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The method of choosing the best boundaries that makes strata internally
homogeneous as far as possible is known as optimum stratification. To achieve this, the strata
should be constructed in such a way that the strata variances for the characteristic under
study be as small as possible. If the frequency distribution of the study variable is known, the
stratification points could be obtained by cutting the range of the distribution at suitable
points. However, if the frequency distribution of the study variable is unknown, it may be
approximated from the past experience or some prior knowledge obtained at a recent study.
In the present investigation entitled “optimum stratification with auxiliary information using
mathematical programming”, theories have been developed for optimum stratification, when
one character of the population is under study, using two auxiliary variables as stratification
variables. Minimal equations giving optimum strata boundaries (OSB) have been obtained
for stratified random sampling under different methods of allocations, by minimizing the

variance of the sample estimates. For all these cases, Cum43/Di (x,z) rules (i=1,2,3,4) ,where

the function D (x,z) takes different forms for different allocations, have been developed.

Under the classical optimization technique the empirical studies on uniform, right triangular
and exponential distribution have been made for the gain in efficiency that could be achieved
through the proposed rules. It has been observed that proposed technique under classical
optimization approach performed better than the techniques using single auxiliary variable
proposed by Ekman (1959a), Singh (1971) and other workers.

Methods have also been developed for obtaining OSB using mathematical
programming technique for different allocations. The problem of determining OSB are
formulated as nonlinear programming problem (NLPP),which turn out to be multistage
decision problem and are solved using dynamic programming approach. The basic advantage
of mathematical programming over the classical optimization is that it can determine OSB
efficiently, when the density function of the population is approximately known from the
previous studies. Iterative methods required initial solutions and there is no guarantee that
they will converge and give the global minimum variance in the absence of a suitably chosen
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CHAPTER 1
INTRODUCTION

In statistical investigations the interest usually lies in the assessment of the general
magnitude and the study of variation with respect to one or more characteristics relating
to individuals belonging to the group under study, known as population or universe. The
population, which is aggregate of objects, may be finite or infinite. It is obvious that for
any statistical investigation complete enumeration of the population (known as census) is
generally impracticable. In such cases we take help of sampling because of multiplicity of
causes like administrative and financial implications, time factor etc.

Sampling is the procedure of selecting smaller portion of the population
(known as sample) that is supposed to be truly representing the patterns of the target
population at large. In other words, it consists of selecting sample so that one may
construct the estimates of the unknown population parameters on the basis of the sample
observations. In a national opinion survey, in which only a sample of the people
belonging to the population under study are contacted, the opinions of individuals in the
sample are used to estimate the proportions with the various opinions for the overall
population. For instance to estimate the prevalence of a rare disease, the sample might
consist of a number of medical institutions, each of which has records of the patients
treated for that particular disease. To estimate the presence of a rare and endangered plant
in a crop, the presence of these plants in the population is estimated based on the pattern
of detections from a sample of sites in the study region, etc. The population being
investigated may be homogenous or heterogeneous one with respect to characteristics
under study .In the latter case, stratified sampling is generally used. In this technique the
whole population is divided into homogenous sub-populations, known as strata. These
strata are non-overlapping, and together they comprise the whole population. After
forming the strata, samples of predetermined sizes are drawn independently from each
stratum. For the purpose of selection of sampling units from different strata, one may use
different sampling designs in different strata. When the sample within each stratum is
drawn with simple random sampling method, the technique is called stratified simple
random sampling.

There are many reasons for using the technique of stratification. Many a times, the

administrative convenience in carrying out the survey also dictates the use of this



technique. The principal idea is of course to increase the precision of the estimates of the
population parameters under study. However, here we shall restrict our study to the
estimation of population mean or total. Thus, while using stratified sampling one has to
select an appropriate stratification technique, which corresponds to minimum variance in
order to increase the efficiency of the estimators. The stratification technique which

results in minimum possible variance is known as optimum stratification.
The factors that influence the reduction of variance include:

a) choice of stratification variable

b) number of strata

C) determination of strata boundaries

d) allocation of samples.

The present investigation is mainly concerned with the determination of strata
boundaries. However, for this purpose other factors would also be taken into
consideration. Once the total number of strata and the procedure of allocating sample
sizes to different strata is decided, the problem of stratification may be considered to
consist of determination of strata boundaries, which constitute the construction of strata.
These strata should be constructed in such a way that the sampling variance is minimized.
A wrong choice of stratification may result in a considerable increase in variance.

The study of the behaviour of variance with the change in the sample sizes brings
out the question of sample allocation to different strata. Several methods of allocation
units from different strata are available among which the most commonly used are the
methods of proportional and optimum allocations. In proportional allocation, the units
from each stratum are taken in proportion to its size. In the method of optimum
allocation, the selection of units from each stratum is made in proportion to the product of
stratum size and its standard deviation, where it is assumed that the cost of observing a
unit is the same in all the strata. Another least used method of allocation is known as
equal allocation in which equal number of units is taken from each stratum. For a given
sample size, the variance of the estimate of population mean is supposed to be minimum
when allocation of sample sizes to different strata is done according to Neyman
allocation, assuming of course that the other parameters are kept constant. The rate of

decrease in variance is considerably more when the number of strata goes on increasing.



However, a stage is soon reached where the increase in number of strata does not
significantly decrease the variance.

Strata may be constructed either on the basis of study variable itself or by using
some other variable highly correlated with the variable under study. The variable under
study is known as estimation variable, and the variable on the basis of which stratification
is done is known as stratification variable. Since, in most of the cases the distribution of
the estimation variable is not known, it is not possible to stratify on the basis of
estimation variable itself. However, one could stratify on the basis of some auxiliary
variable (closely related with the estimation variable) whose density is known in advance.

Dalenius (1950) first considered the problem of optimum stratification for one
variable using study variable itself as the basis of stratification. Dalenius and Gurney
(1951) developed a technique of obtaining optimum strata boundaries (OSB) using an
auxiliary variable closely related to study variable. Singh and Sukhatme (1969)
considered the problem of finding approximately optimum strata boundaries (AOSB) on
an auxiliary variable for one estimation variable case. The problem of optimum
stratification, when two or more characters of the population are under study, seems to be
relatively of greater practical importance. Ghosh (1963) has given an outline of the
approach to be followed for solving the problem of optimum stratification when two
characters are under study. Rizvi et al. (2000) tackled the problem of obtaining AOSB for
two study variables using one auxiliary variable as the basis of stratification. However,
very little work has been done in this regard.

Another advanced method used for obtaining OSB is the optimization method.
Investigating for and arriving at the best possible decision in any given circumstances is
called optimization. The ultimate aim of all such decisions is to maximize the gain or
profit or to minimize cost which could be earned in the given circumstances or to
minimize the cost or waste or loss incurred in certain processes. Existence of this method
can be traced back to the mid of eighteenth century. The work of Newton, Lagrange and
Cauchy in solving certain types of optimization problems arising in geometry and physics
by using differential calculus methods and calculus of variations are pioneering. These
optimization methods, better known as classical optimization methods, have their own
illustrations and cannot be applied successfully to every optimization problem. These are
mainly of theoretical interest. The first mathematical programming problem (MPP) was
perhaps the problem of optimum allocation of limited resources recognised by economists
in the early 1930s.In 1947, after World War 11, in 1947 the United States Air Force team



SCOOP (Scientific Computation of Optimum Programs) started as intensive research on
some optimum resource allocation problem which led to the development of the famous
simplex method by George B. Dantzig for solving a linear programming problem.
Kuhn and Tucker (1951) developed the necessary conditions to be satisfied by an optimal
solution of an MPP. These conditions known as K-T conditions laid the foundation for
great deal of later research and development in nonlinear programming techniques.

In most of the investigations, the stratification variables have been taken as
identical to the study variables. But, this is unrealistic and impracticable as the probability
density functions of the estimation variables are generally not available. Further, as per
literature many investigations have been done using single auxiliary variable as the basis
of stratification in order to obtain AOSB. But it is seldom that work is reported for the use
of more than one auxiliary variable. Presuming the fact that the efficiency of the estimator
may be improved by using more auxiliary information, in the present study tackles the
problem of optimum stratification for single study variable using two auxiliary variables
as the basis of stratification, by using classical as well as programming technique
approaches, with the following objectives:

1.  To develop the techniques of optimum stratification for single study variable using
two auxiliary variables.

2. To develop the technique of optimum stratification for various allocation
procedures.

3. To obtain optimum strata boundaries using mathematical programming approach.

4. To obtain the efficiency of developed methods with the existing methods
empirically.

In order to achieve the above objectives, it is assumed that the finite population
under consideration is a random sample from an infinite super-population with the same
characteristics. This assumption enables us to have the joint density function of (Y, X, Z),
where X and Z are stratification variables. The marginal density functions of Y, X and Z
are assumed to be continuous, so that various methods of calculus can be used. Further, it
is assumed that the regression equation of Y on X and Z is given by Y = C (X, Z) + e
where C (X, Z) is a real valued functions of X and Z, and ‘e’ is error term. Furthermore,

the forms of conditional variances of Y for given X and Z are also assumed.



CHAPTER 2

REVIEW OF LITERATURE

This chapter has been devoted to present a review of previous studies related with
the present investigation. The basic purpose of this chapter is to understand the
methodologies adopted and the trend of conclusions derived in earlier related studies so
that a suitable methodological framework could be developed for the present study.
Keeping in view the objectives of this study, the review of available literatures have been

presented under the following sub-headings:

> Classical Optimization Technique

> Mathematical Programming Technique
Classical Optimization Technique

Dalenius (1950) first considered the problem of optimum stratification for the case
of stratified random sampling estimate. By minimizing the variance of the estimate with
respect to the strata boundaries he was able to obtain equations, the solutions to which
gave optimum points of stratification. The equations were obtained for both optimum and
proportional allocation methods. Although theoretically, these equations gave the
optimum strata boundaries, their solution presented many difficulties. The parameters
involved in these equations themselves were functions of points of stratification and,
therefore, could not be evaluated unless these points are known. In deriving these
equations, Dalenius assumed both stratification and estimation variables to be the same.
Therefore, even if the strata boundaries were known, the values of parameters could not
be estimated without having the knowledge of the distribution of estimation variable. The
need of having some methods for finding at least approximations to the optimum strata

boundaries (OSB) was therefore felt.

Dalenius and Gurney (1951) considered the problem of stratifying the population
with respect to an auxiliary variable so as to minimize the variance of the stratified
random sampling estimate. They assumed the knowledge of frequency function of the

auxiliary variable X in an infinite population and found the best boundary points for



dividing this frequency function into two strata. The variable Y, whose population mean
is to be estimated from the sample, was assumed to be related to X by the equation

Y =w(X)+n , where { and 1 are uncorrelated and E(n) = 0.The division points were
established for both optimum and proportional allocations with fixed sample size and also
for optimum allocation with cost C; per unit in the it stratum. For the case of optimum

allocation, it was suggested that W, o, is constant gave approximately optimum strata

boundaries. For fixed sample size, the division points were also given for finite
populations, with illustration which suggested that the results for an infinite population

will always be nearly adequate in practice.

Mahalanobis (1952) suggested that when the number of strata is predetermined,
say L, a practical method of possible stratification is to stratify the whole population into
a set of L strata such that the strata sum are equal. The method was not supported by any
theoretical justification. In this method also since the strata totals for the estimation
variable could not be obtained in advance, one has to use some highly correlated auxiliary
variable. These approaches, therefore, only approximately satisfied Mahalanobis’ criteria.
The method suffers from another drawback that it is not in-variant under the change of

origin while the problem of optimum stratification was invariant.

Hansen et al. (1953) demonstrated that Mahalanobis rule would lead to efficient
stratification if the coefficient of variations were same for all the strata. Aoyama (1954)
while considering various problems in stratified sampling suggested that nearly optimum
stratification is obtained if the range of the variable is divided into equal intervals, the
number of intervals being equal to the number of strata desired. This rule was suggested
for both Neyman and proportional allocations. As this method of constructing the strata is
universal i.e. same rule is suggested irrespective of the distribution of the variable in the
population, much accuracy cannot be expected to be obtained. Another drawback of the
rule is that it can only be applied to variables having finite range. The construction of

strata according to this rule is of course very easy in practice.

Kitagawa (1956) considered Mahalanobis suggestion and showed that equal strata
total method gave optimum stratification only for the populations in which strata co-
efficient of the variation were same for all possible stratifications. Assuming that the
whole population consists of an aggregate of some elementary clusters, he showed that

under certain conditions equal strata coefficients of variation criterion was approximately



satisfied if the elementary clusters were set up in such a way that they followed log-
normal distribution. Considering a linear cost function he also suggested the principle of

equipartitioning of total cost into each stratum, as a method of stratifying the population.

Block (1958) considered the problem of finding optimum points of stratification
for optimum allocation method when the joint density function of the estimation variable
and the stratification variable could be thought to be bivariate log-normal with parameters
(11, o1, 12 and o2), index 1 referring to the former variable. He found that the optimum
stratification point’s X; can be calculated relatively easily if the number of strata is less
say 2, 3 or 4.1t is, however, necessary that the logarithmic correlation coefficient ‘r’ as
well as the standard deviation o1 of the estimation variable Y are known at least as
estimates from some earlier investigations. The natural logarithm of the approximation to

the optimum points of stratification are given by the relation
logx, =1, +0,(h +roy)

where {hj} are the optimum points of stratification for the standard normal distribution.

The result is valid for reasonably strong correlation and low sampling rates.

An efficient method of constructing strata under Neyman allocation was given by
Dalenius and Hodges (1959) .In this case also, it was assumed that both the estimation
and the stratification variables were same. If the estimation variable is Y and f (y) its

probability density function with (a, b) as the range of the variable, where (b-a) is finite,

the nearly optimum points of stratification { y; } are given by

G(y;):h'TK, h=1,2,...,L-1

and yo = a, y. = b where L is the total number of strata desired, G(y):jay«/f (t)dt and

K = G(b).The results were obtained under the assumption that the number of strata is
very large and the density function of the variable Y in each can be approximated by
uniform distribution. Therefore, the results are only asymptotically optimum. It was also

shown that when L —oc,the variance obtained by using the suggested strata boundaries

2
tends to minimum variance, and LS, —>K— where S, = (thah)min \When stratifying

J12

for the variable with infinite range, it was suggested to suitably truncate the distribution



and then apply the suggested method to obtain the points of stratification. It was also

proved that with L large this procedure was equivalent to keeping W, o, = constant as

suggested by Dalenius and Gurney.

Another method of finding approximately optimum strata boundaries (AOSB) for
Neyman’s allocation in simple random sampling estimate was given by
Ekman (1959a).Under certain regularity conditions on the density function f(y) and a

finite range of the variable Y, it was shown that the points {yn} satisfying the equations
(=YW =C. h=1,2,..L

where C_ is a constant depending on L, approximately satisfy the minimal equations. For
the densities over an infinite range, obviously, the equalities suggested were not
applicable. Certain modifications to the above equalities were recommended to deal with
such cases. The results were derived under the assumption of large number of strata so

that higher power of stratum widths could be neglected. It was also proved that as L —«,

the AOSB obtained from suggested method tend to optimum points {yn} and the variance
of the estimate using approximate stratification approaches the minimum variance.
Numerical illustrations for L = 2,3,4,5 and for three densities showed that also for small
values of L, the approximations were quite satisfactory. A method of iteration to obtain
successively better approximations to the optimum {yn} was also suggested, where

approximate {yn} obtained from the above equalities could be taken as the starting values.

Ekman (1959b) in another paper obtained the method of finding AOSB for the

case of proportional allocation. In this case both estimation and stratification variables are

assumed to be the same. By finding the series expansion of  ,the stratum mean of Y in

the ht" stratum, about both lower and upper boundaries of the stratum, he showed that
when the number of strata is large the approximations to optimum strata boundaries are

obtained by finding the solutions of the system of equations given by

(Y, — yh,l)ZWh = constant , whereh=1,2, ..., L.
This system of equations is equivalent to the system aﬁyWh = constant and,
therefore, the points satisfying the latter set of equations can also be taken as modified

forms of the equations for dealing with variables having infinite range. For this allocation



method also, he has given the method of iteration for obtaining successively better

approximations to the optimum strata boundaries.

Another method of finding approximations to the optimum points of stratification
for the case of optimum allocation was proposed by Durbin (1959) in a review of
Dalenius doctoral thesis. Let F (y) be the cumulative density function of the estimation

variable Y. Forming a rectangular distribution

r(v) = F(y.)
(y)_ (yL_yo)

over the same range ,the approximations to optimum boundaries are obtained by taking
equal intervals on the cumulative of %[r(y)— f (y)] .The rule amounts to forming strata

by taking equal areas under a frequency distribution with density half way between the
original distribution and a rectangular distribution. Durbin developed the rule by
considering, for L = 2, the simplest departure from a rectangular distribution, namely a

linear function f(y) between f(0) =1-a and f(1) = 1+a ,where ‘a’ is small.

An alternative approach to tackle the problem of optimum stratification was tried
by Sethi (1963).In place of finding AOSB by solving some suitably chosen system of
equations (other than the minimal equations) and then using the method of iteration to
arrive at the optimum dividing points, he thought of preparing readymade tables giving
optimum stratification points for certain standard frequency distributions. In actual
practice the distributions encountered are all discontinuous. But, if the populations are
sufficiently large, they can very often be approximated by some standard continuous
distributions. Thus, the tables of optimum stratification points for these standard
distributions can profitably be used for the stratification of the actual populations. The
distributions considered by him are the standard normal and a set of chi-square
distributions. He has also given the method of obtaining optimum points of stratification
for various gamma distributions from corresponding chi-square distributions. In his paper
he has considered three allocation methods viz. proportional, equal and optimum. Tables
of optimum strata boundaries have been given for all the distributions and the allocation
methods considered. He also found that the equalization of strata totals as suggested by
Mahalanobis (1952) and Hansen et al. (1953) do not lead to optimum points of

stratification for any of the populations considered. On the other hand, the approximation
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suggested by Dalenius and Hodges is excellent for both equal and optimum allocations. It
was also observed that optimum points of stratification for equal and optimum allocations

almost coincide.

The problem of minimizing the variance of stratified simple random sampling
estimate of population mean, when total cost of the process is fixed, was first considered
by Ekman (1959a, 1960).In this case also it was assumed that the density function of the
estimation variable is known for the population which was taken to be infinite so that the
density function could be taken to be continuous. If the exact form of the distribution was
not known, some analytical form f (y) to the density was described on the basis of some
previous knowledge of the distribution of a closely correlated auxiliary variable or the
information obtained from a pilot survey. Ekman took the cost of sampling a unit to be a
function of the value of Y for that unit. The approximate solutions to the minimal
equations were obtained under the assumption that the cost and density functions satisfied
certain regularity conditions. Four systems of equations were suggested which on solving
gave approximation to the optimum points of stratification. He proved that the variance of
the estimate obtained by using the approximate boundaries and the minimum variance
were asymptotically equal. He also considered the generalized variance function given by

S= F(Yh—th)

L
h=1
with the function F (yn1 , yn) of the form

F (Yo )= s o) [ £ (0t 140 (v =y )|

h-1

where A> 0,A#1 and the function f(y) satisfy certain regularity conditions. It was
shown for this case that the system of minimal equations, to a certain degree of

approximation, could be replaced by another set of equations given by
F(yn-1,yn) = constant, h=1,2,3,...,L.

The solutions to these equations gave approximations to the exact solutions of the
minimal equations. Both these sets of solutions were proved to be asymptotically
equivalent. For this general case, a method of iteration was also given to obtain

successively better approximations to the optimum points of stratification.



11

The problem of optimum stratification when two or more characters of the
population are under study becomes highly complicated. It is because in the
multicharacter situation, the strata are to be defined on the basis of joint variations of the
characters and hence they are solid figures. Therefore, the problem of optimum
stratification is the problem of optimum determination of both shapes and sizes of the
strata. Ghosh (1963) has theoretically solved the problem of optimum stratification when
two characters are under investigation and the strata are formed by lines parallel to the
axes. Samanta (1965) considered the situation where strata are disjoined regions formed
by a set of increasing rectangles. With this rule of stratification, he has solved the
problem of optimum stratification in case of proportional allocation by minimizing the
generalized variance of the sample estimates. The resulting minimal equations are of
course complicated but a rapidly converging iterative procedure is available. A study of
the efficiency of this system of subdivision has also been made. As a numerical
illustration, a standardised bivariate normal population has been sub-divided into two
strata for varying values of the correlation coefficient. The results obtained by him are of
limited value since there may exist other rules of stratification leading to considerable
decrease in variance of the estimates and in practical situations the stratification variables
are generally different than estimation variables. In practice sometimes it may also not

possible to neglect finite population correction as has been done by him.

Apart from theoretical investigations into the problem of optimum stratification
for unicharacter and multicharacter cases, some empirical studies to compare the
efficiency of the various approximations to the optimum points have also been made by

several authors.

Cochran (1961) compared four methods of finding approximations to optimum
points of stratification when a frequency function f(y) is to be subdivided into L strata.
The optimum boundaries are defined as those that give minimum variance for the
estimated population mean from a stratified sample of size n, with optimum choices of
sample sizes in the individual strata. The four rules are: i) equal intervals on the

cumulative of \/f(y) , ii) to choose the boundaries so that W, 44, = constant ,iii) Ekman’s

rule of taking Wh (yn — Yn-1) = constant and iv) Durbin’s rule of taking equal intervals on

the cumulative of (r + f) ,where r is the rectangular distribution with same frequency as f.
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These rules are compared for L = 2,3 and 4 on eight skew frequency distributions
intended to be somewhat representative of those that occur in practice. It was found that
rules i) and iii) performed consistently well while rule iv) was found to be satisfactory
except on two highly skew distributions. Rule ii) was satisfactory only on four of the
eight distributions. For the equal allocation method, he found that the optimum

boundaries in this case differed little, if at all, from those for optimum allocation method.

While considering the problem of stratifying on the basis of auxiliary information,
it was found that strata constructed by above rules were nearly as good as the best strata

that could be set up from the earlier data.

Des Raj (1964) studied the performance of equal size stratification with equal
allocation by comparing it with optimum stratification when same allocation of samples
in different strata is used. The estimation variable and stratification variables were
assumed to be same. By considering four different density functions it was concluded that
in these distributions equal size stratification method gave poorer boundaries with
increase in the number of strata. Even for exponential populations for which the rule is
supposed to be at its best, it is not optimum or near optimum for large L. It produces
variance twice of that obtained through optimum stratification. For right triangular the
performance is still worse. It was also observed that the lowest stratum made by this
procedure was always too large as compared with the stratum in the optimum case. The
relative contribution of the lowest stratum to the total variance was maximum and it

didn’t decrease with an increase in the number of strata of equal aggregate size.

Hess et al. (1966) made an investigation into the efficiency of optimum
stratification. Comparisons were made among four types of allocations viz. Neyman,
equal, proportional to the stratum aggregates of the stratification variable and proportional
to the number of sampling units with the corresponding optimum stratification. Gains

from stratification were examined for several estimation variables.

Schneeberger (1966) solved the problem of optimum stratification in a very
simple way by means of an iterative analogue computer. He considered the case when the
samples are proportionally allocated to strata. For the case of triangular distribution with
density f(x) = 0.5 (1-x), -1 < x <1, results were obtained for 2, 3, ...,7 strata. The accuracy

increased when proposed optimal stratification was employed.
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Sethumadhavi (1966) considered five methods of finding the approximations to
optimum strata boundaries for the case of optimum allocation method. Apart from the
four rules considered by Cochran (1961), she also considered Sethi’s iterative method for
proportional allocation. She compared the efficiency of these methods on the data
collected in the sample survey conducted on temperatee fruit crops in Mahasu district
Himachal Pradesh in the year 1965-66.Both estimation and stratification variables were
taken to be the same. She found that the four rules considered by Cochran gave nearly
identical results. However, beyond two strata Ekman’s rule excelled ,and equalization of
strata totals,cumulative Vf(y) rule, Durbin’s rule and Sethi’s iterative method followed in

that order of performance.

Nilson (1967) adopted the method of least squares for solving the problem of
optimum stratification. A necessary condition for obtaining a minimum variance is given
and an iterative procedure of finding it is assumed. The method is also generalized for
other measures of dispersion than the quadratic deviation. The convergence rate of the
iterative procedure is investigated for the case when the study variable has a rectangular

distribution and then for an arbitrary continuous distribution.

The problem of general optimum stratification for the objective variable Y based
on the concomitant variables using prior information was tackled in more detail by
Taga (1967).He pointed out that in case of proportionate sample allocation to each
stratum, the above mentioned optimum stratification reduces to the optimum

decomposition of the distribution function H (Z) for the random variable Z = r (x) ,where
n(x) is the regression function of Y on X. Further, a general method was given by which

such an optimal stratification can be asymptotically obtained.

The use of Cumn\f rule has been suggested by Serfling (1968) under the
assumption that the regression of estimation variable Y on the stratification variable X is
linear with uncorrelated homoscedastic errors and nearly perfect correlation. Using this
approximation, he was able to choose optimally, for fixed cost, the number of strata to be
constructed and the total sample size to be used. Finally, he remarked that for a large

budget, optimal stratified random sampling by a covariable X will yield confidence
. 12
intervals with lengths in proportion [kx (1—p2)} to these for optimal simple random

sampling, where ky" is a parameter.
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When the study variable follows a log-normal distribution, optimum strata
boundaries were derived by Schaffer (1971) under the assumption that the variable of

stratification is the same as variable taken into consideration.

Isil and Taga (1969) considered the problem of optimal stratification for
multivariate distributions. For this purpose, they proposed hyper plane stratification, in

the case of proportionate allocation, which minimizes the covariance matrix of an

estimator x for the mean vector u of a multivariate distribution F(x) in the sense of semi-
order in the symmetric matrix space defined as A > B if A - B is non-negative definite.
Besides, the optimal stratification is given by the quadratic hyper surface stratification in

the case of optimal allocation.

Singh and Sukhatme (1969) considered the problem of optimum stratification on a
concomitant variable X in more general form and evolved various methods of finding
approximate solutions to the minimal equations for Neyman and Proportional allocations.
For this purpose they assumed the regression of the study variable Y on the auxiliary
variable X to be of the form Y = C(X) + e such that E(e|x) = 0 and V(e|x) = @ (x) for all x
in the range ( a, b) with ( b - a ) < w.Under this set up they obtained the minimal

equations under Neyman allocation as

(C(Xh)_:uhc)z + 0y, +¢(Xh)+ﬂh¢ _ (C(Xh)_uic)z +0y, +¢(Xh)+:ui¢

2 2
\/th + g ’\’Jic + iy

and, under proportional, allocation ,the minimal equations were

c(x )=t te i-pe1 h=123,..L1
2

These system of equations give AOSB in the sense of minimum variance. Among the
several approximations to the above system of equations, as developed by them, the one

which they judged to use in practice is to make

j 3[g,(t) T (t)dt = constant , h=1,.2,...,L.

#" (1) +4g(t)c" (1)
[¢(t):|3/2

Where g,(t)=
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for Neyman allocation, and for proportional allocation this rule reduces to make
_[Xh 3/c(t) f (t)dt = constant, h=1,2,...,L.
Xh1

These rules are known as cumulative cube root rules. Through numerical illustrations
they observed that these rules give better approximation to the OSB than those based on

equal intervals.

Following Singh and Sukhatme (1969), Singh (1971a) made an investigation into
the accuracy of various methodology relating to stratification on study variable.

In continuation to their earlier work, Singh and Sukhatme (1972a) developed
certain asymptotic properties of the AOSB following the method of Ekman (1959).Singh
and Sukhatme (1972b) considered the problem of optimum stratification on an auxiliary
variable X, when the units from different strata are selected with PPSWR sampling
scheme. Proceeding on the lines of their earlier work they obtained minimal equations
giving OSB for Neyman allocation method. Methods to find AOSB have also been

proposed.

When information on an auxiliary variable highly correlated with the study
variable is available, the use of ratio and regression methods of estimation help in
improving the precision of the estimate of population mean/total for the character under
study. Singh and Sukhatme (1973) used this concept while considering the problem of
optimum stratification and gave some methods of finding AOSB for Neyman allocation.
They have shown that the problem of determining OSB with ratio and regression methods
of estimation is a particular case of optimum stratification on the auxiliary variable for

stratified simple random sampling estimate.

A new method for obtaining AOSB in case of proportional allocation, known as
‘cum 3/ f (y) rule’, was proposed by Singh (1975a).The proposed method is easy to apply

in practice and involves same order of approximations as is involved in Ekman’s method.
In the same investigation, he also provided an approximation to his proposed rule.

Through numerical illustration, he has shown that the AOSB obtained from approximate
cum 3/ f (y) rule were quite close to those obtained from the cum3/ f(y) rule for the

rectangular and right triangular distributions. Further, some difference in the boundaries
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for the exponential distribution was seen which might have occurred because of infinite

range of the variable under consideration.

Singh (1975b) once again considered the problem of optimum stratification with
varying probabilities of selection, but for the proportional and equal allocation methods.
He has also shown empirically that the performance of equal allocation was found to be
better than that of proportional allocation and practically equivalent to Neyman

allocation.

An alternative method of stratification was proposed by Singh (1975c¢). He gave a

2 12 1217 . .
new cuma+/ f(c +6p)" < rule, where 6= W as a generalization to Dalenius cumf
—a

rule. A numerical investigation into the relative efficiency of this rule with respect to the

cum\f and cum 3/p(x) rules has also been made which indicated that the proposed rule

and the cum 3/ p(x) rule can, however, be used in more general situations.

Singh and Prakash (1975) considered the problem of optimum stratification on the
auxiliary variable X for equal allocation. They proposed a cum fN@ rule for obtaining
AOSB.

Anderson et al. (1976) applied the theoretical framework developed by Singh and
Sukhatme (1969) to a bivariate normal model to tabulate gain in precision due to
stratification. They observed that for small-to-moderate number of strata, the cumf rule

performed better than cum ¥/f rule.

If the stratification is carried out on an auxiliary variable, then taking equal
intervals on the cum Q/Tgives AOSB which compares favourably in certain situations

with those determined by cumVf rule. This was suggested by Thomsen (1976).

The problem of determining AOSB on the auxiliary variable X, under equal
allocation, using ratio and regression methods of estimation was considered by
Singh (1977). It is shown that equal allocation is equally efficient to Neyman allocation
as regards the methods of estimation considered by him.

Thomson (1977) made an attempt to study the effect of stratification by using two
variables, say, Y and Z. The method consists in stratifying the population into r strata

along X variable by using cunVf; method, and constructing s strata along Z variable by an



17

equal partitioning of cumVf: method. The results indicated that in many practical

situations the gain from using two stratifying variables over one is nontrivial.
Schneeberger and Gollar (1979) studied the feasibility of optimal stratification

points according to Dalenius. It is well known that the necessary conditions for optimal

strata boundaries by optimal allocation, given by Dalenius and Gurney, lead-by sampling
fraction q = % > 0 to non-feasible solutions, if only one of the conditions ny < Np

(h=1,2,....L) is violated. Subsequently, Schneeberger and Drefahl (1980) presented limits
of feasible sampling fraction in optimal stratification. They found that for q > qc(L),where
gc (L) is the critical sampling fraction, the Dalenius Neyman allocation solution is not

feasible.

Taguri (1980) has given OSB, minimum variance and efficiencies for five
distributions for the cases: (1) The population parameter to be estimated is p or 62 (2) The
stratification method is extended to general stratification (GS) in addition to interval
stratification (IS), (3) the sample allocation method for each stratum is proportional or
Neyman allocation. (4) L = 2, 3, 4 or 5.He has numerically ascertained the empirical

results, “GOS tends to coincide OIS™.

Jarque (1981) considered the use of cluster analysis for solving the problem of
optimum stratification in multivariate sampling, a case study in which the states of

Mexico are stratified with respect to nine socio-economic variables.

Taguri (1982a) made the study of so called “problem of robustness in optimal
stratification”. He provided some tables and some suggestion which make theoretical
results obtained in earlier studies be applicable in actual sampling problems. In the
sequel, he reported some more findings (1982b, 1982c, 1982d) regarding this aspect. He
pointed out the importance of the evaluation of the robustness of the optimum
stratification method with respect to changes of (i) the distribution, (ii) the sample sizes in
respective strata, and (iii) stratification points. These results have also been shown

empirically.

By reducing the problem of optimum stratification to a nonlinear programme,
Schneeberger and Drefahl (1982) made an investigation into the gain in precision by

optimum stratification in dependence on sampling fraction.
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Wang and Aggarwal (1984) while considering the problem of stratification under
a particular pareto distribution, also considered the case when stratification and estimation
variables are different but related by a single regression model.

Yadav and Singh (1984) considered the problem of finding OSB when sample
sizes to different strata are allocated in proportion to strata totals of the auxiliary variable.
Because of the implicit nature of the minimal equations obtained in this case, methods of
obtaining their approximate solutions have been presented. A limiting expression for the
variance of the estimate of population mean, as the number of strata become large, has
also been obtained.

lachan (1985) considered the problem of optimum stratification when
stratification is on auxiliary variables and obtained the AOSB for Shellfish surveys.
Sai and Taguri (1989) discussed this problem for equal and Neyman allocations and
applied it to “The current Statistics of Commerce in Japan” which showed great
improvement of the precision in estimation of population mean.

Pla, L (1991) showed the use of principal components analysis is to determine
strata boundaries in multivariate sampling improves estimation of the vector mean. He
utilized the first principal component as the stratification variate. The proposed method
reduced the generalized and total variances, outperforms the univariate or bivariate
procedures for total and linear variances of the mean vector. Not only this but also the

examples with real data were analysed.

Mahajan et al. (1994) considered the problem of optimum stratification in case of
sensitive variable for which the data are collected by scrambled randomised response

technique. In this regard, they proposed a rule of finding AOSB.

Mandowara and Gupta (1994) made an attempt to obtain points of stratification
for two or more stage designs with equal primary stage units and subsequent stage units.
Stratification on the auxiliary variable when the study variable is closely related to the
auxiliary variable has been made. The determination of OSB in these cases has been

illustrated with the help of some known specific distributions.

Wywial (1995) discussed the problem of optimal stratification of population on
the basis of auxiliary variables using clustering method. Optimum stratification is done in
such a way that the mean square prediction error was minimal and it led to minimization

of the spectral radius of the variance-covariance matrix of the auxiliary variables.
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Rizvi et al. (2000) considered the optimum stratification for two characters using
proportional method of allocation, by taking an auxiliary variable as stratification
variable. By minimizing the generalized variance of the sample means of the study

variables, minimal equations have been obtained under proportional method of allocation.
Due to implicit nature of these equations, a cum 34/R(x) rule has been proposed for

obtaining approximately optimum strata boundaries. Empirical studies have also been

made on certain density functions.

Rivest (2002) suggested some iterative procedures to determine OSB. The
algorithms require an initial approximation solution to strata and also there is no
guarantee that the algorithm which we are used will provide the global minimum in the
absence of a suitable approximate initial solution and the variance functions have more
than one local minima.

Gunning and Horgan (2004) discussed a simple and practicable algorithm for
constructing strata boundaries in such a way that the coefficient of variation is equal in
each stratum which is derived for positively skewed populations. The new algorithm is
shown to compare favourably with the cumulative square root frequency method given by
Dalenius and Hodges (1957) and the Lavallee and Hidiroglou (1988) approximation
methods for estimating the OSB.

Rizvi et al. (2004) extended the Singh’s (1975a) problem for proportional

allocation, when two variates are under study. A Cum?/Rs(x) rule for obtaining AOSB

has been provided. It has been shown theoretically as well as empirically that the use of
stratification has inverse effect on the relative efficiency of probability proportional to
size with replacement (PPSWR) as compared to unstratified PPSWR method when
proportional method of allocation is envisaged. Further comparison showed that with
increase in the number of strata the stratified simple random sampling is equally efficient
as PPSWR.

Kozak et al. (2007) discussed a modern approach to stratification of a finite
population and presented a general picture of univariate and multivariate stratification.
They addressed issues such as strata geometry, an optimization function and constraints
for it, dimensionality of stratification, approximate univarite stratification, the choice of
an optimization method, to perform stratification, initial parameters to be employed in

optimization-based stratification, and other population and stratification attributes such as
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subdivision of a population into domains, domain oriented approach and a take-all
stratum.

Horgan (2010) tracked the progress of various methods used for obtaining
optimum strata boundaries and asked where we are now and where to go from here in
which he mentioned that modification of the geometric algorithm are necessary to
address.

Mehta and Mandowara (2012) considered the problem of determining optimum
strata boundaries for cluster sampling design considering unequal sizes of clusters. The
minimal equations giving optimum strata boundaries by minimizing the variance of the
estimator of the population mean. Sampling in each stratum being carried out
independently by simple random sampling without replacement. These minimal equations
were difficult to solve exactly and thus the approximate solution solutions to these
minimal equations had been obtained for three allocation methods namely proportional,
equal and Neyman allocation.

Mathew et al. (2013) made an attempt in the context of interest in precision. They
made use of prior knowledge of the population and tried to put the population into series
of homogeneous groups so as to increase the precision. The study was designed to
investigate the efficiency of neyman allocation procedure over equal and proportional

allocations.

Hidiroglou and Kozak (2017) have developed a comprehensive solution for
computing stratification boundaries either in the context of fixed sample size or fixed
coefficient of variation, given an allocation scheme. They showed that the two scenarios
are equivalent: that is, given a fixed sample size, the boundaries will be the same as those
achieved using the anticipated coefficient of variation, resulting from the fixed sample
size. The same holds true if we start off with a fixed coefficient of variation. They have
reviewed computing stratification boundaries either in the context of fixed sample size
(n-scenario) or fixed coefficient of variation (c-scenario), given an allocation scheme.
From this study and others (Baillargeon & Rivest, 2009, 2011) it follows that
Kozak (2004) algorithm greatly reduces chances of convergence problems reported for
the Sethi algorithm used in Lavallée & Hidiroglou (1988) algorithm, offers the best way
to stratify univariate populations. It is worth stressing that this algorithm is not
computationally intensive because it is a simple random search algorithm. The only

problem is that it may find a local optimum instead of the global optimum. The main
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focus of the study was that national statistical agencies should use optimisation-based
stratification and use approximate rules only as a source of starting points for the

optimisation-based methods.
Mathematical Programming Technique

The first ever mathematical programming problem (MPP) was perhaps the
problem of optimum allocation of limited resources recognized by economists in early
1930s. After World War 11, in 1947 the United States Air Force team SCOOP (Scientific
Computation of Optimum Programs) started intensive research on some optimum
resource allocation problem which led to the development of the famous simplex method

by George B. Dantzig for solving a linear programming problem.

Kuhn and Tucker (1951) developed the necessary conditions (which become
sufficient also under special circumstances) to be satisfied by an optimal solution of an
MPP. These conditions, known as K-T conditions, laid the foundation for great deal of
later research and development in nonlinear programming techniques. Till date no single
technique is available which can provide an optimal solution to every Non-linear
programming problem (NLPP) like simplex method for linear programming problem
(LPP). However, different methods are available for some special types of NLPPs. In
1959 Beale gave a method for solving convex quadratic programming problem (CQPP).
One of the most powerful techniques for solving an NLPP is to transform it, by some
means, into a form which permits the use of simplex method of LPP. Using K-T
conditions, Wolfe in 1959 transformed the CQPP into an equivalent LPP to which
simplex method could be applied with some additional restrictions on the vectors entering
the basis at various iterations. A similar method was developed by Panne and Whinston
(1964a, 1964b, 1966). Some other techniques for solving quadratic programming
problems are due to Lemke(1962), Graves(1967),letcher (1971), Aggarwal(1974a,1974b),
Finkbeiner and Kail (1978), Arshad et al. (1981), Khan et al. (1983) etc. Among other
NLPP methods there are Gradient Methods and Gradient Projection Methods. Like
simplex method of LPP these are iterative procedures in which at each step we move
from one feasible solution to another in such a way that the value of the objective
function is improved. Rosen (1960, 1961), Kelley (1960), Goldfarb (1969),
Du et al. (1990), Lai et al. (1993) etc. gave gradient projection methods for nonlinear

programming with linear and nonlinear constraints.
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Des Raj (1956) determined the optimum probabilities of selection in sampling
without replacement. The methods for the approximate solution to the separable
programming problems are found in the works of Charnes and Cooper (1957), Markowitz
and Manne (1957), Dantzig et al. (1958) etc. The principle of optimality enunciated by
Bellman (1957) paved the way for the development of the dynamic programming
technique which has been applied successfully for solving certain special types of MPPs.
The dynamic programming became rich and more applicable by the contributions of
several authors. Since dynamic programming technique has been used as the main tool in
the present investigation for solving nonlinear programming problems arising in

sampling, in the next section it is discussed in detail.

The problems in which decisions are to be made sequentially at different stages of
solutions are called multistage decision problems. Many multistage decision problems
can be formulated as an MPP. The dynamic programming technique is a computational
procedure which is well suited for solving MPPs that may be treated as a multistage
decision problem. The basic idea which led to the development of the dynamic
programming technique was given by Richard Bellman in early 1950s.This is the

approach used by various authors for obtaining optimum strata boundaries.

Buhler and Deutler in (1975) studied the problem of optimum stratification
through dynamic programming. They found that by a suitable transformation a global
optimal solution could be obtained through dynamic programming. The results have been

illustrated empirically for discrete and continuous variables.

A comparative study of solution procedures as regards the determination of
optimum stratification was made by Deutler in 1976.He considered two groups of
solution methods including procedure of operations research. In both the groups it has

been discussed which procedure are capable of finding the global optimum.

Khan et al. (1994) proposed a technique for determining the optimum number of

strata using mathematical programming approach.

The problem of determining the optimum strata boundaries, when the main study
variable is used as a stratification variable and a stratified sample, using Neyman
allocation is to be selected to estimate the population mean, has been formulated as an

MPP and explained by Khan et al. (2002).It has been shown that with some modification
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the MPP may be converted into a multistage decision problem that could be solved using

dynamic programming technique.

Khan et al. (2003) examined the problem of determining an optimum compromise
allocation in multivariate stratified random sampling, when the population means of
several characteristics are to be estimated. Formulating the problem of allocation as an all
integer nonlinear programming problem, they developed a solution procedure using a
dynamic programming technique. The compromise allocation discussed is optimal in the
sense that it minimizes a weighted sum of the sampling variances of the estimates of the
population means of various characteristics under study.

Khan et al. (2005) studied the problem of optimum stratification and formulated
as an MPP assuming exponential frequency distribution of the main study variable. The
stratum boundaries are optimum in the sense that they minimize the sampling variance of
the stratified sample mean under Neyman allocation. The formulated MPP found to be
separable with respect to the decision variables and was treated as multistage decision
problem. A solution procedure has also been developed using dynamic programming.

The problem of finding OSB has been considered as the problem of determining
optimum strata width (OSW) by Khan et al. (2008).The problem has been formulated as
MPP, which minimizes the variance of the estimated population parameter under Neyman
allocation subject to the restriction that the sum of the widths of all the strata is equal to
the total range of the distribution. The distribution of the study variable has been
considered as continuous with triangular and standard normal density functions. The
formulated MPPs which turn out to be multistage decision problems, can then be solved
using dynamic programming technique proposed by Buhler and Deutler
(1975).Comparative study revealed that proposed technique is better than Dalenius and
Hodges (1959) method.

Khan et al. (2008) found that in order to make the strata internally homogenous,
the strata should be constructed in such a way that the strata variance for the characteristic
under study be as small as possible. This could be achieved effectively by having the
known distribution of the main study variable and create strata by cutting the range of the
distribution at suitable points. If the frequency distribution of the study variable is
unknown, it may be approximated from the past experience or some prior knowledge
obtained at a recent study. They considered the problem of finding optimum strata

boundaries as the problem of determining optimum strata width.
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Khan et al. (2009) proposed the method of choosing the best boundaries that make
strata internally homogenous given some sample allocation, known as optimum
allocation. In this paper the problem of OSB has been discussed when strata are formed
based on a single auxiliary variable with a varying measurement cost per unit strata the
auxiliary variable considered in the problem is a size variable that holds a common model
for the population. The OSB were achieved effectively by assuming a suitable
distribution of the auxiliary variable and creating strata by cutting the range of the
distribution at suitable points. The problem of finding the OSB, which minimizes the
variance of the estimated population mean under a weighted stratified balanced sampling,

has been formulated as an MPP.

Sebnem (2011) concluded that having stratified many populations with different
characteristics revealed that Kozak’s random search method and Keskinturk and
Sebnem’s genetic algorithm give more or less the same results both from the point of
coefficient of variations and boundaries. The results obtained there showed that either
genetic algorithm or Kozak’s random search method could be efficiently applied in order

to obtain near optimum boundaries in stratified sampling.

Khan et al. (2011) developed a method of choosing the boundaries that have high
level of precision. They took the problem of finding the OSB for a skewed population
with standard log-normal distribution. The problem is then redefined as the problem of
determining optimum strata width and is formulated as MPP that seeks minimization of
the variance of the estimated population parameter under neyman allocation subject to the
constraint that sum of the widths of all the strata is equal to the total range of the

distribution.

Rao et al. (2012) proposed a technique of determining the multivariate calibrated
estimator to improve the survey estimates when more than one auxiliary variable is
available. The problem of determining optimum calibrated weights is formulated as an
MPP, which is solved using Lagrange multiplier technique. The numerical illustration
presented in the paper for computation details reveals that the proposed estimator

performs better than the usual estimator.

Fonolahi and Khan (2014) proposed a technique to determine the optimum strata

boundaries when the measurement cost per unit varies across the strata. The problem has
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been formulated as an MPP and solved to obtain the strata width, which is then used to
obtain the OSB. The study variable is assumed to be exponentially distributed.

Rao et al. (2014) developed a technique of solving a combined problem of
determining OSB and optimum strata size of each stratum, when the population under
study is skewed and the study variable has a pareto frequency distribution. The problem is
formulated as an MPP, which has been solved by using a dynamic programming
technique.

The problem of construction optimum stratification for two study variables based
on auxiliary variable that follow respectively a uniform and a right-triangular distribution
has been discussed by Khan et al. (2014a).The problem of determining the OSB has been
formulated as NLPP ,which turned out to be multistage decision problems and were
solved using dynamic programming techniques. The comparative study has been done on
simulated data of two sets and the results were obtained by cumVf method of
Dalenius and Hodges (1959), geometric method by Gunning and Horgan (2004),the
generalized method of Lavallee and Hidiriglous (1988) and proposed method, and it was
found that construction of strata using auxiliary variable for the populations with uniform
and right-triangular distributions, leads to substantial gains in precision of the estimates

while using the proposed technique.

Khan et al. (2014b) proposed a technique by using auxiliary information for
determining the optimum strata boundaries of the population that has uniformly
distributed auxiliary variable. The problem has been formulated as NLPP that seek
minimization of the variance of the estimated population parameter under Neyman
allocation. The NLPP is then solved by developing a solution procedure using a dynamic

programming technique.

In a stratified sampling design for economic surveys based on auxiliary
information has been developed by Khan et al. (2015a), which could be used for
constructing optimum stratification and determining optimum sample allocation to
maximize the precision in estimate. They made comparison of the proposed method with
Dalenius and Hodges (1959), Gunning and Horgan (2004) and generalized (1988) method
with Kozak’s algorithm. It concluded that the construction of strata and determination of
sample allocation using auxiliary variable of the populations with Gamma distribution,
leads to substantial gains in the precision of the estimates while using proposed technique

than others taken in comparison.
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The problem of finding the OSB and the optimum sample sizes within the stratum
for a skewed population with log-normal distribution has been studied by
Khan et al. (2015b).The problem of determining the OSB has been redefined as the
problem of determining optimum strata width (OSW) and is formulated as a NLPP that
seeks minimization of the variance of the estimated population mean under Neyman
allocation subject to the constraint that the sum of the widths of all the strata is equal to
the range of the distribution. The formulated NLPP turns out to be a multistage decision
problem that can be solved by dynamic programming technique. Furthermore, a
comparison studied is carried out using 10 artificial populations to compare efficiency of
the proposed method with the cumVf , geometric and L-H methods. The results in the
study reveal that the proposed method and the L-H method are more efficient than cumVf
and geometric methods in minimizing the variance of the estimate of the population

mean.

Danish et al. (2017a) discussed the way of obtaining optimum strata boundaries
when the cost of every unit varies in the whole strata. The problem has been formulated
as non-linear programming problem which is solved by using Bellman’s principle of

optimality. They used the uniform distribution to support their numerical illustration.

Danish et al. (2017b) discussed that the strata may be constructed either on the
basis of study variable itself or by using some other variable(s) closely related with study
variable known as auxiliary variable. Over the past many years several computational
methods have been developed to obtain stratification points. They review the contribution
toward obtaining optimum strata boundaries using mathematical programming. For

several methods the comparative study has been made.

Danish and Rizvi (2017) studied problem of finding OSB by taking into
consideration as the problem of optimum strata width (OSW), using MPP by dynamic
programming technique, when the study variable is uniformly distributed. The empirical
study has been made where it is revealed that with the increase in the number of strata to
a fixed number the precision of the method goes on increasing. Also the proposed method

proves better than the method given by Singh and Sukhatme (1969).



CHAPTER 3
MATERIALS AND METHODS

The methods of sample surveys are generally required for those situations where
in one is interested to draw inferences about the population characteristic(s) under study,
on the basis of a part on an aggregate. The population being investigated may be
homogenous or heterogeneous one with respect to the characteristics under study. In the
latter case, stratified random sampling is used in which whole population is divided into
subpopulations, known as strata. These strata are non-overlapping, and together they
comprise the whole population. The process of dividing the heterogeneous population
into homogenous strata, which comprise the whole population, is known as stratification
and the stratification that results the minimum variance is known as optimum
stratification. The present investigation is mainly concerned with the determination of
strata boundaries. However, for this purpose other factors will also be taken into
consideration. Once it is decided about the total number of strata and the procedure of
allocating sample sizes to different strata, the problem of stratification may be considered
to consist of determination of strata boundaries, which constitutes the construction of
strata. Strata may be constructed either on the basis of study variable itself or by using
some other variable closely related with the variable under study. Therefore, in the
present study the problem of optimum stratification is considered by taking some
appropriate auxiliary variables as stratification variable. In this study, we are taking two
auxiliary variables as the basis of stratification with one study variables. The study
variable Y has been linearly related to two auxiliary variables X and Z.

Notations

Let there be a finite population consisting of N units, for which it is required to
estimate the total or mean for the characteristic Y under study, using simple random
sampling technique. In order to have this, we divide the whole population into L x M
strata on the basis of two auxiliary variables say, X and Z, such that the number of units
in the (h, k)™ stratum is Nn A sample of size ‘n’ is to be drawn from the whole
population and suppose that the allocation of sample size to the (h , k)" stratum is nn
(h=1,2,...L; k=1,2,...,M). The value of population unit in the (h , k)" stratum be denoted
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by yhk_ i=1,2,3,..,N, ).Since the study variable is denoted by “Y’. The unbiased

estimate of population mean Y is

yst =22W nk Y

Where W,, denotes the stratum weight for the (h, k)™ .
For stratified simple random sampling, the sample estimate ytis unbiased and its

sampling variance is given as below:

V(?'st)=zh:zkl(1— fhk)

where f,, denotes the sampling fraction in the (h,k)" stratum and

Nhk — 2
O-r?ky ZN_Z Yihei — yhk)
hk =1
Let
L M L M
ZZNhk:N , Zznhk:n
h=1k=1 h=1k=1
L M Ny _ _ L M _
Y=3% % 2 Yhki ) Yst = 2 2 WhkYhk
=1k=1i= h=1k=1
N hk . _ 1 nw
Whk = —— ; Yhk = —— 2 Yhki
N nhk i=1
n
fhk :Nﬂ )
hk

However, under proportional allocation variance of the sample estimate y t is given as
N

2
Wi Ohiy
n

V(Ya),,, =X )

Under equal allocation

v 1 o2
V(¥ = gz SN (LMN, )=

Under Neyman allocation
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— 1 2 Wﬁoﬁy
Vv == W -

(ySt)Ney nzhlzk:( hkath) ;Zk: N
Under optimum allocation

— 1 thO'hky Whiofky
\Y == W, C -

() =n F 2 “k)(%% Fo )5

where Cpi be the cost of observing the variable y in the (h,k)thstratum. Let the

regression model of Y on X and Z be given as
Y=C(X 2) +e

Where C (X, Z) is a function of X and Z and ‘e’ is error term such that
E(elx,z)=0and V (e|x,z)=7(x,z)>0, V xe(ab)ze(c,d), (b-a) <o,
(c—d)<w

Let the joint density function of (Y, X, Z) in the super population is f(y, X, z), joint

marginal of X and Z is f(x, z) and the marginal density function of X and Z are f(x) and

f(z), respectively. Then for the (h, k)th stratum, we have

Xn Zg Xn Zy
1
W, = X ZJ' f(x,z)axoz  and = fhye :W—thJ‘ Zj c(xz) f(x z)oxoz

Where (X, 4, %124, Z,) is the boundary points of (h, k)th and . is the expected value
n

of the function 7(x,z) inthe (h,k)" stratum and &2 is given as

1 Xh Zk

Ohp=— I c?(%,2) f (%,2)o%02 — (e )’
th Xhflzkfl

Let p denotes the correlation coefficient between X and Z and is equal to
_ %%
O0x07z
The comparison for the efficiency of the proposed methods and the existing methods have
been done with the help of simulation data, simulated through R software one of the
programme for generating data is

# Random numbers for normal variate
# sample size

n=1000

u=rnorm(n, mean=0, sd=1)
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View (u)

However, for certain comparisons with the proposed methods the programme made in R
software for executing the rule given by some authors like Dalenius and Hodges
(1959),Gunning and Horgan (2004),Khan et al. (2008).

R Commands:

require (stratification)

rm(list=1s (all=TRUE))

### Sethi's algorithm versus Kozak's algorithm

# LACK OF CONVERGENCE

# Here is an example of numerical difficulties met with
Sethi but not with Kozak

UScities<-seqg(1l,500)

Sethi <- strata.LH(x=UScities, CV=0.01, Ls=3,
alloc=c(0.35,0.35,0), takenone=0, takeall=1,

rh=1, model="loglinear", model.control=1list (beta=1,
sig2=0.5, ph=0.85),

algo="Sethi", algo.control=list (maxiter=20))

Sethi

SethiS$iter.detail[1l:5,]

# Kozak's algorithm with arithmetic initial boundaries

# (default initial boundaries for Sethi's algorithm)
Kozak<-strata.LH (x=UScities, initbh=c(18,27), Cv=0.01, Ls=3,
alloc=c(0.35,0.35,0),

takenone=0, takeall=1, rh=1, model="loglinear",
model.control=1list (beta=1, sig2=0.5, ph=0.85), algo="Kozak")
Kozak

KozakS$Siter.detail [KozakSiter.detail[, "run"]==KozakSrun.min[1
1]

# Looking at the iteration history for the optimization with
Sethi and Kozak,

# we see that the initial boundaries are very close from the
optimal ones.

# Kozak reaches very quickly a minimum. However, Sethi
increases n instead of

# minimizing it and afterwards it oscillates between two
sets of boundaries

# without converging.

# LOCAL MINIMUM

# In this example, Sethi's algorithm obviously reaches a
local minimum since Kozak
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# proposes a much smaller n.

FHEH A A S
SRR L AR AL

Sethi<-strata.LH (x=UScities, CVv=0.01, Ls=4,
alloc=c(0.5,0,0), takenone=0, takeall=1,

rh=0.85, model="loglinear", model.control=list (beta=1.1,
sig2=0, ph=1l),

algo="Sethi™)

Sethi

Kozak<-strata.LH (x=UScities, Cv=0.01, Ls=4,

alloc=c(0.5,0,0), takenone=0, takeall=1,

rh=0.85, model="loglinear", model.control=list (beta=1.1,
sig2=0, ph=1),

algo="Kozak")

Kozak

FHH A H A A A A A A A H AR AF A A H A A RS HHA
### Take-none stratum

# As illustrated in the following example (presented in
Baillargeon and Rivest 2011),

# it is sometimes beneficial to include a take-none stratum
in the stratified design

# (possibly with a bias penalty lower than 1).
MRTS<-seqg (1, 200)

notn <- strata.LH (x=MRTS, CVv=0.1l, Ls=3, alloc=c(0.5,0,0.5))
notn

tnl <- strata.LH(x=MRTS, Cv=0.1, Ls=3, alloc=c(0.5,0,0.5),
takenone=1)

tnl

tn0.5 <- strata.LH(x=MRTS, Cv=0.1, Ls=3, alloc=c(0.5,0,0.5),
takenone=1, bias.penalty=0.5)

tn0.5

# Note: Sethi does not converge here. This occurs often with
a take-none stratum.

tnl.Sethi <- strata.LH(x=MRTS, Cv=0.1l, Ls=3,
alloc=c(0.5,0,0.5), takenone=1, algo="Sethi")

tnl.Sethi

FHAEHHHAH A AH AR AH AR H AR HHA

Geometric Method

strata.cumrootf(x, n = NULL, CV = NULL, Ls = 3, certain =
NULL,

alloc = list(gl = 0.5, g2 = 0, g3 = 0.5), rh = rep(l, Ls),
model = c("none", "loglinear", "linear", "random"),
model.control = list(), nclass = NULL)

strata.geo(x, n = NULL, CV = NULL, Ls = 3, certain=NULL,



alloc = list(gl = 0.5, g2 = 0, g3 = 0.5), rh = rep(1,
model = c("none", "loglinear", "linear", "random"),
model.control = list())

EE R R Lk

One of the basic programmes used for solving functions in Mathematica is
Integrate[Exp[-0.8294((x"2)+(z"2)-1.26zx)],{x,0,00},{z,0, 0} ]
HHHHH

Integrate[(0.609943(z(1/2)x"(-3/2))+20.507599(z)(-1/2) (x)(-1/2)) (Exp[-
z+1])/x,{x,1.05,1.1} {z,1.05,1.1}]

Ls),

32



CHAPTER 4
CLASSICAL OPTIMIZATION TECHNIQUE

4.1  Stratified Simple Random Sampling —The Unbiased Estimate

Let there be a finite population consisting of N units, for which it is required to
estimate the total or mean for the characteristic Y under study, using simple random
sampling technique. In order to have this, we divide the whole population into L x M
strata on the basis of two auxiliary variables say, X and Z, such that the number of units

in the (h, k)" stratum is N« so that

L
EZ N =N

A sample of size ‘n’ is to be drawn from the whole population and suppose that the
allocation of sample size to the (h, k)" stratum is nnk such that

L M
2.2 Ny =N

h=1k=1

M
k=

1

The value of population unit in the (h, k)™ stratum be denoted by Y. i=1,2,3,...,

N, ) and then the population total is
L M Nhk
V=22 2 Ynki

h=1k=1i=1

Since the study variable is denoted by “Y’. The unbiased estimate of population mean Y

is
— L M —
Yo~ EE\N kY e
N . — 1 N
Where w y = % denotes the stratum weight for the (h , k)™ and Y., = n—hk .Z:;‘ Yo

For stratified simple random sampling, the sample estimate 9 tis unbiased and its
S

sampling variance is given as below:

V(yst):;;(l_ fhk)

n : L
where f,, =1 denotes the sampling fraction in the (h,k)" stratum.
hk
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If the finite population correction (f.p.c) is ignored, the variance of the estimate is
given by

2 2
Wi O hiy

(-5

aﬁky represents the population variance for the character Y in the (h,k)th stratum and is

r]hk

defined as

Ny 2

O-r%ky = (thi _yhk)

Nhk i3
¥, being the population mean of all the N, units in the (h,k)" stratum.

4.2  Sample allocation methods

The problem of allocation in stratified sampling concerns the choice of the sample
size N, in the respective strata with fixed total sample size. Here, we shall take two

methods of allocation viz. Proportional allocation and Optimum allocation with constant
cost of observing a unit of each stratum.

4.2.1 Proportional allocation method

In this method, the sample size N, in the (h,k)th stratum is taken in proportion to

L M
the total number of units in that stratum i,e. N, o Ny and > > n, =n ,we get
h=1k=1

NN

Ny = = NWhy

Therefore, the variance of the estimator y,, ,under proportional method becomes

(),

=13 S Wy, (4.2.1.1)
Nh 7k

4.2.2 Method of optimum allocation

In this method, the sample sizes N, are determined in such a way that for the
given total sample size (which amounts to fixed total cost when the cost of observing a
unit in each stratum is same) .The variance of the estimate y, is minimized. Thus, we
have to minimize
— thkoﬁky

(AR

Nhk
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Subject to the constraint

(4.2.2.1)

o MZ
||

L
ZZ"

We select N, and the Langrangean multiplier * 4’ so as to minimize the function

v (Mhis A ZZ i hw“[%%”hk“}

Mhk
Differentiating it with respect to n,, and equating to zero, we get

W G
0 hk Chk
a—‘//(nhk A)= Ty +4=0
n Mk

W5, o
2 "hk™hky
=N = —

Whk Shky
J2

Using it in the constraint (4.2.2.1), we have

This gives npx =

D> WhkOhky
h K

Therefore,
WhkOhky

2.2 Whkhky
h k

Mk =N

Thus, for optimum method of allocation the variance of the estimate becomes

2
{Z ZthO'hky}

V (Yst)opy = . (4.2.2.2)
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4.3  Optimum strata boundaries for character Y

Now let us consider the problem of determining the optimum strata boundaries
(OSB) which correspond to the minimum variance. We assume that the finite population
of N units in a random sample from the infinite super population with same population
characteristics as those of the finite population. This assumption enables us to deal with
the continuous functions. If the density function of the estimation variable Y in super

population is known, the optimum points of stratification [yh,yk] for the cases of

optimum and proportional allocation methods are given by the solutions of the following

two systems of equations respectively.

iy * (Y —ﬂhky)2 _ ity +( Yk ‘”iiy)z
aﬁky Oﬁy
and

Yo is the common boundary points for (h,k)" and (i, j)" strata,

i=h+1, h=1,2,...,L-1
j=k+1, k=1,2,...K-1

and Hnky = population mean for Y in (h, k)™ stratum.

The minimal equations as given above were obtained by Dalenius (1950) for the
case where the estimation and stratification variable are same. But, in most of the cases
the density function of Y is not known and, therefore, it is always desirable to obtain the
equations giving optimum points of stratification for the auxiliary variable which are
highly related to the study variable. This is possible because density functions of the
auxiliary variables are generally known. In the present investigation two auxiliary
variables (X and Z) have been taken as the basis of stratification. Now we shall obtain
the equations, the solution to which will give the optimum points of stratification for the
auxiliary variables X and Z. The variance corresponding to these optimum strata is also

minimum. For doing this, we shall assume the knowledge of the regression of Y on X and

Z and also knowledge of conditional variance functionV (y| X, z).
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4.4  Variance expression
Let the regression model of Y on X and Z be given as
Y=C(X, 2)+e
where C (X, Z) is a function of X and Z and ‘e’ is error term such that
E(elx,z)=0and V(e|x,z)=7(x,2)>0, xe(ab)ze(c,d), (b-a)<w (¢
—d)<ow
If the joint density function of (Y, X, Z) in the super population is f(y, x, z), joint
marginal of X and Z is f(x, z) and the marginal density function of X and Z are f(x) and

f(z), respectively, then under above regression model, we have

Xn  Zk
W = [ [ f(xz)oxez is the weight of the (h, k)™ stratum.
Xh-1Zk-1
1 Xn Zk h
Hhky = Hile = — [ ] c(x2)f(xz)oxdz denotes the mean of the (h,k)" stratum
k Xh-1Zk-1
2 _ 2
and Ohky = O hke + Hhi

Where (Xn_1,Xn,2k—1,2k ) is the boundary points of (h,k)th stratum and 78 is the
n

expected value of the function 7(x, z) in the (h, k)th stratum and o, is given as

9 1 Xn  Zk 5 2
O'hkc:m I I c“(x,2) f (x,2)ox0z —(ppic )

Xh-1Zk-1
Using these relations, the variance for the estimate yst as given in (4.2.1.1) and (4.2.2.2)
can be expressed in terms of the population parameters of the function C(x,z) and

n(x, z).The variance expression for the case of optimum, proportional and equal

allocation are therefore given by

2
[Z 2 Whk \/Cfﬁkc + Uhkp J

V(¥st)op = (4.0
{Z 2 Whk (Gﬁkc + thkny )}
= LhK

V(Yst) prop = - (4.42)
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2 ( 2
22 Wy (Uhkc + ﬂhkn)

and V(yst)eql =k N (4.4.3)

45  Minimal equations
Let [xn, z«] denotes the set of optimum points of stratification on the range (a, b)
and (c, d) of X and Z , respectively, then corresponding to these strata boundaries as

determined by the optimum points of stratification [xn , zk] the variance of the estimate

yst IS minimum. These points [xn , zk] are the solutions of the minimal equations which

are obtained by equating to zero the partial derivatives of V(yst) with respect to

X, and z, .Before deriving the minimal equations ,let us first find out the expression
for some partial derivatives which will be helpful in obtaining the equations. We have for

the (h,k)" stratum

Xn  Zk
Whk = I I (x,z)oxoz

Xh1Zk-1

Differentiate it w.r.t. xn and z«, we get

ith = ZJ'k f (xp,2)0z
8Xh Zx1
and
ith = )j.h f(x,z¢ )ox
azk Xh-1
Also
Xh  Zk
Hhkn = W j I x z axaz
Xh 1Zk-1

By differentiating it w.r.t. xn» and zx, we get

2 Zj'k %[U(Xhiz)—ﬂhkn}&

P Xh (X,Zk)
a2y ik = | W[U(X’Zk)—ﬂhkn]ax
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Similarly

B 21 (xp,2)

Mﬂhkc ITm[C(XhJ)—/Jhkc]@Z
Zg-1

Pl Xn f(X,th)

aﬂhkc —XI W—hk[C(X’ Zk)—ﬂhkc]@X
h-1

82_12'[k

2 2
0.2 _ 1 Tl 2)- —o2 1o
o Ohke Wi { (Xn Z)[C(Xh Z) ,Uhkc] O-hkc} z

Zx1
0 2 1 Xh 2 2
aahkczwxf {f(x,zk)[c(x,zk)—yhkC] —ahkc}ax
h-1

In the same way for the (i, j)th stratum, where i=h+1 and j=k+1, the expression for the

corresponding partial derivatives with respect to its lower boundaries X, and zy are

obtained as

_Wlk = I Xh Z

Zk-1
P Xh
—Whi=— | f(x2zg)ox
ooy i X{_l (%.2)
2k f(xp,z
- iy == | (W:( )[U(Xh 2)~ iy 2
Zk-1
0 X, Zk
p ﬂhm_‘f ( )["(X Zk ”hjﬂ]a
k Xh-1 hj
d 21 (xp,2)
RMkc:— Wi [C(Xh z ,U|kc]az
-1
0 £ (x,z¢)
2 Hhie =~ W [ c(% 2 )~ njc o
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02 1 i {f (xh,Z)[c(Xh,Z)—ﬂikch_a'zk }az
OXp ke Wik 7es e
ioﬁ_ :_i )j.h {f(X,Zk)[c(x’zk)_ﬂhijz_Oﬁ' }6X
8Zk I Whj Xh-1 "

Having found the relations, we shall proceed to obtain the minimal equations for the two
allocation methods. The case of proportional allocation is considered first.

4.5.1 Proportional allocation

To obtain the minimal equations for this allocation method, we minimize the

variance expression given (4.4.2).The minimization of it, is equivalent to minimization of
W 2
> hk%hke
h k

Since Y. Wk thkyy = 4y Which is population parameter and therefore is a fixed
h k

constant.
2

Thus to obtain minimal equations, we minimizeV by on equating the partial derivative
of this expression taken with respect of X, to zero, we get

0 0 0 0 2 .2 0
—Vp=>|W o2 102 L Wy +W +oi,.—Wi |=0
o P %{ hk 5, ke * Ok 7~ Whic +Wik 7~ |k}

After further simplification, we get
{[ (%n.2) ﬂhkc] thc}

% 2 (L
% Whk IZH f (xp.2) W aZJrUhkCJ.Zk,l f (xp.2)oz

{[ (¥p2) ke |~ .kc}

2 (Z
=% |k.[ f(Xn.2) ™ az+aikcjzkkilf(xh,z)az

(4.5.1.2)

For obtaining minimal equations we also differentiate V partially w.r.t. Z, in similar way,

we get
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2
X, {[C(X'Zk)_#hkcj _Oﬁkc} 5 %
%“ th“‘thl f(x,zg) Wi ax+o_hk0j.thl f (X, zk )ox

{[C(X- )=t ] —f’ﬁjc}

X 2 X
:Zh: Whj J.Xhh,l f(x zk) Wi 6x+o-hjc_fxh f(x,zg )ox

h-1

(4.5.1.3)

However, for obtaining minimal equations we minimize V  on equating the partial

derivative of this expression with respect of X, and Z, to zero, we get

{[c(xh, K )—/lhkc]2 _Urzlkc}

Whi f (X, 2k ) + 1 (X2 ) O

Wh

2 2
[ ¢ 2) ~ sije | o ,
=Wijf(Xh,Zk) o +f(Xh,Zk)GijC

]
This gives the equation as
(ﬂhkc +ﬂijc)2 i=h+1h=12,..,L-1

O a) =" B (4.5.1.4)

j=k+1k=12,...,M-1

If the function A(x,z) =c (x,2) f (x,z)belongs to the class Q of functions, the solutions
to the system of equation (4.5.1.4) give OSB in the sense of minimization of variance

\ (3_/“) .These equations are also very difficult to solve and, therefore, for
prop

these equations also we shall find methods of obtaining approximation to the exact
solutions [xh,zk].Further better approximation can be obtained by using some
approximate iterative procedures.

4.5.2 Optimum allocation

The minimization of the variance expression as given in (4.4.1) is equivalent to

minimization of the expression

2
¥ Y Whic[Ofie + Hhiy (4.5.2.1)
h Kk

Equating to zero, the partial derivative of this expression with respect to X, ,we get
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Z{th i(\/ﬁ)Jr(\/ﬁ)axthhk +Wik axih(«ﬁ)Jr(\ﬁ)ax—hWik} =0

K X (45.2.2)

Note that
0 1 oz 2 2
o h)—w ZHf(xh,z){[c(xh,z)—yhknJ —Uhkc“?(xhyz)—ﬂhkn}@z (4.5.2.3)
Similarly, we have
o 1 g 2 2 '
ax—h(l)_—w Zk_lf(xh,z){[c(xh,z)—y,k,]] —aikc+77(xh,z)—y,k,7}az (4.5.2.4)
Now, using the result obtained in equation (4.5.2.2), on simplifications we get the

minimal equations as

Isz {f(Xh’z)[c(xh'z)‘“hkC]Z+0r21kc+’7(xh12)—#hkn}az

Z k-1
k 0'2 +
hke T #hky
(4.5.2.5)

[ {f(Xh,Z)[C(Xh,Z)—ﬂikc]Z+Ui%<c+77(Xh’z)‘”ikf7 ;

_ Z 2
2
k \/Jikc + Mgy

Similarly once again equating to zero, the partial derivative of the (4.5.2.1) expression

w.rt. Z,, we get

Ixh {f (% z)[ c(x, Zk)—ﬂhkc]Z +0l§kc +1(X, Zk)—ﬂhkq}ax

Z Xn_1
h 62 +
hke ™ #hkn
(4.5.2.6)

J {f (x2i)[e(x2K) - ke | + e +1(%, 2K )~ ik

_ Z Xh_1
2
h \ike * ik

However, the partial derivative of the (4.5.2.1) expression w.r.t X, and Z, , we get

2
F(n 2k )[ € (X 2k )~ ke |+ Ofye +77(Xhs 2k )= Hhky

2
\/thc+'”hk77 (45.2.7)

2
(% 2k ) (% 2k )~ ttije |+t +7 (%n. 2 ) — iy

) 2
\[iic * ijy




43

where i=h+1,j=k+1,h=1,2,....L and k=1,2,....M
Here, it should be noted that the system of equations that we can obtain from (4.5.2.7)

gives the stratification points [xh,zk] which correspond to the minimum of the variance

\Y (ySt )Opt if the function

A(x2)= f(x’z)[‘lﬂ(X,Z)Clz (x,z)+377'2 (x,z)}

(n(x2)]2

belongs to the class of Q of functions for x in [a, b] and z in [c, d] and if

A(x2)eQ vxe[ab] & ze[c,d].Then the system of equations (4.5.2.7)

gives[ Xy, zk | that minimizes the variance V (yst )opt :

These equations on solving give the optimum points of stratification[xh,zk]. As

the parameter involved (4.5.2.7) are themselves function of X, and 2z, the exact

solutions are, therefore, very difficult to obtain. Due to this difficulty, it becomes

extremely desirable to find some approximate solutions of this system of equations and

then use some iteration procedure to obtain better approximations to [xh, zk] ,if s0 desired.

4.5.3 Equal allocation
To obtain minimal equations for this allocation method, we minimize the variance
expression given in (4.4.3).The minimization of this variance is equivalent to the

minimization of the expression

ZZthahkc

Equating to zero the partial derivative of this expression w.r.t. X, ,we get

0 2 2 0 2 0 2 2 0 \\2
w2 262 162 w2 w +o,.—W.o | =0
%{ hk Gy, ke ™ Thke gy hk ik Gy Tike T Tike 5y, ik
Using the values obtained in previous equations and after simplification, we get

2, 2
- [thfzk Wi {f (%h,2)[ (% 2) ~ ke ] +thc+77(xh'z)_/‘hk77}52}

|:ij2|(1 { Xh’z)[c(xh’z)_ﬂikcf+Ui2kc+77(xh,2)—uik,7}éz}
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Similarly, equating to zero the partial derivative of the same equation w. r. t. Z, , we get

W
- |: hk.[xh 3 Wik
_Z|: ik Xh—

While partially differentiating w.r.t. X, and Z,, the same equation and equating to zero,

{f (xz)[ c(x, Zk)—ﬂhkc]z +‘7ﬁkc +17(X, zk)—,uhkn}ax}

ik {f (x Zk)[c(x, Zk)_uikCJZJrGi%(c +17(x, Zk)_#ikn}ﬁx}

we get
2 2
th{f(Xh’zk)[c(xh,zk)—ﬂhkc] +Uhkc+77(xh,zk)—ﬂhkn}

2
=Wij{f(Xh,Zk)[C(thzk)—ﬂijc] +(7i%c+77(xh’zk)—ﬂijf7}
where i=h+1,j=k+1,h=1,2,...,L and k=1,2,....M

These equations are also very difficult to solve and, therefore, for this case also we shall

find methods of obtaining approximation to the exact solutions [xh,zk].Further better

approximation can be obtained by using some approximate iterative procedures.

4.6 Some Miscellaneous results

Before we prove the results, let us impose certain regularity conditions on the
functions f(x,z),c(x,z) and 7(x,z).We say that a function ¢ (x,z) belongs to the
class Qif it satisfies

i) 0<¢(x2)
ii) &(x2)<oo
iii) ;(x,z),g“'(x,z) and cj"(x,z) exist and are continuous for all x and z in
(a, b) and (c, d), respectively. Where (b—a)<cw and (d-c)<oo.
We shall assume that the functions f(x,z) and #(x,z)belong to the class of Q and

the function c(x, z) satisfies the conditions (ii) and (iii).
Before we proceed to prove the results, let us define the symbol ‘O’ which have

been used in the present thesis.
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If the two functions Ty(x,z) and Tp(x,z) of X and Z, are such that the ratio
T1(%,2)/T2(x,z) remains bounded as x and z tends to their limits. We write
T1(x,2)=0(T2(x,2)).

Lemma 4.1: If the function 1, (x,z) is defined as

Z, X i
lj (X'Z):Izlz Ixf (h-x) (to-271)) (tn.tp)Aydty, X <X &2 <2

where f (t1,t) is a function of two variables, then

i+, j+L i+1, j+1 i+, j+2
k k k
Mo g Ml gL ke
(i+1)(j+1)  (i+1)(j+1) (i+1)(j+2)
lii (X,2)= . . . . . .
IJ( ) +i mf +2Lk2j+2 +wf +O(kI+J+5)
. - XX , : xz T 7 : 7z
21| (i+3)(j+1) (i+2)(j+2) (i+1)(j+3)
) (4.6.1)
of of 52t &2 f &2 f
Where f(tl,t2)= f,glz fx,at—zz fz,—2= fXX,—gz fzz,@: fXZ and kl ankz

are the range of 1% and 2" stratum.

Proof: In order to prove the lemma, if (t1, t2) is near (X1, z1) and derivation of ‘f* are
continuous, then we can expand f(t1,t2) with the help of Taylor’s series.
Let us define
t1 =X +(t1 - Xl) and th=7 +(t2 - Z]_)
then f (tl,t2)= f (X1+(t1—X1),Zl+(t2—Zl))
Using Taylor’s Series expansion for the function of two variables, the expansion of f(t1,t2)

is given by

2 2 2 2
_ of of (w-x)"o°f (t2-z)" o°f
flntp)= f(X1,21)+(t1—><1)§1+(t2—21)£+ 2 o ET 2 +.1n

this way, utilizing it we get
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of of
f (%, 22)+(t1—><1)6—t1+(t2 —21)5

2 2
J-n)" % (t-1)” 0%
2 2
2! ot 2! o5

5(x2)= [ [ (1) (2 -2)

|ij(X,Z)

_w]‘()(l,q)_l_ _ki+2k£+1 ﬂ+ _lq+1k£+2 o
(i+1)(j+1) (i+2)(j+) oty (i+1)(j+2) oty

LA 1 S R WP

2(+3)(j+1) o2 2(+1)(i+3) a?  2(i+2)(j+2) ity

at

t1=xp and tz2 = z1.
where Ky =Xo—% and ko =29 -71

Let us denote

2 2 2
of of o f o f o°f
f(X1’21)=f’51=fxiét—2=fz,—2=fxw o = Zz’atlatZZfXZ

Then the above expression can be written as
i+1, j+1 i+2, j+1 i+1, j+2
k k k
Wi SR M S S
(i+1)(j+1)  (i+2)(j+1) (i+1)(j+2)

1 i+j+5
2 D) (e 2 ) +o(K!*1+)

f, +

(4.6.2)
where ‘k’ indicates ki or ko
Now for i = j = 0,we have
2 ) 3 3 2,2
k“ko k1k2 1 kKo klkz 2k k2

1

loo (x.2) = kako  + (12) b 1l e P ) fzz+(2;(2) oy +o(k5)

(4.6.3)
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Lemma 4.2:-Let u,(x z) denotes the conditional expectation of the function 7(t,tp)

,S0 that
Z, X
| . Ixf 7(t.12)f (t1.t2) ooty

Z 1%
Izl le f (t0.t2) Aoty

Hy (x.2)=

Then, the series expansion of 4, (x,z)at point (t1, t2)is given by

n 7 (f+f)+2fn 2
1 ki +k ki +k
+277( 1 2)+[ 12fn (1+ 2)

F(fogt Frpt Fuo )t + F(Fot £ )0 + £20 =1 (fy + F, )2
ﬂn(X,Z)=77 +[ (xx 2z xz)77 (x 2)77 n 77(x z) }(k1+k2)3

12f2n

+O((k1+k2)4)

(4.6.4)

Proof: We have given
Z; 1%, (L%
U(X’Z)Izl le f(t1,t2) dty —Izl le 7(tt2)f (t.t2) oty
Z, X
Therefore Hn (%,2) 100 (X 2) :Izlz J‘Xlz n(t,t)f (tg,ty) ooty
Using the Taylors series expansion defined for two variables of n(tl,tz) about the point
(t,,t,)=(x,z) is given as

. (%) e (-2)® v 2(t-X)(tp-2) -
n(tl,tz): 17+(t1—x)77 +(t2—z)77+ 12! n + 22! n + 1 o 2 n +

;[(tl ) n"‘+(t2_z)377'“+(t1_x)2(t2_z)n'"+(t1_x)(t2_2)2;7'“+..]+...

Thus, we have
#y (%,2) 100 (%, 2) I f (s1) T (ta.t2)o0t7
=lgo(x.2)n+ Ilo(x,z)n +1o1(x,2)n +Izo(x,z)n"+I02(x,z)77"+Ill(x,z)n"+o(k5)

where

(h-x)? » (tp-2)* = 2(tl—X)(tz—Z)n"Jr__]

81={77+(tlx)77'+(t22)77'+ o1 n + o1 n + o1
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while neglecting the higher order terms, it can be written as

lo1 (X, 2)77' +120(x, 2)77" +102 (X, 2)77" +111(X, z)n"
loo (x.2)

Hy (X, 2) =1+

] (4.6.5)

Now in order to elaborate (4.6.5), we need to substitute values of 1gg(x,2),119(x,2),

lo1(x,2), 120(%,2),192(X,2) and 117 (x,z)for which we need to substitute the values of

‘I’ and ‘j’ in equation (4.6.2) ,we get

k2 2, K22 1[4k, K2 2,3
o (x.2)= kl +k13 f 142 + kl4 fxx+k1 2 f,, kle 7 |+0(K®)
kk2 k2 kk3 k k3 1ky
lo1(x,2)= k1 2 f, 32f = {‘&62 fy kl XZ+ ZZ}oaﬁ)
k A, 32
150 (%,2) = kl 2 +k14 kl 2 1, +0(k®)
k 4
1o (x2) = M 2 i+ ek 22 12 +0(%)
5 klk kf 6
1 (x2)=-4 2 fy+ 2f +0(k°)
2 2 3 2,2 3
ko ke 1 ko 2kk ik
Ioo(x,z):k1k2f+k12 fy + 22 fz+££k13 fyx k142 fyz + 3 f J

where Kj=Xo—% and kKp=20-79
substituting the results obtained as above in equation (4.6.5) ,we get

n (fx+f)+2fn
12fn

n

1+;7—I(k1+k2)+[ ](k1+k2)2

F(fuu+ Frp 4 Fy )7 + £ (Fy+ £, )0 + 620 = (fy + F, )2
ﬂf;(x’z)=f7 +( (XX 7z xz)77 (x 2)77 n 77(x z)

24f2n

](kﬁkz)3
+O((k1+k2)4)

Proceeding in the same fashion but using Taylor’s expansion about the point ‘z’ , the

expansion for 1, (X, z) is obtained as
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n n (fx+f,)+2fn )
1- (kg +k ki +k
277( 17 2)-{ 12fn (1+ 2)
f(Fuy + Fry + Ty )7+ F (T, )17 + £ — (Fy + f 3
i (02) =1 [ (hoct fa ) + () (ot |y i)
241 °n
4
+O((k1+k2) )
] (4.6.6)
where the 7, f functions and their derivatives are evaluated at point z.
Also
(i),
n\ i (X, z
Hy (%,2) 1o (X,2) = nloo(x,z)+22¢ (4.6.7)

nk (i)

Lemma 4.3: If a,?(x, z) denotes the conditional variance of the function 7(ty,t) in the

interval (X, z) ,so that

of (%2) = (x.2) 1y (x.2))

Then,

5 ;
Gg(x,z)=%(n')2 {1+%(k1+k2)+0(k1+k2)2]

2 "
T b on

n

(4.6.8)

where (k)1 and (k)2 denotes all k;'s with power ‘1” and ‘2’ respectively.

Proof: The expression for y,%(x,z)can be obtained from (4.6.4) and on replacing the

function 7 (ty,tp) by 772(t1,t2) we have

1 12 n
nn (fX+ fz)+2f(77 +nn j

6f772

' 2 3
) 1+ (kp+ko)+ (kp+ko) +(f)(kp+k2)
,u”z(x,z):n n

_+O (kl + k2 )4
where
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' a2 12 12 o2 1
¢ f(fxx+fzz+fxz)’777 +3f27777 +f(fx+fz)77 +f(fx+fz)77 + ff 5 —(fx+fz)27777
L 1222

and ‘f” and ‘7’ are functions and their derivations are evaluated at the point

(t1,t2) =(x, z) Similarly from (4.6.4) ,we also have

' ' " 2
fy+f,)+2f
ﬂ%(x,2)=n{1+g—n(k1+kz)+[n( > 6:3 ! J(kﬁkz)z+(f1)(k1+k2)3+0(k1+k2)4}

After simplifying it, we get

1 " IZ

4f 3f

ﬂ%(x’z)’72{1+Z_,7(k1+k2)+[%J(kﬁkz)z+(f2)(k1+k2)3+0(k1+k2)4}
n

where

' " m 1 12 o
fz_[f(fxx+fzz+fxz)7777+f(fx+fz)7777 +f27777 —(fx+fz)27777+f(fx+fz)77 +2f21777}

12f277
and the functions fand 7 and their derivatives are evaluated at the point (t,tp)=(x,z).

Therefore, by substituting above equations, we get

of (x2) = (x.2) 1y (x.2))

2 (latke)® 2 nn 3 2
GU(X,Z)= 12 n + 12 (k1+k2) +O(kl+k2)

MZ[n_ ook s z]
5 (77) 1 77-('<1 ko) +O(ky +kz)

which can be written as
2 n
2 (k) ( ')2 N 2
=3/ 1+ 2L (k k
o7 (u2) =" () {1+ 25 (k" 0 )

where (k) and (k)? are all ki's with power 1 and 2 respectively.

Hence the lemma.

Note: If we take the function of 7(t1,t2) =(t1,t2) ,we obtain

o2 (x,z):%[uo(k)z}

bt (4.6.9)

:>k=a,7(x,z)J1_2(1+o(k)2) (4.6.10)
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Lemma 4.4:

(4.6.11)

Hy (X.2)=

4
()()(M@ ) +ofi)
4k1k f—2k1k fy
Proof: To prove the lemma, we should use the relation obtained in (4.6.4) and (4.6.6)

.From these, on multiplying and taking square roots on both sides, we obtain

Hy (% 2)

1
ﬂf( 2 2) n'f( 2 2
- 2+k1|( - k2—kk
| —2 +ofk!)| | —2 £ +0[K)
kiko f +k2ko f ks f7 kkf—kzkf—&f
1Ko +k1 2fx+—=5— kot —kjkofx ==

On simplification, we get

n(n(2 (2 -kgg)
L s TR A

Hence the lemma.

Lemma 4.5:

IZZlZ I;(lz f (1.t Joyoto 2%-"2212 J';lz (t1t2)2 f (tg,tp )otdty [1+O(k3)} (4.6.12)

Proof: In order to prove the lemma consider a function

= ZZIXZ f t]_ to )5‘(1&2 I f t]_ t2 ofoty

Z 2 yA
ﬂ(x):(auéi >>j {a (;2< >)J S

As there are the initial coefficients of ki or ko and k or k. in the Taylor series expansion

we can see here

of /1(2) about ‘n’, we find

A(2)=0(k%)
where k either ki or k

Z, X 1 ¢z, x 2
fzzf ’ f(tl’tZ)atlatZZ_J.zz_[ ?(tat2)” f (1.t Joa0tp +O(K?)

.[ZZ.[ ’ f tl tZ)alatZ —_I IXZ t]_t2 tl tz)a[latz |:1+O(k3)}

Hence the lemma.
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Lemma 4.6:

A-112 (X Z; 1%, A4 2
(keko ) Izl jxl f (ty,tp)aoty :Dzl le /}/f(tl,tz)atlétz} [1+O(k )} (4.6.13)

Proof: To prove the above lemma, we shall expand the term

A
Z, (% 4 )
U z, le matlatz} in power of k1 and k»

Using Taylor’s theorem and expanding 4/f (t) about the point (t,tp)=(x,z) , we
obtain

A
Z, (X Z, (X t — X th—z
[Izlzjxlzﬂ\/f(tlatZ)atlatZJ = lezfxf ﬂ\/f(tl,t2)+(1 X 11) fx+(2 X i) f, +0(k?) |ayaty

Af 2 Af 2

k12k2 k2k2
= ko [T (1) + —L2 fy+—1-2, fZ+O(k5)
1

42f A 42f A

= (klkz)}L f(t.to)] 1+ 1 i (fy— fz)+O(k3)

= (kko Y* 72 IZZ: Lzz f (ty,t2 oot [1+o(k2ﬂ

This may be written as

p
(kekp )+ jzzlz L:z f (tg,tp) ooty :[ jzzlz IZZ At (i )atlatz} [1+O(k2)}

Hence the lemma.

Lemma4.7:

loo (X, z)\/ag(x, Z)+,u,7 (x,2)

=fzzlz j;: Jn(tuto)f (t1,t2)&15t1+”1[1+O(k1+k2)2}

(k +k )2 4 12 12
Z, X c +
Where my = %J'le J‘Xlz {MJ f (tlatZ)atlatl
(ttz)

(4.6.14)

I

Proof: In order to prove the above result the lema’s already proved will be used. We shall

prove (4.6.14) by taking first term on right hand side towards left and prove the required
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result. During its proof the functions n,c  and f along with their derivatives are to
be evaluated at point (t,ty)=(x,z).In other words we shall use for different parameters
the series expansion about one variable 't = X' and the same result can be proved if one

uses the expansion of 'ty =z".

From (4.6.4) and (4.6.8) ,we have
ag(x, Z)+ pty (%, 2)

1 " 12
(fx+fz)77 +2fn +fc
12fn

=7 1+21(k1+k2)+ (k1+k2)2+n2(k1+k2)3+0(k1+k2)4
n

1 n m 1 2 [l
here nzz[f(fXX+fZZ+fXZ)77+f(fx+fz)7y w12 —n (f+ f,)" +2f cc]

24f2n

Therefore, we have

\/Gg(x’z)wn(x'z) Z\/ﬂ“%(kﬁkzﬁ 91(k1+k2)2+92(k1+k2)3+0(k1+k2)4}

(4.6.15)
1 " 12 12
4 fy+f 8f 4fnc -3f
where gy = i (fx+fz)+ 77772+ U U
9% fn
- Ce2 2 pe2 "
f(fax+ fzz+ fxz)n +E(fx+f)n +fn —n (fx+ ;)" +2f“cc
4812y
and go = e " 2
n(n(fx+fz)+2f77 + fc j 3
96 f 52 128;°

We have obtained the expansion of Ioo(x, z). Thus, multiplying it by (4.6.15) , we get

loo (X, z)\/acz(x,z)+y,7 (x,2)

fn +2(fy+f
_(k1+k2)f\/;{1+[ ! iffY Z)UJ(k1+k2)+m1(k1+k2)2+m2(k1+k2)3+0(k1+k2)4

' n 12 12

where nmy = 5
9% fn
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' m o 12
3
3841y
mo = 2
3f77 —8f77777] 4f7777C +8n (fx+fz)c

384170
Replacing 7(t,tp) obtained in (4.6.7) by /n7(ty,tp ) ,we get the left hand side as

|00 X Z X Z j j ﬂ/ t]_ t2 t]_ t2 ooty

Thus, we have

ZZ(I)”
;7 [ ()t (wt2)ouote =| ntoo (x.2) (”) ljj (x.2) | +O (kg +kz)® On

multiplication, we get

Izzlz I;iz\/”(tl’tZ)f (tn.t2) o oto

= (kg +k2) f\/;[“ pr (ke +kp )+ po (ki +kp ) + D3(k1+k2)3+0(k1+k2)4}
(4.6.17)

2(fy+f)n+1fn
4fn

where p; =

' n ] 12
4772(fxx+ fzz)+677(fx+ fz)n +2fnn —2nn (fX+ fz)— fn
24f772

P2 =

2 1 2 n |2 1 n 2 m |3
125 (fxx+fzz+fxz)’7 +12n (fx+fz)77 —617(fx+fz)77 —6fnnn +4fn n +3fy
1027

p3 =

Now by subtraction, we have
Z, X
Ioo(x,z)\/acz(x,z)+y,7(x,z)—J'Z2 J.zﬂln(tl,tz)f(tl,tz)ﬁtlatz
k1+k2 f\/_|: k1+k2 +q2(k1+k2)3+0(k1+k2)4}

(4.6.18)

12 12
4fnc +fn

where o = 5
96fn
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on a2 12 12 o 13
q 16f7720C ~4fnnc +8772(fx+fz)c +2n(fy+fx)n +4fnyn -3fy
2:
3847°
12 12
1 0 | 4fnc +1p
192f [ oxoz 3
772

Thus (4.6.18) can be written as

'oo(X'Z)\/UcZ(X’Z)ﬂfn(x’z)—Lzl2 L:Z Vi(tut2) f (ttz) oty

2 12 2
ki +k z X, | 4fnc +f ,
:%L; I e tfn f(tl,tz)étlatz[l+0(k1+k2) J
2
7 (tt,)

Hence the lemma.
4.7  Minimal equations and their approximate solutions

In this section, we shall find the series expansion of the system of equations given
in (4.5.2.7) about the point(xh,zk), the common boundary points of (h,k)th and
th
)

(h+Lk+1)"" strata in order to obtain their approximate solutions. To find the expansion

of (4.5.2.7) we shall use the relations obtained in different Lemmas by replacing (x, z)by
((Xh—1.Xn ). (2k—1. 2k ))- Let us consider the development of right

hand side. The corresponding expansion for the L.H.S of the equation can be obtained

from the expansion of the right side by merely changing the signs of the coefficients of

odd powers of k; and k; ,where Ki =Xn41—Xp and kj = Z 41 — Zk ,although the same
result will be obtained if we develop the expansion of this side independently.

We have (4.6.4) after replacing x and z by X, and Xp,q, respectively, we get

' ' " ' " 2" '¢2
#ikc0[1+c—ki+(c fy+2fc }ki2+[ffxxc T figc + F20" —c ) }k?m(ki)“]

2c 12 fc 24§ 2¢

Similarly, replacing x and z by zx and  zy 1 respectively, we get

L) ' n 1 n 2 m 1 2
o c, |cf,+2fc | o | ff,c+ff,c +f°%C —cf; | 3 %
ﬂhjcC[1+2—ij+[—JkJ+[ kJ+O(kj)

12fc 241 2¢
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where the functions c, f and their derivatives like fy, f;, fyy, f;; etc are evaluated at

Xp —and zy .Therefore we get

2
' ' " ' " 2" 2
[ﬂikc—c(xhyz)]z{c—ckﬁ{c fz+ifc Jkiz“{ ff,,c + ff,c +f°c —c f; Jki3’+o(ki)4]

2 12f 24f%¢
2| 2 [ fo+2fcc s (3
ST XD e (kg +O(ki)
4 3f
v )2 ' " Y AN (c'fx+2fc")2
_ cki 142 cfx+2lfc G+ ffyy + ffyC +2f‘c —c fy ki2 . ‘2 ki2+0(ki3) (4.7.1)
2 6fc 1212 36f2c
6fc +10ffcc +6f2cc —5f2c +4f2c
where fs = wC +10ffycc + czc -5fgc +4f“c
36f
Also (4.6.8) can be written as
2 ki2 c cc 2

Adding (4.7.1) and (4.7.2) ,we get
9 . .
2 o ki 2 c¢fy+3fcc 2
[/v‘hjc —C(Xh, Z)} +0ipe $[4C +[Xf}ki +O(ki )]
Also from (4.6.4) ,we can write as

\ . " . voam o
U(Xh,z)+,uik77=77 2+lki+ Tixxelin fx+2tn ki2+ Mot + Mt +2f n = fxn ki3 +O(ki4)
2n 12fn 241 p

where, on the right hand side of this equation the functions f,# and their derivatives are

evaluated at point "Xy, '.However, if they are evaluated at 'Zj 'it would take the form as

. . ; . v oam
77(x,zk)+ﬂhj77=7{2+21kj+{—77 fi2+f2f77 Jk%{ﬁzzn + fan +2f 77 fzn]k?]+o(kj‘)
7 n 2412y

Thus, we get
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[mm—cﬁmﬂf+0@,(ﬂﬂnﬂ+mm)

1+n—ki+[4c f+nfy+2fn ]kiz
4n

241 (4.7.3)

=2 -+o(kﬁ)
2fC fy+6f CCr;+ffXX77+ffX77 +f2 77 _fx77 3
4812y |
Also, we have
- . o _
n fyn +2fn + fc 2
1+ ——(k; ki
5 +277( I)_{ 12fn ( ')
ke * Hikn =1
ff X77+ffX77 +f2 77 —77f +2f2%cc (ki)3+0(ki)4
i 242 n |
so that
i 1 n |2
l(k) fyn +2fn +fc (k-)2
112n 12fn !
1 1_5
(Uikc+ ”ikn) - !
\/; 2412 n
sy (toe2trsc’) o] s(n}
n n+eln +1C 2 n 3 4
+o9 kg o+ 2 (ki) -—— (ki) +O(ki)
8|21 12fn 16| 27
(9f * 4t~y —4tnc
' n —4alxnn —onn —41n7C j
S L ; 2 -akd+o(k)* | (4.7.9)
NI 967

8f 772 fxx77l +8f 772 fx77" +8f 277277"' —8772 fxznl +16f ZUZCIC“
12 2 rom 2 12 2 13
—12fnfyn -24ft°nnn -12f°nnc +15f°y

where dq = [
“ 384123

Now, using the expression in (4.7.3) and (4.7.4) ,and on multiplying them, we get
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[k =c(0,2) | + o +( (Xh’z)Wikn)22\/;[1+(M1)ki2+(M2)ki3+o(ki4ﬂ

( Oike +,U|k77)

477C +77

where My = 5
32n

|2 L ] |2 LI ) ||2
M 8fX772C +16f772CC +2nfyn +4fnnn —4fnnc -3fp
2:
19213

that can be further expressed as

12 12
1 0 |4fnc +fn

Mo =
27 96t J7 o 3
772

However, the R.H.S of the equation obtained in (4.5.2.5) can be expressed as

[ =c(0,2) " + 0+ (n (0,2) + iy
1

2 :
(Gikc +ﬂlkn)z

12 3
J_g kj 0 4f77C +f77 +O(ki4) (4.7.5)

96 f \/in X, 3

l2
B dnc +n
—2\/; 1+[ 5
,72

32n

In the similar way the expansion of L.H.S of the same equation can be obtained. The

expansion is given by

2 o 0 2) )

| thke
1
ol + 2
( hke ﬂhkn)
“n k3 tne + 1ty 4.7.6
oyt 2EE 2 a0 jATnC + i +O(kf]‘) (4.7.6)
3252 96 f /7 X 3
2
n

where the function f,#z,c and their derivatives are evaluated at X; .

Similarly, we would get the results when the functions f,7,cand their derivatives

are evaluated at Z,.Thus equations (4.7.5) and (4.7.6) can take the form as
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[ﬂhjc —c(x, Zk)]2 +0ﬁjc +(77(X’ Zk)+ﬂhj77)
1

2 .
(Ghjc “‘hm)z
2 2 3 2 2
ks 4.1.7
:2\/5 1+ 4 +277 ka+ J 0 | 4fnc ;fﬂ +O(k?) ( )
3217 96 f \fn o7k 3
5?2
and
2 2
[1nic —c(%.2) | + e +(1(%2) + tahicry )
1
, 1
(Uhkc * ﬂhkn)z
(4.7.8)

12 12
o |4fnc +1n +O(k|f)

4 |2 |2 k3
nc +n 2 k
3 ) i/ e
n [ 322 ]k 96 f \[iy 0z 3
2
n

The equation (4.5.2.5), after cancelling the common terms on both the sides and

multiplying both sides by f (xn,z),can be put as

' 12 12 12
kﬁ 477C+f77 _k_h 0 4f77C +f7] +O(kh)2
772
(4.7.9)
anc + 0| K afne +fn
:kiz nc +fn K 0 nc +fn +O(ki)2
2 3 OXpy 3
772

n
where i=h+1 and the functions f,7,cand their derivatives are to be taken at X, .

Similarly when the functions f,7,cand their derivatives are evaluated at Z, then we have

(4.5.2.5) by substituted values obtained in (4.7.7) and (4.7.8) as

n

' 12 12 12
2 dnc +fn | ke 0 | 4fnc +fny +O(kk)2
52
(4.7.10)
' f 12 k f 12 f 12 5
:ka 4nc + fn Kj 0 |4fnc +1n +O(k')
2 3 oz 3 J
772
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Combining (4.7.9) and (4.7.10) and simplifying or in other words the functions f,7,c

and their derivatives are evaluated at X, and Z, , we get the results as

12 2 2
fn +4fnc 2 (% (2 2713
T {(khkk) J‘Xhh_ljzkk_lml(tl’tZ)f(tl’tZ)atlatZ[1+o(khkk) ﬂs
2
! (4.7.11)
12 12 —
fn +4fnc 2 X [ Zis 23
= % {(kikj) jxhhljZkklml(t]_,'[z)f(tl,tz)atlﬁ't2|:1+0(kikj) H
772
where
12 12
1 (wtp)+4n(htp)e (y,tp) i=h+Lh=12..L
m (t1,t2) = 3 " j=k+lk=12,..M (4.7.12)

((wt2))2
and we have assumed that the function
f(x,z),m(xz)eQvxe[ab],ze[c,d]
In case, if we have large number of strata so that the strata widths k, and k, are small

then the higher powers of the widths can be neglected and the system of minimal
equations given in (4.5.2.7) can be written as
2

2 X (Z
[(khkk) L 1 ml(tl’tZ)f(tl’tz)éltlfftz}3
h-1" “k-1

, (4.7.13)
2 X +. z +. g
{(kikj) th“ M) f (tlatZ)atlatZ}
In other words it can be written that
(knkic)? [ [2 my(t,tp) f (t,tp) o0ty = constant (4.7.14)
Xh-1 %2k
reretermsof Of % ()| ang 0f ™ (k)| have been neglecte on both
where terms o (a,b)( h) an (c,d)( k)| have been neglected on bo
the sides of the equation. Since IXh Izk my (t,t) f(t,tp) oty =0 P (knky )
' X1 ¥ Zka ’ , ((a’b)'(c’d))

in view of the fact that ¥x e[a,b],z €[c,d],0 <my (X, z) f (x,Z). It can be seen from

(4.7.13) that, if we have a function R (Xn_1, X, Zk—1, Zk ) is such that
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X 2 2
(khkk)J. h J. k ml(tl,tz) f (tl,tz)atlatz = F}L(Xh_l,xh,zk_l,zk) 1+O(kikj)
Xp1 Y2k

Sup 3
and R (Xp_1,Xn, Zk_1,2k ) is of order OL((a b) (cd))(khkj)J then the minimal

equations (4.5.2.5) can be obtained ,to the same degree of approximation as involved in
(4.7.13) take the form as

Q1 (Xh—1, X, Zk—1, Zk ) = Constant, h=1,2,..,L k=1,2,...M (4.7.15)

The solutions to the sets of equations (4.5.2.5) as an approximation to optimum
[Xh.zx Jcan be obtained with the help of some iterative procedure where there

approximate solutions can be taken as the starting points.
Theorem 4.1: If the regression of the estimation variable Y on the stratification variables
X and Z, in the infinite super population, is given by

y=c(x,z)+e
where ‘¢’ is the error term such that E(e|x,z)=0 & V(e|x,z)=n(x2)>0
vxe(a,b),ze(c,d) with non zero deviation of intervals, and further if the function
my (t,t2) f(t1,t2) € then the system of equations (4.5.2.7) giving strata boundaries
[, zx Jwhich correspond to the minimum of V (ySt )opt can be written as

2
[(khkk )2 I;;h_l I;kk_l ml(tl,tz) f (tl,tz)a’[latz.l:l—i—o (khkk )Z:H‘?’

:[<kikj)2 I;hhﬂ (1) (tlytz)atlatz'{1+0(kikj)2ﬂ§

k

4
S
while neglecting the terms of order O(((a b)u(pc d))(khkj)] ,these equations can be

replaced by the approximate system of equations

(khkk )2 J.Xh Izk n'tl_(tl,tz) f (tl,t2)6t18t2 =Constant
Xp1 ¥ 2k

or equivalently

Q1 (Xh—1, Xn, Zk 1. Zk ) =constant
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12 12
4 K = Xp — Xh_
Where  m (xz) = % ’kEzz:—z:i
1 k)

2 2 (% (2
Ql(xh—l'xh’Zk—11zk)[1+o(khkk) }:(khkk) S IS multt2) f (tat2) otz
and i=h+1h=12..L, j=k+1k=12..M

From Lemma 4.7 with x and z replaced by (Xn_1,X,) and (zk_1,zk )respectively so

that k=kp,k=kq and lgg(x,z) =Wk, We obtain

2
Whi \/ Ohie + Hnkn

X z khkk X 7 )
[ [ )t (1.1) ooty + ) 96) P J‘Zkklml(tl,tz)f(tl,tz)atlatz{HO(khkk)}

while taking summation over all strata, we have

ZZ Whic\[ic + Hhkny

h
_II In(t1.t2)f (t.t2) atla'[2+Z:Z: khkk jx

Since it is obvious that Ia IC Jn(tt2) f (t,t ) ooty is a constant because of interval

defined for the variables. So, minimization of ZZ th"“t%kc + nky s equivalent to

h k

2
my '[1 t2 f(t]_,tz)@'[lﬁtz |:1+O(khkk) }

h-1 Zkl

khkk)
ti fd
minimization o Zh:% % thljz“

is constant in the above equation.
Thus, we find that if the function my(x,z) f (x,z) belongs to the class Q then the

my (t,t9) T (tg,tp ) Oty {1+O(khkk )Z}as the first term

minimum value of ZZ th"“r%kc + tinky and therefore V (yst) opt exists and the set

h k

of strata boundaries[xy,zk |, corresponding to the minimum, are the solutions of the

system of equation (4.5.2.7) or equivalently of (4.7.11). These conditions in that capacity
are extremely hard to understand and accordingly it is required to discover some approach
to conquer this trouble. It is done by replacing this system of equations by other system of
equations which are comparatively easier to solve but are only asymptotically equivalent

to the exact minimal equations. The error factor is introduced because we neglect the
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terms of higher powers of strata widths which is of course justifiable if the number of
strata is large. These option arrangement of conditions were given in (4.7.14) and
(4.7.15) We have obtained these systems of equations after neglecting the terms of order

Sup

((aub) (c.) k)

O(Sup(khkk))4:0(m4)where m:[ ) on both sides of the

equation (4.7.11).1f the number of

strata is large and therefore terms of order O(m4)are quite small, the error involved in

the approximate systems of equations is expected to be quite small and the set of

stratification points [xy,zy |obtained from them shall be quite near to the optimum

values.

Now we proceed to develop the approximate system of equations given in (4.5.33)

and (4.5.34).Here, in finding various forms of the function Qp(Xy_1,Xn,Zk_1,2k ) We

shall keep in mind that the function Q(Xn_1,Xy Zk—1,2k) 1is such that
2 X Z

(Knkic ) thh_l fzkk_l my (t1,t) T (t1,t2) 0t = Q1 (Xh-1, X, Zk—1, Zk )

4.8  Approximate system of equations

I. If in (4.7.9) and (4.7.10) we retain only the first term on both sides of the equation and

neglect the others, the two sided are equalized if
_ _b-a _ d-c
Xy = constant = T ,h=1,2,....L and Z, =constant = k=12,.,M (4.8.1)

Therefore ,

b—
Xh=a+[(—|_a)jh with xg=a and x_=b

d—
and zk=c+((M—C)]k with zg=c and z) =d

This set of solutions can’t be expected to yield very good results as we have neglected

terms of order O(m3)on both sides of the exact minimal equations. This solution holds

for all my(xz)f(x,z)provided of course they belong to Q and all given density

functions with finite range. Due to its universality of approximation it can be

recommended in cases where not much is known about my(x,z) and f(x,z).
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However, apart from this it gives the strata boundaries at once without any difficulty that
may arise even in solving the approximate systems of equations. This approximate
method fails if the range of X and Z is infinity, but in such cases one can resort to

truncation of the density function f(x,z),f(x) and f(z) to any suitable

probability level before using this approximation.

1. From Lemma 4.4, we have

J

my (tg,t2) f (b, t2) Aoty

Xn_1 Zkl

= \/ml(xh—l)ml(xh)ml(zk—l)ml(zk )I):h_l -[zzkk_l f (tg.t2) ooty [1+O(khkk )2]

and therefore the next system of equation to obtain approximately optimum points of

stratification is

(Knkic ) e (%) My (xn ) my (2—1) my (2 IX j f(t,tp)ouot, = (4.8.2)

h=1,2,...,L and k=1,2,....M
I1l. We obtain next approximate system of equations from (4.7.14).From this relation,

approximately optimum points of stratification are such that

(knk) jx jkk_lrnl(tl,tz)f(tl,tz)atlatz =Cp,h=12,..,Land k=12,..,M (4.8.3)

h-1

The solutions obtained from this approximation are expected to be quite close to

the optimum points as only terms of O(m4)have been neglected. All the approximate

systems that will now follow also give the points of stratification to the same degree of
accuracy.

From Lemma 4.6 and equation (4.8.2) the following class of approximate

equations are obtained. The approximation to optimum points [xh , Zk ] are obtained from

1

[(k ki )24 . jzk my(t,tp)  (t1,t2))" 8'[1&2}/1 = Constant
h-1
h=1.2...L and k1.2 M

For A =1,we obtain the equation (4.8.3).However for A :% ,we have

2
[« [(nki) j;h“_l jzzkk_l Jm(tt) f (.t )&1&2} = Cy (4.8.4)

For 4= % we have system of equations as
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3
D ; J - §/m1(t1’t2)f(t11t2)3t15t2} =Cq (4.8.5)
Xp1vZq
In all these system of equations, the Ci's(izl, 2, 3) are the constants to be
determined.

4.9  Determination of constants
In all the approximations (4.8.2) (4.8.3),(4.8.4) and (4.8.5)the constants Ci's (i=1,
2, 3) have to be determined so as to enable us to find set of points [xy,, zk ].Since it is

difficult to find exact values of these constants, we shall, therefore obtain the approximate

values of C;s.

It was noticed in relation (4.8.1) ,that kp and Ky are constants gives

asymptotically correct approximation to the minimal equations when all terms except first

are neglected so that for large L and M, we have

2 2

-a 2 1(b-2a) d-c > 1 (d-c)

k = d = — , = d -—_—
h an th Zy an sz 1 5

12 |2
Using these approximations values of the constants C;, Cp and Cgdenoted by

Ci, C'2 and C;'.; respectively can be obtained as follows.

. Ci=(b_|_2a) (0-9° II my (t,t2) f (ta,t2 ) Ot

Taking summation over all strata, we get

(b- a) ZZI

L hlkl hlzkl

my (t1,t2) f (1.t ) Aydtp = LMCy

Il. From (4.8.4) we get

(b I_a UXh lj
L M
>3 g
or h=1k=1

2 ]
Jm (1) f (tt )&1&2} =Cy

44

Jm(trtp) (b2 ) ooty

)

3
= I:f:l Jm(t1.t2) f (t1,t2) ot = [%]

which on summing over all the strata gives



66

(b_a,_),\(,'d);C) [J‘:J‘f\/”h(tlitz)f(tlltZ)atl‘?tZTZC‘Z (4.9.1)

(

I11. From (4.8.5) ,we get

X Z
J Jo Amu(tt2) f (tn.t2)oudts = cy?

on summing over all the strata, we obtain

3
C3= [f: f: Jm(tto) f (.t )&1&2} (4.9.2)

1
(™)’
This is interesting to note that the value of constant C,is exact, since no

approximation based on the asymptotic equivalence of k, and Kk, has been used.

Hence, the approximate system of equations (4.5.8) is more useful from practical point of
view. Now we shall give a rule to find out the AOSB in case two auxiliary variables.

4.10 Cum43/Dl(x,z) Rule

If the function

Dy (x,z)=my(x,2) f(x2)
where

12

nlz(x,z)+4n(x,z)c (x2)

3
[7(x.2)]2

is bounded and its first derivative exists for all x in [a,b]and z in [c,d],then for a given

my (x,2) =

value of L and M taking equal intervals on the cumulative cube root of D_L(x, z)WiII give
AOSB [xn, 2k ]

Remarks

1. Let ¢(X,z) =+ fx+yzthen c (x,z)=p and c (x,z)=y by differentiating w.r.t.

x and z keeping z and x constant , respectively, and ultimately

12

12
m (x,2) = n_(x2)+4n(x Z??C (x2) =constant . Therefore, for such a case the

[7(x.2)]2

proposed rule reduces to the Cumg/  (x,z) .
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2. Let c(x,z)=a+px+yz, thenifeither c(x,z)=a+ Bx or ¢(x,z)=a+yz, then

1 () 4n(9e” () 1 (@) ran(2)e” (2)

3 3
[n(x)]2 [n(2)]2

reduces to the method proposed by Singh and Sukhatme (1969) for single auxiliary

my (X or m(z

variable.
3. For any distribution and given number of strata, the AOSB [xy,zk |will remain
unchanged with respect to the form of conditional variance n(x,z) ,however, the

efficiency of stratification as compared to no stratification will be changed with the
choice of various forms of conditional variance.

4.11 Empirical study
We shall now demonstrate empirically the effectiveness of the proposed method
of findings the set of AOSB. For the sake of simplicity, the linear regression line of Y on

X and Z have been taken of the form y=a+ Sx+yz+e . For the conditional variance

function 77(x,z) we have taken two forms viz. 7(x,z)=a and 7(x,z)=Axz where

a and A are constants.

The origin is deliberately excluded from the range of the auxiliary variables X and

Z , otherwise 77(x,z)=Axz which will give my(x,z)=c0 at x =0, z =0 and the function
ml(x, Z) f (X, Z) in that case does not belong to the class Q of functions. We could have

also avoided this difficulty by taking some other suitable forms to the functions. For the

empirical studies under optimum allocation let us assume values of

a =0.0214, 4 =0.00437 which are quite small so that the effect of taking n(x, z) =qaand
11(x,z)=Axz is negligibly small.

In order to obtain AOSB, let us assume that the correlation coefficient, P

between X and Z is equal to 0.65 For this purpose the various forms of density functions

of the stratification variables X and Z have been considered as follows:
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4.11.1: Let us suppose that the auxiliary variable X follows standard normal distribution

with pdf as

XZ
e 2 x>0

1
f(x)=—= :
and the variable Z also follows standard nor mal distribution with pdf as

22
f(z):ie 2 2>0

2z

In order to obtain the OSB when both the variables are standard normally distributed let

us assume the value of regression coefficients g =0.65 and y =0.57 .For obtaining total

16 strata, 4 along the X variable and 4 along the Z variable, using the proposed Cum
43/Dl(x,z) rule the distributions of X and Z are truncated at x=6 and z=4, respectively.

By solving it in Mathematica Software we get the stratification points as below:

Table 4.11.1: OSB when the auxiliary variables X and Z follow standard normal

distribution and are dependent with7(x,z) =«

4.0000

0.8531

Z 05779

0.3347

0.0000 0.5021 0.8669 1.3507 6.0000
X
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Table 4.11.2: OSB and Variance when the auxiliary variables X and Z follow
standard normal distribution and are dependent with7(x,z) =«

Variance
(Singh and % R.E.
Sukhatme, 1969)

Variance

Cum$/Dy(x,z) Rule

OSB (%,,Z,)

(0.5021,0.3347)
(0.8669,0.3347)
(1.3507,0.3347)
(6.0000,0.3347)
(0.5021,0.5779)
(0.8669,0.5779)
(1.3507,0.5779)
(6.0000,0.5779)
(0.5021,0.8531)
(0.8669,0.8531)
(1.3507,0.8531)
(6.0000,0.8531)
(0.5021,4.0000)
(0.8669,4.0000)
(1.3507,4.0000)
(6.0000,4.0000)
Table 4.11.3: OSB when the auxiliary variables X and Z follow standard normal

0.16254785 0.396418 243.89

distribution and are dependent with 7(x,z)=Axz

4.0000
1.2743
0.6729

0.4216

0.0000 0.6024 0.9257 1.6298 6.0000
X
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Table 4.11.4: OSB and Variance when the auxiliary variables X and Z follow

standard normal distribution and are dependent with 7(x,z)=Axz

Variance
(Singh and % R.E.
Sukhatme. 1969)

Variance

(Cum3/Dy(x, z) Rule)

OSB(x,,Z,)

(0.6024,0.4216)
(0.9257,0.4216)
(1.6298,0.4216)
(6.0000,0.4216)
(0.6024,0.6729)
(0.9257,0.6729)
(1.6298,0.6729)
(6.0000,0.6729)
(0.6024,1.2743)
(0.9257,1.2743)
(1.6298,1.2743)
(6.0000,1.2743)
(0.6024,4.0000)
(0.9257,4.0000)
(1.6298,4.0000)
(6.0000,4.0000

0.15942873 0.428619 268.85

4.11.2 : Let us consider the distribution of X as uniform having probability density

function (pdf) as
1
f =——,a<x<b
(X)=pasx
and Z follows exponential distribution with pdf as
f(z)=e?" 220

In order to obtain OSB for the above pdf let us suppose that the variable X is defined in

[1,2] and Z in [1,6] and assume that values of 2 and » be 0.56 and 0.72, respectively.

Using the above pdf’s for constructing stratification points using
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Cum?/Dl(x, 2) Rule for total 6 strata i,e 2 strata along X variable and 3 along Z variable,

using Mathematica software for solving the function , we get values as presented in the
following table.

Table 4.11.5: OSB and Variance when the auxiliary variables are dependent and

follow uniform and exponential distributions, respectively, having

n(x2)=a

Variance
Singh and % R.E.
Sukhatme (1969)

OSB Variance
(X Z¢) Cum3/Dy(x,z) Rule

(1.46099,1.77003)
(2.00000,1.77003)
(1.46099,4.07294)
(2.00000,4.07294)
(1.46099,6.00000)
(2.00000,6.00000)

0.096473 0.1553 160.98

Table 4.11.6: OSB and Variance when the auxiliary variables are dependent and

follow uniform and exponential distributions, respectively, having

n(x,z)=Axz

Variance
(Singh and % R.E
Sukhatme, 1969)

OSB Variance
(% Z,) (Cum3Dy(x,z) Rule)

(1.5000,2.7856)
(2.0000,2.7856)
(1.5000,3.17044)
(2.0000,3.17044)
(1.5000,6.0000)
(2.0000,6.0000)

0.0627351 0.173 275.76
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4.12 : For independent auxiliary variables (p=10)

Since in many real life problems we come across the problem of stratification
having two independent auxiliary variables. So in order to tackle the problem a method is
to be developed that could solve the problem. Following the same procedure as followed
for dependent variables, we can write (4.7.11) as

12 12 12 12

f(t)f(t)n () (t2)+4f(w)f(t2)n(t)n(t2)c (4 (t2)
3
[7(t)n(t2) ]2
2
[(khkk y I::hhl szkl my (t)my (t2) f (ta) F (t2) oot [1+O(khkk )Zﬂ?’

() f(t2)n (W) (t2)+4f () f (t2)n(t)m(t2)e () (tp)
3

[7(t)n(t2) ]2

2
|:(kikj )2 J‘;(hhﬂ szk+l mj_(tl)ml(tZ) f (tl) f (t2)8t18t2 |:1+O(kikj )2}}3

ml(t1)=77'2 (t1)+4’7(t13)cl2 () and ml(tz)zﬂlz ('t2)+477(t23)c'2 (t2)
(n(4))2 (n(t2))2

i=h+1,h=1,2,....L ; j=k+1,k=1,2,....M and we assume that the functions
f(x)m(x)eQvxelab] and f(z)m(z)eQvze[c,d]and 7(t) and n(t)

represent conditional variance of x and z as V(e/x) and V(e/z) respectively.

Proceeding in the same way as the case of dependent auxiliary variables, the theorem 2.1
would take another form, the approximate system of equations and the determination of
constants can be obtained. The only difference is that in latter case we have joint density
function while as in current case we have marginal density functions. Thus, keeping in

view the rule is given as follows.
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4.13 Cum3/D,(x,z) Rule
If the function Dy (x,z)=Dy(x)D2(z)
Do (x)=mp(x)f(x) and Dy(z)=mp(z)f(2)
n (x)+477(x3)c (X)and m2(z):77 (z)+477(z3)c (2)
(n(x)2 (n(2))2

is bounded and its first two derivatives exists and defined in x e [a,b] and z e[c,d] then

where mj (x) =

for a the given value of total strata along X variable and along Y variable taking equal
intervals in the cumulative cube root of D, (x) and D,(z) that is

X 1cb X 1.d
IX“ 3D2(x)dx=EIa3D2(x)dx and_[xhh_l3 D2(z)dz:VIC JDy (2)dz

h-1

will provide the AOSB as [ Xy, zk |-

Remarks:
2 4 2 2 4 2
n_(X)+4n(x)c (x) and ml(z):’7 (2)+ 77(23)(: (2) are constants if we

(n(x))2 (n(2))2

take c(x,z)=a+px or c(x,z)=a+yz and differentiating partially it w.r.t. x and z

my (x) =

w

,then it would give constant value. Then for the case proposed technique reduces to Cum
Jf(x)f(z).

4.14  Empirical study
In order to have empirical study for the above proposed rule, we have to choose
the individual distribution for x and z. For the sake of simplicity, the linear regression line

Y on X and Z have been taken as, of the formy =« + fx+yz+e .For the conditional
variance function n(x, z) we have taken two forms viz.

Ln(X)=ap.n(z)=ap where n(x,z)=n(x)n(z)

2. n(x)=Ax,n(z)=2pz where n(x,z)=n(x)n(z)

where aq,ap,/41,4) are constants

The origin is deliberately excluded from the range of the auxiliary variables X and Z,

otherwise 77(x)=4x and 7(z)=Apzwe have my(x)=co at x = 0 and my(x)=ocoat
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z = 0 and the functions my (x) f (x) and my(z) f(z) in that case do not belong to the

class Q of functions. We could have also avoided this difficulty by taking some other

suitable forms to the functions. For the empirical studies under optimum allocation let us
assume values of oq =0.0432, a9 =0.0334, 41 =0.00432 , 4» =0.00331 which are quite

small so that the effect of taking 7(x)=cq,77(z)=apand 7(x)=4x,n(z)=7pzis

negligibly small.

4.14.1: X follows uniform distribution with pdf as

and Z follows exponential distribution with pdf as
f(z)=e 2221

In order to obtain OSB for the above case let us suppose that the variable X is defined in
[1,2] and Z in [1,6] and that values of B and » be 0.56 and 0.72, respectively. Using

the above pdf’s for constructing strata points using Cum /D5 (x,z rule for total 6 strata,

using Mathematica software for solving the function , we get the values which has been

presented in the following table.

Table 4.14.1: OSB when the auxiliary variables X and Z are independent following
uniform and exponential distributions, respectively, and with

n(x)=cq and 7(z)=a

6.0000

3.33684

Z  1.94743

1.0000 1.5000 2.0000
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Table 4.14.2: OSB and Variance when the auxiliary variables X and Z are

independent following uniform and exponential distributions,

respectively, and with n(x)=¢q and 7(z)=ay

Variance
(Singh and % R.E.
Sukhatme 1969)

OoSB Variance
(X Z¢) Cum3Dy(x,z) Rule

(1.5000,1.9474)
(2.0000,1.9474)
(1.5000,3.33684)
(2.0000,3.33684)
(1.5000,6.0000)
(2.0000,6.0000)

0.0815364 0.1553 190.468

Table 4.14.3: OSB when the auxiliary variables X and Z are independent following

uniform and exponential distributions, respectively, with

n(x)=Ax and n(z)=74pz

6.0000

3.17044

2.7856

1.0000 1.5000 2.0000
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Table 4.14.4: OSB and Variance when the auxiliary variables X and Z are

independent following uniform and exponential distributions,

respectively, and with (x)=4x and 7(z)=7pz

OSB Variance Variance
Singh and Sukhatme, % R.E
(Xq: 2y ) (cum3/Dy(x, z) Rule) (Sing
1969)

(1.5000,2.7856)
(2.0000,2.7856)
(1.5000,3.17044)

0.05326 0.173 324.82
(2.0000,3.17044)
(1.5000,6.0000)
(2.0000,6.0000)

4.14.2: X has right triangular distribution with pdf as
f(x)=2(2-x),1<x<2

and Z follows uniform distribution with pdf as

f(z):lea,lgzsz

The OSB can be obtained when the auxiliary variable X is having right triangular
distribution defined in [1,2] and Z is having uniform distribution defined in [1,2].In order
to obtain stratification points for total 6 number of strata, 3 along the X variable and 2

along the Z variable by assuming the values of &« =0.57 and S =0.42.After using the

method of Cumﬂ3/D2(x,z) for obtaining stratification points, using Mathematica

Software for solving the function, the results obtained are presented below:

Table 4.14.5: OSB and Variance when the auxiliary variables are independent
following right triangular and uniform distributions, respectively,

with 7(x)=cq and n(z)=ay

OSB(%,,Z,) Variance (Cum 3D (x, z) Rule)
(1.2598,1.5000)
(1.6257,1.5000)
(2.0000,1.5000)
(1.2598,2.0000)
(1.6257,2.0000)
(2.0000,2.0000)

0.03985
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Table 4.14.6: OSB and Variance when the auxiliary variables are independent
following right triangular and uniform distributions, respectively,

with 7(x)=4x and 7(z)=4pz

OSB Variance
(Xqr i) (Cum3D,(x,z) Rule)

(1.2530,1.5000)
(1.5523,1.5000)
(2.0000,1.5000)
(1.2530,1.5000)
(1.5523,1.5000)
(2.0000,1.5000)

0.074621

4.15 Case of Proportional allocation
In order to discuss the solution of minimal equations it is necessary to prove the

following Lemma
Lemma 4.8: With Ipg(x,z) and og(x,z)defined as in Lemma 4.1 and Lemma 4.3

respectively, we have

2
2 kT oz px, 2
Ioo(x,z)aﬂ(x,z)—EJ’Zl jxl n (tt)f (t,tp) ooty (4.15.1)
where k denotes any Kk, or k.

Proof: We have from the Lemma 4.1 and Lemma 4.3 the value of

loo(x.z) and ag (x,2) respectively. Thus we have after multiplying them as

'oo(Xiz)afg(X,z):M!l{( fx * fz)nl,+2f”"Jk+O(k)2]

12 2fn

12

2 2
- ﬂ{fﬂ (k)+(( fx + fz)77l2 +2fﬂlﬂll)%+o(k)3]

12

2
k Z, (X, 2 3
loo (x.2) o (x.2) :%Uzlz i (tl’tz)f(tlltz)at15t2+0(k)}
Where k represents either k, or K, and the functions f,zand their derivatives are

evaluated at bothty =x and ty=1z.
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4.16 Minimal equations and their approximate solutions

After discussing the case of optimal allocation we come to consider the case of
proportional allocation. In this section we shall find the series expansions of the system of

equations given in (4.5.1.4) about the points X, and Z,the common boundary of

(h,k)th and (h+1,k+1)th strata and obtain the approximate systems of equation

which give approximately optimum points of stratification as their solutions. In doing so
we shall make use of some of the Lemma already proved in Article (4.6).
The minimal equations for this method are given by
C(Xh, 2k )~ Hnke = Hijc —C(%h, 2k )
i=h+Lh=12..,L andj=k+Lk=12..,M
Let us first consider the development of right hand side. The corresponding expansion for
the left hand side may be obtained by changing the signs of coefficients of even powers of

(ki k j )the width of (i, j)Mstratum where kj = Xp.1 - X, Kj =2y 41— 2 From (4.6.4),

after replacing (x,X2) by (Xn,Xny1) and (z1.22) by (zk,zk1).We have

Hike =C 1+C—ki + M ki2+ ffxxe + fixC +f7c ki3+0(ki4)
2c 12 fc 24§ 2¢

where Kj =Xn41 — X and the functions c, f and their derivatives are evaluated at X, .

However when the same functions are differentiated w.r.t. Z, ,we have

thjc =© 1+C—kj+ cf,+2fc ng+ ff;,c + ff,c + f<c k?+0(kj")

where k; =z,,, -z,

When the functions c, f and their derivatives are evaluated at both X, and zj ,we get

Hijc =© 1+%(kikj )J{C Uy Z;gﬂfc ](kikj )2+(f4)(kikj )3+O(kikj )4

f(fox+ fzz+ Fyg)C + F (fy+f,)c + 2
24f20

where fg =

Thus we have
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¢ (fy+f;)+2fc

Hijc _C(Xhlzk)%I(kikj)"’[TJ(kikj)2+(f4)(kikj)3+o(kikj)4
_ (ki:j){c' +[c'(fx +1;zf)+2fc"}(kikj )0k, )2]

Similarly, we get

ﬂhkcC(Xh,Zk)=(kh—:U{Cl+[CI(fx+ f2)+2fC"J(khkk)+0(khkk)2]

12f

where also in this case the functions f,nand their derivatives are evaluated at

Xy and  zy .Therefore equation (4.5.1.4) can be put as

(khkk){c- +[c'(fX " fz)+2fc"J(khkk)m(khkk )2]

2 12 f

_@{C. +{c'( fx+ f2)+2fcll](kikj }+O(kikj )Z} (4.16.1)

12

Now let us consider an expansion of the function

Br =" I C' (t.t2)f (tg,t2) Aoty

Z 4
about the point [xy,zk ].Expanding the integral about Xy and zj with the help of
Taylors expansion for two variables, we get

(fx+fy)c +2fc (Knky)
fc 2

12
Bk =C fknkk [1— +0 (Knk )Z} (4.16.2)

where in (4.16.2) also the function of f,nand their derivatives are evaluated at

X, and z, .Thus we find that

(khkk )2 BhkCI _ (khkk )3 CB {1{( fx + fZ)ClI +2fC“J(khkk)+O(khkk )2}

or



80

2 2fc

1 1
{(khkk)z B¢ ]3 _ (knki ) [1[( ft fr)e v2fc ](khkk)+0(khkk)zr

_ (khkzk)c [1_{(fx+f21§+2fc J(khkk)‘*‘o(khkk)zl (4.16.3)

Similarly, we obtain
1

(ki) Bic (k) {1[“X*fZ)C.'+2fCI}(kikj)+o(kikj)2]

Therefore the minimal equations (4.16.1) can be put as

1 1
3

v |5 2 !
[(khkk)z Bhk C T [1+O(khkk)2}= MBLC [1+O(kikj)2}(4.16.4)

8 f 8 f

Sup

(ab).(c

the minimal equations approximately by

3
Hence if the terms of order OL( d))(khk j )j can be neglected, we can replace

1
1 -
— 2 '
2 : - 3
(knki ) B |3 _| (Kikj)~ Bije
8 f 8 f
or (khkk)2 Bhk = Constant (4.16.5)

In case it is possible to find a function Qi(xh_l, X, Zk—1, Zk ) such that

2 21 X 2
(khkk) Bhk =(khkk) I k I h ¢ (tl,tz)f (tl,tz)atlatz
Zk—l Xh—l (4166)

' 2
=Q_|_(Xh_1,Xh,Zk_l,Zk)|:l+O(khkk) :|
Thus the system of equations (4.16.5) to the same degree of accuracy can be put as

Q1 (Xp—1. X, Zk—1. Zk ) = Constant (4.16.7)

the above results can be put in the form of theorem as follows.
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Theorem 4.2: If the regression of the estimation variable Y in the stratification variables
X and Z in the infinite super population is given by

Y=C(X,Z)+¢
where ‘€’ is the error component such that E(e|x,z) =0 andV (e|x,z)=7(x,z)>0

,vxe(a,b) and ze(c,d) with (b—a)<oo,(d—c)<oo, and further if the function
clz(x,z)f(x,z) belong to Q, then the system of equations (4.5.1.4) giving strata
boundaries [xp, zx | which correspond to the minimum of Vv (yst)pmp can be put as

1

jxh C‘2 tl t2 tl t2)6t18t2 |:1+O(khkk)2}}3

iy

{ (Knkg ) I

L1
1

3

L4

jxhlc' tr,t2)f (tr, tz)atlatz{lﬁuo(kikj)z}}

Sup

(ab).(c

replaced by the approximate system of equations

(khkk )2 J-Zk Ixh CI2 (t]_,tz)f (tl,tz)atlatz |:1+O(khkk )2:| = Constant
Zy 1 9%

3
if the terms of order O[( d))(khk j )] can be neglected ,these equations can be

Or equivalently by
Q_'L(xh_l, Xn, Zk—1, Zk ) = Constant
where Kp =Xp—Xp—1 and kg =2k -z 1
Therefore,
' 2
Ql(xh—bxhaZk—lvzk)[l"‘o(khkk) }
X, 2 2
= (knk) j j c (t,t)f (tg,tp) Aty | 1+ 0O (kpky )

i=h+1,h=12,..,L
j=k+1k=12,..,M
The same result can also be obtained by minimizing the function

21X

where
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Zy_q ¥ Xy

ZZ J'Zk *h C'2 (tl,tz)f(tlitz)atlatz[“o(khkk)z} as in the light of Lemma 4.8,
h Kk

12y Zthaﬁkc equals to this function.
h k

Thus we find that if the function c'2 (x,z) f (t1,tp ) belongs to the class Q the
.. ) — .
minimum value of W, and therefore of V exists and set of strata
22 Wk (Yst) orop

boundaries [xh,zk],corresponding to this minimum are the solutions of the systems of

equations (4.5.1.4) or equivalently of (4.16.4).As in case of optimum allocation method,
these equations are very difficult to solve exactly and it becomes essential to find some
approximation to optimum points of stratification. It can be done by replacing the exact
minimal equations by other systems of equations which are comparatively easy to solve
but are only asymptotically equivalent to the exact equations. The error is introduced
because we neglect terms of higher powers of the strata widths which can be justified

when the number of strata is large. The approximate systems of equations are obtained by

P (kuki).on both sides of
on DO Sides O
(ab),(c,d))

(4.16.4) .If the number of strata is large, the terms of order O(m?’)are small and therefore

neglecting terms of order O(ms) where m=(

the error involved in the approximate systems of equations is small. Although this error is
comparatively large than the one involved in case of optimum allocation. Here we shall
develop the approximate systems of equations given in (4.16.5) and (4.16.7).

4.17  Approximate systems of equations

I. If in the expansion of the minimal equations (4.5.1.4) we neglect all terms except the
first on both sides of the equation, the solution is obtained by taking

X, = constant :b—Ta ,h=1,2,....L and Z, =constant =%, k=12,...M (4.17.1)
Therefore

b—
Xh=a+[(—|_a)jh with xg=a and x_=b

d-c
and zk=c+[%jk with z;=c and z,, =d
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As in case of optimum allocation method, this set of approximations can not be expected
to yield very good results although it is easiest to obtain. However the method is not
applicable in case of infinite range.

Il. An approximation to the optimum points of stratification is obtained by solving the

systems of equations

(Knk )2 [ ;‘hh_l [ szk_l ¢’ (t.to) f (tg,tp) Aydty =C; 417.2)
h=12,.,Land k=12,..,.M
as shown in (4.16.5).The solutions of this system of equations and also of those that will
now follow ,are expected to be closer to the optimum points of stratification as compared
to the solutions obtained from (4.17.1).
I1l. From Lemma 4.6 and equation (4.17.2),we get a general class of approximate

systems of equations as

{(k Ky 31-1

h=1,2,...,.L and k=1,2,...,.M

1

A A
(c (tn.tp) f(tl,tz)j 8t18t2] = Constant

Xhl 44

However, for 1 = % ,we have

2 2
[khkk IX j C (tg.to 4/f(t1,t2)at18t2} =C»

and for A = % we have system of equations as

h-1

3
Dx 7 \/ (t, tZ)f(tlth)atlatZ} —C3
h-1" “k-1

as the system of equations giving approximations to optimum points of stratification
[Xh, zx ] As remarked in case of optimum allocation method that in some particular cases
some of the approximate systems given in above equations may be meaningless.
Therefore depending upon the situation one should make the approximate choice of the

systems of equations for obtaining the approximations to optimum points [xh, zk] .
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4.18 Cum43/D3(x,z) Rule

|2
If the function D3(x,z)=c (X,z)f(x,2) is bounded and its first two derivatives
exists for all x in [a,b] and z in [c,d] then for a given value of L and M taking equal

intervals on the cumulative cube root of Dg(x,z)will give AOSB [xy,, zk ]

Remarks:
l. If we take either c(x,z)=a+fx or c(x,z)=a+yz in D3(x,2z) it reduces

to the method proposed by Singh and Sukhatme (1969).

12
. If the function ¢ (x, z) is constant ,therefore proposed method reduces to

Cum43/f (x,z)rule.

And for any distribution and given number of strata the set of AOSB will remain
unchanged with respect to the form of conditional variance. However, the efficiency of
the stratification will differ from stratified simple random sampling estimators as well as
other estimator with the choice of various forms of conditional variance.
4.19 Empirical study

For the purpose of empirical study, the effectiveness of the methods of finding
approximation to the optimum points of stratification, we have considered the system of
minimal equations obtained for the case of proportional allocation. In this illustration we
shall consider equal interval approximation and the system of approximations given in
(4.17) article. The former approximation is specially considered due to its simplicity.
From all the later approximations we have only chosen one suitable method. Since the
order of approximation involved in all these methods is same, this one approximation will
give the idea about the effectiveness of all other approximation given (4.17). For the sake
of simplicity, the linear regression line Y on X and Z have been taken as, of the form
y=a+ px+yz+e .Here it is considered that the two auxiliary variables used for
stratification are dependent. From all the latter approximation we have only chosen one
suitable method. Since the order of approximation involved in all these methods is same,
this one approximation will give the idea about the effectiveness of all other

approximation. For obtaining the stratification points under proportional allocation let us

assume c(x,z):a+ﬂx+7/z.Further, let us assume that the correlation coefficient
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between X and Z is denoted by pand is equal to 0.65.Let us consider the following

examples:

4.19.1 : Let us suppose that the auxiliary variable X follows standard normal distribution

with pdf as

X2
f(x):ie 2 x>0

NP

and the variable Z also follows standard normal distribution with pdf as

Z2

f(z):ie_? ,2>0

2z

In order to obtain the OSB when both the variables are standard normally distributed let

us assume the value of regression coefficients g =0.65 and y =0.57 .For obtaining total

16 strata,4 along the X variable and 4 along the Z variable using the proposed rule Cum
3 D3(x,z) , by solving it in Mathematica software assuming that the distribution of X

and Z are truncated at x = 6 and z = 4, respectively, we get the stratification points as

below:

Table 4.19.1: OSB when the auxiliary variables X and Z have both standard normal

distribution for the case of dependent variables

4.0000
0.9865
Z 0.5284
0.2673

0.0000 0.3347 0.5779 1.9004 6.0000
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Table 4.19.2: OSB and Variance when the auxiliary variables are both standard
normally distributed for dependent variables under proportional

allocation

Variance

OSB(%,,Z,) Cum$/D3(x, 2) Variance % R.E.
Rule (Singh 1975a)

(0.3347,0.2673)
(0.5779,0.2673)
(1.9004,0.2673)
(6.0000,0.2673)
(0.3347,0.5284)
(0.5779,0.5284)
(1.9004,0.5284)
(6.0000,0.5284)
((0.3347,0.9865)
(0.5779,0.9865)
(1.9004,0.9865)
(6.0000,0.9865)
(0.3347,4.0000)
(0.5779,4.0000)
(1.9004,4.0000)
(6.0000,4.0000)

0.06798628 0.182346 268.21

4.19.2 : Let us consider the distribution of X Uniform having probability density function
(pdf) as
f(x)=2(2-x),1<x<2

and Z follows Exponential distribution with pdf as

f(z)=e?" | 1<x<6
In order to obtain OSB for the above pdf let us suppose that the variable X is defined in
[1, 2] and Z in [1, 6] and assume that values of g and » be 0.576 and 0.257
respectively. Using the above pdf’s for constructing stratification points using Cum
m Rule for total 6 strata i,e 2 strata along X variable and 3 along Z variable, using

Mathematica software for solving the function , we get the solution as shown in table
given below.
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Table 4.19.3: OSB and Variance when the auxiliary variables X and Z are
independent following right triangular and exponential distribution,
respectively

0SB Variance

(Xqr Zy ) (Cum$/D3(x,z) Rule)

(1.48963,1.91467)
(2.00000,1.91467)
(1.48963,3.61677)
(2.00000,3.61677)
(1.48963,6.0000)
(2.00000,6.0000)

0.097625

4.19.3 : Lets us consider the distribution of X as right triangular with pdf as
f(x)=2(2-x),1<x<2
and the variable Z is having a exponential distribution with pdf as
f(z)ze_ZJrl . 1<X<6

In order to find the OSB when one of the auxiliary variable is following Right triangular
distribution and other Exponential distribution we assume the value of £ =0.576 and

y =0.257 .The stratification points obtained for total 6 strata among that 2 along the X

variable and 3 along Z variable for the Cum «3/D3(x, z) rule using Mathematica Software

for solving the function are presented in the following tales:

Table 4.19.4: OSB and Variance when the auxiliary variables X and Z are
independent following right triangular and exponential distribution,

respectively
0SB Variance

(X Z¢) (Cum3/D3(x,z) Rule)

(1.3492,1.9146)
(2.0000,1.9146)
(1.3492,3.6167)
(2.0000,3.6167)
(1.3492,6.0000)
(2.0000,6.0000)

0.0602879
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4.19.4 : Let us assume that one of the auxiliary variable, say, X follows log-normal

distribution with pdf as

(log x—y)2
1 - 2
- e 20 Xx>0,0>0
f (X) OXN 27
0 :otherwise

and the other auxiliary variable Z having pdf as:
1
f(z)=<b-a

0 ,otherwise

,a<z<b

To obtain the OSB using the proposed method Cum«3/D3(x,z) under proportional

allocation when the auxiliary variables are independent and are having log-normal and

uniform distribution let us assume log-normal distribution is to be standardized i,e u=0 ,

o = 1 and is defined in the interval xe[0,10]i,e.x, =0,x_=10 and the other variable

ze[0,1], 1,6.2,=0, Z, =1 and p=0.82 and y=0.437.Further let us assume that the total

strata to be made are 3x2(LxM)=6 i,e 3 along then X variable and 2 along the Z variable,

the results obtained after solving the function using Mathematica software are presented

in the following tables as:

Table 4.19.5: OSB for the case of dependent auxiliary variables X and Z following

standard log-normal and uniform distributions

1.0000

Z 0.4759

0.0000 3.42169 6.53197 10.0000
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Table 4.19.6: OSB and Variance for the case of dependent auxiliary variables X and

Z following standard log-normal and uniform distributions

0SB Variance
(%, 2¢) (Cum3D3(x, z) Rule)
(3.4216,0.4759)
(6.5319,0.4759)
(10.0000,0.4759)
(3.4216,1.0000) 0.035281796
(6.5319,1.0000)
(10.0000,1.0000)

420 For independent auxiliary variables under proportional allocation

(p=0)

In order to propose a technique under proportional allocation when the two
auxiliary variables are independent to each other we need to proceed in the same way as
proceeded in case when they are dependent only with the difference that here in this case
we have to take marginal densities rather than joint densities under consideration. We can
write (4.16.3) as

Wk

1

{(kmz th'<x)]

8 f(x)

1
(kn)? th'<z>r
8 f(z)

21 (x)

In the similar way, we have
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where By, = I;“ ¢’ (y)f(y)dty and By = g (t2)f (tp)dty
h-1 1

3 3
UE(kh)j and O(Sug(kk )] can be neglected,

However, if the terms of order O(
a,

we replace the minimal equations approximately by

=[(ki)2 BiC'(X)]

Wl

Wl

W
W

(k) Bjc (2)

j jc
8 f(z)

8 f(x) 8 f(z) 8 f(x)

{(kmz th'<x>} [(W th'<z>}

or in other words we have that kﬁBh and kf Bk are constants. In case it is possible to

find a function Q_'L(xh_l,xh) and Qi(zk_l,zk) such that

()7 B =(kn)? [} <" (1)1 (1)

:Qi(xh_l,xh)[uo(kh)z]

d (k)? B =() [;* ¢ (t2)f (t2) a2

' 2
=Q1(Zk—1,2k)[1+0(kk) }
The theorem 4.2 can be proceeded in case of independent variables too. Similarly
approximate system of equations can be proposed in the same way as proposed in case

when auxiliary variables are dependent like (4.17.2) and can be written as

12

2 X 2, 12
(Knk) thh_lfz:_lc () (t2) f (k) f(t2)odty =C
h=12..Land k=12,.,M
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The solution of this system of equations and also those that will now follow, are expected
to be closer to the optimum points of stratification as compared to the strata obtained

composed from kp, :b—Ta = Constant and Kk =% = Constant. Therefore, depending

upon the situation one should make the approximate choice of system of equations for
obtaining the approximation of optimum points of stratification.

421 Cum 43/ D4 (x,2) Rule

For a given values of L and M taking equal intervals on the cumulative cube root

of D4 (x,2) will give AOSB if the function
D4 (x.2)=Dy(x)Dy(2)=c" (x)f(x)c" (2)f(z)is bounded and its first derivative

exists inall xe[a,b] and z e[c,d].

Remarks:

1. If the functions ¢ (x) and ¢ (z)are constants, then the proposed method
deduced to cummrule.

2. If we take c(x)=c(z)and f(x)= f(z),then the proposed method reduced to the

Yadava and Singh (1984) method of Cum 3/B; (X)

f(x) x2c” (x)+x¢'(x)—¢(x)

x3

where By =

4.22 Empirical Study

We shall demonstrate empirically the effectiveness of proposed method of finding
the set of approximately optimum strata boundaries (AOSB).For this purpose, we have
considered the system of minimal equations obtained for the case of proportional
allocation when the two auxiliary variables used for stratification are independent. From
all the latter approximation we have only chosen one suitable method. Since the order of
approximation involved in all these methods is same, this one approximation will give the

idea about the effectiveness of all other approximation. For obtaining the stratification

points under proportional allocation let us assume c(x,z):a+,8x+;/z .Let us consider

the following examples:
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4.22.1 : X has Right triangular distribution with pdf as
f(x)=2(2-x),1<x<2
and Z follows Exponential distribution with pdf as
f(z)=e?"1<2<6
In order to obtain stratification points when the auxiliary variable X follows right
triangular distribution defined in [1,2] and auxiliary variable Z follows exponential
distribution defined in [1,6] we assume the values of £ =0.567 and y =0.257 .While

execution for obtaining OSB using Cum 43/D4(x,z) Rule by solving the function using

Mathematica Software for 6 strata ,2 along the X variable and 3 along the Z variable. The
results obtained are presented in the following tables as:
Table 4.22.1: OSB when the auxiliary variables X and Z are independent having

right triangular and exponential distribution, respectively

6.0000
3.3368

Z 19474

1.0000 1.5000 2.0000
X

Table 4.22.2: OSB and Variance when the auxiliary variables X and Z are
independent having right triangular and exponential distribution,
respectively

OsB Variance v dVariar;c;_ ] % RE
adava and Singh, 6 R.E.
(X Z¢) (Cum3[Dy(x,2) Rule) 1984)

(1.5000,1.9474)
(1.0000,1.9474)
(1.5000,3.3368)
(1.0000,3.3368)
(1.5000,6.0000)
(1.0000,6.0000)

0.089542 0.152122 169.89
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4.22.2 : Lets us consider the distribution of X as right triangular with pdf as
f(x)=2(2-x),1<x<4

and the variable Z is having a uniform distribution with pdf as

1
f(z)=—,1<2<2
(==
In order to find the OSB when one of the auxiliary variable is following Right triangular
distribution and other uniform distribution we assume the value of £ =0.56 and

y =0.762 . The stratification points obtained for total 6 strata among that 3 along the X
variable and 2 along Z variable for the Cum 43/ D4 (x, z) Rule using Mathematica Software

for solving the function are presented in the following tales as:

Table 4.22.3: OSB and Variance when the auxiliary variables X and Z are
independent having right triangular and exponential distribution,
respectively

OSB Variance Variance
Khan et al. % R.E.
(Xqr i) (Cum3D4(x, 2) Rule) (
2008)

(1.7880,1.5000)
(2.6870,1.5000)
(4.0000,1.5000)

0.0354952 0.08293 233.64
(1.7880,2.0000)
(2.6870,2.0000)
(4.0000,2.0000)

4.22.3 : Let us assume that one of the auxiliary variable, say, X follows log-normal

distribution with pdf as

(log x—y)2
1 - 2
2 .
f(x)= . 2ﬁe o X>0,0>0
0 :otherwise

and the other auxiliary variable Z having pdf as:
1
f(z)=<b-a

0] ,otherwise

,a<z<b
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To obtain the OSB using the proposed method Cum43/D4(x,z) under proportional

allocation when the auxiliary variables are independent and are having log-normal and

uniform distributions. Let us assume log-normal distribution is to be standardized i,e u=0

, 6 =1 and is defined in the interval x €[0,10]i,e.x, =0,x_=10 and the other variable

Ze [0,1], 1,6.2,=0, Z,, =1land p=0.82 and y=0.437.Further let us assume that the total

strata to be made are 3x2(LxM)=6 i,e 3 along the X variable and 2 along the Z variable,

the results obtained after solving the function using Mathematica software are presented

in the following table.

Table 4.22.4: OSB and Variance when the auxiliary variables X and Z are
independent and follow standardized log-normal and uniform

distributions, respectively

Variance i
OSB Variance
(Cum3D4(x,z) | (Khanetal. | % R.E.
(% 2,)
Rule) 2015)

(2.4719,0.5000)
(5.5357,0.5000)
(10.0000,0.5000)

0.01025863 0.052942795 516.05
(2.4719,1.0000)
(5.5357,1.0000)
(10.0000,1.0000)




CHAPTER 5
MATHEMATICAL PROGRAMMING TECHNIQUE

5.1. Formulation of problem

Let the target population consisting of ‘N’ units be stratified into LxM strata
based on two auxiliary variables ‘X’ and ‘Z’ when the estimation of mean of the study
variable ‘Y’ is of interest. In order to have the estimate ,we divide the whole population
into the desired number of strata, say LxM, such that each stratum is homogenous within
itself and heterogeneous between strata with respect to the character under study such that
the number of units in the (h, k)™ stratum is Nk ,S0 that

From each stratum, a sample of size nn (h=1,2,...,.L; k=1,2,...,M) is to be drawn
such that a sample consisting of ‘n’ units be selected from a population under study of
size ‘N’ such that > > n,, =n.

h k

Let v, ,(i=1,2,3,...,Nn) denotes the population unit in the (h, k )™ stratum ,then

the population total can be expressed as

Y =222 Yhki

h ki
Under stratified random sampling the unbiased estimator of the population mean Yu s

yst = Zhlzk:th yhk

where, Wik denotes the weight of the (h, k)™ stratum given as Nl\rllk and ?/hk = iz Yhi -
n -

k i

The sampling variance of the unbiased estimator 9st ‘is
—\_ 1 1), 2
v (yst)_ %%(H_W}Nhko-hky
where ,W,, and Jﬁky are the weight and stratum variance for the (h,k)th stratum  (h=

1,2,...L; k=1,2,.,M), respectively. However, if the finite population correction (f.p.c) is

ignored, V (95t) can be expressed as
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)
Whk Ty

(5.1.1)

VG2

When the study variable Y’ itself is not used for stratification variable, we

n

propose a model based on two auxiliary variables. Let the regression model of study

variable on auxiliary variables is of the form as:
Y =A(x2)+e (5.1.2)
where, ﬂ,(x, Z)be a linear or non-linear function of ‘X’ and ‘Z’ and ‘g’ denotes the error

term such that

E(e|x,z)=0 and V(elx,z)=¢(x z) forall (x, z)
Under model (5.1.2) the stratum mean * 4, ° and the stratum variance ‘ofky > can be
written as
Hiey = Hik (5.1.3)
and
Ofky = Osz + Ly (5.1.4)

where z,,,and s, are the expected values of 2(x,z)and ¢(x,z) respectively and o,
denotes the variance of A(x,z) in the (h, k)™ stratum.
If < 4> and ‘ ¢ ’are uncorrelated, then in model (5.1.2) ‘oﬁky > can be expressed as

Ofky = Ops + Oy (5.1.5)
where o? is the variance of error term in (h, k)™ stratum.

Let the joint density function of (X,Y,Z) in the super population is f(x, y, z) and joint
marginal density function of X and Z is f(x, z) .Let f(x) and f(z) be the frequency function
of the auxiliary variables X and Z ,respectively, defined in the interval [a, b] and [c, d].

If the population mean of the study variable ‘Y’ is estimated under the variance
given in equation (5.1.1) ,then the problem of determining the strata boundaries is to cut
up the ranges d, =b—a and t,=d-c , at (L-1) and (M-1) intermediate points as
a=x<x<.<x,<x =b and c=z<7<..<z,,<z7,=d respectively, such that the
equation (5.1.1) is minimum.

For a fixed size ‘n’ ,minimizing the expression of the right hand side of (5.1.1) is

equivalent to minimizing
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2.2 Wikom
h k
as the value of ‘n’ is known in advance. Thus, while using (5.1.4), we have
Zzwhzk (Uﬁu + ﬂhk¢) (5.1.6)
h  k
If f(x,2),4(x 2) and #(x,z) are known and also integrable then, W,,, o7, and ,,,can

be obtained as a function of boundary points (X,,X,,Z.,Z,) by using the following

expression
Wy = [ [ f(x2)oxez (5.1.7)
o, ZWLJAXXh sz A% (x,2) f(x,2)ox0z — i, (5.1.8)
hk h-1 k-1
and Fhys :Wij.:h J.:k #(x,2)f (x,z)oxoz (5.1.9)
hk h-1 k-1
1 Xh 2
Where, o = I [ A(x2)T (x.2) ez (5.1.10)
RSS! I

and (Xh s X1 Zics ZH) are the boundary points of the (h, k)™ stratum.

Thus, the objective function (5.1.6) could be expressed as the function of boundary points

(thl’ Xns Zy 1 Zk) Only.

Let Bc (X0 X120 2 1) =Woi (s + s ) (5.1.11)
and the ranges as:
d, =b—a=x_-X, (5.1.12)
t,=d-c=z, -z, (5.1.13)

Then, in the bivariate stratification a problem of determining the strata boundaries
(xh, zk) is to break up the ranges of (5.1.12) and (5.1.13) at intermediate points in order to

estimate x <x,<..<x_,<X , and z,<z7,<..<z, ,<z, ,.Then, the reasonable

criterion for determining optimum strata boundaries(OSB) (xh, zk)is to minimize
Minimize > > g (X, %y 1121 Z1)
h k

Subject to (5.1.14)
a=X <X <..<X <X =b

c=2,<7<..<2,,<1, =d
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and
2.2 N =n
h k
When, the marginal frequency functions are known then aﬁky can be expressed as a

function of boundary points (x,,z,).For the rectangular stratification, let V, =x, —x, ,

and U, =z, —z,_, denotes the total length or width of the (h, k)™ stratum. Then, using

(5.1.12) and (5.1.13) ,the ranges can be expressed as
DV, => (%%, )=b-a=d, (5.1.15)
h h

DU =D (z,-7.,)=d-c=t, (5.1.16)

The objective function in (5.1.14) suggests that, for determination of two way
stratification, a two-dimensional dynamic programming approach should be used.
Employing the general concept of dynamic programming with the state and decision
variables by the pairs (h, k).Then problem of two way optimum stratification can be

expressed as to

Minimize > > dnk (Xh. Xh—1, 2k Zk-1)
h K

Subject to

5.1.17
(%020) = (%1 + Vi 2 +U, ) (5.1.17)

(%, 2, ) e[a,d]x[c,d]
(ViU ) eB, (Xh—l)x B, (Zk—l)

=[0,b—x,,]x[0.d - 7]

(%:2,) =[ac]
h=12..,L and k=12..,M
Though the formulation of (5.1.17) seems to be difficult, it can in fact be seen
with respect to the decision space B, (X,_,)xB, (ZH) .This decision space depends upon
the states of both past and future stages since the variable x, , is present in the decision
space of the M stages (h, 1) to (h, M) and the variable z, , in the decision spaces of the

L stages (1,k) to (L , K).Hence, Bellman’s principle of optimality that states, “An optimal

policy has the property that, whatever the initial state and decisions are, the remaining
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decisions must constitute an optimal policy with regard to the state resulting from the first
decisions” is not applicable. It should be noted that the problem is partially due to the way
the stages have been defined. In fact instead of Lx M stages which can be viewed through
the decision variables V, and U, .However, due to nature of objective function given in
general by (5.1.14),its transformation to reflect the (L x M) stages does not seem to be
mathematically tractable for most allocations.

We propose a simple approach which permits a solution to the problem (5.1.17)
using the unidmensional dynamic programming iteratively. Before the first iteration,

some trail values sayx,andz,, such that a=x,<x <..<x ,<x =b and
c=2,<7<..<17,,<1z,=d are choosen for the initial points of the stratification. Then for

the i iteration (i=1,2,...) the points of stratification z'! are first considered as fixed. Note
that the points of stratification x'*could also be chosen instead of z".Fixing the values of
z" has in fact the effect of reducing the problem exactly to the one of two-way optimum
stratification with one categorical stratification variable. This can be seen by comparing
the formulation (5.1.17) to the one which is defined on univarite auxiliary variable used
as stratification variable with the values of the points of stratification Z taken as constant
in (5.1.17).

Let ¢;h (xh_l,zi_l) be the optimal value for the objective function (5.1.14) for
the strata (h, k) to (L, k) for all k=1,2,...,M given that the lower bound for the strata (h, k)

for k = 1,2,..,Mis X, ,.The functional equation of Bellman with respect to the first part

of the i" iteration is then given by
*

. M . . .
Vi By (%) (k=1

where B, (X, ) is defined in (5.1.17).

Using this last equation, new points of stratification x' with respect to the variable
‘X’ can be obtained to response the proceeding value x' .Hence, the OSB for the first
part of the i iteration are given by (xi,zi_l) .For the second part of the i iteration ,the
points of stratification x' are in turn considered as fixed. Restating the problem of

determining OSB as the problem of determining optimum points (Vh,Uk),adding

equation (5.1.15) and (5.1.16) as a constraint ,the problem (5.1.14) can be treated as an
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equation  problem  of determining  Optimum  Strata  Width  (OSW),

Vv, V,,...,V,andU,,U,,..,.U,, and is expressed as the following Mathematical

Programming Problem (MPP):
Minimize > > 4. (X, X\ 1,2, Zc 1)
h k
Subject to (5.1.18)
th = dx
h
> U, =t, h=1,2,...Land k =1,2,...M
k
and
V,20 and U, 20
Initially, (X,, , ) the initial values of the auxiliary variables X and Z, respectively, are
known. Therefore, the first term ¢, (X, X, Z;,Z, ) in the objective function (5.1.18) is the
function of (V,,U,) alone, once the (V;,U,) is known. The second term ¢, (X,,%,,Z,,2,)
will be the function of (V2,U2)alone, and so on. Due to special nature of function, the

MPP (5.1.18) may be treated as the function of (Vh U, )and can be expressed as
Minimize > > 4. (V,,U,)
h k

Subject to (5.1.1)
>V, =d,
h
> U, =t, h=12,.,Land k=12,..,M
k
and V,20 and U, >0

5.2  The solution procedure

The problem (5.1.19) is a problem of multistage decision in which the objective
function and the constraints are separable functions of (V,,U, ), which allows us to use a
dynamic programming technigue. Dynamic programming determines optimal solution of
a multi-variable problem by decomposing into stages, each stage compromising a single

variable sub problem. A dynamic programming model is generally a recursive equation.

These recursive equation links to different stages of the problem.
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Consider the following sub problem of equation (5.1.19) for first (le Ml) strata, where

(LxM,)<(LxM),ie L <L,M, <M

L M,
Minimize z Z Pk (Xh—l’ Xhs Zk_1s Zk)
h=1k=1
Subject to (5.2.1)
L-1
ZVh =d|_1
h=1
M-1
> Uk =tm, h=1,2,...,L1 and k =1,2,...,M1
k=1
and V20 and Uy 20
where d, <dy.tm, <tz

Note: If d, =dy and ty, =t; then (LyxMyp)=(LxM)
The transformation functions are given by
dL1 =V1+V2 —|—...—|—VL1
dLi—l =V1 +V2 +...+V|_1_1 = d|_1 —V|_1

d|_1_2 =V +Vo +...+V|_1_2 = d|_1_1 _VLi—l

do =V +Vp =d3-V3
d =Vp=d-Vp
Similarly, we have
tm, =Ur+Uz +...+Upm,
tm,-1=U1+Up +..+Upn 1 =tm, —Upm,
tm,—2 =Ug+Ug +..+Upm 2 =tm -1 -Um, 1

%) =U1+U2 =t3—U3
t1=U1=t2 —U2
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Let ¢|-1><M1 (VL1 XUMl) denotes the minimum value of the objective function of the equation

(5.2.1), that s,
L-1M,-1 L1 M, -1
B, (AL tu, ) =Min| Y > g (Vi Uk) ZVh d, 1. Z Uk =tm,1
h=1 k=1
and V20U, >0:h=123...1; : k=123.,M

with the above definition of ¢ .. (VL1 U, ) tthe MPP (5.1.19) is equivalent to finding
dLxM (dx.tz ) recursively by defining gy, (VLi,UMl)for L =12,..L and

M1=12,...M ;OSdL1 SV,OStMl <U.

¢L1><M1 (dL1 vtl\/ll)
L, (VL Un, )

= Min L,-1M,-1 L-1 M, -1
+ Y Z ok (Vh.Uk ) th_dL1 -V, D, Uk =tm, -Um,
| | h=l k=1 k=1 |
and V,>20U,>0;h=123,..,, and k=123,.. M,

(5.2.2)
For fixed value of (VLl,UMl), 0<d,<v , 0<t, <U.

¢|-1XM1 (dLi'tMl ) B ¢|—1XM1 (VLi’UM )

L-1M,-1 L1 M,-1
+Min | Y > dnk (Vi Uk) th dp, -V, ZUk—tM ~Up,
h=1 k=1

g V=0 Jh=12..13,Ux >0 ,k:1,2,...,M1,1£L1£L ,1£M1£M

Using the same procedure to write the forward recursive equation of the dynamic
programming technique and could obtain OSB.
Let us assume the regression model defined in equation (5.1.2) be linear as:

Y=a+pXx+yz+e
2 2 2 2 2
The weight and variance of the (h, k)" stratum having auxiliary variables as ‘X’ and ‘Z’.

Wiy = jx j (x,2)oxoz (5.2.4)

h-1
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2

O axaz 5.2.5
hkx Whk JAzk 1 '[Xh =] luhkx ( )
2 2

O azax 5.2.6
hkz ~ Whk '[Xh =l J-Zk =] Hhiaz ( )

_ .
where i —th Zk 1 J.Xh . X)OXOZ |, thkz = s J.Zkilzf (z)ozox

5.3  Empirical Study (for general variance)
To illustrate the computation details of the proposed design, we consider the
population of size 2000.

5.3.1: Let the auxiliary variable ‘X’ follows exponential distribution with probability
density function (pdf) as below:

—AX.

f(x,2)=17¢ x>0 (5.3.1)
0 : otherwise

and the second auxiliary variable Z follows a right-triangular distribution with pdf as:

2(b_z)'aSZsb

f(z,a,b)=1(b-a)® (5.3.2)
0 : otherwise

Case 1: For Independent auxiliary variables

If the two stratification variables are independent then substitute the values of f(x) and
f(z) taken from (5.3.1) and (5.3.2) equations, respectively in (5.2.4) , (5.2.5) and (5.2.6),
we have

2
2bUy -2z Uy -U
Wiy =~ (eﬂVh —1) Lk (5.33)
(o-a)
5 (ith_1+2/1xh_1+ Z)Givh —/I(th +2Xp_Vh + Xﬁ_l)—Z(Xh_l +Vh)
o =
hkx 12(e’“‘h —l)
2 (5.3.4)
(/1Xh_1+l)—ﬁ(xh_1+Vh)—l
/I(e’lxh —l)
2

2\.2 .3
5 (2bUk—Uk)Zk_1—22k_1Uk (2bUk—Uk) —22k Uy
Of, = —
"2 2bUy - 22 U ~UZ 26Uy - 221Uy ~U2

(5.3.5)

Using the variance formula given in (5.1.1) and substitute in equation (5.2.3), we get
MPP as
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N 2 (p2 2 2 2
Minimize > > Wz (,6’ Ol TV thz)
h k

Subject to
h
5.3.6
S U -, (5.3.6)
k
h=12,...,L
VYV 20U 20
k=12,...M

By substituting values obtained in equations (5.3.4) to (5.3.5) in MPP (5.3.6), we can put
it as:

Minimize

2

2 AV
2bUy —22_qUy ~U 2(1 Xh-1+2/1><h-1+2)e " —[a]

(b-a)? 23 (eP% 1]
2
| (A1t D)= A(xng+Vh) -1 (2bUk _uf)zg_l_uﬁ_luk
AX, 7 2
ﬂ,(e —l) 2bUy -2z Uk —Up 4

=A%, (oAVh _
Zh:%e (ev 1)

2

—[az]

Subject to

th =dx

h

ZUK :tz

k
h=12,..,L
k=12,...,M
(2bUy ~Uy )* —222 Uy

2bUy — 2z Uy —UE
Now, let the population divided into LxM =12 strata i,e L=4 and M=3, and suppose

(5.3.7)

andvV,>20,U, >0 Q= ﬂ(th +2Xn_1Vh + XI‘21—1)+ 2(Xh—1 +Vh),

ay =

estimates of x,=0,d, =10,a=2,=0,z, =2,t, =2. Also by simulation of the linear
regression model using the pdf’s (5.3.1) and (5.3.2) we get the estimates of coefficients
=05 and y=15.

By executing the programme coded in LINGO of NLPP given in (5.3.7) for

determing the OSB.The results were obtained as shown in following Tables.
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Table 5.3.1: Stratification points when the auxiliary variables X and Z are
independent and follow exponential and right triangular distributions

2.0000

0.7834

Z

0.3088

0.0000 0.3917

0.8938 1.6092

X

10.0000

Table 5.3.2: OSB, Stratum Weight and Variance of the exponential and right
triangularly distributed independent auxiliary variables

OSB (X,,Z) Stratum Weight (W, ) Variance
(0.3917, 0.3088) 0.0924
(0.8938, 0.3088) 0.0760
(1.6092, 0.3088) 0.0596
(10.0000, 0.3088) 0.0570
(0.3917, 0.7834) 0.1118
(0.8938, 0.7834) 0.0920
(1.6092, 0.7834) 0.0721 0:00003691
(10.0000, 0.7834 0.0696
(0.3917, 2.0000) 0.1199
(0.8938, 2.0000) 0.0987
(1.6092, 2.0000) 0.0774
(10.0000, 2.0000) 0.0740

0.00014 -
0.00012 -~
0.0001 -~

> 0.00004 -
0.00002 -
0

Fig. 1:Curve of number of strata and corresponding variance

12
No. of Strata

22
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It can be large even for small values of L and M. Here in Fig.1, we considered 25 number
of strata but it can be observed that (which displays the graph between number of strata
and variance) there is no substantial gain in efficiency for more than 20 strata. The Fig.1
shows that the variance remains constant for some strata when the number of strata
reached 20 and then it shows an increasing trend. Thus the sufficient strata boundaries for
each of the auxiliary variables would be 4 or 5.

Now, in order to make the comparison of the proposed methods and the existing
methods, a simulation study is carried out to discuss the efficiency of the proposed

method .The existing methods that are to be considered for comparison are:
1) Dalenius and Hodges (1959) cumﬁ method

2) Gunning and Horgan (2004) geometric method

3) Lavallee-Hidiroglou (1988) method using Kozak’s (2004) method
4) Khan et al. (2008) mathematical programming approach

5) Proposed method

In order to have the above comparison, the population of size N = 5000 with the
stratification variables ‘X’ and ‘Z’, that follow an exponential and Right-triangular

distributions, respectively, was randomly generated using the R-software.
For auxiliary variable X :

X, = 0.00006, x, =11.27211,d, =11.27205

Similarly, for the auxiliary variable Z:

z,=0.00043, z,, =2.96877,t, = 2096834

If L=M=4, then the OSB’s are determined by using R-package 1-3 and LINGO for
4 and 5.The results obtained, after executing the programme in both the softwares, are

given in Table:5.3.3
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Table 5.3.3: The variance of variables and their total variances

Method of V()_(st) V(Est) Total variance
Stratification (in E -07) (in E -07) (in E-07)
Dalenius and Hodges
583.1884 275.1031 585.2915
(1959)cumﬁ method
Gunning and Horgan
3068.8590 1783.4450 4852.304

(2004) geometric method

Lavallee-Hidiroglou
(1988) method using 559.6009 439.4406 999.0415
Kozak’s (2004) method

Khan et al. (2008) 531.1695 340.9203 872.0898

Proposed method 499.7879 0.2451 500.0330

Thus, it reveals that the proposed method of stratification shows maximum
reduction in variance of both the estimates as compared to other methods. Thereby, the
proposed bi-variate stratification method is a better option for obtaining the OSB.

Case II: when the auxiliary variables are depended

If the auxiliary variables are dependent, then the MPP (5.3.6) would take the form as
Minimize

, (ith_1+2/1xh_1+2)e’wh ~[a]

p 2o _1)

2
2

20Uy - 224Uy U2 || _| (AXn-1+1)=A(Xn-1+Vh) -1
D e—th(ezvh _1) k —<Zk-1Yk —Yk l(eth _1)

2
h k (b-a)
2\,2 3
) 2(2buk—uk)zk_1—2zk_1uk

20Uy —2z¢ Uy ~UZ

~[ay] +2080(A)(B)
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Subject to
th =dx
h
537
U, -1, (5.3.7)
k
h=12,..L
vV, 20U, 20
k=12,...M

where p is the correlation between X and Z variables and A and B denotes the standard
deviation of X and Z in (h, k)™ stratum and are given as

2

2 AV
A Xh_1+2/1xh_1+2)e h[a ) i
A=y =St ( [ ]_ (AXp_1+1)=A(Xh_1+Vh)-1

lz(e’ixh —1) ﬂ,(e/lxh —1)

21,2 3

B = ok, = Sqrt —[a2]2

nd 2bUy — 27 Uy ~UZ
Now as above, let the population be divided into LxM =6 strata ,i,e L=3 and M=2 and
suppose that estimates of xg=0,dy =10,a=1zq =0,z =2,t, =2. Also by simulation of
the linear regression model using the pdf’s (5.3.1) and (5.3.2), we get the estimates of
coefficients =05 and y=1.5.and correlation coefficient p =0.342.

By executing the programme coded in LINGO of NLPP given in (5.3.7) for

determing the OSB would give the required result as given in below Tables

Table 5.3.4: OSB when the auxiliary variables X and Z are correlated and are

exponentially and tight- triangularly distributed

10.0000
5.9648

X 23586

0.0000 0.8943 2.0000
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Table 5.3.5: Displays OSB and Variance for correlated auxiliary variables having
exponentially and right- triangularly distribution
OSB

(% 2)
(2.3586,0.8943)
(5.9648,0.8943)
(10.0000,0.8943)
(2.3586,2.0000)
(5.9648,2.0000)
(10.0000,2.0000)

Variance

0.0045369

Table 5.3.4 shows the stratification points of the stratum while as Table 5.3.5
shows the OSB (X, zx ) with the variance obtained when having 6 number of strata, 3

along X variable and 2 along Z variable.

5.3.2: Let the auxiliary variable X follows uniform distribution with pdf as

1 ,a<x<b
f(x)=<b-a (5.3.8)
0 , otherwise
and the ‘Z follows the exponential distribution with pdf as
-z+1 .
f(Z)I e X 1<z<4 (539)
0 ; otherwise

For the case of zero correlation between X and Z, substitute values of (5.3.8) and (5.3.9)
in (5.2.4), (5.2.5) and (5.2.6), we get

Wi :bV_hae—zk +1[e“k —1} (5.3.10)

3
U} (vh2 +3xhxh_1)[e_zk +1[eUk —1ﬂ ~3U2 (Vi +2x 1)
Tl = (5.3.11)

>
12[e_2k+1[euk —1ﬂ

2
. bea 22 (e —1f (e 1] U+ 2V (12 g)-2(2+ 2 |

Ohkz = U 2
(e k —1) —[eUk (l+ Zk—l)_Uk —Zk_l—l}

2

(5.3.12)



110
Substituting (5.3.10),(5.3.11) and (5.3.12) in equation (5.3.5),we get MPP as
Minimize
2
ZZ(V_he—Zk +1|:eUk _1:|j
K b—a
2 1 U 3 2 2
, 4uk(vh +3xhxh_1)[e_zk+ [e k —1ﬂ 302 (Vi +2xp1 )

>
12[e_2k +1 [euk —1ﬂ

2 2 2aUk (1
) () B e O
b-a —2(1+Zk)

oy

B

+]/2

U 2
—[e K (1+2¢1)-Uk _Zk—l_l}

Subject to
ZVh =dy
h

5.3.13
S, -t (5.3.13)
k

h=12,..,L

WWh20Up 20 |
h k k=12 M

By simulation in R-software with the truncated exponential distribution and uniform

distribution we get the estimate of #=0.5 and y = 0.65.Further execution of a

programme in LINGO by saving the above MPP with b=2, a=1 while taking L=3 and

M=2, we get

The above results can be written in better form as

Table 5.3.6: OSB and Variance when the auxiliary variables are uniformly and
exponentially distributed

osB Variance Variance

_ % R.E.
(Xh, Zk) (Proposed method) (Singh 1977)

(1.4192,1.8213)
(1.4192,4.2457)
(1.4192,6.0000)
(2.0000,1.8213)
(2.0000,4.2457)
(2.0000,6.0000)

0.0093158 0.02426 260.42
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While comparing its variance with the already existing developed method by Singh
(2977) it is to be concluded that the percent relative efficiency is 260.42.Hence the
superiority of the proposed method is proved.

5.3.3: Let us consider that one of the auxiliary variables ‘X’ follows a distribution with
pdf as

—X+1 .
f(x)=1°  1sz<4 (5.3.14)
0 :otherwise

and the other variable ‘Z’ follows Pareto distribution with pdf as

ab?
f (z) ,a+l
0 ; otherwise

+ ze(bo) (5.3.15)

where a >0 is the shape of the parameter and b > 0is the scale parameter.
In order to obtain OSB, when the auxiliary variables X and Z have distribution functions
given in (5.3.14) and (5.3.15),we need to find the values of (5.2.4) , (5.2.5) and (5.2.6),we

have

2
th — bae—xh_1+1 (1_e—Vh ) (Uk + Zk—l) _(Zk—l)a (5316)
(U +21)° (22)?

O-ﬁkX =UiVj, (Uk + Zk_l)a (Zk_l)a

4 1
3(Vh2 +3xk +3Vh><h-1)—2[(Vh +30-1) (Vi (Vi + X-1) + X1 (L X1 )

(5.3.17)
b *h-1t1 (1—e_Vh ){(Uk rzg)? —(zk_l)a}
~(#)°
, 8z (s | Uk e P =(a)
O, =
hkz (a—2)e_xh—1+1 (1_e—Vh )|:(Uk n Zk_l)a _(Zk—]_)ajl
» (5.3.18)

a(Ui+ Zk—l)(zk—l)[(U K+ Zk—l)a_l—(zk_l)a_l

(a—l)e_xh—l+1 (1—e_Vh )l:(uk + zk_l)a —(zk_l)aJ
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2 2
Uk (U +2-1)" (z1)” |:Xh—1_(vh +Xpop+1)eh +1}
b (e~ )[(uk rzq)? —(zk_l)a}
Substituting (5.3.16),(5.3.17) and (5.3.18) in equation (5.3.5),we get MPP as
Minimize
2 a 2

> ¥ | bt (1-e )[(Uk +7-1) 2—(Zk-1) }

h K (U +25-1)  (21)°
BPUkVh (Uk +2-1)% (20

4 1

3(th +3Xf21—1 +3\/hXh_1)—2[(Vh + Xh—l)(vh (Vh + Xh—l)"‘ Xh_1 (l+ Xh—l))]

be %hatl (1—e_Vh )[(Uk +751)° —(zk_l)aj

where A=

, U+ 21) (2c1)” |:(U ) —(Zk_l)a_z}

(AP +
(M) +y (a_z)e_xh_1+1(l_e—vh)[(Uk+zk_1)a—(2k—1)ﬂ

a(Uy + Zk—l)(zk—l)[(uk + Zk—l)a_l—(zk—l)a_l} 2

(a—l)e_xh1+1(1—e_vh )[(Uk +751)° _(Zk—l)a}

Subject to
h
5.3.19

U =t ( )
k

h=12,..L
vV 20,Ug 20

k=12,..,M

Assuming the variable Z that follows pareto distribution is defined in the interval

[1.000 , 10.000] and also assume that a=1.342 and this implies that b =1.000421.The
(5.3.19) MPP can be put as
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Minimize

2
1.342 1.342
_ v, \| Uk 2] (1)
>°>1(1.00056)e Xh—l+1(1—e V“)[ 1.342 1.342

h K (U +2k1) " (21)”

1.342 1.342
B2V (Uk +2k1) % (2k-1)

4 1
3(Vh2 +3x0 3VhXh—1) - 5[(Vh +Xp-1)(Vh (Vh +Xh-1) + X1 (1+Xh1)) |

(1.00056)e %171 (1_e—vh )[(Uk a2 Zk_1)1.342}

2

Uk (Uk +Zk_1 Xh—l_(vh +Xp_1 +1)e_Vh +1:|

(1.00056) (1—e_vh )[(Uk N Zk_1)1'342 _(Zk—1)1'342}

2 2 —0.658 -0.658
,1342(Uc +21) ()| (U i+ 2icn) 0% (a0) 0%

(~0.658)e Y1+t (1_e—vh )[(Uk (g )]

)1.342 (Zk—1)1.342 |:

Ty

2
0.342 0.342
1.342(Uk + Zk—l)(zk—l)I:(U Kk + Zk—l) _(Zk—l) }

(0.342)e Xt (1_e—vh )[(Uk a2 (Zk_1)1.342}

Subject to
ZVh =3
h
5.3.20

S0y -0 (5.3.20)
k

h=12,..L

VYV 20U 20
k=12,..,M

By using the pdf’s given in (5.3.15) and (5.3.16) the simulation has been made to get the
values of S=0.0743,2=0.421 in R-Software. Solving the (5.3.20) following the
recursive equations by executing a computer programme in LINGO to obtain OSB for the

above objective function having total 12 (3x4) strata. are presented in table 5.3.8.
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Table 5.3.7: OSB and Variance for exponential and pareto distributed auxiliary
variables
OSB

(% 2)

(1.6214,2.0512)
(2.9782,2.0512)
(4.0000,2.0512)
(1.6214,3.9126)
(2.9782,3.9126)
(4.0000,3.9126)
(1.6214,6.1421)
(2.9782,6.1421)
(4.0000,6.1421)
(1.6214,10.0000)
(2.9782,10.0000)
(4.0000,10.0000)

Variance

0.002412

This shows the OSB when we have the total of 12 strata, 3 along X variable and 4

along Z variable as also the variance obtained by the proposed method.
5.4  Equal allocation

One of the type of allocations in stratified sampling design which is used in a
situation of considerable practical interest for administrative or field convenience. In this

method the total sample size > > n,, =n is divided equally among all the strata desired
h k

i,e for (h,k)" stratum

Ak = —1—
hk LxM
where ‘n,, ’ is the sample size taken from the (h, k)™ stratum ,’n’ is the total sample size

need to be selected and LxM is the desired number of strata that are to be made.

Under equal allocation the variance is given below
- LxM 2 92
v (yst):( » )22(1— F Wik iy (5.4.1)
h k

However, if the finite population correction is ignored, then it is sufficient to minimize

(LxM)>. thzkoﬁky because ‘n’ is constant. Thus in this case the MPP would take the
h k

form as
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Minimize (LxM )Z ZthUhky

Subject to
th =dy
h
5.4.2

S U -1, (5.4.2)
k

h=12,..,L
VYV 20U 20

k=12,...M

By substituting values obtained in equation (5.2.3) in (5.4.2), we get the problem as

below:
Minimize
(LXM)ZZth (ﬂ Ohicx 7 Uhkz)
Subject to
h
5.4.3
SUp -1, (5.4.3)
k
h=12,..L
VvV 20U 20
k=12,...M

5.4.1: Empirical study
For empirical study let us assume that one of the auxiliary variables, say X, follows

uniform distribution having pdf as

f(x)- 1 ,1<x<2 (5.4.4)
o ,otherwise o
and the other auxiliary variable follows a distribution with pdf
2(2-2) ;1<z<2
f(z)= 545
(2) {O ;otherwise (543)

Case I: When X and Z are independent
In order to obtain the OSB for a study variable having linear regressed with two auxiliary

variables with distribution function defined in equations (5.4.4) and (5.4.5) we need to
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find the values of (5.2.4),(5.2.5) and (5.2.6).By substituting above density functions in
them we get

Wiy = Vi (Uk ~u? —sz_l) (5.4.6)

(4-Uy —sz_l)(vh2 +3xh_1+3\/hxh_1)—3vh2 #12x2_ +10V X1
o2, = ; (5.4.7)
3(4—Uk _sz—l)

O_ﬁkz i (4—Uk —ZZk_l)[g(UE +3ZE]_+3Uth1)_;(Uk2+ ZZk_l)(Ulg +22§_l+2Uka_1)}
(4-Uk -271)
1,2, 4,2 ?
—4‘:Uk +22k_1—3(Uk +3Zk_1+3Uka_1)}

(4-Uy ~27 1)’
while substituting (5.4.6) to (5.4.7) in MPP (5.4.3),we have
Minimize

(5.4.8)

2
(LxM)Y Y V2 (uk ~u? —2zk_1)
h K

, (4-Uy —2zk_1)(vh2 +3xp_1 +3’VhXh_1)—3Vh2 +12x2 | +12Vh X1

3(4-Uy —274)°

2 (4-Uy 274 1) up] - 4[w ]’

+]/ )
(4-Uy -2z 4)

Subject to
h
54.8
U =1, (5.4.8)
k

h=12,..L
k=12,...,M

vV 20,Ug 20
_ 112 ,.4,2
where Uy =Uy +22k—1—§ Uy +32, 4 +3UkZk-1 .

4 1
U, = §(Uk2 +32;, +3kah—1)_5(uk +22k—1)(u'<2 22, +2Ukzk_l)
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However, it is given in the distribution functions defined above that

X, =1d, =21t =22,=1 .Also by simulation of the two distributions in R-software we
get the value of B=0.24,y =0.479 .For (3x2) = 6 strata the MPP that we have to
minimize for obtaining OSB is

Minimize

3 2 ) ) 2
6zkgvh (U, -Ui-2z,,)

h=1k=1
(4-U, =2z, ;) (V7 +3%, , +3V, X, ;)= V7 +12x7 , +12V, X,
3(4-U, -2z, ,)

{(0.57)

bl
(4-U, -2z,

Subject to

" (5.4.9)

> U, =1

k=1

h=12,3

vV, >0U,>0
k=12

By executing a computer programme in LINGO to the above MPP we get the following

results
Table 5.4.1: OSB when the auxiliary variables X and Z are uniformly and right

triangularly distributed

2.0000

> 13974

1.0000 1.3333 1.6666 2.0000
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Table 5.4.2: OSB and Variance for uniform and right triangular distributed
auxiliary variables

0SB

(X Z¢) (Proposed method)

Variance

Variance
(Singh 1977)

% R.E.

(1.3333,1.3974)
(1.6666,1.3974)
(2.0000,1.3974)
(1.3333,2.0000)
(1.6666,2.0000)
(2.0000,2.0000)

0.016215

0.01486

276.66

The above table reveals that the variance obtained by the proposed method is

much less than the method proposed by Singh (1977). Also the percent relative efficiency

of the proposed method over Singh (1977) is 276.66, which shows the efficiency of the

proposed method. Hence, we conclude that the proposed method of obtaining OSB when

the two independent auxiliary variables are uniformly and Right triangularly distributed is

preferable.

Case II: When X and Z are dependent

When the two auxiliary variables are not independent then the term of covariance would

be included in the objective function. Having the same condition with same interval as

taken in case of independent with p=0.62 obtained by simulation in R-software, the MPP

that we need to minimize when the variables are dependent would be

Minimize
3 2

2
6 > V2 (Uk ~U? —2zk_1)

h=1k=1

(0.57)

(4—Uk - 22k_1)(Vh2 +3Xp_1 +3VhXh_1)—3\/h2 +12X|,2]_1 +12Vp Xk 1

3(4—Uk - 22k_1)2

+(0.229

+(0.1618) (A)(B)

)(4—uk —27_1)[uz]- 4[]
(4-Ug 22 1)°
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Subject to
3
D Vp =1
h=1
54.9
; (5.4.9)
ZUk =1
k=1
h=12,3
VvV 20U 20
k=12

where A and B are the standard deviation of X and Z respectively and are given by

1
) (4-U} —22k—1)(Vh2 +3xh_1+3\/hxh_1)—3vh2 #12x2_ +12Vxy g |2
3(4-Uy —27_4)?
1
4-Uy -2 may
and B | (47 Yk =22 1) [U2] - 4[u]

7
(4-Uy -2z 4)

By executing a computer programme in LINGO to the above MPP, we get the following

results

Table 5.4.3: OSB and Variance for uniform and right triangular distributed
auxiliary variables
OSB

Variance
(X Z¢) (Proposed method)

(1.2371,1.5000)
(1.7825,1.5000)
(2.0000,1.5000)
(1.23825,2.0000)
(1.7825,2.0000)
(2.0000,2.0000)

0.0045812

It is to be revealed that the strata boundaries changes if the variables are

dependent. However the variance is less in case of dependent rather than independent.
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5.5  Proportional Allocation
The allocation generally known as proportional allocation was originally proposed
by Bowley (1926).This procedure of allocation is very common in practice because of its

simplicity, when no other information other than N, which denotes the total number of
units in the (h,k)th stratum is available, the allocation of a given sample size ‘n’ to

different strata is done in proportion to their sizes i,e in the (h, k)th stratum

n
fhk = Nhk

This means that the sampling fraction is the same in all strata. It gives a self weighing
sample by which numerous estimates can be made with greater speed and a higher degree
of precision.

Under proportional allocation the variance is given by

- (1-1)

V(yst)=T%%thU§ky

where f = N is sampling fraction. If the finite population correction is ignored, we get
V(y )=EZZth02
st) ™ p hky
h k
Minimizing this function is equivalent to minimizing

> X Whkopy (5.5.1)
h k

Using the same procedure as discussed in the case of general and equal allocation, we

need to replace the equation the objective function by ZZthaﬁky, Thus the MPP that
h k

we have to minimize is

Minimize ZZthaﬁky
h k
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Subject to
th :dx
h (55.2)
ZUk =1
k
h=12,..,L
vV, 20U, >0
k=12,...,M

The solution procedure would too be same as discussed earlier in previous
allocation, which further can be elaborated as by replacing value from (5.1.1) in (5.4.2)
MPP. Thus, we have

Minimize > > Wy (,Bzaﬁkx + yzaﬁkz)

h k
Subject to
h
553
S U -1, (5.5.3)
k
h=12,..,L
VYV 20Uk 20
k=12,.,M
5.5.1 Empirical study
Let the variable X follows a distribution with pdf as
2(2—-x 1<x<2
(010"
0 ; otherwise (5.5.4)

and the other auxiliary variable Z follows truncated exponential distribution with pdf

-z+1 .
f (Z) _ e o 1<z< 6
0 ; otherwise (5.5.5)
In order to obtain OSB under proportional allocation having the pdf’s of the auxiliary

variables defined in (5.5.4) and (5.5.5),we need to obtain the value of W,, and aﬁky for

that we have to substitute (5.5.4) and (5.5.5) in equations (5.2.4) , (5.2.5) and (5.2.6),we
get

Whk =Vhe_zk +1(eUk —l)(4—V h —2Xh_1) (5.5.6)
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42, 22 )
—|Vis +3%; 4 + 3V Xh—
hic = 2] 1 (Vh+2%h1) —4Ug (5.5.7)
ae kK ) -7
( 2 [Vh (Vh +2Xh_1)+Xh_1(1+ Xh—l)]
Uk
2 _ad-eK(l+zq)-Up-z4-1
and oy, = >
& (5.5.8)

where a, = (euk —1)(4—V b= 2% ) :
ap = Zs_leuk —UE —ZE_l—Uka_1+2|:eUk (1+ zk—l)_Uk —Zk_l—l}

Case I: for Independent case of auxiliary variables

Substituting the values obtained in (5.5.8) to (5.5.8) in equation (5.5.3), we have MPP as
Minimize

ZZ(Sqrt(alvhe_zk +1))

h k

—Z+1 Vh (Vi +2X—
ﬂ2aluL12 [8(Vr12+3xr2]1+3\/hxh1)3{(Vh +2Xh—1){ h (Vh h-1) }”LMI%
6(a1e_2'<Jr )

+Xh_1(l+ Xh—l)

2 ag3p —e K (1+2_q) Uy - Zkl_l}

7
2
&
Subject to
h
55.9
U -1, (5.5.9)
k
h=12,..L
VYV 20U 20
k=12,..,M

By using the given pdf’s a simulation has been done in R-software and the values of

B=0.576 and y = 0.257 have been obtained. Thus using values of B, y,d, =1and t, =5

as given above the defined interval for X and Z respectively for total 6 (2x3) strata. Thus

(5.5.9) can be written as
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Minimize

>y [Sqrt(alvhe_zk +1)}

h k
—Zx+1 I Vi (Vi +2xp_
(o.oss)aluL2 8(vh2+3x§_1+3vhxh_1)—3 (Vi +2Xh4) n(Vh+24-1) —au?
(a —Zk+1) +Xp—1 (1+Xp1 )
ge -
aqap — ek (1+2_1)~Uy — 1 -1
+(0.666) 5
&
Subject to
> Vh=1
h (5.5.10)
Uy =5
k
h=12
VvV 20U 20
k=123

Executing a computer programme for the MPP (5.5.10) using LINGO software, we get

the OSB as given in tables below:

Table 5.5.1: OSB when the auxiliary variables X and Z are independent having

right triangular and exponential distribution respectively

6.0000

3.5986

1.6589

1.0000 1.3956 2.0000
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Table 5.5.2: OSB and Variance when the auxiliary variables X and Z are
independent having right triangular and exponential distribution
respectively

OSB Variance Variance

% R.E.
(X Z¢) (Proposed method) | (Thomson, 1973)

(1.3956,1.6568)
(2.0000,1.6568)
(1.3956,3.5986)
(2.0000,3.5986)
(1.3956,6.0000)
(2.0000,6.0000)

0.000864 0.00412 476.85

Thus while making 2 strata along X variable and 3 along Z variable when the
auxiliary variables X and Z are having Right triangular and Exponential distribution
respectively independently. The results obtained in Table 5.5.1 and 5.5.2 reveal that the
variance obtained by the proposed method is much less than Thomson (1973) for which
the percent relative efficiency comes out to be 476.85.Thereby, it is revealed that use two
auxiliary variables is better than using one auxiliary variable.

Case II: For dependent case of auxiliary variables

When the two auxiliary variables X and Z are dependent to each other then the MPP
(5.5.10) would take the form as

Minimize

>N Sqrt(alvhe_zk +1)

h k

4+l Vh (Vi + 2,
(o.oss)aluLk2 8(th+3xr2]1+3\/hxh1)3{(Vh+2xh1)[ n(V+ 24 1)}] ~a?
(ale"zk +1) +Xh_1 (1+ Xh—l)

. (0.6266) {alaz —eY (1424 4)~Uy zk_1_1}+0.0736,0blb2
q
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Subject to
> Vh=1
h
Uy =5
k

(5.5.11)

h=12
YV 20U 20
k=12,3
where p , b1 and b are the correlation coefficient between X and Z and standard deviation

of X and Z respectively which are given

1
I 40,2 a2 2
a aUpe 2+t g(vh +3Xh_1+3vhxh_1) a2
25\ 9 1 ok
(ale_Zk +1) =51V +20-2) Vo (Vi + 201)+ X1 (14 %) ]
~ 1
a8, —e* (1+z,,)-U, -7, -1
%= a

By simulating of data developed using pdf’s, we get the value of p=0.42.By executing the
programme in LINGO for obtaining OSB keeping all the values same as above, we get
Table 5.5.3: OSB and Variance when the auxiliary variables X and Z are dependent

having right triangular and exponential distribution respectively

OSB (X,,Z) Variance

(1.2568,1.5469)
(2.0000,1.5469)
(1.2568,3.0215)
(2.0000,3.0215)
(1.2568,6.0000)
(2.0000,6.0000)

0.004168

The values in Tab.5.5.3 reveal that the strata boundaries and the variance are both
different when the auxiliary variables are dependent. However; it shows that due to

dependence the variance increases.
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5.4.2: The log normal distribution is a positively skewed distribution. Surveyors may use
the log normal distribution for a positive valued study variable that might increase
without limit, such as the value of securities in financial problem or the values of
properties in real estate or the failure rate of electronic parts in the engineering problems.

Let us assume that one of the auxiliary variable, say, X follows log-normal
distribution with pdf as

(log x—z)°
1 T 942 .
f(x)= —~ 2”e 20 x>0,0>0 (5.4.12)
0 ;otherwise

and the other auxiliary variable Z having pdf as:
1
f(z)=<b-a

0 ,otherwise (5.5.13)

,a<z<b

Then, in order to estimate OSB we need to find the value of Wy and aﬁky .Substituting

the pdf’s (5.5.12) and (5.5.13) in equations (5.2.4) , (5.2.5) and (5.2.6),we shall get

Uk
Wiy = E 5.5.14
hk 2(b-a) - ( )
2
1
202+,u o| Slo"—2u
(ba){e( )(Ez)(El)]Uf(ba) 92( )(Es)
2
ol = ; (5.5.15)
E?
2El(ulf +3z|f_1+3ukzk_1)—3vh2 (U +22¢4)?

€7

where Elerf[log(Vthxh_l)ﬂJ—erf {—Iog(xh_l)ﬂ]

\/g 202

2 2
E2-erf{|oq(vh+xh_l)_ﬂ_26 J—erf[log(xh‘l)_”_za ]
(

20'2

2 2
log(Vh + Xn_1)—u— log(Xn_1)—u—
and Ez =erf 9(Vh*Xn 1) == —erf | 2 h1) #=C
20'2 20'2
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It is to be noted here that the function ‘erf” which repeats many times in the above
result is an error function which is used to counter the integration with log-normal density
function. It is defined as

erf (o) :%jg)e_jzaj
and some of its properties that need to be noted are
erf (—w)=—erf (o)

erf (0)=0
erf (o0)=1
erf (—oo):1
Substituting values (5.5.14) to (5.5.16) in (5.5.3), we have MPP as
Minimize
2
2 1 2
H 2| H\0 TH
(b- ){e | )(Ez)(El)}Uf(b—a) ez( )( 3)
2
Uk )
Sqrt E 2
%%l " {Z(b—a) 1]} Ej
2
2 2El(uf +3z§_1+3ukzk_1)—3\/h2 (U +224)
s
Subject to
th =dy
h
(5.5.17)
Zuk =1
k
h=12,..,L
VYV 20U 20
k=12,..,M

In this case let us assume that the log-normal distribution is to be standardize i,e u=0, o=
1. z e[O,l]i,e.ZO =0,2)1 =1 and the other variable x &[0,10], i,e.xg =0, x|_ =10 Further

let us assume that the total strata to be made are 3x2(LxM)=6 and by simulation in R-software the
value of f=0.82 and y=0.437.Then to obtain OSB we need to solve MPP
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Minimize
3 2
> > [Sqrt (U—k Elﬂ
h=1k=1 2
' . ) N4
[(7.389)(E2)(E1)}—Uk [(1.648)(E3)}
(0.0722) 5
=
2E1(u§ +3ZE_1+3Uka—1)—3Vh2 (U +22¢_1)?
+(0.1909) 5
3E]
Subject to
3
> Vp =10
hzl (5.5.18)
Z Uk =1
k=1
h=12,3
YV 20U 20
k=12
' log (V lo
where Ep =erf 9(Vh * X-1) —erf —g(xh_l)
1.141 1.141
' log(V -2 lo -2
Eo =erf 9(Vh + %) —erf —g(xh_l)
1.141 1.141

. log(V, -1 I -1
and Ez =erf %9 (%h +Xn-1) —erf —OQ(Xh_l)
1.414 1.414

By executing the computer programme of the above MPP in LINGO, we get the OSB
value presented in the following table
Table 5.5.4: OSB when the auxiliary variables X and Z follow log-normal and

uniform distribution respectively

1.0000
Z

0.5000

0.0000 1.331 5.452 10.0000
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Table 5.5.5: OSB, and Variance when the auxiliary variables X and Z follow log-

normal and uniform distribution respectively

OSB Variance
Variance Variance
(Cum3Dy(x,z)
(xh, zk) (Proposed method) | (Khan et al. 2005)
Rule)
(1.331,0.500)
(5.452,0.500)
(10.000,0.500)
0.005916 0.014708 0.01025863
(1.331,1.000)
(5.452,1.000)
(10.000,1.000)

A perusal of Tab 5.5.5 indicates that the variance obtained by the proposed
method is much less than not on Khan et al. (2005).Thus, it may be concluded that using
two auxiliary variables is better than using one auxiliary variable. In practice, the
complete dataset of the study variable is unknown, which diminishes the uses of many
stratification techniques. In such a situation, the proposed technique can be used as it
requires only the values of parameters of the population, which can easily be available
from the past studies

5.6  Neyman allocation

This allocation of the total sample size to different strata is called minimum
variance allocation and given by Neyman (1934).In this case, the allocation of samples
among different strata is based on a joint consideration of the stratum size and the stratum
variance. In this allocation, it is assumed that the sampling cost per unit among different
strata is constant and size of the sample is fixed. Sample sizes are allocated by

oy = NWhk Shky
2. 2 WhkOhky

A formula for the minimum variance with fixed ‘n’ is obtained by substituting the

value of n,,

(1-F) 2 2
DY —WS o
22 Wikl

then we get
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2
(%%thﬁhkyj > S Wik
h k

V(vgt)= - - v (5.6.1)

There may be difficulty in using this as the value of o, will usually be unknown.
However, the stratum variance may be obtained from previous surveys or from a specially
planned pilot survey. The other alternative is to conduct the main survey in a phased
manner and utilize the data collected in the first phase for ensuring better allocation in the
second phase.

If the finite population correction is ignored, equation (5.6.1) can be written as
L 2
=1 222 WhkOhky
Mh

However, minimising this is equivalent to minimize (since ‘n’ is fixed constant)

2> Whkohky

h k
Using (5.2.3),it can be written as

S Wk B+ 72 (56.2)
h k

Thus, under Neyman allocation for obtaining OSB we need to minimize the objective
function (5.6.2) for which MPP is written as:

Minimize D> Wy \/ﬂzaﬁkx + 720r21kz
h k

Subject to
th = dx
h (5.6.3)
k
h=12,..L
VYV 20U 20
k=12,..,M
5.6.1: Empirical study
Let the two auxiliary variables X and Z follow uniform and exponential
distributions respectively having the pdf’s as:
1
——  ,a<x<b
f(x)=4b-a (5.6.4)

0 ,otherwise
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—-z+1 .
f (Z) _ e 220
0 ; otherwise (5.6.5)
In order to minimize (5.6.3) substitute pdf’s (5.6.4) and (5.6.5) in (5.2.4),(5.2.5) and

(5.2.6), we get

Wi =%e_zk +1[euk —1} (5.6.6)

3
4U (th +3XhXh_1)|:e_Zk +1 [euk —1:|:| 3UE (Vh + 2Xh—1)2

Ohkx = 5 (5.6.7)
12[e_Zk +1 [eUk —1ﬂ
2 b-a U 2
Ofig =ﬁ{ fe —[e K(1+2_q)-Uyg - zk_l—l} }
(e ‘ ‘1) (5.6.8)
2
where fg = zf_l(euk —1) —(eUk —1)[UE +2eYk (1+2zk1)—-2(1+2¢ )}
Case I: For Independent auxiliary variables
Using (5.6.6)-(5.6.8) in MPP (5.6.3), we have
Minimize
Zz Zk+1[ U _1}
3
2 -z, +1| U 2 2
4 (vh +3xhxh_1)[e 4t [e k —1ﬂ ~302 (Vi + 2% 1)
2
12[(9‘Zk +1[euk —1ﬂ
_ 2
+}/2 b—az{ fg —[eUk (1+ Zk—l)_Uk - ZK_1 —1} }
[
Subject to
ZVh =dy
h
5.6.9
SUg -, (5.6.9)
h=12,..L
VYV 20U 20

k=12,..,M
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Byassuming a=1=xg,b=2and 1<z<6 ,.e. dy=1 and t,=5.Having these
conditions over the variables, a simulation study has been made in R software to obtain
value of B and vy i,e. B = 0.56 and y =0.72.To obtain total 6 (2x3) strata substitute these
values in MPP (5.6.9).Finally, we get MPP as follows:

Minimize

3 S Ve % +1 [eUk _1}

h k

3
4Uk(Vﬁ-+3xhxh4J[e_zk+l[éJk—1]} 302 (Vi +2x1)?

]

2
\ +L62{f6 —|:eUk (1+ Zk—l)_Uk —Zk_1—1:| }

o

0.002175

Subject to
> V=1
h (5.6.10)
Uy =5
k
h=1,2
vV 20U 20
k=123

By executing a computer programme in LINGO to the optimization problem (5.6.10), we
get the OSB points. These results have been given Tables
Table 5.6.1: OSB when the auxiliary variables X and Z have uniform and

exponential distribution respectively

6.0000
Z 4.2586

1.9825

1.0000 1.5000 2.0000
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Table 5.6.2: OSB and Variance of proposed method and others when the auxiliary
variables X and Z have uniform and exponential distribution

respectively

OSB Variance Variance Variance
(Proposed (Singh and
(%2 method) Sukhatme, 1969) (Khan et al. 2005)

(1.5000,1.9825)
(2.0000,1.9825)
(1.5000,4.2586)
(2.0000,4.2586)
(1.5000,6.0000)
(2.0000,6.0000)

0.009251 0.0740 0.02081

In order to obtain OSB for 2 strata along x variable and 3 along Z variable when X
is uniformly and Z is exponentially distributed under Neyman allocation. The results so
obtained in Table (5.6.1) and (5.6.2) reveals that variance obtained by the proposed
method is much less than the variance obtained by Singh and Sukhatme (1969) and Khan
et al. (2005).which concludes that the proposed method used for OSB is more preferable
than the other methods.

Case II: For dependent auxiliary variables

Let p be the correlation coefficient between X and Z. Then for the case of dependence of
X and Z having the same conditions and values as obtained above MPP (5.6.10) would
take the form as

Minimize

szhe—zk +1[eUk _]}

h k

3
AUy (Vh2 +3xhxh_1)[e_zk +1|:6Uk —l:H —3UE(Vh +2Xh_1)2

]

0.002175
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Subject to
V=1
h (5.6.10)
Uy =5
k
h=12
vV 20U 20
k=123

where p, and p, are the standard deviation of X and Z respectively and are given as

3
2 241 U 2 2
4uk(vh +3xhxh_1)[e 2t [e ‘ —1ﬂ 302 (Vi + 2xp1 )

>
12[e_zk+1[euk —1ﬂ

2
oa |1 (1)U w2 (e g)- 204 70) |

2
(eUk —1) —[eUk (1+ Zk—l)_Uk —Zk_1—1:|

By simulation in R using distribution functions of both the variables, the value of

p]-:

p2 = 9

p=0.61.Executing the computer programme in LINGO keeping all the values same as
above the OSB for the optimization problem (5.6.10) is obtained as
Table 5.6.3: OSB and Variance of proposed method and others having uniform

and exponential distributed auxiliary variables when they are

dependent
0SB Total Variance To(tsailnvrz]i ra:ﬁgce Total Variance
(Xh, Zk) (Proposed method) g (Khan et al. 2005)

Sukhatme, 1969)

(1.5000,1.5346)
(2.0000,1.5346)
(1.5000,3.9527)
(2.0000,3.9527)
(1.5000,6.0000)
(2.0000,6.0000)

0.002562 0.0740 0.02081

However, when the two auxiliary variables are dependent the variance obtained by
proposed method is still again less than other existing methods like Singh and Sukhatme
(1969) and Khan et al. (2005).Thus we conclude that the proposed method is to be
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followed than the other methods when we are having such situations that follow the above
conditions.
5.6.2: If the X variable has right triangular distribution with the pdf as
O
’ (5.6.11)
and the variable Z follows Gamma Distribution with pdf as

z

1 s1.79 .
2> e 0 220,560>0
f(2)=1(25.0)={6%)(s)

0 ,otherwise

(5.6.12)

where‘s’ is the slope and ‘0’ is the scale parameter and E is a gamma distribution

function defined as
[P -z_5-1 .
E_.[o e “z° "oz :5>0

this function is also defined by the upper incomplete gamma function )s,z and a lower

incomplete gamma function y(s,z) ,respectively as

m = j;ous_le_”au

and y(s,2) :J'Ozus_le_”au

There also exists normalized incomplete gamma function which gives a value restricted

between ‘0’ and ‘1’ that can be stated as

sTe-Uay . 5.z2>0

Q(s,z):%ﬁou
P(s,z)zﬁjgus_le_”au .S, 2 >O,W¢O

Where Q(s, z) denotes the upper regularized incomplete gamma function with P(s,z)
denotes regularized lower incomplete gamma.

In order to obtain OSB having distribution function of two auxiliary variables

defined in (5.6.11) and (5.6.12) equations we have to find the value of th,aﬁkx and

C’ﬁkz for that substitute above distribution functions in (5.2.4),(5.2.5) and (5.2.6),we have

Whk =QVh, (4—Vh - 2Xh—l) (5.6.13)
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2(y2 242
o —Uk {th (Vh + 2Xh_1)—3(Vh +3Xh_l+3\/hxh_1)}

2

- (5.6.14)

“hkx QA2 (4-V —2xp1)°

2
2 6%5Qa (5+1)[Qa]-6°5° (4-Vi ~21,1)[ Q3] 5615

Z 0.
Qf (4-Vh - 2Xp1)
where

0t =VhUkQr(4-Vh —2xh_1)
2 2 1 2 2
Vi +3Xh_1+3\/hxh_1)—5|:(vh +2Xh_1)(Vh +2Xh_1+2VhXh—1)}}

H

Q1=Q(s,zk7"1j—Q(s,%kj , Q =Q(s+2,sz)_1J—Q(s+2,%<j

and Qs =Q(s+1,zkf‘;lj—Q(s+l,%j

By substituting values obtained in equations (5.6.13) to (5.6.15) in (5.6.3), we have

Minimize

2(,2 a2
, o —Uk {Z\/h (Vh +2Xh_1)—3(Vh +3Xh_l+3\/hXh_1)}
2,2 2
Q) Viy (4-Vh—2x1)

2 075 (5+1)[Qa]-6°5” (4-V -2y 1) [ Q]
QF (4-Vh - 241

B
ZZQth (4—Vh —2Xh_1)
h k

——

Subject to
ZVh =dy
h
5.6.16

U =t ( )
k

h=12,..L

VYV 20U 20
k=12,..,M

For computation details let us define the interval of both variables as XE[O,].] and

z2€[0,6] by generating the data in R-software using the pdf’s (5.6.11) and (5.6.12) to

estimate 3=0.81 and y= 0.72.Also the minimum likelihood estimates of the parameters of
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the gamma distribution while compiling generated data of distribution are s=4.3829 and
0=3.0124.By substituting these values in MPP (5.6.16), we get

Minimize

' 2,2 2,2
o —Ug {ZVh (Vh +2Xh_1)—3(Vh +3Xh_l+3\/hXh_l)}
12 2
Q. Vi (4-Vh 21 1)
T 9 )
Ql[Qz}—é’ s (4_Vh_2Xh—1)[Q3}

12

Ql (4—Vh - 2Xh—l)

(0.6561)
%%Qth (4-Vh-2x_1)

+(161.8539)

——

Subject to
> Vh=1
h
5.6.17
U =6 (56.17)
k
h=12,...,L
VvV 20U 20
k=12,...M
where

o = ViU in(4—Vh —2Xp-1)

{%(th + 3Xf21—1 + 3thh—1) _%[(Vh + 2Xh_1)(th + ZXﬁ_l + 2thh—1)}}

- Z,_ z ' Zk1 Zy
—Q| 4.3829,—*L_ |_Q| 4.3829, —* — |,Qy =Q] 6.3829, -Q| 6.3829, ,
R Q( 3.0124) Q( 3.0124) % Q( 3.0124] Q( 3.0124]

' Zy—1 71 +Uy
and Qs = Q| 5.3829, Q| 5.3829, kL7 Zk
% Q( 3.0124) Q( 3.0124 j

The MPP (5.6.17) is executed in the LINGO with total target of 6 (2x3) strata in which 2
are to be made along X variable and 3 along Z variable. The OSB so obtained is shown in

the following table:
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Table 5.6.4: OSB and Variance of proposed method when the auxiliary variables X
and Z have right-triangular and gamma distribution respectively

OSB Variance Variance

% R.E.
(X Z¢) (Proposed method) (Reddy et al. 2016)

(0.4231,1.9237)
(1.0000,1.9237)
(0.4231,3.6829)
(1.0000,3.6829)
(0.4231,6.0000)
(1.0000,6.0000)

0.004869 0.0079251 162.77

The above table shows us the OSB under Neyman allocation when one of the
auxiliary variables is having Right triangular distribution and the other is having Gamma
distribution.

5.6.3: Let the variable X follows uniform distribution with pdf as

1 ,a<x<b
f(x)=1b-a
0 ,otherwise (5.6.18)
and the other variable Z follows an exponential distribution with pdf as
_Zz
f(z)=158 ¢ & 220 (5.6.19)
0 ; otherwise

In order to find OSB when the frequency distributions of X and Z are uniform and

exponential having pdf as given in equations (5.6.18) and (5.6.19) respectively. We need
to find the value of Wy ’Ur%kx and Uﬁkz for that substitute value of f(x) and f(z) in
equations (5.2.4) to (5.2.6),we have

B Uy

Vh -
e 0 |1-e 0 (5.6.20)

(b-a)

Whk =



R/ Uy

ol .e 2 o2 2 2
2¢ 0 |1-¢ 0 uk(vh +3xh_1+3vhxh_1)—3uk(Vh+2xh_1)
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2
Ohkx = 5 (5.6.21)
Zkq Uy
6le 0 |[1-e¢ 0
Uk
(b-a)|1-e ¢ |p3
0'2 =
hkz ~ 2 (5.6.22)
Uk
1-e 0
where
Uy Uy P

p3 = zlf_l—(ulf+z|f_l+2ukzk_1)e_9 —th (O+z¢q)[1-e € |-Uye @

substitute (5.6.20)-(5.6.22) in (5.6.3),we have

Minimize
] 1
5 2aqU (Vh2 +3Xﬁ_l+3VhXh_l)—3Ul§ (Vh +2Xh_1) 2
p
2
Cta o Y
6le & |1-e @
v _
PRIt U
h k (b—a)|1-e ¢ |p3
+y2 5
_Y
1-e 0
I ]
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Subject to
ZVh =dy
h
(5.6.23)
ZUk =t;
k
h=12,...,L
VYV 20U 20
k=12,...M
Zkq Uy

where gy =e ¢ |1-e 0

Let us assume that the X is defined in the interval as in [0,1] Ie.x,=a=0,x_ =b=1 and

the Z defined in [0,5] and 6 = 1,such that d, =1and t, =5.By simulation in R-software

we get values of B = 0.58 and y = 0.73.substituting these values in (5.6.23),we get the
problem as follows:

Minimize

3 Vpe ket (1—e_Uk )
h k

1
- . Y 2 a2 2 212
26~ L (1_e k)Uk(Vh +3Xh_1+3\/hxh_1)—3Uk (Vh+2Xh—1) 2
(0.3364) 2
G[e_zk—l (1—e_Uk )}
(1—e‘Uk )QS
+(0.5324) 5
(1—e_Uk)
Subject_to _
> Vh=1
h
Uy =5
k
h=12,..,L
VYV 20U 20

k=12,..,M
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where
. U -U U 2
q3={ZE_1—(U|§+ZE_1+2Ukzk_1)e_ k}—vhz [(l+ zk_l)(l—e kj—Uke_ k}

Executing a computer programme of this MPP in LINGO for 6(2x3) strata, i.e., 2

along X variable and 3 along Z variable. The results obtained are presented in Table 5.6.6

as follows.

Table 5.6.5: OSB and Variance of proposed method and other existing methods
when the auxiliary variables X and Z follow uniform and exponential

distributions, respectively.

OSB Variance Variance Variance
(Xh, Z,) (Proposed method) | (Khan etal. 2005) | (Khan etal. 2014)

(0.5000, 0.7528)
(0.5000, 3.0451)
(0.5000,5.0000)
(1.0000,0.7528)
(1.0000,3.0451)
(1.0000,5.0000)

0.005291 0.0725 0.0539

The above table reveals that the variance obtained by the proposed method is
much less than the variance obtained by Khan et al. (2005) as well as and Khan et al.
(2014).This suggests us the superiority of the proposed method over other method.

5.6.4: Let the variable X is having a uniform distribution with the form as

1
f(x)= < ,Fr<x<s
0 , otherwise (5.6.24)
and the variable Z follows a triangular distribution with pdf as
L Clad) B
f(z)= (q;(p)(c_ P) (5.6.25)
9-2) c<z<b

(a-p)(a-c)
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where p is the location parameter ,q is the scale parameter and c is the shape parameter.
Since our aim is to find the stratification points at which the variance is minimum. In

order to obtain them having the pdf’s as given above we need to find the value of Wy ,

"ﬁkx and Oﬁkz for that substitute value of f(x) and f(z) in equations (5.2.4) to (5.2.6),we

have
_ VhUk
th_(q—p)(s—r)(c—p)(q—c)[Gl] (5.6.26)
Ohiex = 4 p)ife_ll;)z) (9-¢) [G4] (5.6.27)
e CICREIC (55628
where

G =(c—p)(Uk +2z¢k_1—2p)+(q—c)(2b—2z,_1 -Uy)

(Uk —2zk_1)(u|f +2z§_1+2ukzk_1)(q—2c+ p)
G2 = 2 —§G5

Gs =[(q —c)@uf +2U z 1 — rUy +22|f_1+2rzk_1]+(c— p)GG}
2
Gy =4(C) V7 +3% 1 +nin-1)-(a- P) (e~ P)(a =€) (Vi +2xh-1)

Gsg :(Uf +3z|§_1+3ukzk_1)(q(c— p—r)+rc)
Gg Z(SUk —2Uka_1+SZk_1—Z|§ 1—2Ul§j
- 3
Substituting the values obtained in (5.6.26) to (5.6.28) in MPP (6.4.3),we get

Minimize

2(a-p)(c-p)(a-c)

’ 4(Gy)°

[Gy]

P e s ]
R e RS
1




143

Subject to
ZVh =dy
h
5.6.29

SUp -1, (5.6.29)
k

h=12,..,L

VYV 20U 20
k=12,...M

However, we assume that the variable X is defined in the interval [0,1] and z in [0,2]
e. Xg=r=0,x_ =s=1p=z9=0,c=1,q9=2p =2,a=0,b=2 and by simulation done
in R for the distribution function the estimate comes as B = 0.64 and y = 0.56.By

substituting all these values in MPP (5.6.29),we have
Minimize

> Svii[ 61| 0'8192[64+(0.3136)L{[G'2J[Gi}—(Gé)z}

1 2 1 2
", (@) (@)
Subject to
D Vp=1
h (5.6.29)
DUy =2 -
k
h=12,..,L
VYV 20U 20
k=12,..,M
where
Gy =(U +22¢1)+(2-22¢ 1 -Uy)
| 2/
G =——(G )
277355

Gy = H%Uf +2Uzg 1+ 225_1}65} Gy =4(Gi)(Vh2 +3x§_1+3vhxh_1)—(vh +2%1)?
' 2 2 ' 2 2.2
Gs = 2(Uk +32k_1+3Ukzk_1) ,Gg =(Uk —2Ugzq + Zk—l_zk—l_gukj

For obtaining total 6 (2x3) strata execute a computer programme in LINGO, we get
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Table 5.6.6: OSB when the auxiliary variables X and Z have uniform and right
triangular distribution respectively

2.0000
Z 1.4286

0.7258

0.0000 0.5000 1.0000
X

Table 5.6.7: OSB and Variance of proposed method having distribution of X and Z
as uniform and right triangular distributions, respectively.

Variance
0SB Variance
(Khan et al. % R.E.
(X Z¢) (Proposed method)
2008,2014)
(0.5000,1.7258)
(1.0000,1.7258)
(0.5000,1.4286)
0.0027925 0.009294 332.82
(1.0000,1.4286)
(0.5000,2.0000)
(1.0000,2.0000)

Table 5.6.8 shows the stratification points under Neyman allocation when the
auxiliary variables X and Z are Uniformly and Right triangularly distributed defined in
the interval of [0,1] and [0,2].Table 5.6.9 shows us the boundary points of the strata when
2 strata are to be made along X variable and 3 along Z variable and also it reveals that the
variance obtained by the proposed method is less than the method obtains by Khan et al.
(2008, 2014).Thus we can conclude that the proposed method of obtaining stratification
points is better than the existing methods.

5.7  Optimum allocation

In stratified sampling, variance of the estimator depends on values of np
(h=12,..,L;123,...,M) apart from values of Y. Even for a fixed n, the values of the

\ (9st) will differ for different configurations (n =n,,...,Ny ) .The combination ‘n* for
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which V(yst)is minimum among all the values of variances for different possible

combinations ‘n’ is an optimal allocation for a fixed n. Since sampling involves cost in a

survey , consider the linear cost function
C=Cp+2.>.ChkNhk (5.7.1)
h k

where Co is an overhead cost (e.g cost of setting up and maintaining an office ,recruiting
survey personal and other capital expanses etc.) Crk is the cost of sampling unit from the
(h,k)™" stratum and C is the total cost.(5.7.1) equation is a very simple and reasonable cost
function expressing the total cost of field operation. The variance under stratified random
sampling is

Mk ki Nhko (5.7.2)

To determine the value of n,, ,we consider the function

V(yst)= ZZ

v =V (yg)+AC (5.7.3)
where A is the known constant.
Using the calculus method of Langrangian multiplier, we select npy and a constant A to
minimize y .

Differentiating (5.7.3) w.r.t. np ,we have

2 2
Whk hiy h=12,.,L
Y deny =0
2 K=12,...,M
hk
Whi o
g = KTy (5.7.4)
AChk

while taking summation on both sides ,we get

n= ZZLWJ%V J (5.175)
From (5.7.4) and (5.7.5), we can obtain
thffhy
Nhk =N m (5.7.6)

Whk Shky J
(™™
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Thus (5.7.6) relation leads to the following important conclusion that, in a given strata,
we have to take a large sample size if
I.  the stratum size is large.
ii.  the stratum has large variability.
iii.  the cost per unit is cheaper in the stratum.
If ¢, s are the same from stratum to stratum, relation (5.7.7) will lead to Neyman

allocation. Similarly if cp 's and opgy 's do not vary from stratum to stratum, relation
(5.7.6) leads to proportional allocation.

The sample size ‘np’ from (h,k)" stratum required for estimating the

population with a specified cost ‘C’ is given by

Whkohky
C_
-0 o

WhkShky J
oo™

substituting this value in (5.7.2),we get

2
[%%thahky Jonk j

(C—Co)

If the finite population correction is ignored, then minimizing the expression on right
hand side of (5.7.8) is the same as minimizing

%%thahkyxlchk (5.7.9)

Mhk =

th0'2
Sy hky (5.7.8)
h k hk

V(¥st)=

Thus in order to obtain OSB in this allocation type , objective function that we
need to optimize (5.7.9) and the constraints are same as (5.1.15) and (5.1.16).Thus to

obtain OSB the MPP that we have to minimize is
Minimize Zzwhkaﬁkyﬂ/chk
h k
Subject to
h

5.7.10
S, -t (5.7.10)
k

h=12,..L

WWh20Up 20 |
h k k=12 M
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However, if the regression line is linear in two variables X and Z then aﬁky is to be

replaced by (5.2.3) as

Minimize > > W, (,Bzaﬁkx +y%0?, )\/Q
h k

Subject to
th = dx
h
5.7.11
U, -1, ( )
k
h=12,..L
vV, 20U, 20
k=12,...M
5.7.1: Empirical study
If the variable is having right triangular distribution with pdf as
2(2-x ; 0<x<1
f(x)= (2-x) . (5.7.12)
0 ; otherwise
and the other variable follows an exponential distribution as
-Az .
f(Z): Ae 0 220,4>0 (5713)
0 ; otherwise

In order to obtain OSB when the auxiliary variables have as given above we need to

estimate the values of Wiy, oﬁkx and Gﬁky .For estimating this use above pdf’s in (5.2.4)

to (5.2.6),we get

Whk =Vh01 (5.7.14)
) ngl{g(ﬁ)—;[fs]}—m
Ol = 5 (5.7.15)
Yl
2 2 -V 1 -AU -AU 2
, f8{Zk_l—(Uk +2x-1)" e k+2;tf9}—[[zk_1+/1j(l—e k)—Uke k}
Ohkz = 2
(fg)

(5.7.16)
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2
where g1 = e A1 (1—e_/wk )(4—Vh —2Xn-1) Pa :4quh (1-;th+xh—1(2—xh—1—3\/h )}
fg =V,2 +3x2_, +3V, f7=(Vp +2 V2 +2x2 L+ 2V,

6 =Vh +3X_1 +3VnXn-1, T7=(Vh +2%11) (Vi +2X_1 + VhXp g

fg =(1_e—zu1< )(4—Vh ~2xp_1), fo :[zk_1+(Uk +7_1)e Mk }rz(l_e—lUk )

Case I: For independent auxiliary variables
Using values obtained in equations (5.7.14) to (5.7.16) in MPP (5.7.11), we have
Minimize

2.2 Vha
h k
4 1
ngl{( fe)—[f7]}— P4
2 3 2
p 2
9
1 2 |\/Chk
26y (Vg r ) e e 220 _sz—fr}bj(l—e_ﬂuk )‘Uke—ﬂuk}
+]/2 >
(fs)
Subject to
ZVh =dy
%U t (5.7.17)
k =1z
k
h=12,..,L
VYV 20Uk 20
k=12,...M

By executing a programme in R-software relating to generating random numbers for

estimating the parameters we get B = 0.52 and y = 0.42.
Now let us assume that the auxiliary variable X is defined in [0,1] and Z in [0,6]
ie. Xg=0,x_ =1,z9=0,zpq =6 and 4 = 1.we can write MPP (5.7.17) as
Minimize
ngl'{g fs —; f7}— Py

o

(027)

szh 0 \/Chk
2
h k

Z|§_1—(Uk +zk_1)2 ek +2f§{(zk_1+1)(l—e_uk )—Uke"uk}

()"

+(0.17)
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Subject to
> Vh=1
h (5.7.18)
YUy =6
k
h=12,..,L
VYV 20U 20
k=12,..,M

1 - _U ' _U _U
Whereg;'=e Zk—l(l—e k)(4—vh—2xh_1) fgz[zk_1+(uk+zk_1)e k}+2(1—e k)

while executing a computer programme of the MPP (5.7.18) for obtaining OSB of 6 (2x3)
strata assuming the cost values as ¢j1 =2,¢1p =3,¢13 =4,Cp1 =5,Cp2 =6,Co3 =7 ,we get
OSB as presented in the following tables:

Table 5.7.1: OSB when the auxiliary variables X and Z having right triangular and

exponential distribution respectively

6.0000
3.5914

0.9531

0.0000 0.3941 1.0000
X

Table 5.7.2: OSB and Variance of proposed method and others when the auxiliary
variables X and Z are having right triangular and exponential

distributions, respectively

OSB Variance Variance
(x , ) (Proposed (Fonolahi and % R.E.
" method) Khan, 2014)
(0.3941,0.9531)
(2.0000,0.9531)
(0.3941,3.5914)
0.03519 0.04348 321.62
(2.0000,3.5914)
(0.3941,6.0000)
(2.0000,6.0000)




150

Table 5.7.1 shows the points of stratification when 2 strata are to be made along X
variable and 3 along Z variable under optimum allocation while as Table 5.7.2 shows the

optimum  stratification points (x,,z,) for each stratum. It also shows the variance

obtained through the proposed method and by Fonolahi and Khan (2014). The percent
relative efficiency reveals that the proposed method is more preferable rather than the
method proposed by Fonolahi and Khan (2014).
Case I1: For dependent auxiliary variables

However, when the two auxiliary variables are dependent to each other then let p
be the correlation coefficient. By calculating correlation coefficient of the data obtained
by simulation we get p=0.51.Thus keeping all the conditions same as taken above, we can
write MPP (5.7.18) as
Minimize
4 1

ngll{ fo— f7}— P4
(231) 2 +(0.222768) g9,

szh%' . M
hok

. 2
2ty —(Uy+ zk_l)2 eV 421, —{(zk_1 +1)(1—e’Uk )—Ukeuk}

+(0.17) 2
(fs)
Subject to
Y Vh=1
h
(5.7.19)
2 Uk =6
k
VVh ZO,UkZO , h=12,..,L
k=12,...M

Where gq'=e -1 (1— ek )(4 —Vh —2Xh_1)

gzand g4 denotes the standard deviation of X and Z and are given as

4. 1

Urgyd o fo—> 7 \—

e k91{3 6 7} P4
912

and
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2
94 _fi\/fg {zf_l—(uk + Zk—1)2 e 122 fg}—sz_ﬁ%j(l—e_’wk )—Uke‘wk }
8

Executing a computer programme to the MPP given in equation (5.7.19), we get the OSB

as

Table 5.7.3:  OSB and Variance of proposed method when the auxiliary variables X
and Z are having right triangular and exponential distribution

respectively

OosB Total Variance
(X Z¢) (Proposed method)

(0.2946,0.8249)
(2.0000,0.8249)
(0.2946,4.2759)
(2.0000,4.2759)
(0.2946,6.0000)
(2.0000,6.0000)

0.00924619

Thus while in case of dependence of the two auxiliary variables increase the total
variance but not as much as we received from the existing methods.
5.7.2: Let us assume that the auxiliary variable X is having a uniform distribution with

pdf as

1
f(x)=1b-a
0 ,otherwise

<x<h
asX (5.7.20)

and assumed that the other variable Z is following standard normal distribution with pdf

as

f(z): ——e 2 ;—0<Z<® (5.7.21)

0 ; otherwise
To obtain OSB for the study variable which is having two auxiliary variables following
uniform and standard normal distributions, we need to find the values of th,aﬁkx and

Gﬁky .For estimating this use above pdf’s in (5.2.4),(5.2.5) and (5.2.6),we get



Wi, =
hk 2(b-a

)(El)

U, Ey (vh2 +3x2_ 3 xh_l) ~12U2 (Vy +2x 1)

Ohkx =

Oﬁkz = 2\/§(b - a)

k-1 eXp[

Uk +2k 1

2

where Eq =erf (

Eq=(Ug + zkl)exp[

and erf is known as the error

z
Ik exp{%} Ep—(Ug + zkl)exp[

o)

(Ug +2¢-1)

3(E1)°

2
(Uk + Zk—l)

2
E
9 2

(Uk + Zk—l)
2

2
z
%] Eg+(Ug + zk_l)exp[

Uk +2k 1

2

>

function which is given as

2
E3

(s

2 Vi ,-u?
erf (z, ) —erf (z, _ )=(—j e - ou
k k-1 N Izk—l
using values obtained in (5.7.22) to (5.7.24) in equation (5.7.11),we have
Minimize
2UEp (V2 +3X2_, + Vi1 | 1202 (Vi + 2% 1 )
o “FkEL\ Vh h-1 h*h-1 k \Vh h-1
2
3(Ey)
i 2
V 2y _
2.2.5 (k) Ep| zgexp| ——&L |-y
F42(b-a) ) 2
+7(E1)" +7%2\2(b-a) .
z
—-E3 zklexp{%}&l
Subject to
h
zUk =1
k
h=12,..,L
VYV 20U 20

k=12,..,M

152

(5.7.22)

(5.7.23)

+7(E) (5.7.24)

enc

(5.7.24)
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Let us assume that the interval of X is defined as XE[O,].] and the variable Z to be

truncated at 4 i,e z<[0,4] and by simulation in R-software estimates = 0.07 and y =

0.73.Thus ,we have (5.7.24) as

Minimize
UkE; (vh2 +3x2 +3\/hxh_1)—6uf (Vi +2x1)?
(0.2401) .
3(E1)
Vh _ 21
225 (E) Ep| 2g0xp| ——= |-Eq \/Chk
h k
+7(Ep)% +(L5) ,
z
—E3| zx_1exp —% +Ey
Subject to
D Vp=1
h
5.7.24
Uy -4 (5.7.24)
k
h=12,..L
VvV 20Uk 20
k=12,..,M

For obtaining OSB we assume that the values of ¢11 =2,¢192 =3, ¢13 =4,Cp1 =5, Co2 =6,
cp3 =7 for total 6 (2x3) strata i,e 2 strata along X variable and 3 along Z variable,

execute a computer programme in LINGO by assuming all these conditions given above,

we have
Table 5.7.4: OSB when the auxiliary variables X and Z follow uniform and standard

normal distributions, respectively

4.0000
2.9827

1.2539

0.0000 0.5000 1.0000
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Table 5.7.5: OSB and Variance of proposed method and others when the auxiliary
variables X and Z follow uniform and standard normal distribution

respectively

OSB Variance
(X Z¢) (Proposed method)

(0.50000,1.2539)
(2.0000,1.2539)
(0.5000,2.9827)
(2.0000,2.9827)
(0.5000,4.0000)
(2.0000,4.0000)

0.00098473

The Table 5.7.4 shows the stratification points along X variable and Z variable
under optimum allocation when variable along X variable is uniformly distributed and Z
variable is normally distributed. However table 5.7.5 presents both stratification points as
well as variance obtained through the proposed method.

5.7.3: Let the variable X follows a distribution with pdf as

f(x)— 2(2—x) ;1<x<2
1o -otherwise (5.7.25)

and the other auxiliary variable Z follows truncated exponential distribution with pdf

-z+1 .
; (X) _Je ; 1<72<6
0 ;otherwise (5.7.26)

In order to obtain OSB under proportional allocation having the pdf’s of the auxiliary
variables defined in (5.7.25) and (5.7.26) we need to obtain the value of Wy and aﬁky
for that we have to substitute these pdf’s in equations (5.2.4) to (5.2.6),we get

Wiy = mVhe %+ (5.7.27)
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-7+l
2 Upe %k 4( 2 2 1 2
= T 2{_(vh +3R1+ ) [ a0 (5.7.29
Uy
mat—e K (1+zp_1)-Up -z, _1-1
Gﬁkzz”‘l{ 3) €K ( kzl) kK~ k-1 (5.7.29)
my

where my =(eUk —1)(4—V h—2Xh—1)
My = (Vh +2Xn-1)[ Vi (Vh +2Xh-1) + Xh—1 (1+ Xn_1) |
mg = ZE_leUk —UIE - Zlg—l -Uyzg_1+ Z[EUK (1+ Zk_l)—Uk -7k —l}

Using the values obtained above in equation (5.7.11), we have MPP as

Minimize
-7, +1
2 muUge 2 0.2 2
5 mlk—z{{s(vh +3xh_1+3vhxh_1)-3[m2ﬂ—4uk}
; 6(mle_zk+1)
Z 3| mivhe )
U
h k +}/2 my {mg}-e~k (1+2_1)-Ug -2z¢_1-1
2
my
Subject to
ZVh =dy
h
5.7.30
U -1, ( )
k
h=12,..L
VVp 20U 20
k=12,...M

By using the given pdf’s a simulation has been done in R-software and the values of

$=0.576 and y = 0.48 and have been obtained. Thus using values of B and y,d, =1 and t,

=5 as given above the defined interval for X and Z respectively for total 6 (2x3 strata.
Thus (5.7.30) can be written as
Minimize

Upe % +1
(0.055)mlk—

( -1 +1)2 {{S(th+3Xﬁ—1+3VhXh—l)_3[[m2]ﬂ—4UE:
me "
”ﬁl{[mﬂ} _eY (1+2_1)-Ug - 241 -1

my

+(0.234)
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Subject to
> Vh=1
h (5.7.31)
Uy =5
k
h=12
YV 20U 20
k=123

Executing a computer programme for the MPP (5.7.31) using LINGO software, we get

the OSB as given in below table

Table 5.7.6: OSB and Variance when the auxiliary variables X and Z are having
right triangular and exponential distribution respectively

OSB Variance
(X1 Z,) (Proposed method)

(1.4681,1.5269)
(2.0000,1.5269)
(1.4681,3.0791)
(2.0000,3.0791)
(1.4681,6.0000)
(2.0000,60.0000)

0.004217

This table shows the stratification points if the variables are having the
distribution functions of X as Right triangular and Z as exponential, under optimum

allocation, for 2 strata along X variable and 3 strata along Z variable.



CHAPTER 6
DISCUSSION

The problem of optimum stratification was first discussed by Dalenius (1950) who
gave sets of equations giving optimum strata boundaries for optimum and proportional
methods of allocating the sample to different strata. Theses equations were given for
stratified simple random sampling estimate of population mean. The equations involved
population parameters which were functions of the optimum strata boundaries. Due to
implicit nature of these minimal equations, their exact solutions can not be obtained.
Subsequently, various authors gave methods of obtaining approximations to the exact
solutions. Another important aspect of this problem was that both stratification and
estimation variable were taken to be same. Later on several authors worked on obtaining
optimum strata boundaries using mathematical programming approach and developed a
number of methods for the construction of stratification points.

In the present investigation we have tried to consider the problem of optimum
stratification on the basis of some suitably chosen auxiliary variables. The optimum strata
boundaries so obtained correspond to the minimum variance of the stratified estimate for
the population mean of the estimation variable. The results obtained during the present
investigation entitled “Optimum stratification with auxiliary information using
mathematical programming” in preceding chapters have been discussed under the

following heads:

i) Classical optimization technique
ii) Mathematical programming technique
)} Classical optimization technique

In this approach it has been assumed that we know the form of the regression
estimation variable Y on the auxiliary variables X and Z and also the form of the
conditional variance function V (y|x,z).Furthermore methods have been developed in
different allocation methods.

In the empirical studies discussed under the heading of 4.11 we have assumed the

linear regression line Y on X and Z have been taken as, of the form y=a+ fx+yz+e .

For the conditional variance function 7(x,z) we have taken two forms viz. 7(x,z)=«
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and n(x,z)z/lxz where ¢ and A are constants. The origin is deliberately excluded
from the range of the auxiliary variables X and Z otherwise 7(x,z)=Axzwe have

my (X, z) =0 at x=0,z=0 and the function my(x,z) f (x,z) in that case doesn’t belong to

the class Q of functions. We could have also avoided this difficulty by taking some other
suitable forms to the functions. For the empirical studies under optimum allocation let us

assume values of a =0.0214,4=0.00437 which are quite small so that the effect of
taking 77(x,z)=caand 7(x,z)=Axz is negligibly small. In order to obtain AOSB let us

assume that the correlation coefficient between X and Z is denoted by p and is equal to

0.65 For this purpose the following density functions of the stratification variables X and
Z have been considered.
Table 4.11.1 shows the stratification points of the auxiliary variables X and Z in

which it is assumed that both the variates are standard normally distributed. However, the

conditional variance is taken of the form 7(x,z)=c. Further Table 4.11.2 shows us both

the stratification points (x,,z,) of each stratum and the total variance of all the 16 strata

too, where 4 strata are to be made along the X variable and 4 strata are to be made along
the Z variable in which the variable Z is defined in [0,6] and Z in [0,4].While comparing
the proposed method with the Singh and Sukhatme (1969) the percent relative efficiency

comes out to be 243.89.However ,when the conditional variance is taken of the form
n(x,z)zlxz. The optimum strata boundaries (OSB) so obtained are shown in Table
4.11.3 and 4.11.4 when the auxiliary variables are not independent. Table 4.11.4 shows us
the stratification points and the variance obtained by the developed Cum{”/m rule

assuming the same number of strata. The percent relative efficiency with respected to the
method proposed by Singh and Sukhatme (1969) of the proposed method comes out to be
268.85 which is clearly an indication of superiority of the proposed method.

In empirical study 4.11.5 it is assumed that the variable X follows uniform
distribution defined in the closed interval [1,2] and the variable Z follows exponential
truncated at z = 6 i,e defined in [1,6].Table 4.11.5 displays the OSB and the variance

obtained by using Cum?’/Dl(x, z) rule and the variance obtained by Singh and Sukhatme

(1969) when the conditional variance 7(x,z)of is taken of the formz(x,z)=a . The

table also worked out the percent relative efficiency of proposed method over the method



159

developed by Singh and Sukhatme (1969) which is 160.98 that indicates the positive
effect of results by using the proposed method. Furthermore, when the conditional

variance 7(x,z) is taken of the form 7(x,z)=Axz the results obtained are displayed in

Table 4.11.6. when the two auxiliary variables are dependent to each other. By changing
the form of conditional variance the percent relative efficiency has reached 275.76 from
160.98 when having the same comparison with the method developed by Singh and
Sukhatme (1969).

The empirical studies discussed to illustrate the developed Cum?’/Dg(x, z) Rule

under the heading of 4.14 in which for the sake of simplicity the linear regression line Y

on X and Z have been taken as, of the formy=a+ fx+yz+e .For the conditional
variance function 7(x, z) we have taken two forms viz.

1. n(x)=oq,n(z)=ap  where n(x,z)=n(x)n(z)

2. n(x)=Ax,n(z)=2pz where n(x,z)=n(x)n(z)

where aq,a9, 41, Ao are constants. The origin is deliberately excluded from the range of
the auxiliary variables X and Z otherwise 7(x)=#4x and 7(z)=4pzwe have
m(x)=c at x = 0 and my(x)=ccat z = 0 and the functions my(x)f(x) and
mp (z) f(z) in that case does not belong to the class Q of functions. We could have also

avoided this difficulty by taking some other suitable forms to the functions. Now let us
assume values of ¢q =0.0432, a9 =0.0334, 41 =0.00432 , 4> =0.00331 which are quite
small so that the effect of taking 7(x)=aq,7(z)=agand n(x)=4x, n(z)=7pzis
negligibly small. In empirical study 4.14.1,Table 4.14.1 shows the OSB when X follows
uniform distribution defined in [1,2] and Z follows exponential distribution defined in

[1,6] by assuming the form of condition variance of the form 7(x)=o1,7(z)=ay .Table
4.14.2 shows both the stratification points (x,,z,) as well as the variance obtained using

Cum?’/Dz(x, z) Rule and method developed by Singh and Sukhatme (1969).The percent

relative efficiency comes out to be 190.49 in this case under the optimum allocation when
the two auxiliary variables are independent. The Table 4.14.3 represents the stratification
points along the X variable and Z variable when the total strata to be made are 6 in which

2 along X variable and 3 along Z variable are to be made. When the conditional variance
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is taken of the form 7(x)=4x and #(z)=Apzunder optimum allocation for the case
of independent auxiliary variables for uniform and exponential auxiliary variables, the
OSB obtained using the Cum$/D;(x,z) Rule are shown in Table 4.14.4.The table is also
having the variance of the proposed method and an existing method along with the

percent relative efficiency which comes to be 324.82, that is the indication of the
superiority of the proposed method over the existing method.

The OSB obtained using the Cum$/D,(x,z) rule when the auxiliary variables X

and Z follow right triangular and uniform distributions respectively under the optimum
allocation for the two variables used as basis of stratification are independent to each
other by assuming the conditional variance of the form are shown in the Table 4.14.5
along with total variance obtained in 6 strata of which 3 along the X variable and 2 along

the Z variable have been made. Table 4.14.6 includes the OSB obtained by using the
Cum?’/ Do(x,z) rule for right triangular and uniform auxiliary variables when the form of

conditional variance is assumed to be 7(x)=4x and 7(z)=74pz.The table also shows
the variance obtained in the given condition.

Under the proportional allocation for the case of dependent auxiliary variables the
Cumi”/m rule has been developed. By assuming the linear regression among the
estimation variable Y and the stratification variables X and Z as discussed above, the
OSB obtained when both the variables are standard normally distributed and are truncated

at = 6 and z = 4 are shown in Table 4.19.1 in which 16 strata are to be made, 4 along the

X variable and 4 along the Z variable. Further Table 4.19.2 shows both the stratification
points and the total variance obtained through the Cumw3/D3(x, z) rule. While comparing
the proposed method with the method given by Singh (1974a) by computing percent

relative efficiency that results in 268.21 which indicates that the proposed method is more

preferable.

Table 4.19.3 shows the OSB (x,,z,) under proportional allocation, when the

variable X follows right triangular distribution and the variable Z follows exponential
distribution and they are dependent to each other.
Using the Cumw3/D3(x, z) rule for obtaining OSB when one of the auxiliary

variable X follows standard log-normal distribution and the other auxiliary variable

follows uniform distribution, the stratification points are presented in Table 4.19.5 when 3
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strata are to be made along X variable and 2 along Z variable. Table 4.19.6 displays both
the OSB and variance obtained in creating 6 strata, when the variable X is truncated at x =
10 and Z is defined in [0, 1].

Table 4.22.1 shows the stratification points when the auxiliary variables X and Z
are having right triangular and exponential distribution respectively while as Table 4.22.2

displays both the OSB and the variance obtained by using Cum$/ D4 (x,z) rule in case of

proportional allocation when the auxiliary variables are independent to each other. The
percent relative efficiencies between proposed method and Yadava and Singh (1984)
comes out to be 169.89 which is clearly indication of the superiority of the proposed
method.

The OSB obtained for the right triangularly and exponentially distributed auxiliary

variables using Cum3/D4(x,z) rule are presented in Table 4.22.3.The variance is also

displayed in the same table when the variable X is defined in [1,4] and Z in [1,2] under
the proportional allocation for the case of independent auxiliary variables. The method
has been compared with Khan et al. (2008) and the percent relative efficiency comes out
to be 233.64 which prefer the proposed method.

For the case when the auxiliary variables are standard log-normally and uniformly
distributed under proportional allocation using Cum13/D4(x,z) rule, the results are

presented in Table 4.22.4 after making 3 strata along X variable and 2 along Z variable.
The results include both OSB and variance. While comparing it with Khan et al. (2015)
the parentage of relative efficiency comes out to be 516.05.
i) Mathematical programming technique

In order to obtain OSB when we are having two stratification variables under
consideration one of the most advanced method for the purpose is using mathematical
programming approach in which we optimize the variance subject to the range of the
variables with the non negative condition. In this heading several allocation procedures
have been discussed. In the subheading of empirical study 5.3 several studies have been
made to illustrate the developed method. In empirical study 5.3.1 we have obtained the
OSB when the auxiliary variables X and Z are having exponential and right triangular
distribution respectively. The OSB are presented in Table 5.3.1 in which the range of X is
taken as 10 and Z as 2.In this table 4 strata have been made along the X variable and 3
strata along the Z variable. Table 5.3.2 displays stratification points, stratum weight and

total variance. In Fig 1, we considered 25 number of strata but it can be observed that
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(which displays the graph between number of strata and variance) there is no substantial
gain in efficiency for more than 20 strata. The Fig.1 shows that the variance remains
constant for some strata when the number of strata reached 20 and then it shows an
increasing trend. Thus the strata boundaries for each of the auxiliary variables would be 4
or 5.In order make the comparison of the propose method with several other existing
method we have assumed a population of 5000.The results obtained from the example are
presented in Table 5.3.3.1t can be concluded that proposed method performs better than

the methods developed by Dalenius and Hodges (1959) cum\/? method, Gunning and

Horgan (2004) geometric method, Lavallee-Hidiroglou (1988) method using Kozak’s
(2004) method and Khan et al. (2008) mathematical programming approach.

For the case of dependent auxiliary variables when they follow exponential and
right triangular distribution, the OSB obtained using the proposed method are presented
in Table 5.3.4.However,Table 5.3.5 presents both stratification points and variance when

3 strata are to be made along X variable and 2 along the Z variable.

Table 5.3.6 displays the OSB (xh,zk) and the variance obtained by proposed
method and by Singh (1977).From the table the percent relative efficiency is 260.42

which indicates the better performance of the proposed method rather than the method
proposed by Singh (1977).

Using the proposed method to obtain OSB when the distribution of X is
exponential and Z has pareto distribution, the results obtained by assuming the interval of
x in [1,4] and z is [1,10] are presented in Table 5.3.7 having 3 strata along the X variable
and 4 strata along the Z variable when the two auxiliary variables are independent.

Table 5.4.1 shows the stratification points when the sample size is distributed
equally to each stratum under the proposed method. Further, Table 5.4.2 presents the
OSB and variances which reveals that that the variance obtained by the proposed method
is much less than the method proposed by Singh (1977). Also the percent Relative
Efficiency of the proposed method over Singh (1977) is 276.66 which show the efficiency
of the proposed method. Hence we conclude that the proposed method of obtaining OSB
when the two independent auxiliary variables are uniformly and right triangularly
distributed is preferable when the auxiliary variables are independent. However, when the
auxiliary variables are dependent the OSB obtained with total variance are presented in
Table 5.4.3.
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Table 5.5.1 shows the OSB under proportional allocation when the distributions of
auxiliary variables are right triangular and exponential. In this table 2 strata have been
made along X variable and 3 along Z variable when both then variables are independent.
Further Table 5.5.2 represents OSB as well as variances obtained by proposed method
and Thomson (1973) method when the range of X is 1 and Z has 5. Thereby, it is revealed
that using two auxiliary variables is better than using univarite auxiliary variable. The
percent relative efficiency comes to be 476.85.

Under proportional allocation when the auxiliary variables are dependent and are
having right triangular and exponential distributions, the results obtained using the
proposed method are presented in Table 5.5.3 and it also shows the variance obtained by
the proposed method.

In the empirical study 5.4.2 we have assumed the distribution of X is standard log-
normal and Z has uniform distribution. The OSB obtained using the proposed method
under proportional allocation for the case of dependent auxiliary variables are presented
in Table 5.5.4.Moreover, Table 5.5.5 shows the OSB and variances obtained using

proposed method, Khan et al. (2005) and Cum 3 D4 (X,z) Rule and it can be concluded
that the variance obtained by proposed method is less than the method obtained by
Khan et al. (2005) and Cumm Rule too. Thus the proposed method is not only
preferable than Khan et al. (2005) but also rather than using classical optimization

technique (Cum $/Dy4(x, z) Rule).

In order to obtain OSB when the allocation of samples among different strata is
based on a joint consideration of the stratum size and the stratum variance. Table 5.6.1
shows the stratification points when the auxiliary variables are uniformly and
exponentially distributed with the assumption that the sampling cost per unit among
different strata is constant and size of the sample is fixed. However, Table 5.6.2 presents
both the OSB and the variance obtained by proposed method and other two existing
methods which include Singh and Sukhatme (1969) and Khan et al. (2005) methods.
From the table the variance of the proposed method is less than other two methods which
is followed by Khan et al. (2005) .Thus we can conclude here that proposed method is
preferable rather than the method developed by Singh and Sukhatme (1969) and
Khan et al. (2005) when the auxiliary variables are independent.

Similarly, Table 5.6.3 presents the OSB and the variances obtained through

proposed method and other two methods for the case of dependent auxiliary variables
under the Neyman allocation. Thus, we infer that while making two strata along X
variable and 3 along Z variable in this allocation the proposed method performs better
than Singh and Sukhatme (1969) and Khan et al. (2005).
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When the auxiliary variable X follows right triangular distribution defined in
closed interval [0,1] and Z follows gamma distribution defined in closed interval [0,6]
under Neyman allocation, then the OSB and variance so obtained in this case are
presented in Table 5.6.4 having 6 strata. The variance through the proposed method is
less than the variance obtained by Reddy et al. (2016) and the percent relative efficiency
comes out to be 162.77.

Table 5.6.5 shows the OSB and variances obtained by proposed method,
Khan et al. (2005) and Khan et al. (2014) when the auxiliary variable X and Z are
independent under the neyman allocation. From the table it can be concluded that the
proposed method performs better than the method developed by Khan et al. (2005) and
Khan et al. (2014).

Table 5.6.6 shows the stratification points while as Table 5.6.7 presents both the
OSB and variance obtained by using the proposed method and Khan et al. (2008,20014)
method in which percent relative efficiency is 332.82. Here it is to be concluded that
proposed method is more precise than Khan et al. (2008, 2014) under Neyman allocation
when the stratification variables are independent.

Under the sub heading of 5.7 several empirical studies have been done. Empirical
study 5.7.1 has been done when the auxiliary variable X has right triangular distribution
and Z has exponential distribution and the stratification points obtained in this case are
presented in Table 5.7.1.However, both OSB and variances are presented in Table 5.7.2
obtained using proposed method and Fonolahi and Khan (2014) under optimum
allocation for the case of independent auxiliary variables. The percent relative efficiency
comes out to be 321.62 which is clearly

indication of better performance of the proposed method over Fonolahi and Khan
(2014).While as for the case of dependent auxiliary variables having the same condition,
the OSB and variance is shown in Table 5.6.3.

Table 5.7.4 shows the stratification points when the auxiliary variables X and Z
are having uniform and standard normal distribution respectively when x is defined in
[0,1] and z in [0,4] and Table 5.7.5 presents both the OSB and variance obtained by
proposed method.

Table 5.7.6 presents OSB and variance having 2 strata along X variable and 3
along Z variable when the variable X follows right triangular distribution and Z follows
exponential distribution defined in [1,2] and [1,6] respectively while using the proposed

method under optimum allocation for the case of independent auxiliary variables.



CHAPTER 7
SUMMARY AND CONCLUSIONS

In sample surveys, stratification results in the reduction of the variance in sample
estimates. Optimum stratification is a technique of obtaining strata boundaries so that the
variance of a particular estimator is minimized for the type of allocation envisaged.
Dalenius (1950) first considered the problem of obtaining optimum strata boundaries
(OSB) for one study variable in case of stratified random sampling estimates by using
study variable for the purpose of stratification. Subsequently, this work was carried out by
several other research workers who considered an auxiliary variable closely related to
study variable as the basis of stratification. Singh and Sukhatme (1969) considered this
problem in more general form and gave various methods of finding approximately
optimum strata boundaries (AOSB).Ghosh (1963) considered the problem of optimum
stratification for two study variables, under proportional allocation, assuming
stratification variables as identical to the estimation variables under consideration. For
practical utility of this theory, it is desirable to stratify the population on the basis of some
auxiliary variables. The problem of construction optimum stratification for two study
variables based on auxiliary variable that follow respectively a uniform and a right-
triangular distribution has been discussed by Khan et al. (2014a).The problem of
determining the OSB has been formulated as NLPP ,which turned out to be multistage
decision problems and were solved using dynamic programming techniques. The
comparative study has been done on simulated data of two sets and the results were
obtained by cum\f method of Dalenius and Hodges (1959), geometric method by
Gunning and Horgan (2004),the generalized method of Lavallee and Hidiriglous (1988)
and proposed method, and it was found that construction of strata using auxiliary variable
for the populations with uniform and right-triangular distributions, leads to substantial

gains in precision of the estimates while using the proposed technique.

In the present investigation, we have considered the problem of optimum
stratification for one study variable Y, by taking two auxiliary variables X and Z as
stratification variables. During the present investigation it is assumed that the finite
population under consideration is a random sample from an infinite super population with

the same population characteristics. Further, priori knowledge of the forms of regression
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of Y on X and Z and also the form of the conditional variance functionsV (y|x,z) are

assumed. In the study we have assumed that regression of Y on X in the population is

given by Y=c(X,z)+e, where e is the error term such that
E(elxz)=0 and V(e|xz)=n(xz)>0 for all xe[ab] with (b—a)<c and
ze[c,d] with (d—c)<oo.The functions ¢ and 7of x and z are assumed to be

known. Under this regression model we have obtained sets of minimal equations giving
optimum points of stratification for different allocation methods. These equations are
explicit in nature and are very difficult to solve. Hence the methods of finding AOSB

have been proposed and a Cum$Dy(x,z) rule, where Dy(x,z)=my(x,z)f(x,z) has

been provided when the two auxiliary variables X and Z are dependent under optimum
allocation. Table 4.11.4 shows us the stratification points and the variance obtained by the

developed Cum?’/Dl(x, z) rule assuming the same number of strata. The percent relative
efficiency with respected to the method proposed by Singh and Sukhatme (1969) of the

proposed method comes out to be 268.85 which is sufficient indication of superiority of

the proposed method. Also, for the case of independence under optimum allocation
Cum3 Dy (x,z) rule, where Dy(x,z)=my(x)my(z)f(x)f(z) has been proposed to obtain
AOSB. Table 4.14.2 shows both the stratification points (x,,z,) as well the variance

obtained using Cum?’/Dz(x, z) Rule and method developed by Singh and Sukhatme

(1969).The percent relative efficiency comes out to be 190.47 in this case under the
optimum allocation when the two auxiliary variables are independent. The problem of
optimum stratification has also been discussed when we take stratum variances of the

estimators of the population characteristics into consideration and use proportional

2
allocation. In this case also, a Cum43/D3(x, z) rule, where D3(x,z)=c (x,z)f(x,z) has

been proposed to obtain AOSB when the auxiliary variables X and Z are dependent to

2 2
each other and Cum43/D4(x,z)ruIe, where Dy(x,z)=c (x)c (z)f(x)f(z) when

they are independent. While comparing the proposed method with the method proposed
by Singh (1974a) by computing percent relative efficiency that results in 268.21 which
indicates that the proposed method id more preferable. The results obtained through all

these proposed techniques under classical optimization techniques shows gain in
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precision over the conventional methods proposed by several authors like Singh (1971b),
Ekman (1959a).

Apart from the classical optimization technique, mathematical programming
technique has been used to obtain stratification points. Different techniques have been
proposed at different allocation methods The problem of determining the optimum strata
boundaries (OSB) has been redefined as the problem of determining optimum strata width
(OSW) and is formulated as a NLPP that seeks minimization of the variance of the
estimated population mean under different allocations subject to the constraint that the
sum of the widths of all the strata is equal to the range of the distribution. The formulated
NLPP turns out to be a multistage decision problem that was solved by dynamic
programming technique. The results obtained in Table 5.3.3concludes that proposed
method performs better than the methods developed by Dalenius and Hodges (1959)

cum,/f  method, Gumning and Horgan  (2004)  geometric  method,

Lavallee-Hidiroglou (1988) method using Kozak’s (2004) method as well as
Khan et al. (2008) mathematical programming approach. The proposed technique under
Proportional allocation leads to the substantial increase in precision while comparing with
the method proposed by Thomson (1973) under the independence of the two auxiliary

variables. However, Table 5.5.5 shows the OSB and variances obtained using proposed
method, Khan et al. (2005) and Cum$/D(x,z) Rule and it can be concluded that the

variance obtained by proposed method is less than the method obtained by
Khan et al. (2005) and Cum«3/D4(x, z) Rule too. Thus the proposed method is not only

preferable than Khan et al. (2005) but also rather than using classical optimization

technique (Cum /D4 (x, z) Rule).

However, through the computational results obtained through the proposed
method under the Neyman allocation when the two auxiliary variables are dependent the
variance is less than other existing methods like Singh and Sukhatme (1969) and
Khan et al. (2005) that shows us the impact of using two auxiliary variables rather than
single auxiliary variable as the basis of stratification. Also the variance obtained through
the proposed method is much less than the variance obtained by Khan et al. (2005) as
well as and Khan et al. (2014). Table 5.6.7 presents both the OSB and variance obtained
by using the proposed method and Khan et al. (2008, 2014) method in which percent
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relative efficiency is 332.82. Furthermore the method has been proposed under the
optimum allocation using mathematical programming approach and it is revealed from
the empirical study that percent relative efficiency of proposed method over Fonolahi
and Khan (2014) is 321.62.While comparing the methods obtained through classical
optimization approach with the methods proposed through mathematical programming
approach using the empirical studies, it is to be revealed that the approach of
mathematical programming shows substantial increase in precision rather than the

classical optimization technique.
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