REGRESSION METHOD WITH DUMMY VARIABLES IN
LINEAR MODELS FOR UNBALANCED DATA

RAM PRASAD GOSWAMIL

Thesis submitted to the Haryana Agricultural University in
partial fulfilment of the requirements for the degree of

i

DOCTOR OF PHILOSOPHY
in

STATISTIGCS

College of Basic Sciences and Humanities

Hissarx

1983



;*******************************%******

....................................

D EDITCATED

T o MY |

MOTHER SMT. DIWANO DEVI
IN MEMORY OF MY REVEREND FATHER
LATE SHRI LONG GIRI, WHO, BEING

A FARMER, ALWAYS INSPIRED ME FOR

HI GHER STUDIES.
FERAA S T H He e S T RN B Y SRR R

aKe k- e o e K ke ke ke e - ke ke - ke
% % - ke ke ke ke ke ke oke k- dolok- ke k- kK %

"

W

\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
.



CERTIFICAIE - I

This is to certify that this thesis entitled,
"Regression Method with Dummy Variables in Linear Models
for Unbalanced Data" submitted for the degree of Doctor
of Philosophy, in the subject of Statistics of the
Haryana Agricultural University, is a bonafide research
work carried out by Ram Prasad Goswami under my supervi-
sion and that no part of this thesis has been submitted

for any other degree,

The assistance and help received during the

courge of investigation have been fully acknowledged.

' 27/X/&
Dr,Umed Singh) 7>/,/ 3
Major Advisor.



CERTIFICATE - IL

This is to certify that the thesis entitled,
"Regression Method with Dummy Variables in Linear Models
for Unbalanced Data" submitted by Ram Prasad Goswami to
the Haryana Agricultural University in partial fulfilment
of the requirements for the degree of Doctor of Philosophy
in the subject of Statistics has been approved by the
Studentts Advisory Committee after an oral examination on

the same, in collaboration with an External Examiner,

e  RauStsl

. Méjor Advisor 5@/ Externallﬁﬁagﬁﬁﬁga

Head of '‘the Department

e

Dean,Post-Graduate Stugdies.



ACKNOWLEDGEMENT S

I wish to express my deep sense of profound gratitude
and affection to Dr,Umed Singh, Associate Professor of
Statistics, Haryana Agricultural University, Hissar and
Chairman of ﬁy advisory committee for his inspiring guidance,
invaluable counsel and persistent encouragement throughout

the investigation and preparation of this manuécript.

I am highly thankful to Dr,A.S.Arya, Associate
Professor of Statistics; Prof.J.B,Chowdhury, Dean,College
of Basic Sciences and Humanities; Dr,S.C.Chopra, Professor,
Department of Animal Bieeding; Dr,A.C,Gangwar, Head, Deptt.
of Agricultural Economics; members of my advisory committee;
for their benevolent help, valuable suggestions and construc-
tive criticism, My sincere thanks are also due to Dr,P,D,Puri,
Associate Pprofessor of Statistics for getting conducted my
preliminary examination (oral) and guided the work in the
absence of Dr,Umed Singh when he was abroad on foreign

assignment in U,S.A.

I am also thankful to Dr.I.J.Singh, Professor and Head,
Deptt.of Agricultural Economics; Dr.F.S.Chaudhary, pr.N,P.Singh,
pr.s.R.Chaudhary, pr,S.,S.Khirwar and Dr.R.N.Pandey,who always
boosted my morale and spirit to finish the research work as

early as possible,

continued...
\



(2)

Thanks are also due to Dr,0.P.Srivastava, Professor
and Head, Deptt.of Statistics,Haryana Agricultural University,
Hissar, for providing necessary research facilities in the
department, I express my thanks to Sarvashri K.C.Goel, S.D.
Batra and other staff for their help in programming and

data analysis.

I shall be failing in my,duty if I do not mention
continuous help, kind affection and persistance insistance
from Mrs.,Sudha Dahiya, What I owe to her is too precious
and I fail to find proper words at my command to express

feelings.

Most sincere thanks are due to my colleagues, friends,
both staff and students, in the Department of Animal Breeding,
for their cooperation and help, I wish my thanks to Shri J.C,

Malhotra for his secretarial help.

Last but not least I place on record my heartfelt
thanks to my sons, Anil, Arun and Amit for creating the
Congenial atmosphere for working at home. I fail to find
adequate words to express my affection and love to my wife

Mrs.Shakuntala for patience and understanding,

14

0 o

Hissar P. GOSWAMI)

Dated: 29q.x-9%-



CHAPTER

II

11I

IV

V1

VI1

VIII

IX

CONIENTS

DESCRIPTION

INTRODUCTION

REVIEW OF LITERATURE
LINEAR STATISTICAL MODELS
R( ) NOTATION

LINEAR HYPOTHESES
METHODS OF ANALYSIS OF

LINEAR MODELS

REGRESSION METHOD WITH
DUMMY VARIABLES

DISCUSSION

SUMMARY

BI BLIOGRAPHY

PAGE NO.
l - 8
9 - 26

27 - 41

42 - 68
69 - 8l

82 - 91

92 - 107

108 - 121

122 - 124
i - vi



CHAPTER = I

INTRODUCTION

In the analysis pf linear models for designed
experiments with balanced data (i.e., equal subclass
numbers), there is a general agreement on the appropriate
analysis of variance (ANOVA) table: or, stated differently
fhere is a general concensus on the hypothesis tested under
such headings as main effects and interaction, The analysis
of variance (ANOVA) has been used most frequently in sta-
tistical methods for nearly half a century. Inspite of
this popularity and great volume of literature available
- on this topic, one may find that still there is a disagree-
ment on the appropriate analysis of unbalanced data,although
all analysis are based on the statistically valid concepts
of least squares, There are two basic reasons for the
current controversy, first, the description of the linear
model on which the analysis is based and second,the variety
of computational methods which are used to perform the

analysis,

Attempts at analyzing designs with Unequal subclass
numbers are generally based on the extensions of the
methods for balanced data, In fact, the situation should

have been ®pposite, Designs with unbalanced data have



their own analysis of variance techniques and those for
balanced data are merely special cases of the techniques
for unbalanced data. There are number of possible ways

of generalizing the balanced analysis. Unfortunately,

they do not, in general, lead to unique results. The
articie, by Pr;ncis (1973) compared the results of four
computer programmes and discussed the rationale for

making a choice. All programmes yielded different results,
He concluded that programme BMDiOV (BMD X 64) (Dixon,1970),
provided the most suitable analysis out of four computer
programmes. This lack of agreement between the different
analysis has led to much confusion and prompted a number

of articles by various workers in the recent statistical

literature,.

Kutner (1974) related various sum of squares
obtained by a number of computer programmes to the corres-
ponding linear hypothesis being tested about the stated

model.

The R( ) notation or reduction in sum of squares
has been uséd by several workers as an aid in calculating
the various entries in the analysis of variance table.
While there is only one R( ), there are two different
and distinct ways, First technique is to apply the R( )
to the non-full rank model (Searle, 1971, 1972). The



another technique used by Harvey (l968), Overall and
Klett (1972) and Carlson and Timm (1974) is to apply the
R( ) to the reparametrized full rank model. Two forms
of linear models were used viz., the classified fixed
4 effectsp-mdel%éell means or P-model. In general non-

full rank, fixed effect p -model can be defined as:

Y=Xpte (1.1)
where Y is an nxl vector of observations, e is an nxl
vector of errors which are assumed normally independently
distributed with mean vector g and variance O'LLP » B is
a pxl vector of unknown parameters and X is a nxp design
matrix of rank q / p. The elements of X are assumed to
be known and are either zero or one. The analysis of
such linear models including point and interval estimation
and test of hypothesis is well known in case of balanced
data. The analysis of B -model focuses on inferences about
P with particular emphasis on test of linear hypothesis,
The analysis of such linear models for unbalanced data,
€.9., unequal cell numbers, njjo is not well understood
since this model is overparametrized that is if q /p then
there are only q independent parameters. As a consequence,
the individual parameters have no meaning, This overpara-
metrization allows for the imposition of non-estimable

condition on®., Inf -model, we review often confusing



concepts of estimable conditions, testable hypothesis,

reparametrization and interpretation of the parameters,

The non-estimable conditions

KB =o e e | (1.2)
are imposed to solve the model (l.l). Here K has rank -
(p-g) and rows of K are not in the row space of X. The
choice of particular K gives meaning to the components of
B and allows for the interpretation of the hypothesis
about B ., Unfortunately, the choice of K often makes the
interpretation difficult with the result that there is

much confugion as to the meaning of certain hypothesis,

Another basic model is cell means of’F-model which
is an alternative form of the model (l.l1). Expressing the

model in matrix form analogous to (l.l), the model is

Y=Hpu+e C . (1.3)

subject to the.condition

= . 1.
Gp Q . . P( 4)
z

where Y is an nxl vector.of observations (n = £ n.) and

_ 2
e is vector of errors which is—~ N (0, ¢ .I_n). ]1 is a
pxl vector of means Pi’ i=1,2, ¢.00 P COrrGSponding to

the populations sampled, W = Diag (dni), where Jni is the

vector of n. ones indicating the number of cbservations on

i
the iR population (ith cell) or W is a matrix of ones and



zeros such that each row of W has only onefggd each column
has as many ones as there are observations from the corres-
ponding populations, The matrix G is a known gxp matrix
of rank q and defines assumed llnear relations among means.
It is emphasized that actually (l.4) represents assumptions
made about the means of the populations sampled as opposed
to conditions imposed on the parameters in model (l.l) to
achieve full rank, Here the concept of constrained and

unconstrained model is introduced.

Consider the two way classification model

k = Miz ¥ eijk - e . (L.6)
where i = 1,2, cee ,8, § = 1,2, ...,b
and k = 1,2 cee 'nij

The general condition is
/ / = . ® L] 107
"Fij' Flg *F (1.7)
for all i, 1, j and J, H is a vector of}u . of length ab
The constraints in equation (1.7) are linearly independent
and can be easily reduced to a set of (a-1) (b-1) linearly

independent constraints.

The constrained and unconstrained models should be
clearly spelled out, The constraints are assumed to be
known linear relationship among the means based on the

research workers knowledge of the experimental situation,



Suppose 1n a two way table that Mi1 =[P12 = Pi3- A common
constraint is that there is no interaction. 1In this case
when ng; =n, the estimates of'pij =Yy o+ Y.j - Y as

opposed to ?ij' It should be noted that such constraints
are based on the prior knowledge rather than being a

consequence of the data.

Most linear models can also be alternatively consi-
dered in third type of model, called regression model,
This can be done by defining apperriate dummy variables
in a regression.. model. A regression formulation often
is desirable, if not mandatory when dealing with unbalanced
data involving two or more factors. The general regression

formulation corresponding to the over-parametrized model

Yisk = M +oh+ﬁ + YJ +e&J,,, X is
. g b-1
= £ z (v“ 4. : . . * .
Y F+E’0(AX+Z'/3 d+§’f,1dxzj+e (1.8)

where M, o, fﬁ and Y;; are regression coefficients,
~ and x4 and zy are appropriately defined dummy variables,
Here three coding schemes for the dummy variables in the

general regression model (1,8) are defined.

Scheme A. Define

1 for level i of the row factor
X. = -1 for level a of the row factor

O otherwise.



1l for level j of the column factor

z; = |=1 for level b of the column factor:

O otherwise.

Scheme B, Define

[l for level (i + 1) of the row factor

* O otherwise
and
[l for level (j + 1) of the column factor
Ze =
J O otherwise

Scheme C. Define

'na for the level i of the row factor

Xy = -n, for the level a of the row factor

O otherwise

and

n for level j of the column factor

z3 = |=-n 3 for level b of the column factor

O otherwise
where i = 1,2 ... (a-1) and § = 1,2,... SAb=1).

The present study has been undertaken to investigate
the analysis of unbalanced data through regression on

dummy variables, calculating various Teduction in sum



of squakxes and testing of various hypotheses associated
with the sum of squares. It will be shown that various
regression on dummy variable approach are not identical
for the purpose of testing hypothesis and that one is not
a special case of the others., In this study, these pro-
cedures will be sorted out with respect to where they
agree and where they disagrée and relate the associated
sum of sduares to the linear hypotheses being tested. A
unified regfession approach has been developed which yields
analysis of variance techniques as a special case of the
techniques for unbalanced data., This approach will remove
many prevailing sources of confusions, The present inves-

tigation was undertaken to fulfil the following objectives;

i, to‘prOpose appropriate regression method of

analysis of linear models for unbalanced data,

ii, to propose an appropriate index for the measure
of extent of non-orthogonality present in the

data, and

iii. to work out analysis procedure based on
regression approach for unbalanced data

including zero cell frequency.

o



CHAPTER - II
REVIEW OF LITERATURE

The main objegtive of this work is to investigate
the procedure of analysis of unbalanced data through the
Tegression on dummy variables which will remove many pre-
Vailing confusionsin testing of a particular hypothesis.
Great volume of research work has been carried out by
several workers on the analysis of balanced data. But in
the applied field of research, there are many situations
where the cell.frequency is not same or equal. Even some
times the observations are subject to loss or damage and
zero cell frequency is there., The statistical technique
for analysing this type of data called unbalanced or non-
orthogonal data is quite different from Qpe technique of
balanced data. The relevant literature was reviewed under
the following heads:

1, Methods of estimation

2. Testing of hypothesis

3. Computer programming.

Yates (1934) described two methods of analysis of
variance to estimate the effects of different factor;}
(i) method of fitting constants and (ii) method of weighted

squares of means when there is only one fold classification,
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He found that both the methods of estimation yielded

identical results in case of balanced data.

Nair (1941) diséussed only one method of analysis
i.e, method of fitting constants in case of non-orthogonal
data arranged into two fold classification. He e§timated
the main effects of; and F% on the assumption that two‘
attributes exert their influence independently on each
otherf, The problem of testing the significance between
any two treatment effects has also been discussed along

with their standard error.

Crump (1946) aim was to discuss the usesof analysis
of variance and to estimate the various components of
variance, The first use is that if an observed statistical
variate i.,e.,, the plot yield of varietal experiment, is
assumed to be the sum of several separate effects, the
variance of each effect will contribute to the total vari-
ance. The second use of analysis of variance provides
estimates of these several variance components. This was
the purpose to discuss the hypothesis appropriate to the
two uses of analysis of variance and explain its uses to

estimate variance components.

Smith (1951) described inthis paper that analysis

of variance table provided the solution to two or more
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problemSrelating fo the estimatémas: (i) to detect and
estimate the components of variance in a composite popu-
lation and (ii) to detect and evaluate the significance
of difference among means of subsets when cell frequency
are unequal but proportionate to their marginal totals,

still additive property of sum of squares holds.

Federer (1957) classified the variance covariance
analysis in three categories,case I, when interaction was
absent and analysis was being done as a method of fitting
Constants, Case II when interaction present and analysis
was carried out assuming the fixed effects model using the
technique of weighted squares of means and case III when
interaction was present and the interaction effect and at
least one of the effect, main effects of the factors
represented in the interaction, assumed to be tandom effects.
The statistical procedures for the three cases had been
derived for two way and three way classification. The
procedure for g-way classification with b covariate was

indicated,

Raut (1960) defined\a type of design called genera-
lized nonorthogonal design, A method of intrablock analysis
has been described together with involving a method for
obtaining estimates of treatmenté using block totals. Most

of the existing incomplete block designs comes out as a
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particular case of this design,

The optimum properties of the popular estimates
of the intra class variance in components of variance
models are known if there are equal number of observations
in the class. Read (196l) showed in its contrast that
unbiased quadratic estimates having uniformly minimum
variance do not exist if the design is not balanced. The
sampling variance of the general unbiased quadratic esti-
mate is given for a single classification assuming the

components have normal distribution,

Federer (1963) studied to determine what information
on the source of variation for a three way classification
analysis of variance can be extracted from nested and two
way classification analysis of variance. The case of
unequal number of observations in the subclass was also
considered, Although various analysis of variance pro-
duced variation and diffe;ent sum of squares, it was not
possible to extract all the information via, the analysis
considered in this investigation. Thus if all the sum of
squares for a higher way classification amalysis of vari-
ance were desired, it would be necessary to perform the
complete analysis, The purpose of this paper was to set
forth the various quantities obtained from these analysis.

Although the results were confined to a three way classi-
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fication, extension to four way and higher way classifi-

cation is straight forward.

Pearce (l963) investigated that nonorthogonal
designs can usefully be classified to the pattern of
matrix o where <2 is the variance covariance
matrix of the estimates of the treatment parémeter. The
pattern of <X determined the method of analysis and
that of £2 , the potential uses of designs Some broad
classes were suggested which cover most block design and
some other useful designs were considered in relation to
the proposed classification. Attention was paid to row

and column design also.

Mielke and Mchugh (1965) described that analysis
of variance of the data in cross classifications with
unequal subclass numbers, that are diSproportionate,caUSed’
complexities which were not found in case of equal or
proportionate subclass frequencies. A design, model and
analysis of variance were presented appropTiate to the
estimation of treatment effects in this situation, as
encumbered by two additional features, i.e. (i) a mixed
effects model rather than a random or fixed effects model,
'.(ii) a finite random effect population rather than finite.

A numerical example was also taken to illustrate the
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application of the theory.

Draper and Smith (1966) discussed the Tregression
on dummy variables but at an introductory level. Federer
and Zelen (1966) revealed that the sum of dquares in the
general unequal numbers analysis of variance for n-way or
n factor-classification might be obtained from standard
Tegression theory. It was felt that when number of factors
were large, computing formula using normal equation became
very cumbersome and difficult for solving. 1In this paper,
the authors were able to set forth relatively simple compu-
tational procedures for obtaining sums of squares in ana-
lysis of variance for any effect eliminating all other
effects,

Harvey (L968) discussed various methods of estimation
in case of unequal subclass numbers using least squaie
analysis or fitting constants method in one way, two way
and heirarchial data for non-full rank and reparamaterized
full rank model.

Overall and Spiegel (1969) presented three methods
of analysis of the model which might be appropriate under
different circumstances as follows:

Method 1; Complete least squareS:; This method completely
resembles with the method of weighted squares

of means.
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Method 2: Experimental design method:;- This method is

almost equal to the method of fitting constants.

Method 3; A priori ordering method:- It is a special case

of fitting constants method.

Rees (1969) discussed the analysis of variance of
some experimental design in which there may be several
levels of splitting of plots and where treatments at any
level may be non-orthogonal to blocks. The construction
of designs based on Kronecker product method as used by
Kurkizon and Zelan (1962) is discussed. The method of
analysis by Nelder (1965, a, b) is also outlined.

Searle (1970) obtained a general expression for the
elements of information matrix of maximum likelihood esti-
mators of variance components derived from uhbalanced data
of any mixed model. This general expression is used to
obtain explicit result for two way nested classification
in random model. Searle (L971) discussed the general
procedures of estimation and testing of hypotheses for
linear statistical models and showed their application
for unbalanced data (i.e., unequal subclass numbers data)
to ascertain specific models often arised in research and
survey work., The main objective was to describe the linear

models techniques for analysing unbalanced data. The case
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of nonfull rank model and reparametrized full rank model
both are described utilizing generalized inverse matrix
and giving a verified procedure for testing any testable

linear hypothesis,

Overall and Klett (1972) described the regression
theory to apply the R( ) notation to the reparametrized

full rank model in multivariate analysis.

Hartwell anleayler (1973) objective was to examine
the method of unweighted means with regard to estimating
the variance components in two way classification with
unbalanced observation (with one or more cell have no
observation, zero cell frequency). Two prqcedures M and
M based upon unweighted means were developed to estimate
the variance components by (i) estimating observations for
the missing cells, (ii) by computing mean squares by the
method of unweighted mean and (iii) equate these mean
squares to their expectation and solving for variance

components,

Federer and Paik (1974) solved four pIoblems asso-
ciated with the use of Zelen's calculds of factorial in
the statistical analysis of nonorthogonal n-way classifi-
cation data. These were the situations for which (i) some

effect parameters are equated to zero, (ii) sgme subclass
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contains no observations, (iii) experimental values of

mean square under fixed, mixed and random model are desired,
(iv) the expected value of sum of squares for single degree's
of freedom contrast or of several single degree of freedom
contrast., The various analysis are first described for
non-orthogonal two way classification and generalised to
n-way classification. 1In order to make a unified approach
to the four problems, authors made use of vector of subclass
means and of an orthogonal transformation of the levels of
any given factor into single degree of freedom contrast
which allowed to relate the concept of fractional replica-
tion from complete factorial to any n-way classification
with missing subclass to illustrate the bias of the esti-

mate of effect parameters through the aliasis matrix.

The key feature of Neter and Wagerman (1974) was

its unified appToach to the application of linear statis-
tical models in regression analysis of variance and experi-
mental design., They discussed about the indicator variable
Covering both dependent and independent indicator variables.
Computrized selection procedures for obtaining a best get
of indépendent variables was described. A wide variety of
case examples were presented both to illustrate the great
diversity of application of linear statistical models and

to show how to choose the analysis procedures for different
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problems.

Hocking and Speed (1975) in their article compared
non-full rank model vs full rank model by considering many
examples, They observed that although nonfull iank model
had certain appeal in terms of describing the experiment,
it had led to considerable confusion in the analysis. In
Teparametrized full rank model, many confusions had been
eliminated, particularly in the areas of hypothesis test-
ing, Scientist user can have the hypothesis of his own
interest in a simple manner. Authors concluded that ana-
lysis through reparametrized full rank model would remove
much of the confusions in the teaching of applied statis-
tics and hence provided a better understanding among data
analysis, The case of nj; =0 in cell frequencies was

also discussed by illustrating the example and tested

different hypothesis.

Searle (1976) defined as ‘messy data', when each
sub most cell'of the classification did not have the same
number of obgervations which included the possibility of
the cells might have no data at all which might be called
unbalanced, nonerthogonal or unequal subclass numbers data
including the possibility of empty cells. Author had

discussed the procedure for calculating the R( ) notation
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for R(p), R(%X/p), R(B/p, ), R(Y/p, s 4 ) and R(P) etc.

in two way classification model. Two different methods
have been described where one is correct method and another
is incorrect. The difference between these procedure was
that the principle of calculating R(b) from a model conta-
ining é was violated. The method of Yates weighted squares

of means was also described.

Speed and Hocking (1976) used R( ) notation to
define R(B) and R(E) as an aid for calculating various
entries in the ANOQA table. In this article authors tried
to emphasize the difference between two procedures i,e.
nonfull rank model and second reparametrized full rank
model, Both the methods are not identical and one is not
a special case of the other, Some illustration were used
where these methods agree and where disagree. When R(p_)
was given, the procedure used must be indicated and the
non-estimable conditions used should also be indicated if
Teparametrized full rank model was used. The R( ) nota-
tion should not be used to dictate what hypotheses are to
be tested, but once the hypotheses to be tested were
decided upon, it might be used to obtain the appropriate
sum of squares. In addition the paper considered a number
of related points i.e,, R( ) notation did not indicate the

actual hypotheses being tested and in the light of thisg
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point many authors were misinterpreting what is being tested.

Rao's (1946) main aim was to bring out the generality
of the method of least squares of which all tests of linear
hypothesis came out as a special case. A unified approach
to the problem of testing of linear hypothesis involved in
a variety of cases had been put forward. As an applicatioh
of this method for appropriate linear hypothesis and the
analysis of variance and covariance in bioldgical experi-
ments had been considered and general theory of statistiéal

regression was discussed.

Graybil (1961) discussed the statistical concept
and testing of various hypothesis for those workers who
do not have much mathematical background. The author was
concerned only with the mathematical treatment of statis-
tical models and no attempt was ﬁade\to justify any model
for a given real world situation, Throughout the study
emphasis was made on the power of the test and on the calcu-

lation of width of the confidence interval.

Elston and Bush (1964) described the sum of squares
appropriate for testing the main effects depending upon
how these main effects were defined when interaction was
assumed in the model. Some times in a model all the para-

meters were not defined but it was still possible to test
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certain hypothesis. In this paper it was pointed what
hypothesis about the main effects could be tested to
suggest a method for programming on a computer to obtain
sum of squares appropriate for testing any testable hypo-
thesis in case of nonorthogonal data. Model 1 of analysis
of variance in which all effects were fixed except P, in

two way classification was considered in detail,

Gosslac and Lucas (1965) studied the disturbance
to the level of significance of additive sum of squares
method of analysis in disproportionate data for several
patterns of subclass numbers in two way classification.
These methods yielded too many significant result for
main effects under the null hypothesis, although this
disturbance was judged to be moderate for the method of
unweighted means, Factors to remove the bias in the
method of expected subclass numbers were given in the
article., A procedure for computing the power of exact
method similar to the computation for equal sub class
numbers and approximate procedure for determining the

power of the method of unweighted means were described,

Ballas and Webester (1966) illustrated in their
article, the effect of non-independent numerator on 'F!
test in an analysis of variance. Symmetrical balanced

incomplete block designs were considered with blocks as
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random effect and no interaction. The joint density of
adjusted sum of squares was determined under the null

hypothesis of no treatment effect.

Carlson and Timm (1974) did link a discussion of
the method to the hypothesis being tested but other
offering heuristic interpretation and abstract rationali-
zation, only added to the confusion, They used method 2
to apply the R( ) notation to the reparametrized full

rank model.,

Kutner (1974) related various sum of squares obta-
ined by a number of computer programmesto the correspond-
ing linear hypothesis being tested about the stated model.
These articles were followed by some comments by Nelder
(L974) in which he indicated that experiments with unbalan-
 ced data are least understood of the data structure and
that the associated analysis was the worst taught in sta-
tistics courses. He appealed to the statistician to

return to the analysis advocated by Yates (1934),

Hocking's et al. (1978) purpose was to describe the
hypothesis commonly tested in linear models with unbalanced
data including the case of zero cell frequency. The
intention was to demonstrate the hypothesis under test

when standard computer routines are applied to some of
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the common models, The analysis were urged to study
these hypothesis to see if they were reasonable before
submitting the data for evaluation. Ideally the computer
programmes being used should be sufficiently flexible to
allow the specification of any linear hypothesis rather
than restricting to user to one or more of those cited
here,  Clearly which placed a burden on the proportions
of programmes but if the alternative was testing of inapp-
Topriate hypothesis, it seemed that additional effort was
Justifijed. In this paper, the hypothesis associated with
the R( ) notation for general sets of conditions were
discussed in terms of means of the observed populations.
The discussion was restricted to two way model. Examples

were included to illustrate the hypothesis tested with

missing cells.

The objective of Speed et al, (1978) was to review
existing methods for analyzing experimental design models
with unbalanced data and to relate them to existing computer
programmes., The methods were distinguished by the hybothe-
sisrassociated with the sum of squares which were generated.
The choice of method should be based on the appropriateness
of the hypothesis rather than computational convenience of
the orthogonality 6f the quadratic forms. The sum of

squares were described by using R( ) notation as applied
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to the overparametrized linear model but the hypotheses
are stated in terms of the full rank cell means model,
Hypothesis H, and Hg seemed to be reasonable measure of
main effects, measuring the effect of one factor when
averaged over the other factors., In the presence of
significant interaction, these hypothesis might not be

of general interest and more specialized hypothesis might

be considered.

Raot's (1955) aim was to provide some general
computational techniques required in the analysis of
multiple classified data when there were unequal numbers
in the cells and when there were more than one character
under study., Tests in the analysis of dispersion were
obtained by a generalization of the corresponding tests
in the analysis of variance applied to a single variable.
This technique due to Fisher (1939) consisted in replacing
the multiple variables by a linear compound for which
variance ratio test was constructed. The compounding

coefficients were chosen to maximise the ratio.

Freeman and Jeffers (1962) considered various
methods of estimating means and standard errors for non-
orthogonal data designs from the point of view of their

generality and suitability for computer programming. The



25

use of variance covariance matrix was shown to have a
number of advantages and method was described for design
with two or three way classification. The method of ana-
lysis for three way classification, no two of which were
orthogonal was new, Programmes had been written for the
Ferrentic Regasus Computer for two and three way classi-
‘fication. All analysis of nonorthogonal designs had some
Common features. They observed that treatment means needed
some adjustment to take account of the lack of orthogona-
lity,

Francis (1973) compared several canned programmes
to perform routine analysis of variance in two way facto-
rial design with unequal number of observations in the
cells and discussed the rationale for making a choice.
When several widely available canned computer programme
were used to perform a routine analysis of variance, the
results were found misleading or some time completely wrong,
Out of four computer programmes BMD 10 V (BMD x 64) (DIXON,
1970) 9 Biomed series proved to be accurate, unambiguous
Versatile, well documented, statistically attractive,
efficient and inexpensive.

Hammerle (1974) developed a method for computing

an exact non-orthogonal analysis of variance using cell

means, This was accomplished without forming or using
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{
computer storage for matrix Xo or XoXo or an orthogonal

transformation of Xo where Xo is nxp nonprthogonal design
matrix. This method was found a convergent iterative
method which utilizes balanced analysis of variance esti-
mates and residuals iteratively in solving the relevant
normal equations and conducting test of hypothesis. A
monotonocity property of the method was derived to mini-
mise iteration for nonsignificant factors interaction in‘
hypothesis testing, A nonbrthogonal analysis of variance
for a fixed effects model might be computed by applying
Tegression technique to indicator variables. Kuther(l974)
Telated the sum of squares obtained by a number of computer
programmes to the corresponding linear hypothesis being
tested about the stated model. Golhar and Skillings(1976)
did link a discussion of the methods to the hypothesis
being tested, but others offering heuristic interpreta-

tions and abstract rationalizations only added to the

confusion.
Under the present investigation various regression

methoas with dummy variables will be undertaken for unbalan-
ced data using three coding schemes. A unified regression -
approach will be developed which gives analysis of variance
as a special case of the techniques for unbalanced data.
This will remove many prevailing confusions., The measure of

extent of non-orthogonality will also be studied.



CHAPTER - 1I

b =Y

LINEAR STATISTICAL MODELS

In any analysis of variance it is very essential
that the mathematical model underlying the analysis and
the assumptions made in using the model should be well
defined, The analysis of such linear models is well
known and supported by rigorous mathematical theory by
several workers e,g, Graybil (196l1), Carlson and Timm
(1984), Harvey (1968), Searle (1971, 1972) and Overall
and Klett (1972). Here we are not making any contribu-
tion to theory but our attemptistofill up some apparent
gaps between theory and practice., In this chapter we
will describe and discuss various linear statistical models
which are commonly used and are generally useful to describe

the experimental situations, Two types of linear models

are discussed:

1. Classified fixed effects f-model
2. Cell means model or F—model.

3.1 Classified Fixed Effectsp-Model

The classified fixed effects P-model is defined as
X = .).(. E + _e- . . ° (3.l)

where
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Y 1is an nxl vector of observations

€ 1is an nxl vector of random errors.

which are assumed to be independent and are distributed

normally with mean vector O and variance 025

P'is a pxl vector of unknown parameters
Sot &= ( ,5-]., &)ooo )ﬁp)
X is an nxp design matrix of rank q
where q / p. The elements of X matrix
are assumed to be known and aré either O's or

onhe's,

3.1.1 Algebraic form of the B-model

It will be interesting to spell out several

different models in algebraic form to emphasize the simp-
licity of [5-model.

(a) The one way classification

In one way classification, the model is

Yig =P+ % * ey

L= 1,2 ,a

i = 1, 2, ... )04

where p is the overall population mean when equal
frequencies exist among the classes of the

factors.,



29

«;  1is the effect of the i‘h

level of the
factor A expressed as a deviation from

the overall mean Ms

Yij is the jth observation in the ith level
of A class,.
eij is the random error assumed to be
2

independent and distributed N (0, ¢7).

(b) Two way classification model with interaction

The general linear mathematical model for two way

classification with interaction is

Yijk = p+ di + /33 + Yi' + €335k
i' - l’ 2’ s e ,a

= l, 27 oo e ) 7 b
k = O, -l-’ 2, LR )nij

where, P and o; are same as above.

]\3 effect of jth level of factor B expressed as

the deviation from the population mean M

ng the interaction effect of jth level of
factor 8 and ith level of factor A or
effect of the ij'" AB subclass, after
effects of factor A and factor B have

been removed.,
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e. Trandom errors assumed to be «~ NID (O, <r2)

ijk
The mathematical model is same regardless whether
the o; and/or ﬁﬁ are fixed or random effects. If both
are fixed, the interaction effect are also fixed, When
all effects except p are fixed, the model is referred to
a Model I of Eisenhart or the fixed effects model and if
all the effects except P, are random, it is referred to
Model II of Eisenhart or the random model. The model is
regarded as mixed model when one set of effects either
oL ts ‘or %'s is fixed and other is random. In the mixed

i
model, interaction effects are random effects.

(c) Two way classification without interaction

The mathematical linear model is as follows:

n

Y55k Moy B te; gy

i = l, 2, cone sa |
= l) 2) eae e )b
k- = O’ ‘]" 2) seece )nij

All notations are same as described in (b).

(d) The two fold nested design

Although there are many specific designs for which

linear mathematical models are standard, but it may differ
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considerably from the standard models for a given set
of data. Most of the animal breeding data with dispro-
portionate class numbers are classified in two more
nested classification. The specific model for nested

design is;

Yisp = P ¥yt Yy toeisy
i = 1,2, .... ,a

j = l’ 2, * ® 8 0 ,‘bi
k = l’ 2} ss e e )Dij

All the effects follow the same notations as above
except Y;; effect which is the effect of 5% Jevel of
factor B within ith level of factor/class A. This model

does not include a term for the interaction,

3.1.2 Features of the jB-model

The essential features of the B -model are defined
as follows;
i) The parameters in the pa-model are not clearly
understood and in fact, these are not uniquely defined
without additional information.

ii) ALl linear functions of E_are not estimable. The

concept of estimability is often misunderstood.
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iii) Estimation of estimable functions is usually
achieved by imposing nonestimable conditions or restric-
tions on the parameters which gives the source of confu-
sionh in the statistical design with unequal cell frequen-
cies,

iv) Oonly hypothesis on estimable functions of /3 make

any sense,

v) The hypothesis are oftenly not'clearly stated or

if stated, not easy to understand.

3.1.3 Analysis of the B -model

SUppose the f -model is

Y

Y Xpte

with usual notations as defined earlier.

The reduction in sum of squares due to fitting
such a model (e~.ii.:= by least square method under normality
assumption) is

A !

R(P) = BXY .« o o (3.1)

- / /
where ﬁ = gt XY and § = (X X)

S.S.Error = Total S.S. - R (&) ".‘-‘ A SQSOE.)

ANOVA Table
Source of variation ' d.f, S.S. M.S. 'F!
Due to Reg.(Fitting p-1 R(P) MSH  MSH
constants) MSE
Error N-p SEEL. MSE

Total Nel
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M.S.H., due to hypothesis is tested against M.S.E.
by usual 'F* test with (p-1), and (N-p) degree of freedom,

3.2 Cell means model or p-model

In p-model it is assumed that the observations
have been taken on each of the p normal populations
(p cells) with the same variance ¢2 and, Mi» different
cell means, These means be linearly related. Symboli-

cally p-model can be described as follows:-

Y = _Vi E + e . . ) ' (3'20-]-)
subject to the restriction.

Gpu= 0 e o (3.2,.2)

where,

Y is an nxl vector of all observation in all

p
cells S.t, n= 2 n
L2

i.
4§xl is the pxl vector of cell means where
pard o= L2, .. jp
corresponding to the p populations sampled,
%Xp is a diagonal matrix of Jyi, 1 =1, 2,..., p

’ t
where J,i 1s a vector of Ny S oNe's indicating
the number of observations in the ith popula-

tions,
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e L is a random error which is distributed
nx
independently and normally with mean

. 2
vector 0 and common variance ¢ ¢ 1,

is the matrix of order qgxp with rank g

Lla

and represents-known linear relations

about the cell means.

These restrictions defined by %ﬁ_= 0 may not be
always present. In general the assumption of no interac-
tion in the model is assumed. For illustration, the res-
tricted full rank model, two way classification without

interaction can be written as

Yisk = Piz *Cisk BRI (3.2.3)
subject to the restriction
/ / V-
’Jij - Fij - Fij +I‘lj = Q0 . . . (3.2.4)
where
i = l" 2) ) )a

= 1, 2, cees ,b
k = 0,1,2, ... RUR
The condition in equation (3.2.4) repTresents assumption
about the means Fij which is based on the experience and

knowledge of the research worker., Several authors e.g.

Searle (1971) and Neter and WasseTman (L974) have discussed
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the full rank model but only in the restricted caée that

is the model

(3.2.1) without the restriction (3.2,2),

3.2,1 Algebraic form of the<y-model

The F_model can be defined in several familiar

forms.

(a) The one way classification model

Yij

where,

ij

= Pi* &y
i= 1,2 ... ,a
i = 1,72, R
th

is the j~ observation in the ith popula-
tion and are assumed to be independently
normally distributed with mean M, and
common variance <72 and that an estimate
of ¢2 can be obtained by pooling together

all single degrees of freedom from each

cell i.e,

a 'h; a
A2 o Z Y -
4 £z E' (Yij Yi') 4§( ! 1)

. .th
is the mean response on the 1™ population

denote the number of observationsin the ith

population
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ej5 1is the independent random error — as

N (0, & 2)

(b) Two way classification model with interaction

The model can be defined as

Yisk = Pij * Cijk
| i= 1, 2, seee ,Q

j o= 1,2, ... ,b

k = 0, 1, 2, ceoe ’nij
where .
Yijk = kth Sbgeroalmmon the (i, j)th
: treatment combination

th

Mean response on the (i, Jj)
treatment combination

-~
|.!-
(2N
!

e, = random independent error distributed
as N(O, 6‘2).

(c) Two way classification model without interaction

The linear model c¢an be defined as

Yisk = Piz ¥ oesisx
i = l’ 2) EX) )a
= l, 2; EE ,b
k = O’ l’ 2; o0 e )nij
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such that

- l- /4 t/ = 0
Piz = Pis = Pig ¥ Py
All notation are same as in (b).

(d) Two fold nested model

The linear model is as follows:
Yijk = Pig *t ik
i = -]-’ 2) LI ,a
j= l,.2, e e e ,b

k= l’2) LI I ,nij

th

Here Pij is the mean response of j~  level

h

rbf factor B within the it level of factor A.

3.2.2 Features of the;y-model

i) ~It is conceptually easy to understand, The para-
meters, namely, the cell means, are meaningful and easy
to interpret.

ii) There is no problem with the concept of estimabi-
lity., Any cell mean can be estimated if that population
is observed. In addition, if the model is constrained,
we may be able to obtain estimates even if the population

is not directly obgerved,

iii)  Any linear hypothesis on the observed cell means

can be tested.



38

3.2.3. The analysis of u-model
|

i) Constrained case

Let us suppose the p-model is
Y=Wpte
s‘.t.‘gﬁ = 0
With all notations and symbols as used eailier.
The anal?sis of the F-model follows from classical linear
model theory and is simple. On the same principle, the

minimum variance unbiased estimate-of/g is

1>

ﬁ = wlwytwy ... (3.2.3.1)

where

A=1- (W'W)'l 6’ G(W/W)"l Gl ]'lG eee. (3.2.3,2)
and ) R _14“,"2

Var (p) = A(WW)™ Ac

Also F'uﬁ NID ( p, Qaiﬂ(ﬁ )) ‘Further an unbiased estimate
of 0'2 is given by

/
(X - WA)  (y-ug) o-pe2
? . g / / 1

= Y [i-w A (WIW)'l A W ~] Y / n-p+s(3.2.3.3)
SR BN . :

A
0_2 — I‘ n-p+s,

6'2

2
o

and

ii) Unconstrained case

When G = Q
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In this case A = 1l and
A { - ' .
/) = (w w) 1 E‘. Y . o . (3.2.3.4)
o i th"‘v‘.t ‘f 1 5 ‘—‘ |
# is e vector of sample meane e.g./ui‘_j = Yij.
iii) Test of hypothesis
For testing linear hypothesis on the vector ’.x
of the form
Ho: Hp Q Vs
Hp: Hp £ 0
where H 1is of gxp of rank q, the appropriate
test statistic is
H .
F = SS - ° o ° (3020305)
A2
~q 0‘

where, SSH is given by
ol
/

- , A
SSH = (g,a_) CHA (W W)'l AH. ] HE .-.(3.2.3.5)
It is noted that SSI-I is a non—central X2 A
where 2 5'?\ = (1_-1,__!) [_ (W W)"l A' W ) 'lHP Further
A - .
SSH and 0“2 are independent Hence the 'F‘ ratio in

(3.2.3.9) is distributed as Pq n-p+s, A
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3.2 Comparison betweenp -model and p-medel
1 i)
The cell means model is not new and is actually
often used as the basis forp -model.
Y = XBte

Let X is the order of nxk and its rank ish / k.

Formally the relation between the two models can be defined

asé
Lop ot e
ii, X = Wp
iii, Gp= O

iv. Rank (G) = p-k

and p are the number of population sampled. .

We may write the following examples inpf -model

equivalents to the relation /_1 = pF, . The relations are

as follows:
one way classification

ioopg = P

ii. Pis = rj ;o(i + Pj two way classification
i g e P+ g B Slassitication
iv. Pis = P + °(i _,_ Yij two way nested,

To summarise, this discussion is not intended to
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conclude that I.x-model is now "in" and the ﬁ-model is
"out". Indeed we feel thaf both are useful. It does
appear that the p-model is conceptually simpler and
particularly useful in consulting, The p -model has

some aépeal since it serves to describe the nature of

the experiment. The p -model also has computational
advantages in the constrained case, The effective
dimension, in two way classification without interaction,
in e model is ab while the actual dimension is atb-l as
in P -model, Of course, these are computational advantage
for [i-model that could be programmed to take advantage of

this reduced dimensionality.



CHAPTER - IV

THE R( ) NOTATION

By considering more complex model than one way
classification, it will lead us to compare the adequacy
of different models for the same set of data. In the
analysis of variance table, SSE is calculated by sub-
tracting the SSR from SST. SSR is a measure of the
variation in Y accounted for by that model. Comparison
of different models in terms of a given set of data is
made by comparing the different values of SSR which
are obtained by fitting different models for the same
set of data, This SSR is referred as the Treduction in
sum of squares, denoted by R( ), with the contents of the

brackets indicating the model fitted, for example, in

fitting the model

Y..:P'l'xi'l'e

ij ij

the reduction in sum of squares is, R( p,® ) where p andg

indicate a model which has parameters p and those of an

A-factor, Similarly the reduction ip sum of squares due

to fitting the model

Yigr =P vy + fo+oeggy
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is denoted by R( My o 3 £ ). The reduction in sum of
squares due to fitting the nested model

Yisk = P roly *Pig * ey
is denoted by R( P ol s fzp+ X ) which indicates that
P -factor is nested within X -factor., This letter R is
referred only for 'Reduction' in sum of squares and not

for residual.

This R( ) notation has been used by several authors
as an aid for calculating the various entries in ANOVA
¢."l~. The R( ) notation provides a convenient means for
describing the hypothesis tested and the computational
procedure used to obtain the sum of squares associated |
with a hypothesis. This R( ) notation suffers some defi-

ciencies, . :

The first one is that Speed and Hocking €I97.6 Yplefimal
two different and distinct ways in which R( ) notation can
be defined for unbalanced data. The definition of R( )
notation is different even for balanced data. The one
described by Searle (1971, 1972) is well defined but does
not indicate utility for testing hypothesis, He defined
it to find out the solutions of normal equations for the
original non full rank linear model but cautioned that it

is solely for finding the solutions of normal equations
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and in no way, these solutions can be taken as an estimate
of the population parameter vector. Moreover, the para-
meters in the original non full rank model are neither
defined, nor these are individually estimable and testable
and the second as described by Harvey (1968), Overall and
Spilegel (1969), Winer (1971), Overall and Klett (1972) and
Carlson and Timm (1974),is more flexible but the sums of
squares obtained depend on how thep -model is derived
from theM -model and procedure is to apply the R{ ) nota-

tion to the reparametrized full rank model.

The F-model and over parametrized f3 -model, when
derived from the P-model, results in nonestimable restri-
ctions on the parameters in the overparametrized model
which are considered as the integral part of the model.
When thep -model is considered along with the nonestimable
restrictions, all the parameters in the'model are uniquely
defined and are linear functions Oquij's\ ~~

Another serious draw back of the R( ) notation is
that it does not indicate the actual hypothesis being
tested rather it suggests such statements like testing
effects after fixing p effects, ignoring Y effects,

Precise statements of the hypothesis are more helpful

for the interpretation of the results.
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Given the P -model
Y = £p te

the R( ) notation is defined as

Al
R(B) = PBX Y o . (4.1)
A .
where ﬁ is any solution to
Xxp = XY . (4.2)

These are the normal equations for solving the population

parameter E_ .

Let X and /_3_ be confirmable partitioned into

X= (X, X)

3 = (R respectively and

5 ( ‘)

X = §2ﬁ2 + e o o o ' (403)

model is consider?d thus
R(B) = o X X Coe (4.4)
whereé% is any soluﬁions to the normal equations
' A '
52292/3_2 = XY . e e ~ (4.5)
In addition it can be defined that |
R(A/B) = RB) - R(Sy)
| Ryél'ﬁz) - R$Q2) « e . (4.6)
which is the reduction in sﬁm of squares due to fitting

E-l after fiXingﬁ-z’ It is seen from the above that
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although R( ) notation is well defined but it depends on
whether it is applied to non full rank model or full rank
model or reparametrized full rank model. In addition, if
R( ) notation is applied to the reparametrized full rank
model, the results will depend upon the set of nonestimable

conditiong used to achieve the full rank model.
4.1 Application of R( ) Notation.
4.1.1 Method L

Suppose non-full rank model is

X# + e
i) Calculate R(P_) '@x Y where /é is the solution
of normal equation X X'@ g'x
Here nonestimable condltlons ‘may be applied to
solve for’é , but the results would be independent
of the choice of nonestimable conditions. Here
we mean to say that R(I_B_) will always be same what

ever nonestimable conditions be applied.

ii) Assume the model Y = _)S,sz + e Wwhere (Xls %)

and ( B ) are confirmable partition of X and p

respectively,

Al / ' A
1) R(P) = B Xy X where o %oy = XX

Here also the result will depend upon the assumed
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nonestimable conditions to solve for P, but the
results are independent of the choice of nonesti-

mable conditions assumed in (i) for calculating
R(B).

4.1.2 Method 2

Here we shall be dealing with full rank model.
R( ) notation depends upon the definitions of the para-
meters to describe the sum of squares in. the p -model
which may be different as the definitions of the parameters
change ., It may be noted that R( ) is always read along
with the definition of the parameters resulting and most
of the confusion will be clear about the different values
of R( ) by using a different set of non-estimable condi-
tions., The sets of nonestimable conditions, which are
used to full rank model, define uniquely the parameters,
The following procedure of applications of R( ) notation

in case of reparametrized full rank model is adopted:
i) Choose a set of nonestimable condition and repara-
metrize the non full rank model which turns out to be

Y = g(fﬁ + e as a full rank model.

It is impdrtant to note that the set of nonestimable

conditions is used throughout method 2.
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/
* 4
ii) Calculate R(pB_) = _*_)2‘){
o
AR -]l #*
where B~ = (§)"' X ¥
x alx
awl S = XX

iii)  Assume
P.% = (P: ) and .>$* = (z’; , gg’;) be the
confirmable partitions, Let
X=fppte °
then | p ,
R( E*z) =/§; .)_.(,; ¥y
where -

A% -
Bo= (5" XY and

Sy = QEZ/QSZ'J
Therefore -
RO,/ Ba) = R(ED - R(E))
4.2 Results |
i) It is observed that while R('é) = R( ,é’:), it is not

*
necessary that R(EZ) is alsg equal to R(ﬁ2)-
. . *, ® , * #* T % #*
i) R/ ROP/AN), RGL/pf)s RO o)
* * * * ® ®  ® * *
R(o, A/ )s BOP, o, p) and R(W .ol + p ¥y ) are
always the same irrespective of how thep -model is

derived from the ,.l-model.
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... *, * '
iii) R {( y/’m ) differs and depends on how the B -model
is derived from the pemodel. It differs even for the
* #*
balanced case likewise R(« , ';/}r) and R(ﬁf, 7#4p ) differ,

) RPN &Ly ) A ROET, o B ) and

R p oo y) F R Lo g )

Speed and Hocking (1976) stated this result saying
that demonstration of this point is not :included since
closed form solutions are not readily available and the
interested reader is referred to verify this point by
applying to a set of data with unequal number of observa-
tions per cell, But this explanation is inappropriate
since as explained in (iii) above, firstly, it Ean be
verified with any data balanced or unbalanced and secondly
there is no reason to find ciosed form solutions since for
a full rank model, quantities like R( )u%f, o(f. Yf) and
R(P*. u?, fr’ 1?) stand entirely for a different and
diséinc£ tw; models which shows that Method 1 and 2 are not

identical,

of
V) R(ﬁ;) is always defined in termsAPij and itg value

always dependsupon how the}5-model is derived or in other
words what are the non-estimable restrictions. Speed and

* ]
Hocking (1976) claimed that R(/}_az) is not always defined

which is incorrect and inappropriate and misleading, They



50

mis-illustrated it by considering the model two way
classification with interaction and non-estimable res-
trictions,

o =°‘i=Pj = 0 for all i and j
Here R( ,uif, o(f), R(/Jif. g), R(}ft ;» l;) are all identi-
cally zero by virtue of non-estimable restrictions and

#*
R(EZ) is defined,

V) In methods 1 and 2 we can choose any set of non-
estimgble restrictions even if we choose the same set

of non-estimable restrictions, the result will differ,

vi) In Method 1 and Method 2, the actual hypothesis

being tested is not clear.

%, %
The sum of squares R(E2//§l) and R(ﬁ’z/ﬁ;) are used
in ANOVA table for testing same hypothesis about the
parameters, The R( ) notation, in no way, indicate the
* % % #
nature of hypothesis being tested. Secondly R(X/m,p,7y")
as well as R(P*/p*, o(*, 7*) test different hypothesis
depending upon which set of non-estimable conditions are
used. Searle (1972) indicated that when using method 1,
R( OL/F,P,'Y ) and R(P/l“’ o s Y ) are identically equal
. * #» * *
to zero. It is interesting to note that R(a/u, B Y )
* ¥k  #* ) )
and R(B/P, o s y ) correspond to the sum of squares

suggested by Yates (1934) with method 2 after imposing
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the non-estimable restrictions as

t . -'?-‘ZY{":zY":O
%o{-z ,)Zg Z V] ; Yy

vii) R{ ) notation is of little help in identifying
the different hypothesis. R@%ﬁp) is defined as the
reduction in sum of squares for testing  after ignoring
B and ¥ and R(t/p,B ) is defined as the reduction in
sum of square for testing o after adjusting forl% but
ignoring Y and R(o(/'u, £ ,Y ) is the reducing in sum
of squares for testing of after adjusting p and 7 .
While this terminology is consistant with R( ) notation,

it in no way, indicates the actual hypothesis being tested,

4.3 gteps for the calculation of R( )

Suppose we are interested to test the four crosses
of cows namely % Holstein Friesian + % Hariana, )5 Brown
Swiss + % Hariana, % Jersey + ) Hariana and % Red Dane +
% Hariana, ‘for their milk yield. The animalg are érouped
according to their body weights, There are different
number of animals in each cell, Let the observations

on yield presented in the following table.
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Table 1. 300 days milk yield of four breeds of cows,

Body weights

By By By By Total
] +I
FeH Y, Yoy Y)31 Yya1 Y,
(n .
Y) )2 Y)00 Y30 Y140 1)
Yy)P) Yiotjo  Yighyg  Yia0ig
Y5B+} -
BH Yy, Yoo1 You1 Y5,
(n,.)
Y512 Y500 - Youo -
Yo1P03 Yoohoo - Youloy
%I +5H - - - -
} I
AREGH Y, - - Y441 Yge
i (n . )
Y412 - - Y442 4
Ya1P4)1 - - Y4444
Total Y._L. ¥2. .Yao ¥4. Y..
(n.;) (n.,) (n.3) (na) (n..)
Where n,, = . 1.3, = 2 ..
L Ef ny; n.j =z Ny ;
n,= 2%
% < 47 s
» = Y. j [ J =
Yi, © 2= Yy Je = Z2T Y
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i =1, 2, .o 4 breeds
= 1, 2, ..,4 body weights

The above data can be analyzed as two way classi=-

fication model with interaction which is defined as
Yige TPty Y Py Ypg ey

Where
Y5 is the 300 days milk yield of the Kth
Cowglof,jth body weight group in ith breed of the cows.
p " is the overall population mean

th

174 is the effect of i breed

i
ﬁj is the effect of jth body weight group

Yij is the interaction between breed of the cows
and body weight groups

2
e. is the error term — N.I.D, ( o, 0o7)

ijk
In this situation, two analysis of Vvariance table
are made for the above data. 1In the first analysis,
reduction in sum of squares R(a(/p),. due to oK, ignoring.
ﬁ and Y , and reduction in sum of squares R(B//u,o( ) due
tof&-factor after adjusting « , ignoring Y , are calcu-

lated where as in the 2nd analysis of variance table,



54

the reduction in sum of squares due to P ignoringetandy,

R( p//.l) and R( cl/F,[s), the reduction in sum of squares

due to fafter adjusting p » ignoring Y are calculated,

Suppose there are s = ab different cells consisting of n.,

total observations in the whole experiment. Following is

the analyses of variance table.

Table 2, Analysis of variance table

Analysis 1 Analysis 2
Source “Sum of d.zf. Source Sum ot d.t.
squares squares

P R(p) 1 e R(p) 1

o corrected R(o/m)  (a-l)  Pcorrected R(B/p) {b-1)
P -adjusted R(B/pm,o) (b=l) o adjusted R(X/pB) (a-1)

Interaction R('Y/F,a(,fg,)(s-(a-kb-l) Interac- R(Y/p, %» ) s-{atb-1)

" tion ' )
S.S.E. n. .-S EI‘I'OI.‘ n-.-s
Total Nes 'Total N,
Where Y2
R(P) ="-—‘-: n, : .

Since this model involves the terms M oy, Pj and 'Yij’
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the sum of squares for fitting the model can be denoted
At 1

by R{pocts o7 ) = p X X

The other terms needed for the analysis is R(p,o( .ﬁ )
which is the sum of squares due to fitting the model

Yigk = Potoly ¥ By +oegyy

R(ol, P /M) + R(p)

= B g'g under the above model

Hence R()u,(,(, p)

’ I~
where PO are the parameter vector,

= Y4 0oe
N ) + ’:: T
n
th)re /" ‘. = Y: - T‘T. n .o ?' for j = l’2‘ () lb"l
1 0 J Tl L.

i = Wz z 'Z 2-. y

S.S.Total T 7 % YiJk’

S.S.E. = s.s.Total - R(M «»B,Y )

Similarly R(p,p »Y ) is the reduction in sum of squares
due to fitting the model,
= AP - T
Y5k PP Yt ik
2 A

and is equal te s s Y554
<5 M3
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Now the sum of squares given in the takle can bé

calculated as under:

R(et/p) = R(H,o) - R(p)
R(F/p) = R(pg) - R(p)
R(P/p,e\) = R(pyot,p) = Rt )
R(¢/p,p) = R(po,p) - R(mp )

ROV/p, osp ) = R 5,7 ) - RM,d,B)
R(ot, p/) R(/p) + R(P/p,ok)
R("(/,-"ﬁ a"[ ) R(P’N’P "Y ) - R(Fap Y ) =0

Despite the above result that R(o(/,;,P X)=0

|

there are ways of computing of R (d//il;p s¥ ) and getting
a non-zero value for it. To distinguish it we call it
R ("Y*/P"*’ p*, y*), and describe its calculation by first
cénéid.eri..ng‘the procedure for calculating R([J'; of,}g 7 )
based on _ﬁ' g'y_ = R(g) = inner product of the solutions

vector and ReHeS, of the normal eguation.

4.,3.1 Correct procedure for calculating R(p, o, 8 ,Y )

i) Write down the model with u, o« » £ and7 .,

ii) Write down the normal equation for pu,ol, B and vy .
iii) A"mend. the equationg in (ii) to be of full rank,
iv)  Solve the amended equations in (iii)

v) Calculate R(m, « ’P ,Y ) = inner product of the
solutions and R.H.S. of (ii).
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The important thing is to note here that calcula-
tion of R(F,c(,p sy ) starts from the above model which
contain Pools B s and v .

4,3.2 Correct procedure for calculating R('p,ﬁ Y )

i) Write down the model with p, &, and?.
ii) Reduce the model p, p, y by deleting o

iii) write down the normal equations for this
reduced model.

iv) Amend the equations in (iii) to be of full rank,
v) Solve the equations which are amended.

vi) Calculate R(/u, B »Y ) = Lnner product of the
solution and R.H.S. of (iii).

A consequence of this procedure is that
Rlfolap oy ) = ROp .Y ).

4,3.3 An incorrect procedure for calculating R( ‘p,'B Y )

i) Write down the model with Mo oL B and"Y

ii)  Write all normal equations for the model in (i)
iii)  Amend the equations in (ii) to be of full rank,

iv) Reduce the equations in  (iii) by deleting‘s |

v) Solve the equation in (iv) “

vi) Calculate R(p, p,y ) = I.P.O. solutions and
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The result will be that
R(P’ﬁ Y ) # R(P:o(sﬁ Y )
and hence
R/, B 57 )= R(Ms s poy ) - R(M,B,Y )
# O.

The difference between this précedure and éarlier
one is that the principle of calculating R(p) from a
model containing just B is violated. The model here is
specified in (i) of (4.3.3) which contain Pool s Bs Y -
The normal equations in (ii) are for the model and are
amended in (iii) and then in (iv) reduction after deleting
ol « Here it is emphasized that this is a Treductions of
equations not of a model which is given in (i) of (4.3.2)
which gives the correct calculation for R (/d.ﬁ Y ). So,
it should be always a reduction of model so as to start
the calculation of R(P) from the cor:ect model. This will

apply for all linear models,

4,4 Examples
4.4.1 Application of Method 1

We begin by considering a simple experiment in
which a scientist wants to test two high yielding varieties

of wheat for yield differences and also to test the effects
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of three types of fertilizers. Thereware 15 experimental
plots available for conducting research in the field,

The following table gives the results of experiment,
Table 3, Yield in (kg) of two varieties of wheat

under three types of fertilizers with
unequal number of observations per cell,.

Types of fertilizers
Total
Fy F, Fg
Varieties V,  8,13,9 12 7,11 60(6)
(3) (1) (2) ,
v, 11,14,17 14,16 10,11 120(9)
14,13
(3) (2) (4)
72(6) 42(3)  66(6) 180(15)

The figures in the parenthesis show the number of

observationd,

fhe above data d¥ summarized in a linear model as
follows:

Yijk = M +o(i + 'E:] + Yij + €;3k

with usual notations as descTibed earlier

where i = 1,2

j = 1,2,3
Now various reduction in sum of squares dee

calculated as under:
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R(u) = (222 Y5407 1802 . 2160.00
n.. l
R("(/fn) =  R(pet) = R(p)
S Yi____ - 2160
< 0y,
hY 2 2 )
= 62 + 220" _ 2160.00= 40,00
\ R(B/p) = R(p.p) - R(p)
= 2'9" —J. - 2160,00
J:l nj.
= 722 4 422 L 66% _ 2160 = 18.00

6 3 6

R(po op )= RGGB/P) + R(B) = B xy
= %qd'@;l- 2166.¢

N %Q é-‘-—’—q%’ »f;/r

— g
- t.

il

:’/udpc@dst?wv%% my Phe Mocle,
g S ). :
d&zﬁ T "Xj‘frmm L7
de o .
= e -— l:zo = :'- ()
 yE
R(rbo(aﬁh’)’- >s fij.
<& TRy
= a0 + 122+18% ..., a8
3 2 4
= 2220.00

It is emphasized here that the value of R(I“"’('ﬁ Y )

will be same irrespective of any nonestimable conditions



that are imposed on the model,

-~

Ll .o

/!
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The following are the normal equations of the form

A

Tobledf!. Nermad Cguatitn Am malie fovi

Mo B P
15 6 9 6 3
6 6 0 3 1
9 0 9 3 2
6 3 3 6 0
3 1 2 o0 3
&6 2 4 0 O
3 30 30
1l 1 0 01
2 2 0 0 O
3 0 3 3
2020é
4 0 4 0 0

XxB= XY
P3 Y11%2"%3
6 3 1 2
> 3 L2
4 0 0 O
o 3 0 0
o 0 1 0
6 0 0 2
o 3 0 0
o 0o 1 o
2 0 0 &
0o 0 0 O
o 0 0 0
4 0 o0 O

Yo1 Y22 733
3 2 4
o 0 0
3 2 4
3 0 0
0o 2 0
o 0 4
o 0 O
o 0 0
o 0 0
3 0 O
0 2 0
o 0 4

)l_&) >

\)

rléo

60
120
72
42

66
30

12
18
42

30

_4§J

(4.4.1)

A
For obtaining the estimates, B of the parameters,

we have to amend these equations to be of full rank by

using the following non-estimable conditions



Z d‘;l.::o =

4

When oy
=z

Ay T
Lo

Replace 0L2 by

"

Similarly

=, -
BB+ P

zp = Z%" = 2 W
J' d A j J'

for all i and j

o

-0<.l.

putting the value (-d)

o)

=0
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=0 ..(4,4,2)

thus ﬁ3 = .-(ﬁl+/32) and replace By ame o onf> Y

The vamended normal equations reduces to

E5 -3 0 -

3
-3 15 2 1
o 2 12 6
-3 1 6 9
2 0o -2 -2
1 -3 <2 -3

2 1) [f ﬁeo
0 -3 o) -60
-2 .2 ﬁl 6
-2 .3 $2 T | -24
12 6| |7 18
A 12

6 9] Y12

-

....(4.4.3)1

For obtaining R(F’ p ,Y), set o(l = 0 in the above

model, The amended normal equation reduces to
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(15 0o -3 2 1] [A7] [is0]
0 12 6 -2 -2| |B o
-3 6 9 -2 -3 fz = -24 .0000(404‘4)
2 -2 -2 12 6| |y, 18
Lo-2 -3 6 9l [ Fo| | 2]

The equation (4.4.4) gives the solution of the

parameters,

(f‘,‘:ﬁl’/%’ RTio) = €227 - b= 1gg)
R(p B4Y ) =FY"+§¥1‘ +E.2.+ y
= 128 (180) - 3 (6) + 143 (-24) - & (18) §L(1a)
= 2185 2 7
R (/upaY) = Ru,p,Y) - RULELT)

. 5 _ 5,2
= 2220 - 2185 7 = 345

R (/e p »Y ) is also obtained directly from the

following formula: —, 4>
27

- 2 /
z‘( Zl y"fl') — Y B Z——
= : 2(/;?1_‘) £ Z;}"L‘L' 42' 2:—':.
g 4 ) )

+12+9 2
_ (lo+12+9)2, (l4+15+12)2_ &0 : +i4+l?+l'2 = 242
- 1 (g'l’l-lé -3- + /ﬁ'l’ /4 = 3477"
1 ‘ 1

-4/

[ BN
§-+l+’5 1-']3:.+'é+’4;

FHL4s L%y
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Now two analysis of variance tables-aqve ..., :.

Table 5, Analysis of variance

Analysis 1 Analysis II
Source d.f. S.S. Source d.f. S.S.
R(p) 1 2160.00 R(p) 1 2160,00
R(el/p) 1 40,00 R(B/pm) 2 18.00
R(P/p,w) 2 19.14 R(4/p, B) 1 41,14
R(Y/[u,q,p) 2 0.86 R(7/psP) 2 0.86
SSE 9 52,00 . SSE 9 52.00
SST 15 2272,00 SST - 15 2272,00

Equation (4.4.3) has a unique solutiong which on

utilizing (4.4.2) satisfies (4.4.,1) but there are many

other solutions of (4040-1-)-
4,4,2 Method 2.

In order to illustrate method 2, we again consider
an experimental situation described by a two way classifi-

\]

cation model with interaction., The model is given by
Yijh = P rop+ B+ Yiy t Cigk
with usual notations;
Here also we take the same numerical example

described under Method 1 and use the non-estimable
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conditions viz. T4 = 0, %[3&-= 0, ZY¢3'= O and

& I3
S ¥ =0 to reparametrize the model and to make it a
hE

full rank model, The design matrix g(_* reduces to
~ ~ ~ ~ ~ ~
ol Y1 Y12
1 1 1 o 1r o]
1 1 1 0 1 o)
1 1 1 0 1 0
1 1 0 1 o 1
X¢ = |1 1 .1 -1 =1 -1
1 1 -1 -1 -1 -1
1 -l 1 o -1 0
1 -1 1 0 -1 0
1 -1 1 0 -1 0
1 -1 0 1 0 -1
1 -1 0 1 0] -1
1 -1 -1 -1 1 1
l -1 -1 -1 1 1
1 -1 -1 -1 1 1
1 -1 -1 -1 1 1
. -
, The corresponding normal equations
Xk X At = .)_(.*, Yy are as follows:
. ~, A A A ’~
M H R ke Y Tz .
[15 23 0 -3 2 1M 180 |
3 15 2 1 o0, -3| -60
0O 2 12 6 -2 =2 ﬁf; = 6
3.1 6 9 -2 =3[R -24
2 0 -2 2 12 6 |f Yu 18
1 -3 -2 .3 6 9] 13 12
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The solution of the above normal equations

multiplied by the corresponding element of R.H, side

. * *  ®  *
of the normal equations gives R(P’ s P Y ) = 2220,00.

*  ®
Next, for obtaining R(p, ol ), we set

¥* _ * _ 3 _ + _ 0
Po Ps~ i1 T1o

Then, obviously the appTropriate normal equations reduce to

* *
A P
o ol ’
A
15 =3 180 |
= for the reduced model,
-3 15(d, - 60

Using the solution of these normal equations we obtain,
* %
R(p', o) = 2200.00.
Hence, R( d*//u*) = 2200,00 - 2160.00= 40,00
Similarly by setting the appropriate paTameters equal
*, kO Lk, kR R .
to zeTo, we obtain R(B/p ,« ) and R(Y /Py o» B ) which
are presented in the following analysis of variance
table,

Table 6., Analysis of variance table

Source ‘ dot. SeSe

R( 1 2160,00
o 4

Rloc/p ) 1 0.00

R(B/py o) 2 19,14
‘¥®, * * ®

REy/ps o(,/g) 2 0.86

Error ~ = 9 _ 52.00

SoS.TOtal(crUdeT 15 2272000
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While comparing the analysis of variance table 5

given in method 1 and table 6 in method 2, we observe

- that
R(p) = R(,J*) = 2160,C0
R(/p) = R(x/u7) = 40.C0
R( ﬁ/p,d ) = R( P?/”i.i oZE*) = 19,14
RO/po,p) = ROVELL.p) = 0.86

Also the sum of square due to error is same for

both the methods and is 52.00.

4,5 The R( ) and R(*) Notation

When we use‘B-model, the redu-ction in sum of
squares in ANOVA are often described in terms of symbol

like R( £,/ P|) which is defined as

R( Po/p) = R(By, P) - R(B)
| = R(f) - R(B;)

Here R(ﬁl,ﬁé) or R(B) is the Tegression. -Sum of
squares for fitting the model with El and ﬁ2 parameters
and R(P,) is analogous quantity using only p,. For
example, some of the common sums of squéres are computed

from the model shown as below:
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fig = M |
= Mool ‘ R(%/u)

Ry B(B/piy)

M +°(i+Pj+Yij R(Y/)‘u,o(b,]})

Some confusion arises when the R( )} notation is
applied ta the model after it has been converted to full
rank model by imposing certain non-estimable conditions
on the parameters. Two essential features to be noted
are;

l. Sum of squares such as R(ffﬁﬁf, o:, 1#) are

generally nonzero and correspond to specific hypothesis,
2, The R(*) notation is not unique since it depends

- T .
on the nonkstimable conditions such as R(P/}x, sy )

depends on the choice of nonestimable conditions.



CHAPTER - V

LINEAR HYPOTHESES

The main puipose of this chapter is to describe
the hypotheses commonly tested in linear models with
unbalanced data including the case of zero cell frequency,
The sum of the squares for test statistics had been deve-
loped either on heuristic principles or because of compu-
tational convenience. Precise statements of the corres-
ponding hypothesis associated to the R( ) notation are
rérely available in the literature and in those cases
where the hypotheses are stated, these are usually des-
cribed in terms of the parameters of the nonfull rank.
model which may be difficuit to interpret statistically,
The hypotheses associated with fhe reduction in sum of
squares or the R( ) notation, are described in terms of
means of the observed population in case of two way
classification model with interaction. Some examples of

the hypotheses tested with missing cells are also described,

9.1 Linear Hypotheses,

The linear hypothests are discussed when F:-mmdel
and P-model are taken separately.

5,1,1 Linear hypothesis in case of  -model

Let us discuss first those hypotheses in case of
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classified fixed effects B -model for designed experiments
in case of unbalanced data. The linear model is

1)
i=1, 2; | .,; ,a
=1, 2, see ,4b
k =0, 1, 2, cee D45

Various hypotheses are shown in the following table

which are generally tested in terms of population parameters,

Table 7, showing the hypotheses to be tested!

Effect ° Hypothesis Hypothesis in terms of
Numbex the parameter
Rows
l, Ro H 7/ oLl + Z}Trf
° WS H R 4
l dJ. + d’ ?’ * d_ ?’

2. Main row ]-12 d‘:_*.lz- ‘h(d‘.ﬁi..,—z%' d,( +Z(n(, /34' +E.27:-LZ:[

‘-' 774,’ ¢ ot
" Rouady) ot (M-2 )“&+ = ("2 )y
Z (z‘m m,)a(ur'z (Z me )Ya,
4. First row Hy s 7 _ °‘4-+Yu/n_'Jy¢, .
Columns
5,Co lumns H p, _‘_Z'y,') /3 +ZY¢) 5 . Y
o g e EI A T L BT R
7.Partial , (g _27», /"b--)’3 + ZC'"‘) - '"‘)/m.)Yc
ol oz (™05 ) By + B E (7T [ o
risscomm e gt Yy o

9.Interaction Hg s YAJ'-— Y-L) - YA'/ /+Y9/’= o] ‘



5.1.2 Linear hypothesis_in_case of p-model
!

\

The hypotheses are described when p-model in two

way classification with interaction is considered. Follow-

ing are the various hypotheses in.terms of cell means as

parameter,

Table 8, Linear hypotheses to be tested in terms of poe

Effect | Hypothesis Hypothesis in terms of P
- No. ,
Rows
' — T
L. Rows W o= R
/ Jo
MNe < - i N4 <4
2.Main row H2 :'Z.—J——Ig"}' J; *J“%{/
S N«
L ’ﬂ ) 7'
3.Partial row Hg :'Z(ny"?qf) =2 27979 /4%
(adj) . J' 4" d 0’7?
4,.First row H, : M = 1445
| Célumns
5,Columns H5'= p“d - H'j—/
. N ,./
6.Main column Hg ¢+ = "7?«-(') P‘d/'n') - ,,_Z- (n? 7 /rn‘,i
' <
_ | \ g
7.Partial row s TN MY =2 T NG N Ly
s ZTGRY =2 2 TV My
V (n‘(—‘o
8.First column Hg : [y - N‘j,

Interaction

9.Interaction o, o o
° /‘«({J - fa{.cd .../-{4./ +/»{-td =0
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All the hypotheses statements hold for all i and
j and i’ and i s.t. i # 1 and J # J. The restric¢tion

in the hypotheses Hy, Hy, H5, Hg and H9'is,that the number

of observations in n; should be greater than zero. If
we examine the hypothescs H,, Hy, Hy and 54, it is observed
that all are different hypothesis,

9.2 Examples

9,2,1 Two way crossed classification

Consider a model of two way classification without
interaction with unequal observation in each cell jo-tectaia
’ hag=57
Yisk =P oty * Pyt 85k
i '= l,2, eoe ,3
j = 1,2 ... ,3
k

[}

o, 1

Where

Y. jth wheat variety

ijk is the Yleld of the i

under jth fertilizer of k°P plot.
% ; is the effect of 1*P wheat variety.
Pj is the effect of jth fertilizer type
and € ik is an error terms.
Suppose we want to know the relative performance

of three varieties of wheat and three types of fertilizers

which are usually formulated im terms of linear hypothesis
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about the cell means, Following are the different
analysis of variance table showing the different reduc-

tion in sum of squares.

Table 9, Analysis of variance for two way
classification without interaction.

Source of variation VD.F.' ' S.S. M.S. 'F

(a) For fitting M, and ol and B after/u

Mean 1 R(’J) - F(M)
Fittingoland P after p a+th-2=4  R(x, /M) = F(Rm)
Residual error 15 SSE!. -

Total 20 - S&TY.

(b) For fitting ,J, o after P and ,6 after B ando

Mean 1 R(m) - F(M)
Fitting o after p a-1=2 R(A/u) - F(e/p)
Fitting B after p andg b-1=2 R(f/p,) - - F(B/psa) By
Residual 15 SSEl. - |

Total 20 SST e

(c) For fitting o P after p and £ after u and 3
Mean : 1 R(,u) - F(Mm)
Fitting after m bal=2 R(E/p) - F(A/p) 5 f
Fitting o after u andpp a-1=% R(</m,p) - Flet/pa, )y
Residual error 15 SSE I, - :

Total 20 SSTT.
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From the Table 9, it is clear that R(%ﬁn) and
R(ayr f>) are not used for the same purpose, These R( )
notation are associated with the different hypothesds.
Similarly R(P/p) and R(B/po) tests the different hypo-
thesdls, Distinguishing between these two F(dﬁm) and
P(“V}bﬁ) is of paramount importance becausé'it is a dis-
tinction that occurs repeatedly in fitting other models,
These two F's may be identical in case of balanced data
but it differs in case of unbalanced data. That is the
test based on F(%ﬁp) is testing the effectiveness of add-
ing ( effects to the model over and above ,J whereas
F(o(/’;,[g,) tests the effectiveness of adding of -effects
to the model over and above having M andIB -effects,

These tests must be described more completely,
i) Now .su;)pose we want to compare three fertilizers,
The hypothesis that the mean response of three fertilizers
when averaged over all varieties is same that is

HF H gol = Foz = ’J.3
Similarly for three varieties, the hypothesis is that the
mean response of the three varieties when averaged over
all fertilizers ig same.

By + Py, = P2, © Pa |
These hypotheses correspond to the hypotheses to H; and Hg,
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respectively and their sum of squares are R(ﬁ(p) and
R(el/p) respectively,

| Here H5 is related with average performance of the
three fertilizers, But if any farﬁer is interested to
grow all the three varieties of wheat and wants to purchase
only one type of fertilizer then this hypothesis HP woula"
be appropriate. These hypothesis correspond to H,. = Alter-
natively if}he is willing to purchase different fertili-

zers for different varieties, then the hypothesis may be

‘which is the differentiél.reéponse of fertilizers j and j¢
on a specific variety i, is zero. This hypothesis Hg is -
synonymus to hypothesis Hy. '

It would be nice if the farmer can decide that a
particular fertilizer is best for all thé three varieties
rather than just best for a particular variety as in Hg

Or best on the average as in Hg*. Suppose wWe assume
= ? - / ‘ I./__
Fig = Pag = Py ¥ Pis=®
for al} i, i', j and j° thatkis the differential effect
of the fertilizer j and j* is same foT varieties i and iv,

which is synonymous to Hg. I1f this assumption is valid,”

this hypothesis Hg is equivalent to the much stronger
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hypothesis
** [ 9 ! - 3 . § /
Hp#* /Jij - M5 = O for all i, j and j

Example 2, Tée fold nested model

Consider a two-fold nested design.
Yisk T PMij ijk
i = 1,2 ... ,a

j = 1’2) L3 2 ) )bi
k- L2, ...

PR

Suppose a Govt. Officer wants to study the fish capture

in various districts in some state where there are diff-
erent number of ponds in each districts, Under each ponds
different number of fisherman catch the fish. For example,

he collects the data on a = 3 districts and b, =2,2,3

ponds nested in the ith districts;, He interviews nij

fishman at the jth pond in the 1*® district as shown

below: povda 34
Table 10, Data on fish capture in different districts,
Digtricts )

Ponds P, P, Pj P, P Py Py
Fisherman 1 6 5 4 2 3 2 4

2 3 7 3 5 3 3 5

3 5 6 - 3 S 4 -

4 . g - 4 - 6 -

5 o . = 1 - 5 -

:’5‘
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Here p.. i }
Pij is the mean response (i.e,, average

number of fish caught per day) at the jth pond in th
. e

oth - -
i™" district., The same can be expressed in the for
orm

of P ~model |
Y.. = p +ao: + Y.. +
ijk i ij ®ijk
Where | |
f‘ is the overall mean .
oy is the effect of ith district and
) .th .
W&j is effgct of j h pond in the ith district

The analysis of_the /5-model is summarized in the

following ANOVA table i..,

Table 1.
Source d.f. 5.3, Hypothesis
Bet.Districts 2 R(%?“) HA(H, and He)

i thin :
Bet.Ponds wi 4 R( Ty}ud) HB/A (H, and Hg)

districts
ErTor 17 SSEL.

The sum of squares R(Y%P{C& ) is the difference
dual sum of squares obtained by fitting the

in the resi

model
Yise = P T % T Ciik
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and SSEB:. the full rank model residual sum of squares.

But the analysis of the pM-model forces us to
specify the hypotheses of our interest as opposed to
p -model. The question, of which hypothesis to test,
depends on the interest of the research worker but two

hypothesis can be considered.

Hy s }Ii. 751{ for i and it

and

/“ij N f"ij' for all i, j, j¢

Hy
Here H; demonstrates that the average catch per

pond is the same in each of the district i.e,

Pu. = P2. = M3, and
H, says that the average catch in each pond is the éame

in a given district i.e.
PFiui = P2
M21

MFar T Ma2 = Pg3
It seems that H, hypothesis is identical to H

i
>
N
N

H, is different from H i
1 om Hy, unless ng s is the same for each

pond. In the n-model H, correspond to the hypothesig Hy

which is equivalent to here

3/u + 4
1l Mo . 2 +5 3 p, +5
- s P2 - Faa 2 Pay {;32+ 2 Paa
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and H; is equal to

————ts

2 2 - 3

Pip tFio _ Por TPos | M3yt Pao T Mas

It seems that we cannot conclude which hypothesis
is more appropriate, but it is clear that H; and H, hypo-
thesis are different, The advantage of the cell mean
model is that the user can clearly evaluate which of the
hypothesis is of interest to him, The p-model for this
nested situation is identical if bi'= b to that in two

way classification{mesz4)

5.4 Missing Cells Case

Earlier we have assumed that all nij)O 7 U which
is not essential for all methods. For example, the sums
of squares generated in the method of fitting constants
requires only that design be conneéted. The hypothesis
indicated are valid with nij = 0 inserted where no obser-

th

vations are made on the (i&)

cell. However, the hypo-
thesis associated with the method of weighted squares of
means are valid only when nij.> 0. Several computer
programmes emp loy the modification of the basic R( )
procedure which sets Y&j = Q0 if nij = O which enableg

the generation of sums of squares but no indication is

given which hypothesis being tested.
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5.4.1 Example

Let a = b = 3 and suppose nij.= 0; i=1,2,3,

The remaining cell frequencies are as below:

Column

1
v 1 2 3
t

Rows ,

1 '0 1l 2
 §

2 1 0 1
|

3 t2 1 0

Here the method of fitting constants will give
the sum of squares for main effects and interaction,

The following table gives the number of hypothesis:

Table 12, Hypothesis for missing cells anal?sis

Hypothesis Rows
Effects
H) Fi2 * Pz SPo3 v P oap
Par * Poz = Pi3 * pg,
By ) Pia * 15 _Mortpog  2p3) +ag,
3 ) 3
Hy Fi"P3y _ 2(pog=p13) oo +p,, L3,y
2 3 )’
Hy Pz = o3
F21 = Pi3y



Mi2

P2l

8l

Columns
P31 = Moz Yt P30

tpH3p = Mgy tag

*2M3) _Mip tM3p  2M33 * Pog

M2l

-3 2 3.

= Moz _ 2Apsy - A3

M12

M1
MPL2

P12

5 3
P32 = M3p YA

-

Mo3

M13

Interaction

- P13 " P2y T Map - Pag - Mgy




CHAPTER - VI
METHODS OF ANALYSIS OF LINEAR MODELS

In this chapter various methods of analysis of
experimental design models with unbalanced data are
described which are most commonly found in the litera-
ture. These methods are differentiated by the hypatheses
associated with the sum of squares or R( ) notation. The
method should be chosen based on the appropriateness of
the hypotheses rather than on computational convenience,
These sums of squares are calculated from the full rank
cell means f.l-model which will remove many sources of
prevailing confusion, since the hypothesis can be stated
in terms of the population parameter. The following are

the methods for the analysis of linear models,

6.1 The Methods of Unweighted Means

The mefhod of unweighted means was described

b
, C idhed Y
Yates (1934) as an approximate/which is computationally

very simple method. Later on Anderson and Bancroft (1952)
Senedecor and Cochran (1967), Searle (1971) and Winer
(1971) have discussedjf, The procedure was applied in two

way classification model without interaction with x.j
i
The error sum of squares (Séﬁsﬁat

-1s just the usual residual sum of squares,

denoting the cell means,
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Table 13. ANOVA Table of Method of Unweighted Means.

S.S. Hypothesis which can

Source be tested
A factor MNn zz () - — 5 None
. d _ )l

M 70 - s
B factor 1k 55_3: C None

L

Interaction Th sz OuJ — =y 40 ) None
A x B L)
Error S.S,.E.

— ab 1 R

Where nf = / _z""“—z_ 1 Xij Yij.
N |

This method is approximate since the sum of
square due to A, B and AB are not distributed as I2
"and hence do not correspond to the numerator sum of
squares (due to A, B, AB) for testing linear hypothesis

about the cell means.

6,2 The Method of Weighted Squares of Means

This method _waé also described by Yates (1934)
and afterwards by Anderson and Bancroft (1952), Elston
and Bush (1964), searle (197L.) and Neter and Wasserman
(1974) in two way classification with unequal number of
observations in the cells[;{least one observation per

Cell, Amend the normal equations by requiring the



solutions to satisfy.

Z’d—t‘:fﬁ' :‘Z,’YC" - IYL)' ~6 .
TR 2T = |

for all i, and j

The same method can be used for solving the
equations in case of balanced data and same has been
extended for unbalanced data, Here the sum of squares
for { -effects in the weighted squares of means is

calculated as

5
— & L
a [2 4‘.] E‘l«, Z‘
SSAy =2:I——J=-————i - 4. . 97
| L= y 1.) ) (2/;4_) ‘J
: ) ®, # W ¥
then ssAy = R (e/p, g,y)
Table 14, ANOVA Table
Source S5 Hypothesis
Rows A R (a(/,.l o Y) = ssaw=30¢ GE, - Eu )" H,
* R # _
Column B R(p/}:, o s y) = sssw:iv)' Oy 'JZE—'/)L. Hy
. * * %
Interaction R(7 = = N N
aB ( /p. o »fy ) = SSAB= :j:(m) -3 -3y 5y Hy
Where > w e
(1) = e—— ) Sy 2y
= wy ) =
L, 5:-”)'
= b2/ . 2
1 <o Ny

&
]
J

&
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In this analysis, the hypotheSiS associated with
Rows A and Columns B of weighted means are unweighted
hypothesis H; and Hg. The interaction SS AB exists only
when there are{two levels of each factor. 1In this case attune?

* .
R(.;/Ff gf,la ) is indepeéndent of the procedure of the
nonestimable conditions imposed. The sum of squaTes SSA
) S IR SR S S

can be obtained from R(e/M, B,y ) if we use nonesti-

mable restrictions.
0(. = P' = 'Yc‘, = 'Y,){ = O for all i and J

searle (1971) had linked this discussion of the
hypothesis being tested by S«SA. to these nonestimable
conditions, But this is misleading as Hl hypothesis is
regardless of how the computations are performed., The

R( ) notation procedure is just a computational meChanisﬁ,

6.3 The Method of Fitting Constants

Thds method of fitting constants was also discusged
by Yates (1934). Here the sums of squares are most easily
described by using the R( ) notation in two way classifica.
tion model with interaction. Here R("(/}.l,ﬁ.) is computed
by applying the R( ) procedure to the two way classification
model without interaction and R(%ﬁp) 1s computed from one

way classification reduced model

Yijk= pot °<i + eijk.
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Table 15, ANOVA Table for the Method of Fitting Constants

Source S.S. Hypothesis
A (unadj) R(Y/p) 32
A (adj) R(YmB) Hy
B (unadj) R(A/p) He
B (adj) R(B/pe) O H
AB R(Y/}J. oL 2B ) Hq

In the above table, it is observed that there are
two "maineffects" sum of squares for both A and B. This
type of description of sums of squares is not informative
with regard to identification of the hypothesis being
tested, R(“V}ﬁAis referred as the sum of squares for
nTesting o{ effects ignoring Pand 7 " by some authors,
precise statements of hypotheses being tested in terms

of the cell means are provided by H, and Hj.

6.4 The Methods of Overall and Spiegel (1969)

The authors presented three different methods for

analysing the ﬁ -model and F-model which are appropriate

under different circumstances.
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6.4,1 Complete least squares :

The method is precisely like the method of weighted

squares of means with the same sum of squares and corres.
ponding hypotheses H,, Hy and Hy.

6.4.2 Experimental design method :

This method is also just like the method of fitt-
ing constants in which the main effects adjusted sum of
square RO*/F’P) and R(F/F'd‘) are used corresponding to

the hypothesis Hy and H; being tested,

6.,4.3 A prior oxrdering :

This is also a special case of method of fitting
constants in which we use R(%/u ) and R(B/p,A) as the
main effects sum of squares for testing the hypothesis
H, and Hy or R(f/p) and R&&/p,ﬁ) are used for testing
hypothesis Hg and Hy. The authors further suggesteq =
that sécond method is the proper generalization of the
analysis for balanced data. Since all the three methodg
are identical with balanced data, Method 1 complete leagt
squares is the natural generalization. The‘hypothesis
H; and Hy are easy to interpret, They also suggested
that Method 3 'A prior ordering! is better appTropriation

if a logical ordering exists for effects being examined
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6.5 Hendersont's Methods

Henderson (1953) proposed three methods for
generalizing sums of squares for the estimation of vari-
ance covariance components. Since the sum of squares
have been used for testing hypothesis in fixed effects
model, it is of interest to relate them with présent |

development, Only two methods 1 and 3 are considered
here,
6.,5.1 Method 1 :

Here unadjusted main effects (unadj) sum of squares
RO%/F) and R( f/p) are considered as in the method of
fitting constants which test the hypotheses H, and Hg.
Searle (1971) observed that interaction sum of squares
obtained by substraction of both main effects is not a
sum of squares and hence it does not correspond to any
linear hypothesis or it can not be expressed as the linear

function of population parameter,

60502 Method § :

Here this method can be used with any ANOVA table
4
it is generally associated with the sum of Squares sugges.
ted by Overall and Spiegel's (1969)'s method,"a prior

ordering® which tests the hypothe51s H, and H7 or alter.
natively’ Hg and Hj.
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, h
6,6 Hemmele's Iterative Method

7 (1a14)
This method proposed by Hemmerle is a procedure

for computing R( B/ B ) of which computations are perfor-
med iteratively. Since the sum of squares are calcula-
ted iteratively, the quantities calculated are approxima-
tions to the actual sum of squares, The specific hypo-
theses being tested depend on the partition of the para-
meter E into @ and f, as well as on the choice of

the non-estimable conditions. The hypotheses being
tested with this method given bY-Hemmgrle are H), Hy and

Hg. The nonestimable conditions are same as in 6,2 method,

6.7 The Methods used in SAS-76

Four methods have been incorporated into SAS-76
system which form part of the General Linear MOdel'(GLM)
<tal
procedure given by Barr((1976), These methods are SUmMMa-

rized as follows.

6.7.0 SAS-76 Type L method

This method resembles with the method of fitting

constants and hence H, and Ho main effects hypotheseg

are tested. Thus it is noted that it is"a PTlor ordering

method" of Overall ang Spiegel (1969),
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6.,7.2 SAS-76 Type II method

This is alsp most common procedure based on
the method of fitting constants in which the adjusted
sum of squares viz, R(%/p,p) and R(/p, o) are used
to test the main effects hypotheses, Thig is the
experimental design method of Qverall and Spiegel

(1969) in which Hy and H, hypotheses are being tested,

6e7.3 SAS-76 Type III and IV method

These two methods are equivalent to the methodg
of weighted squares of means or complete least squares
method of Overall and Spiegel (1969) where main effects
hypotheses H; and Hg can be tested, ‘

The following table provides a summary of the

hypotheses tested by the various methods,
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Table 16. Hypothesis tested by different methodswith asterigk,

Methods Row effects Column effects Int,

Hy Hy Hy H, Hy Hé H, Hg Hy

1l.,Unweighted means No hypothesis being tested,

2.Weighted squares L . T - *
of means

3, Fitting constants - * * o o * % *

4,0verall & Spiegels

Method 1 ¥ - - - x L *
Method II - - * oL L% L %
Method III S R S %

5.Henderson's

Method I ' T . -

Method III S T *

6,Hammerlets . - . " . .

iterative method - - - - - *
7.5AS-76

Type 1 - ® L . - - ® *

Type II B S S 3

Type III & IV * -1~ x

' -
}
e




CHAPTER - VII

REGRESSION MODEL WITH DUMMY VARIABLES

In this chapter we shall discuss the regression
model with dummy variables. The regression model with
dummy variables is an alternative for analysis of variance
technique for balanced sets, though it is not usually
recommended, The concept of regression on dummy variableg
is introduced for some factors and their levels, For unbgla-
nced data, having more than one factor in a cross classifi-
cation situation, the usual analysis of variance technique
has several limitations and the regression model is the
most viable tool for anmdlysing the two or higher way cross
classified data with unequal cell frequencies., The pre-
ferred analysis of unbalanced data is the regression

analysis with dummy variables,

7.1 Dummy Variables

There are many ways of quantitatively identifying
the classes of a qualitative variable. A dummy variable
is any variable in a regression equation that takes on a
finite number of values for identifying different categories
of qualitative variable, The term "dummy® variable describes

No meaningful measurement level of the variable but rather



93

act only to indicate the categories of the nominal variable,
For example a variable Xl takes the value 1 if some level
of a factor is used and zero otherwise or if alternatively

a variable X, takes the values in the following way

i 1 If an individual is a male

X2 = -1 If an individual is female

L O Otherwise.
then the“variables so defined act as indicator variables

in the sense usually associated with them and are called

"dummy variables".

If the néminal independent variable has k Categories,
we define (k-l1) number of dummy variables to index the cate-
gories, provided, the regression model contains a constant
term (an intercept); If the regression model does not
contain a constant term, then k dummy variables are defined

to identify the k categories.

Due to the use of dummy variables in the regressiogp
analysis, the regression analysis has more range of appli-
cation in the statistical field, In particular we can get
the same information by employing the regression analysis
with dummy variables what we obtain by use of distinct
analytical procedures such as analysis of variance, analysis

of covariance and discriminant analysis etc., Also we can



94

compare many regression equation with the use of dummy

variables in a single multiple regression model,

7.2 Linear Model

Consider a two way classification model with
interaction

Yijk=P+°‘i+E‘| F s tegs e oo o (702,1)
Here in equation (7.2.1) noné of thé parameter is estimable,
The hypothesis such as HO : o; = O for all i are also
not testable. If nothing more is stated about these para-
meters, thus they are not uniquely defined but it is never-

theless possible to estimate certain linear functions of

them. Suppose we put the additional restrictions such as

TMo

oy P
' Jﬁ,..o

Q .
S Vst =

ezl

° . ° (7.2.2)
and

%_)JJY«-)' =0 'fW“'LQJ- wa.). Yoy =0 fov all i
A= ) I C e . (T.2.3)
where 7; and w; are (a+b) given positive quantities gng

at least one v; and ag are non zero. I1f we consider
(7.2.1) along with (7.2,2) and (7.2.3) thus all the para=
meters in (7,2,1) are uniquely defined in terms of cell
means and also the parameters became estimable as wel],

It is important to note that none of the above restrictiong
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in (7.2.2) and (7.2.3) are estimable. We shall consider
three particular cases of the above restrictions which are

generally of interest.

1, Y. = aﬁ = )1 for all i, J
i
e o -
ie. Zdy= 0 = Z P; c e . (7.2.4)
-\ -
and

zyij = 0 for all j

<
. ZYij = 0 for all i
2. ;)4. = wl = 1 and all other vi's and wj sare zero.

i.e. 0(1 = P_L = 'Y‘lj = Yil =0 for al.‘]'. i.& J; (7.2.5)

for all i

&

<
I
™M
o
n
=

i J:, ij 1.
= . = QNe=s for all j
@5 = Z.Pi jo ) |
- o o (7.206)

b

a | b

Ty, Yiy = O foralll En.j Yij =0 for all i,
Definitions of the parameters in the model (7.2.1) depend

on the restrictions consideréd along wii:h the model, 1If

the restrictions given in (7.,2.4) are considered part of

the model (7.2.1), then/u is a general mean, of; and ﬁj

are main effects and Yi; is an interaction effect as are

usually defined for a balanced ANOVA model, If nij = n



96

for all i and j, it becomes the balanced case. All other
nij configuration are collectively called unbalanced data.
A special case of unbalanced data is when the cell fre-

guencies are proportional.

7.3 Regression NModel #ith Dummy Variables

Most linear models can be alternatively considered
in a regression model setting. This can be done by defin-
ing dummy variables in a regression model appropriately. A
regression formulation often is desirable, if not mandatory
when dealing with unbalanced data involving two or moTe
factors. The general Tregression formulation with dummy

variables chresponding the model (7.2.1) is as follows:

a-\ b-l a-t p4
= . . + 2. + /. . . .
YEprZ G jz=l fzst 2) ?_‘__Vl_-, X; 2yt e «.eul.801)

Where M, of;» Pj and yij are regression coefficients and xi
and z; are appropriately defined dummy variables. 1In sectiop
(7.2) we have considered three’barticular cases of the
restrictions under (7.,2.4), (7.2.5) and (7.2.6) to be consi-
dered along with the model (7,2,1). In regression model,

we will define three coding schemes for the dummy variables
.in the general regression model (7.3.1) which coxrresponds

to the three particular cases of restrictions in (7.2,2)and

(7-2-3). The following are the three schemes:



Scheme A: Define

1 for level i

-1 for level a
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of the row factor

of the row factor

o otherwise
(7.3.2)

and

1L for level j of the column factor

-1 for level b of the column factor

o otherwise

1, 2 bel

,0 L] [ ] »

This coding scheme corresponds to the restriction in (7.2,4),

Scheme B: Define

1 For level ( i + 1) of the row factor
Xi = } o otherwise

i = -]-, 27. . . ) a-l (703.3)

and

1 for level (j + L) of the column factor
z. =
J

O otherwise

and j = l, 2, . . .)bd
This coding scheme

in (7.2,5),

Corresponds to the restrictions given
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Scheme C: Define

—

ng; for level i of the row factor

x; = § -ny, for level a of the row factor

o otherwise

i=1, 2?. « o ,a-l (7.3.4)
and
A ?bh. for level j of the column factorxr
Zy = -ny for level b of the column factor
o otherwise
j=1, 2). e o ,b-l

This coding scheme corresponds to the restrictions in (7.2,6)

7.4 Common ANOVA Hypothesis.

The general regression model (7.3.1) is applicable
to both equal and unequal cell frequencies cases. We will
express the equivalance of hypothesis tested by these appro-
aches in terms of the cell means and will make specific |
recommendations\in regard to their uges to present a unified
approach, Also the reasons for their disagreement for

c .
ertain types of hypothesis denoted by R( ) will be presented

A
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to clarify the prevailing confusion in the analysis of
linear models with unbalanced data, Table 17 gives the
various common hypotheses which are related to different

coding scheme.

It is seen from Table 17 that Rf(ot/fa,g Y ), under

coding Scheme A, ‘tests the hypothesis H; and likewise
R (P/P,o(, v ) teststhe hypothesis H5 in two way classie
ficétion with interaction. By inspecting these hypothesis
it is revealed that the sense in which row or column affect
measured is different for the four hypothesis. It is better

pre£er to call the hypothesis H3 as hypothesis for test-
ing the partial row effect in two way classification model,
Since 1t is conslstent with the definition of the partial
regression coefficient because we are using here general
regression model as given in (7.,3,1) where the columns of
the design matrix for the two effects are not mutually
orthogonal in case of unbalanced data. Here the regression
coefficients are measuring the partial effects only. The
hypothesis Hy, H, and Hy agree i,e, they are equivalent
only when nij = n for all i and j and not otherwiée.
The hypothesis H, can only be tested when coding scheme g
B(1, 0) is adopted. The hypothesis H, is simplest for
interpretation which is that there is no difference in the

levels of row factor A when averaged overall levels of
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column factor B. Similarly I-I5 hypothesis tests that there
is no difference in the levels of column factor B when
averaged over all the levels of row factor A. R*(d/F,P Y )
and R*(P/,.\,o( ,Y ) are the corresponding sums of s;[uaieg;

for d:effects and P effects in the method of analysis of
weighted squares of means suggested by Yates (1934), 1In
addifion, it is noted that there is another method to obtain
these sums of squares, The hypothesis Hy which test the
cell means between rows under specified column, is distinc-
tly different from others and easy to test and interpret,
There are specific situations in applications when hypo-
thesis H, is of special importance, The hypothesis Hg,

Hg» Hy and Hg are the counterparts of Hy, Hy, Hy and Hy,
respectively, If H,, H,, H3, H, are used for rows then

Hg, H6..H7 and Hg are the hypothesis for columns respec-
tively. The last hypothesis Hg, which is the hypothesié

of no interaction between the levels of two factor A and

B, is common to all three coding schemes under the assump-

tion that n; 5 7O

705, Exaln;gles

In order to illustrate the procedure for obtaining
the various sum of squares required for the different
entries in the analysis of variance using coding scheme A

(L, -1, 0) and coding scheme B (1, 0), we consider the
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same experimental data discussed earlier under method 1
in chapter IV,
The appropriate regression model for this experi-

mental data is
Y=potdy xp Bzt Bz, t Y Xp2) $Y)o% 7 te .. (7.5,1)

wheze M, o), Fl’ P Y, and 7, are regression coeffi-

cients and x;, z; and z, are dummy variables defined as in

section (7.3).

7.5.1 Coding Scheme A (L, -1, 0)

X4 = 1l for leveljof the row factor
and
d 1l for the level j of the column factor
Z. = .
J

0 otherwise
j o= 1, 2.
w!
The design matrix X, for the regression model (7.5.1),

turns out to be

(1 1 1 1 1 1 11 11111 1 1

1l 1 1 1 1 1 -l-l-lalolaolalolal
1 1 1 0=l-1 1 11 0 0-1-1n-1-1
0 0 0 1l-1=1 0 0 0 1 L <l o1 al -1
1 1 1 0-l-l-lalal 00 1 1 1 1
0 0 0 1-1-1 0 0 0-L-1 11 1 1
and Y' = ,

(1x15) 8 l3’9'l2'7’llall:l4.l7,l4.16,lo,11,14,13)
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] #d # COE v
And the normal equations X, X, B, = X, L are
A -
/15 3 o -3 2 f\ A 180
- 15 2 1 o -3 0?_]_ - 60
A
0 2 12 6 -2 =2 PJ. 6
A =
-3 1 6 9 -2 -3 P2 24
2 o0 -2 -2 12 6] 7, 18
' A
o 12
|1 o-s 20 -3 6 9] [V L2

Following the usual analysis procedure, we obtain

R*(P’d QP ’Y ) = 22200000

The sum of squares for reduced models can be obta-

] *d % 1
ined by using the appropriate portion of _)ga 42(-:-,3 and X}X ’

A4
matrices for the complete model. This is "achieved by
setting each of those parameters equal to zero which are
not present in the reduced model, For exémple to evaluate
R(\J), we. s;et

oh=B = P = My = Yp = O

and the reduced normal equatione for the model having
’ , A , . * 1802
parameter pois 15 p = 180 which gives R (f") = _..I%.Q__ = 2160.00
. .
And to evaluate R ( ,u, P,Y ), we set o(l = 0 in the model

and corresponding i:'u reduced normal equation are



104

15 o -3 2 11 [ /G ] (a0 |
0 12 6 -2 -2 B 6
3 6 9 -2 -3 A - | 04
2 2 -2 12 6 Y1 18

[1 2 -3 6 9] ’3‘/12’ 12

*
and R (fh.P,v’) comes out to be 2185,71. The reduction

in sum of squares due to fitting various sub models ig pTre-

sented in the following table.

Table 18. ANOVA Table.

Source " d.f. S.S.

Rf(f‘) 1 2160.00

R*f(d/p) 1 40.00

Rf(P/P) 2 18,00

R (s B/p) 3 59,14
R Y /p) 3 43,14

Rf(o(, By /p) 5 60.00

* ’

R‘ ( ﬂ/P ) . - 2 19,14

¥*

R (/P ) L 41,14

¥

R*(Y/ri, Aap) 2 0.86

R_ (F’ OL) 1 2200.00

R ( 1

R 1A) 2 2178,00

R*(P’ s p) 3 2219, 14

R*(;:"’;’l”; 3 2203, 14

" g, )
B 4By ) 5 2185.71

2220,00
> Cont .
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Error S.S. 9 52,00

S.5.Total 15 2272,00

7.5.2 Coding Scheme B{ 1, 0 )

Here we define

X) 1l for the level 2 of the row factor

1 for level (j+L1) of the column factor

N
10

0 otherwise
j= 1, 2
w!
The design matrix ét> for the regression model (7.5.1)

becomes

L1 111111111111 1

and “i:d

Y 4 _ .
1x15 = (8, 13, 9,12,7»ll,ll.l4,l7,l4,l6,10,11,14,131>‘



Consequently the normal equations zb

9 3
9 2 4
2 3
4 O
2 2 0
4 0 4

4

4

/
w

a
%,
3
by

A
Y22

A
Y23

A

106

A /
x* * _ *
Tp Po “RpX are:

[1807]

120
42
66

30

_48 |

Following the usual procedure of analysis we get

Rf(,J, oy BrY) = 2220.00.

The other sum of squares for various reduced

models can be obtained by using the appropriate portion

/

/

* .
of the -)-(i g(_; and Xy Y matrices for the complete model,

The different reduction in sumsof squares obtained are

presented in the table given below:

Table 19,
Source

R’f (p)

R (/)
R: (R/p)
R (et P/p)

ANOVA table.
d.f,

1

1
2
3

S.S.
2160,00
40,00

37,60
99.14

continued,..
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R, Y /p) 3 54,00
& (B, ¥ /p) 4 36.00
R (oty p» ¥ /p) 5 60 .00
R (P /) 2 19.14
R (/. ) 1 21,54
R (Y/pa ok ) 2 0.86
R ( o) 1 2200.00
R*(P,P) 2 2197.60
R ( B s ) 3 2219, 14
R ( B oY) 3 2214,00
R ( pa ) 4 2196,00
B ( By Bo ) 5 2220.00
ETTDT S.5. 9 52.00
Total S.S. 15 \ 2272,00

Coding Scheme 'C!

The analyses of unﬁalanced data using Coding scheﬁe
C poses no new problem:. It is not given in details here
- in preeadgd. of space. Moreover, the hypotheses tested
under this scheme are not of much practical interest as
they depend upon the number of observations going into each
cell, If one chooses to test these hypothes&s the design
matrix for this scheme can be constructed on the same lines

as done for Coding Schemes A and B. Then the rest of the

steps[are the same(ép the analysis procedure.




CHAPTER - VIII

DI SCUSSION

The chapter deals with the discussion on three
coding schemes which are used in general regression with -
dummy variables:; We shall compare and contrast all these
three schemes and examine the suitability that under which
coding scheme, a particular hypothesis is tested. The

index of non-orthogonality will also be discussed.

While reviewing the analysis of regression model on
dummy variables, several authors have discussed the regre-
ssion on dummy Variables by adopting only one single cod-
ing scheme B (1, 0).which is quite inadequate. Searle (1971)
and Speéd, ggcadng and Hackney (1978) aiso considered and
discussed the regression method with dummy variables defined
by coding scheme B (1, 0). Kleinbaum and Kuper {(1978) made
a passing remark that three coding schemeswill yield the
identical results in case of balanced data which is entirely.
incorrect and misleading. They did not compare the three
methods in case of unbalanced data. To the best of our
knowledge, the detailed comparisons of different regressgign
methodswith dummy variables has not been done so far. The
regression methods with dummy variables can be defined in
many ways but here only three methods in ovér parametrized,

model discussed in the Chapter VII will be compared which
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a@e correspondimgd®s to the three side conditions viz,

(2) olg = Py = Y43 = Yig4 = O
() Ty = Zng By mF ngley ey Z“u‘%*

= 0

8.1 Comparison Of Coding Scheme (A (1, =1, O)
and GCodind Scheme B( 1, O) .

Consider the two coding schemegA{l, -1, 0) and
scheme B(1, 0). If nj; =n for all 1 and j or in case
of balanced data, then the reduction in sum of squares

R (/) = K /pp) = R &/ pay) o o . (8..1)

is obtained by the application of coding scheme A, But

if we apply coding scheme B (1,0) with nij =n it can be

easily verified that Rf(oi/p) = Rf(“/fl,'?’) # R?“’Yp,p,'Y)..(B.l.z)..
Searle (1971) states that unbalanced da£a have

thelr own analysis of variance technique and th@se for

balanced data, are merely special cases to technique fof

unbalanced data, which is incorrect, It ig evident that

if we adopt coding scheme B (1, 0) for the Tegression

method with dummy variables, the result obtained using
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usual analysis procedure for balanced case.

Rf("(/p) = K (&/p,p) = Rf(‘*/)u,p )Y )
does not result in as a special case of the technique for
unbalanced data due to (8,1.2). On the contrary if the
dummy variables are defined by the coding scheme A(l, -1, 0)
the balanced case is a special case of the technique of

unbal anced data yielding

R'e/p) = R/mp ) = R/pmBY) ... (8.1.3)

Hewse Searle (1971) idea is COﬁsidered a very strong
one and this should be the guiding principle in deciding on
the analysis of variance technique for unbalanced data.
Using coding scheme A(l, =1, O) we can test the hypothesis
H) 2 Fi. = Fl” or mean responses of the i apd :{th TOWs
averagedover the columns, This hypothesis is assoéiated
with the reduction in sum of squares due to o, adjusted
for Pand Y, R*f(o</,u, B,Y ) in case of two way classifica.
tion with interaction., When the regression model is
without interaction, the Hq hypothesis tests thé weighted
mean of two rows i and i, partial Tow effect (adj.)
—? i3 Fij =‘%,?_ Mij :TIJ /“j_:j_ and it is associated

- o . J »
With the reduction in sum of squares R*("(//u,[b) i.e. the

Sum of squares due to X after adjustment for P and neglecting
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Y and Hy hypothesis can be tested with any of the scheme.
The hypothesis H, also tests similarly the two rows means

difference i and i* when only single factor is considered

in the regression model. The row means nis Pij n/ 3./
Z N ¢ P

A T &
are also weighted means and hypothesier2 is associated with
the S.S. B%(d/F). The hypothesis H2 and H3 can be tested
by any coding scheme in case of unbalanced data, where H,
is tested only‘by coding scheme A( 1, -1, 0). If we are
interested in comparing the two Trow's means under a parti-
cular column, then these means will be tested by hypothesis

H, using coding scheme B(l, 0) which is associated with

4
R*(o(/P, P,Y ). The hypothesis Hy: Mij - }113 - ,.Jijl, +[u:{j’ =0
of no interaction can be tested with any scheme and ig
associated with the reduction in sum of squares R#(YZN,Q B)
which is §,S, due to [ after adjusting o« and P effects
together in the model. The hypotheses Hg, Hg, Hy and Hg

for columns are synonyméus to Hy, Hy, HS and H, hypothesis

and test the mean differences among column means,

9(00“
Consider the ANOVA table as/{below:

Table 20. ANOVA table for coding scheme A and scheme B,
Coding scheme A Coding scheme B

Source d.f, S.S. _ S.S.
*

% (p) 1 2160,00 2160, 00
R (</p) L 40,00 40,00

*
R (B/p) 2 18,00 37.60
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R*(o(, R/p) 3 59.14 59,14
B (o, Y /p) 3 43,14 54,00
R (B, ¥ /M) 4 25,71 36,00
Rf(o(, B Y//.x) 5 60.00 60.00
R (B/p,t) 2 19.14 19.14
R*(O(/lu,}b) L 41,14 21.54
R (Vs ol s p) 2 0.86 0.86
pf( po) 1 2200.00 2200.00
R (pp) 2 2178.00 2197,00
Rf( MrolsB) 3 2219,14 2219, 14
R( poolay ) 3 2203, 14 2214,00
R ( ps BoY ) 4 2185,91 2196.C0
pf( Beos oy ) B 2220.00 2220, 00
$.5. Error 9 52,00 52.00
s.S. Total 15 2272,00 2272,00

Examining the above ANOVA table for coding scheme A
and coding scheme B, it is observed that the reduction in’
sum of squares due to the effects «, 3, and Y,

R*( o, F, Y/Iu) was found 60,00 using the coding scheme A
aﬁd scheme B. By examining the §.S. due to o/, P, 7,
R (¢, p» ¥ /p) and R( Jf, p*‘", f}f/ﬁj, obtained with the
application of Method 1 and Method 2 in Chgpter 1V, it is
established that R( o, /5 , Y /Iu) remains same by the

application of any scheme or any method. This total sum
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*
of squares due to o, P, and ¥, R ( &, B,V /p) effect
will be unaffected and unchanged whether the model is non

full rank or full rank reparametrized model,

Consider the main effect sum of squares due to of,
and p . Take one $.S. unadjusted for factor A and another
S.S. adjusted for factor B. It is found that total S.S,
for unadjusted and adjustéd effect's is same using the
coding scheme A and coding scheme B viz, Rf@i/PJ + ﬁ;ﬁ/p;x)
or R ()B/,u) + R (/P ) is 59.14 for both the schémes, Then
we can say that the reduction in sum of squares R.(q B/m)

will also be equal using the coding scheme A or coding

scheme B,

In fact R( o, f /p) will be same when we apﬁly
method 1 and method 2 adopting non full rank and reparametri-
zed full rank model. R(%/p) + R(P/p,% ) or R( °2f//uf) +
R( g/’f o&*) is also same using method 1 and method 2 ‘in
cés; pf n;n full rank model and reparametrized full rank
model. Although we are getting the different values of
Rf(d/P) and éf(P/P), Rf@%/y,p ) and Rf(ﬁﬁﬁad.) adopting
two coding schemes but the above result for the total will
always hold good. 1In fact R(¥, [ /p) will be same whether
we apply any method adopting non full rank or., reparametrized
full rank model. The significance of these reduction in

sum of squares will also different. In one case it may be
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significantly different and in another it may be nonsigni-
ficant., For example R*( od/p, @) was found significantly
different using coding‘scheme A, but it was not significant
in case of coding scheme B. Rf(d)}ﬂ was found significant
for both the schemes but Rf(P/}Q was not significant for

any coding schemes.,

In case of balanced data for method 1 and method 2
R(o(/P p v ) was zero but here R (°</P p,Y ) and R (ﬁ/P,o( Y)
) wemacalculated non zero equal to 16,86 and 34,29 for the
codlng scheme A (1, -L, 0) and 16,86 and 24,29 for coding

scheme B. All the values were found different.

8.2 Coding Scheme C

The coding scheme C is not as common as coding scheme
A or coding scheme B, If we examine the Tablel7, . in
chapter VII it does not test any new hypothesis, The hYbo-
thesis'H2'and Hy associated with the sum of sqﬁares
Rf(“/p) and RfOK/P,p) are tested using the scheme C, The

hypothesis Hg of no interaction can also be tested with

this scheme. In the light of the above arguments and

discussions held if we examine all three coding schemes,
it is advised and recommended that use of scheme A defined
as (1, -1, 0), the regression method of analysis is most

dppTopriate to test all hypotheses,
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8.3 Statistical packages

It is interesting to note that the anal&sis of
variance tables using BMDP-2V (Dixon, 1979) for balanced
data are widely different for the two regression methods
defining dummy variables by coding scheme A(l, -1, o) aqd
coding scheme B(l, O). The reason being is that it first
fits the regression model containing all the dummy variables
for the grouping variables and their interaction and then
the model containing all dummy variables but those of the
main effects or interaction being tested, -';SPSS. (1975)
optibn 9 uses the general linear regression approach defin-
ing the dummy variables by coding scheme B (1, 0) and parti--
tions individual effects by adjusting for all other effects
and this option cannot be used for balanced case since this
will result entirely En a different ANOVA table and not the
standard ANOVA table for balanced case, and the hypothesas
H, and Hy cannot be tested by this package. On the othér
hand, with BMDP package, the hypotheses Hl and Hg can easily
be tested, we do not recommend the use of the regression

method with dummy variables defined by scheme B (1, 0).

This discussion does not mean that the iegression
approach with dummy variables defined by the coding scheme
B (1, 0) does not serve any useful purpose., It does serve

useful Purpose in some important applications, Suppose
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the cell means are presented in the table 21 below in a
two way classification model in terms of p-model and the
general linear regression model with dummy variables defi-

ned by coding scheme B (1, 0).

Table 21, Cell means

Pi1 P Pl2=P+pl, ST

M2l

)

Pib = PR

p+d Pog = P+ o4 + £ * T22; Hop T Pt Rt Yap

Pap = p o, gy = prot P+ 1327___,,43]0 = prt B Yay

Pai = P +0da.) Maa =P Yol tAT %2, -;Fab” P -l+ﬁ>-l+Yab

Obviously, it is clear from the above table that in
the presence of interaction row effects are estimated and
tested from the information in the first column, similarly,
the column éffects in the presence of interaction, are esti-
mated and tested from the information in the first row only,
In other words Rf("‘/y, B,y )} is the sum of squares for test-
ing the hypothesis H,; Fiy =Pi”l or testing the two row

cell means under first column, And (a-1l) (b-1) components

of interaction are derived from the last (a-l) rows and

(b-1) columns only, In general, it does not seem a good

pXoposition,



117

’

Next if the row effects are assumed alike 7.
is given by Pis = P which is Qot the difference of the
difference, a general concept associated with interaction,

It is, obviously, parallel to the row effect. Similar:y
arguments hold good if the column effecfs are assumed
constant, Therefore, it is inferred from the above discu-
ssionAthat in deciding on a test procedure, it is very
important to define the parameters in the model in a purpose~
‘fﬁl way. It is very desirable also to define the parameters
uniquely for the proper interpretation of the”results of
ANOVA‘table. So long as the interaction component is not
present in the model, the row and column effects are defined
with the common meaning irrespective of the coding schemes,
The presence of the interaction component in the model and
the way it is defined in the model, both are very important
and Wﬁ;ch affects the definitions of the row and column
effecis. This explains the cause for the different hypo-
thesig tested with the same R{ ) notation. We recommend
that the objectives and the type of the treatments in the

experiment would govern the decision for making a choice
of coding scheme,

~
Next we consider a situation where the regression

method with dummy Variables defined by the coding scheme
B (1

» 0) is the only appropriate method, Suppose we want
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to conduct a multinutrient factorial experiment when each
nutrient is tried at more than one level and level one

of each nutrient is zero which is called control, The
hypothesis Hg of no two factor interaction between nutrient

type and level is given by Hg:

/ - " ., + .I.l =
Fij - /uiaﬂ’ f‘lJ_J? FlJ‘ o)
for all i, it, j and j!' except Jj, j*' = 1

This hypothesis Hg of no two factor interaction is illus-

trated graphically in Figure 1,

The hypothesis states that the line segments after
the first interval are parallel. If the coding :scheme B
(L, 0) is not used for regression method with dummy vari-
ables, then the nonparallelism in the first intexval could
give a false indication of the presence of interaction., And
in the presence of interaction, the main effects are still
purposeful and these main effects should be based on the

first row and the first column means which is only done by

the coding scheme B (L, 0).

Another important situation where hypotheses of the
type Hg‘ and Hg are considered of interest, is the varietal

and fertilizer trial when zero level of fertilizer is

included in the experiment and interaction is found statis-

tically significant, Such type of experiment can be best
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analyzed by regression method by adopting the coding
scheme B (1, 0). Several authors have highlighted the
hypothesis of the type H; and H, which simply test the
difference in the t wo rows means or two columns means res-
pectively, Another important observation we observed

with several sets of unbalanced data sets,is that Rf(d4P,
P,y‘) for coding scheme B (1, 0) is always simaller consi=-
derably than Rf("/}l, By ) calculated for any other coding
scheme discussed here. 1In our example, the S.S. for

R (4/p, p,Y ) aTe 35,00 and 24,00 for coding scheme A(L, -1,
0) and coding scheme B(l, 0O) respectively. Similarly, it
is true for R*(P/p,at »Y ) which is 16.86 and 6,00 for cod-
ing scheme A{(l, -1, 0) and coding scheme B(l, 0).

8.5 Index of Nonwrdthogenality

The index of non-orthogonality is measured through
the concept of expected average distance between the estima-
ted parameter vector and the parameter vector. Suppose X is
the design matrix of p parameter vector and (rij) is the"
correlation matrix of p parameter for the design matrix X
of a linear regression model, 1If Al’ Az,-",)p are

the eigen values of the correlation matrix (r..), then
i

Lo
Z A = '2-77( =

FAY

p for balanced data
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and

p
ZJ—. 7 p for unbalanced data

a4
3
Defining € = Z A¢ //5 Thew @ is called index

of non-orthogonality., We find that coding scheme B(l, 0)
always yields higher value of the measure of non-ortho-
gonality, over the other schemes. Hence, if the estimatipn
of the regression coefficients in the regression model is
one of the primary purpose of the study then it is not

desirable to use the coding scheme B( 1, 0).

8.6 Zero Cell Frequency

It has been seen that in many situations scientists
_ére not aware of testing of specific hypothesis when the
data are analyzed and particularly in case of unbalanced
data, there may be some misunderstanding among statisticians
as to what hypothesis is being tested. In this section

that problem is discussed where some of the nij's observa-
tion in any celj aTe to be zero which may happen either by

loss of some animals in case of animal experiments, or by

damage or infestation in the field due to pest insects.

Consider two way classification without interaction.

Suppose P)p =0 in the Ist row of the Ist column, The

model ig Y = W-F— + e
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The model is of (ab-i) length consisting of Pij for (i, j)
# (1, 1), The (a-1) (b-l)-1 constants describing the

absence of interaction are obtained from

¢ AN aA .
Pij = Piz  ~Piptpg3=0 by eliminating py,
using the relation

P == P2 F Pay - P

Now suppose we want to test the row effects, If nyy =1,

. _ ! . L/ . _
the hypothesis Pij "'Fij for gll i, i and j., 1If n; =0
the corresponding hypothesis is derived by eliminating Prye

C e ’ . )
Thus the hypothesis is Pis = Pij for all i, i' and j,
If the model is two way classification with interaction
with some empty cells, then the situation is little compli-

cated, A~standard computer programme is there to set up a

full rank model by imposing

i
O

Zo(i = 'JZﬁJ = ?Ylj = ?'Y..

1]

and Y 3= 0 if ny5 = 0. This can be analyzed by developing

the normaj €quations and the respective sum of squares may
be obtained,



CHAPTER - IX

SUMMARY

In the analysis of linear models for designed
experiments with balanced data, there is a general agree-
ment on the appropriate analysis of variance table, but
there is a disagreement on the proper analysis of unbalanced

data, Here, the analysis of unbalanced data has been dis-
cussed dsing several techniques.

The analysis of non full rank model is done by two
different approaches. In one approach, the side conditions
are incorporated into the normal equations whereas in the
second approach the model is reparameterized by using the
side conditions thus making tfie model fwll rank. Illustra-
tionsof these two methods (approaches) are given by using

Various reductionsin sumsof squares are cal-

All hypo-

actual data,

culated and tested for corresponding hypothesés.
thes®s are listed which are related to the respective reduc-
tion in sum of squares in.case of one way, two way classi-
fication with and without interaction.

Different methods of analysis of linear models have been

described in brief, Their sumsof squares are related to the.

Corresponding hypothesis being tested. A unified regression
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approach using dummy variables for unbalanced data has been
introduced and discussed in depth of which analysis of vari-
ance techniques are special cases for unbalanced data, which
has removed many prevailing confusions in the analysis of
linear models with unbalanced data. The regression model

clearly defines the parameters and hypothesis statements,

Regression methods with dummy variables in linear
models are critically examined in case of unbalanced data
using three coding schemes, Various reductionsin sum of
squares have been calculated using coding scheme A(l, -1, 0)
and coding scheme B (1, 0), their sum of squares were related
to the corresponding hypothesis to be tested. It has been
observed that the reduction in sum of squares fitting the
model Mo 5 ﬁ and i;s the gsame using any method or any
coding schemeg, SS error also turns out equal under both
the schemes. The total of main effects for the factor A
and factor B is same when we consider SS (adj) for one
factor A and sS (unadj) for another factor B and vice versa,
It is found that R*(ol/r_l, p Y ) and R*(ﬂ/fl, o ,Y ) using
coding scheme B(l,‘o) are considerabig smaller than using

any other scheme,

The zero cell frequency case or migsing cell case
has been discussed in case of unbalanced data giving various

hypothesis, Measure of extent of the non-orthogonality



124

through the concept of eign values of the correlation

matrix ( T ) for the design matrix X of parameter of

J
linear regression model has been proposed for unbalanced
case, The proposed index of non-orthogonality is a thumb
rule only. The non-orthogonality index is generally higher
if coding scheme B (1, 0) is adopted for the analysis of
unbalanced data. Therefore, it is recommended that one
should use regression method with dummy variables using

coding scheme A(l, -1, 0) for appropriate analysis of

linear models for unbalanced data,
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