biological and
industrial experiments. The experimental units in a design of a factorial experiment
may exhibit a trend over space or time. Such situations may occur in agricultural
experiments when there is a slope in the field and there is sequential application of the
treatments to the same experimental unit. This may also happen when the land is
irrigated, the nutrients supplied by the fertilizers may not be equally distributed and
trend in experimental units may be due to slope. Other experimental situations where
trend may occur are Green-house experiments, in which source of heat is located on
sides of the house, in poultry experiments where the source of heat is at the centre of
the shed and chicks of early age are in the cages, in animal experiments where
littermates (animals born in the same litter) are experimental units within a block i.e.
litters are blocks, orchard and vineyard experiments on undulating topography
experiments in which response variable of interest is affected by slowly migrating
insects entering the area from one side, laboratory experiments where the responses to
the experimental units may be affected within time periods by instrument drift or

analyst fatigue, etc.

In factorial experiments, interest is in estimation of main effects, interactions of two
factors, three factors and so on and testing the hypothesis with respect to these effects.
If there is trend in the experimental units, the interest of experimenter is to eliminate the
trend effect and obtain the estimates free from trend effects. Mostly the trend is linear
in nature. Thus in the presence of linear trend in the experimental units in factorial
experiments, the treatments combinations of factorial experiment are allocated to the
experimental units such that the contrasts of interest (main effects and lower order
interactions) are estimated free from linear-trend. The resulting designs are called as
linear trend-free designs for factorial experiments for the effects of interest and ordered

application of treatments to experimental units is called run order.

In block designs for single factor experiments sufficient literature is available on trend-

free designs but on factorial experiments. But sufficient literature on trend-free factorial
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experiments particularly on trend-free confounded factorial experiments, trend-free
fractional factorial experiments and trend-free response surface designs could not be
traced. In factorial experiments, the experimenter is always interested to obtain trend-
free designs for various treatment effects. Obtaining trend free designs for multifactor
experiments are tedious as well as a lot of algebra is involved. As a consequence linear
trend free designs for factorial experiments, whatever little available have not found

much favour from the experimenters.

One of the possible reasons of hampering the applications of these designs is that the
construction for such design is not easily available. Therefore, it is required to provide
easy method of construction, possibly computer aided generation of designs. Complete,
confounded, fractional designs that are at least linear trend-free for main effects.
Further it is required to search/ identify low order interaction effects, that are estimable
linear or nearly linear trend-free from these designs. In many factorial experiments, the
factors are quantitative in nature and it is desired to establish a relationship between
response and level of various factors. For such situations, response surface designs are
used. The run orders in response surface design may also be affected by the presence of
trend. Thus, there is a need to make attempt for computer aided construction of linear
trend-free response surface designs. This research work is devoted to the development
of computer algorithms for construction of trend-free designs for multifactor
experimental settings. The algorithm developed is helpful in generating the factorial
experiments that are linear trend-free for main effects. A search has been made to
identify the two and three factor interactions that are estimable free from linear trend
effect. The developed algorithm is in general and can generate linear trend-free designs
for any number of factors each at two levels. The algorithm has also been developed for
generation of two level linear trend-free fractional factorial plans. Algorithm has also
been developed to generate Box-Behnken response surface designs that are linear trend-
free in general and a catalogue for linear trend-free Box-Behnken response surface

designs. This thesis has been divided into four Chapters.

Some of the experimental situations that may have a trend over experimental units have

been elaborated in Chapter-I. The meaning of factorial experiments that are linear
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trend-free for its main effects and other treatment combinations which are of the
interest to the experimenter is discussed. It is followed by a review of literature,

motivation of the problem and objectives of the studies.

Development of algorithm to generate/ construct complete factorial experiments that
are linear trend-free for main effects, using the technique of component-wise product, is
given in Chapter-1I. The algorithm also searches the two and three factor interactions
that are linear/ nearly linear trend-free in the obtained linear trend free designs for main
effects. This algorithm has been translated in Microsoft Visual C++ program. This

program is general and using this, one can obtain the desired factorial experiment for

any number of factors k (> 3). The catalogue of the obtained design for 2* factorial
experiment (for k = 3, ..., 7) that are linear trend-free for main effects along with two

and three factor interactions that are linear trend-free are given.

In factorial experiment as the number of factors and/or levels increase, the number of
treatment combinations becomes so large that it is not possible to accommodate them
without losing homogeneity within block. To handle such situations the concept of
confounding is introduced in factorial experiments. In a confounded factorial
experiment, there is more than one block per replication and information on the
factorial effects whose contrast becomes identical to the block contrast is lost. In
confounded factorial experiments the experimental units within the blocks may exhibit
trend effect over time or space. Thus algorithms to search/ generate confounded
factorial experiments for which contrasts of main effects are free from linear trend and
2- and 3- factor that are linear trend-free/ nearly linear trend-free are also given in
Chapter-II. These algorithms have been translated into Microsoft Visual C++ program.
The algorithms along with the computer programs have been given in general for any
number of factors each at two levels. The catalogues of confounded factorial
experiments are prepared. These catalogues are restricted to factorial experiments for &
= 3 to 7 factors each at 2 levels for confounded factorial experiments and has been

presented in this chapter.
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Chapter III is devoted to obtain trend-free fractional factorial plans. Algorithms have
been developed to generate/ search fractional factorial designs that are linear trend-free
for main effects and to identify two factor interactions that are linear trend free/ nearly
linear trend-free using the criterion of complement foldover. For fractional factorial
experiments, the algorithm along with the computer program in Microsoft Visual C++
has been given in general for any number of factors each at two levels. The catalogue

has been prepared for £ = 5 to 8 factors each at 2 levels.

Computer aided linear trend-free response surface designs are obtained in Chapter IV.
In this chapter algorithm is developed to generate Box-Behnken response surface
designs with the help of a given BIB design and makes a search for linear trend-free
Box-Behnken from the obtained designs. The procedure is developed in general and the
catalogue for linear trend-free Box-Behnken response surface designs is given for &

taking values as 2, 3,4 and 5.

The thesis is concluded with a list of references.
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ABSTRACT

Designs for factorial experiments have been widely used in agricultural, biological and
industrial experiments. The experimental units in a design of a factorial experiment
may exhibit a trend over space or time. Such situations may occur in agricultural
experiments when there is a slope in the field and there is sequential application of the
treatments to the same experimental unit. This may also happen when the land is
irrigated, the nutrients supplied by the fertilizers may not be equally distributed and
trend in experimental units may be due to slope. When such land is irrigated, the
nutrients supplied by the fertilizers may not be equally distributed and a slope may
cause a trend in experimental units. In such type of experiments, the treatments are to
be allocated to experimental units in some order to eliminate the effect of such trend.

The resulting designs are called as trend-free designs.

In factorial experiments, the interest of the experimenter is to obtain the design in
which contrasts of main effects and low order treatment combinations are estimated
with free from linear trend when experimental material is influenced by trend effect.
This research work is devoted to the development of computer algorithms for
construction of trend-free designs for multifactor experimental settings. The algorithms
developed are helpful in generating the complete and confounded factorial experiments
that are linear trend-free for main effects. A search has been made to identify the two
and three factor interactions that are estimable free or nearly free from linear trend
effect. The algorithms are developed using the criterion of component-wise product.
This algorithm has been translated in Microsoft Visual C++ program. From this

program, one can obtain the desired factorial experiment for any number of factors £ (>

3) each at two levels. The catalogue of the obtained design for 2* factorial experiment
(for £ =3, ..., 7) that are linear trend-free for main effects along with two and three
factor interactions that are linear trend-free are given for without confounding and with
confounding factorial experiments separately.

Algorithms have been developed to obtain fractional factorial designs that are linear

trend-free for main effects and to identify two factor interactions that are linear trend
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free/ nearly linear trend-free using the criterion of complement foldover. Algorithm is
developed to obtain computer aided linear trend-free Box-Behnken response surface
designs with the help of a given BIB design. The catalogue for fractional factorial plans
for k£ =5 to 8 factors each at 2 levels and for linear trend-free Box-Behnken response

surface designs for & taking values as 2, 3, 4 and 5 have been prepared.
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HRIfae™, Siafde™ vd sieifie aRevl # haciRIs qRIeTor b eaRil BT RN
g | ST 2 | haciRId gReAvll & Tohd W §HI 9 WIF & AR UghT
gl 1@ &R Fahd © | X T IRITA BT <P 9 LIHIE S AT HHdg TR Al
oo IAfe gRRefoar 3 uifad a= dadt 7 | R weron § ff Ol aRRefoalt o
ol 2| O9 UEIST &3 ¥ gl dloll Sdle—dlds S | 0 sl &) o9 RErs g
SRR fam ST g1 A UG 9@ @ &F § §AW w0 9 fJaRd T8 gar g1 den
TAM & BHRU Th HAGE UgfT < o Admar 2| O uRRufoal # fiedve @
JMBRAD TN 9 PRd Yb @i %9 H od 8, dlfd HHdg UIRT BT 99d A
frar 51 & | VA diffeurell ®i ygfred fffideu T wed ¢ |

HaIRTA Tl # WNTEal o wia WA sifdersit § gkl @ e = R
TG ARR SR g2 ™ & Jodidh Y& UgRmad 8, Safh uefor hdt § I
UgRT 81| 39 TEhR § UG B FErIdl | 98hRe NER- Ygrad AbeuTral
BT J=Y fHar AT & | e sueg M 1T @ Ao 9 ygia gad bHeie U4
he T HacIiRIA URew $I U<l fHar ST Fdbal 8, S & BRI & [y
UgRIgad Bl © | X UgRMad 2- U9 3- haex §exd 9 &1 Iy fhar 141 |
haciRgd R & oy gichve oide ™ & gIioe &9 H foad 21 9 3=
PRGI & Ga T B HHFT dse qon A S 2 o 9@t i 6 oafik e
HEl T BT AT aqgel IUNE © A HRE ‘S - 1" BHIP & oY YgRrad 8 Sl
2| fIofia swag el @ Aqe 9 Ughrad haciRas gRefoll &l urad fhar o
FhAT B | HHISFOST &) gRom FT FAG 19 fbar T 2| 399 0P W oRE it
# gReoT B+ BT fdbed Ut BIaT B | faepRia d9ag e T @ 95 9 39 Ui
PR FHd B | A U5 GAl H WE YghrEd ha Hd baeindd (b =3, ., 7) B
T TR B T BacIRI IRET & folv ugel fSBIsHT digre &1 iR ar
od 2| TR faem PHie o1 fSBISfHT BigRe | BIel &ld 96, STHT hlesSallay
HR UgRT qad AMHEAT YT BT ST Feball & |
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afd oaeg A< 11 & orfare AsNTe fagere W ++ ¥ fear T 8 s
WERA ¥ 3od he Md HaeiRad (& > 3) urd f&Har o7 9&dl g odieh Id®
PRE B QI ofddl B | &1 T5 Gl 4 W& Yghrad Hha o HhaeiRgd (& =5, ., 8)
BT AT TR

RE ARG JWHes H died—dgd AfMbeddre & foy WReg ugRkma
ABeTI BT AP fBar w1 dur ve HHeg e T IR fear wmar g1 S
TINThHAIAT B AAHD BRBI & o7y YgRrgad R AHhed=T Iuetel BRI |
& s A H W ygREad died deddd fidbea el (6 =2, ., 5) B 99 T 3§ |

134



References

Bailey, R.A., Cheng, C.S. and Kipnis (1992). Construction of trend-resistant factorial
designs. Statist. Sinica, 2, 393-411.

Box, G.E.P. (1952). Multi-factor designs of first order. Biometrika, 39, 49-57.

Box, G.E.P. and W.A. Hay (1953). A statistical design for the efficient removal of
trends occurring in a comparative experiment with an application in biological
assay. Biometrika, 9, 304-319.

Box, G.E.P. and Behnken, D.W. (1960). Some new three level designs for the study of
quantitative variables. Technometrics, 2, 455-475.

Bradley, R.A. and Yeh, C.M. (1980). Trend-free block designs: Theory. Ann. Statist., 8,
883-893.

Bradley, R.A. and Odeh, R.E. (1988). A generating algorithm for linear trend free block
designs. Comm. Statist.-Simul. Comput., 17, 1259-1280.

Chai, F.S. and Majumdar D. (1993). On the Yeh-Bradley conjecture on linear trend free
block designs. Ann. Statist., 21, 2087-2097.

Chai, F.S. (1995). Construction and optimality of nearly trend-free designs. J. Statist.
Plan. Infer., 48, 113-129.

Cheng, C.S. (1985). Run orders of factorial designs. In Proceedings of the Berkeley
Conference in Honor of Jerzy Neyman and Jack Kiefer (L.M. Le Cam and R.A.
Olshen, eds.), 2, 619-633. Wadsworth, Monterey, California.

Cheng, C.S. and Jacroux, M. (1988). On the construction of trend-free run orders of two
level factorial designs. J. Amer. Statist. Assoc., 83, 1152-1158.

Cheng, C.S. (1990). Construction of run orders of factorial designs. In Statistical
Design and Analysis of Experiments (S. Ghosh, ed), 423-439. Dekker, New
York.

Coster, D.C. and Cheng, C.S. (1988). Minimum cost trend-free run orders of fractional
factorial designs. Ann. Statist., 16, 1188-1205.

Coster, D.C. (1993). Tables of minimum cost, linear trend-free run sequences for two
and three-level fractional factorial design. Compu. Statist. Data Analysis, 16,
325-336.

Coster, D.C. (1993). Trend-free run orders of mixed-level fractional factorial designs.
Ann. Statist., 21, 2072-2086.



Cox, D.R. (1951). Some systematic experimental designs. Biometrika, 38, 312-323.

Cox, D.R. (1958). Planning of experiments. John Wiley & Sons, New York.

Daniel, C. and Wilcoxon, F. (1966). Factorial 2"" plans robust against linear and
quadratic trends. Technometrics, 8, 259-278.

Dhall, S.P. (1986). Some studies on robustness of designs, Unpublished Ph.D. Thesis,
IARI, New Delhi.

Dickinson, A. W. (1974). Some run orders requiring a minimum number of factor level
Changes for the 2* and 2° main effects plans. Technometrics, 16, 31-37.

Draper, N.R. and Stoneman, D.M. (1968). Factor changes and linear trends in eight-run
two-level factorial designs. Technometrics, 10, 301-311.

Dwivedi, S.K. (1997). Computer aided search for optimal designs. Unpublished Ph.D.
Thesis, IARI, New Delhi.

Federer, W.T. and Schlottfeldt, C.S.(1954). The use of covariance to control gradients
in experiments. Biometrics, 10, 282-290.

Hill, H.M. (1960). Experimental designs to adjust for time trend. Technometrics, 2, 67-
82.

Hinkelmann, K. and Kempthorne, O. (1994). Design and Analysis of Experiments. Vol.
I: Introduction to Experimental Design. New York, NY: John Wiley and Sons,
Inc.

Hinkelmann, K. and Jo, Jinnam (1998). Linear trend-free Box-Behnken Designs. J.
Statist. Plan. Infer., 72, 374-354,

Jacroux, M. and SahaRay, R. (1990). On the construction of trend-free row-column 2-
level factorial experiments. Metrika, 37, 163-180.

Jacroux, M. Majumdar, D. and Shah, K.R. (1995). Efficient block designs in the
presence of trends. Statistica Sinica, 5, 605-615.

Jacroux, M., Majumdar, D. and Shah, K.R. (1997). On the determination and
construction of optimal block designs in the presence of linear trends. J. Amer.
Statist. Assoc., 92, 375-382.

Jan, HW. and Wang, P.C. (1995). Designing two-level factorial experiments using
orthogonal arrays when the run order is important. The Statistician, 44, 379-388.



Jo, Jinnam and Hinkelmann, K. (1993). Some properties of Box-Behenken Designs. J.
Combin. Inform. System Sci., 18, 273-287.

John, P.W.M. (1990). Time trend and factorial experiments. Technometrics, 32, 275-
282.

Lal, K. Parsad, R. and Gupta, V.K. (2005). A study on trend-free designs. Project
Report, IASRI, New Delhi

Kohli, P. (2006). A study on supersaturated designs. Unpublished M. Sc. Thesis, 1ARI,
New Delhi.

Majumdar, D. and Martin, R. J. (2002). Finding optimal designs in the presence of
trends. J. Statist. Plan. Infer., 106, 177-190.

Nguyen, N.K. (1983). Computer aided construction of optimal designs. Unpublished
Ph.D. Thesis, IARI, New Delhi.

Philips, J.P.N. (1964). The use of magic squares for balancing and assessing order
effects in some analysis of designs. Appl. Statist., 13, 1367-73.

Philips, J.P.N. (1968a). A simple method of constructing certain magic rectangles of
even order. Math. Gazette., 52, 9-12.

Philips, J.P.N. (1968b). Methods of constructing one-way factorial designs balanced for
trend. Appl. Statist., 17, 3857-3863.

Rathore, A. (2004). Development of algorithms for computer aided search for
optimal/nearly optimal designs. Unpublished Ph.D. Thesis, IARI, New Delhi.

Rathore, A. Parsad, R. and Gupta, V.K. (2004). Computer aided construction and
analysis of augmented designs. J. Indian Soc. Agricultural Statist. 57, Special
Volume, 320-344.

Sachdev, A.K., Ahuja, S.D. and Ram Gopal (1989). Feed consumption, egg production
and egg quality traits as influenced by cage-tier locations of Japanese quail. Ind.
J. Anim. Sci. 59 (7), 860-865.

Satpati, S.K, Parsad, R., Gupta, V.K. and Nigam, A. K. (2006). Computer-aided search
of efficient nested incomplete block designs for correlated observations. J.
Comb. Inf. Syst. Sci. 31, no. 1-4, 163-186.

Satpati, S.K. (2006). Computer aided search of efficient designs for dependent
observations. Unpublished Ph.D. Thesis, IARI, New Delhi.


http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=739373
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=362711
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=205564
http://www.ams.org/mathscinet/search/journaldoc.html?cn=J_Indian_Soc_Agricultural_Statist
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=218762
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=218762
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=218762
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=218762
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=746723
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=362711
http://www.ams.org/mathscinet/search/publications.html?pg1=IID&s1=195945
http://www.ams.org/mathscinet/search/journaldoc.html?cn=J_Comb_Inf_Syst_Sci
http://www.ams.org/mathscinet/search/journaldoc.html?cn=J_Comb_Inf_Syst_Sci
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=257010
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=257010
http://www.ams.org/mathscinet/search/publications.html?pg1=ISSI&s1=257010

Yeh, C.M. and Bradley, R.A. (1983). Trend free block designs: existence and
construction results. Comm. Statist.-Theory Methods, 12, 1-21.

Yeh, C.M., Bradley, R.A. and Notz, W.T. (1985). Nearly trend free block designs. J.
Amer. Statist. Assoc., 80, 985-992.



	Susheel Kumar Sarkar
	in
	Susheel Kumar Sarkar (1)
	in (1)
	INTRODUCTION AND REVIEW OF LITERATURE
	1.8 Scope of the Present Investigation
	LTF:    AC
	NTLF:      AC
	LTF: All two factor interactions    NLTF:     BCD
	LTF:  All two and three factor interactions 
	LTF: All two and three factor interactions 
	LTF:  All two and three factor interactions  (1)

	LTF: All two factor interaction and BCD; NLTF: ACD 
	LTF: All two and three factor interactions
	II.1
	II.2
	4.5  Working of algorithm for k ≥ 4
	Design – 4.1


