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Chapter 1 INTRODUCTION

1.1 General

The term groundwater is typically used for water present beneath the earth’s
surface in soil pores and fully saturated geologic formations. Groundwater is an
important feature of the natural environment. Groundwater is naturally replenishing
from the surface through infiltration. When this recharge reaches the water table and is
discharged naturally from the surface at springs and seeps, and can form oases and
wetlands. The never-ending circulation of water between the ocean, atmosphere, and
the land is called the hydrologic cycle. In a hydrological system, inflow occurs through
the precipitation, in the form of rain or snowmelt, and in the form of streamflow,
runoff, evaporation, and evapotranspiration, the outflow takes place. If we limit
consideration to the utilizable freshwater resources (minus the icecaps and glaciers
including South and the North Pole), global groundwater makes up about 30% of the
world’s fresh water supply, which is approximately 0.76% of the Earth’s water,
including oceans and permanent ice (Gleick, 1993). This makes it a major natural

resource of fresh water that can safeguard against the paucity of surface water.

An aquifer is a geological formation that is capable of yielding economic
quantities of water through wells. It must be porous, permeable, and saturated. The
aquifers are classified as unconfined and confined aquifers. An aquifer is known as an
unconfined aquifer when water flows directly between the surface and saturated aquifer
zone. The water is under atmospheric pressure. It is also known as free aquifer, non-
artesian aquifer because the water table serves as the upper zone of saturation in these
aquifers. When an aquifer is confined between two very less permeable layers, often
made of clay is called a confined aquifer. In these wells water level generally rises
above the water table, hence it is considered that these wells exist under artesian flow
conditions and known as artesian wells (Freeze and Cherry, 1979). The groundwater

movement and types of the aquifer are depicted in figure 1.1.
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Figure 1.1 Groundwater movement and Aquifer types

(Source: Groundwater Resource Availability, West Fork and White River
Basin, 2002)

Groundwater is an abundant and quite valuable natural freshwater resource, but
with the population explosion, its demand is increasing at an alarming rate. As the river
water is getting polluted and being over-used, over-abstracted, it is not sufficient to
meet the increasing demands. And the water table into the wells is also getting lower.
For example, in the Punjab region of India, the groundwater level has been dropped 10
meters since 1979 with an accelerating depletion rate (Lall, 2009). As a consequence of
extensive well pumping, there is a need for tapping well deeper to reach groundwater.
It can cause harm to our ecosystems both aquatic and terrestrial and can lead to many
calamities such as land subsidence, with associated infrastructure damage. In an
engineering context, groundwater contributes to geotechnical problems such as land

subsidence and slope stability.

To achieve optimal utilization of groundwater resources it becomes mandatory
to prepare groundwater management models. As a source of water supply, the use of
aquifers is increasing and as per the increasing usage, our knowledge of groundwater
systems should also be increased. Groundwater development is a progressive process
having three main stages. The first one is a survey for suitable aquifers. The second

stage includes the measurement of hydrogeological parameters, the design and analysis
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3
of wells, and the calculation of aquifer yields is called the evaluation stage. The last
stage includes the development of optimal approaches for managing the resource is
called the management stage. Being a quantitative science the groundwater hydrology
has mathematics as its language or the very least it is quite impossible to overlook. So it
requires the understanding of mathematics to enable the powerful tools of groundwater
management. The classical studies of groundwater flow were based on the models
developed for heat flow, electricity, and magnetism, as these models were related to the
area of applied mathematics that can also be used for groundwater problems (Freeze
and Cherry, 1979). There are two general approaches for solving mathematical
models, both have their merits and demerits. The analytical approach is limited to
homogeneous, isotropic, or very simple layered systems. And can’t be used where there
is a use of simple algebraic functions for water-table configurations. With the technical
and computing advancement, the groundwater analysis also involved numerical
analysis, which uses a different mathematical approach. And all the limitations can be

removed by numerical solutions.

The determination of the maximum possible pumping rates, that are also
compatible with the hydrogeological environment, is the primary objective of most
groundwater studies. The compatibility requirements should be in terms of the balance
between the groundwater pumping and adverse changes induced by pumping.
Depression in water levels is the most ubiquitous change produced due to pumping.
Hence while modeling a problem, groundwater yield can be expressed in terms of the
maximum rate of pumping, keeping the water-level declines within acceptable limits. If
our unit of study is aquifer then we can consider aquifer yield. Aquifer yield can be
defined as the maximum rate of withdrawal that can be sustained by an aquifer without
causing an acceptable decline in the hydraulic head in the aquifer. Aquifer yield is
highly dependent on the number and spacing of the wells tapping the aquifer. If all the
wells in a highly developed aquifer pump at the rate equal to their well yield, the

aquifer yield will likely be exceeded.

The determination of hydraulic conductivity is very important for groundwater
problems. Camp (1977) obtained hydraulic conductivity (K) values ranging from <0.001

m/d to 0.12 m/d in the same type of soil from laboratory experiments. Anderson and
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4
Cassel (1986) reported that the coefficient of variability of K-values determined from
core samples in a Portsmouth sandy loam varied between 130 to 3300%. Pumping tests
provide one of the most important procedures in practical groundwater investigations.
Thus a pumping test is required to provide data from which the transmissivity and
hydraulic conductivity of the tested aquifer can be calculated. And it can provide

information about the performance and efficiency of the well being pumped.
1.2  Groundwater modeling

In analyzing many groundwater problems, one of the major tools is
groundwater modeling. Groundwater models are very suitable for the study of a
hypothetical aquifer in which various type of flow behavior is examined and are also
helpful in reconnaissance studies, for interpretive studies, and predictive studies before

actual study.
1.2.1 Types of groundwater model

Groundwater models are generally classified into four categories which are

described as following:

Groundwater flow model:This model provides the solution of the problem concerned
with water supply, which is normally represented by a single equation, usually in terms

of hydraulic head.

Solute transport model:This model involves the problems of water quality, so an
additional equation (s) to the groundwaterflow equation must be solved for the

concentration (s) of chemical specie (s).

Heat transfer model: In this model problems involving heat are considered, which
requires the addition of an equation in terms of temperature, to the groundwater flow

equation.

Deformation model: It comprises a model having a set of equations that describe

aquifer deformation combined with a groundwater flow equation.

The simulation of groundwater systems generally discussed with the
development and operation of the model, whose behavior is analogous to actual aquifer

behavior. The model may be physical, electrical analog, or mathematical. Alternative
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5
model divisions could also be found in Karplus (1976) and Thomas (1973). A
mathematical model is just a group of equations consisting of partial differential
equations in conjunction with acceptable boundary and initial conditions that are
subjected to definite assumptions, describes the physical process active in the aquifer.
Mathematical models could also be statistical, deterministic, or the combination of the
two.In Figure 1.2, the logic diagram for developing a mathematical model is presented.
The first step is to understand how the system operates and a conceptual model is
created and also the second step is to develop a mathematical model by forming
governing equations. After formulating the mathematical model, the next step is to

obtain a solution using any of two general approaches i.e., analytical or numerical.

CONCEPTUAL MODEL

MATHEMATICAL
MODEL

ANALYTICAL MODEL NUMERICAL MODEL

Figure 1.2 Logic diagram for developing a mathematical model
(Source: Mercer and Faust, 1980)

The groundwater flow equation can be further simplified into general equations
that are agreeable to an analytical solution. The equations and solutions to these
subsections are denoted as analytical solutions. Alternatively, for problems where the
simplified analytical models can’t be used for solving problems, then the partial
differential equations can be approximated numerically as finite-difference techniques
or finite-element method. In this method, a computer program is formulated and
equations are solved. Analytical methods such as type curve analysis require several
simplified assumptions and are relatively easy to use than numerical models, which are

more difficult to apply, are not limited by any assumptions necessary for the analytical
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methods. In describing poorly understood systems and in classifying data, pure
statistical methods are useful. Each approach has its advantages and disadvantages.
Whichever approach is taken particularly based on the aquifer problem. The final step
is to convert the mathematical results back to their physical meaning. And these results
must be effective in answering the hydrologic questions and should be compatible with

reality (Mercer and Faust, 1980).

The groundwater models are further subdivided into those describing porous
media and fractured media. Some groundwater management models can be used to
obtain optimal values and decision parameters like pumping rates and cost. These
models combine flow models with linear programs. If we have problems concerning
aquifers having irregular boundaries, heterogeneity, and high variable pumping and
recharge rates, then the most appropriate model is a numerical model. To characterize
uncertainty in model parameters and to determine aquifer parameters, these models can
be combined with statistical techniques. Groundwater models associated with
uncertainty are generally difficult to solve hence it requires a mathematical model
which explicitly combines the uncertainty. Some researchers used variations in
hydrologic factors such as aquifer parameters while some used variations in economic
factors such as pumping costs and crop prices. Maddock (1972, 1973, and 1974) used

the algebraic technological function to solve the model problems with uncertainties.

Uncertainty can also be incorporated into the groundwater management model
using a chance-constrained method of optimization. Some researchers as Tung (1986,
1987), Wagner and Gorelick (1987), Yeh and Wang (1987), Hantush and Marino
(1989), Wagner et al. (1992), Morgan et al. (1993), Datta and Dhiman (1996) and
Chang et al. (2007) converted deterministic model into a stochastic model employing
chance-constrained programming.When distributed parameter simulation models are
employed stochastically, the effect of uncertainty and random nature of surface flow
can be observed through sensitivity analysis (Bredehoeft and Young, 1972;
Maddock, 1974).The stochastic groundwater management model formulated through
chance-constrained programming is not mathematically operational, to solve the
model we need to transform the chance-constrained equation into their deterministic

equivalent. Generally, the aquifer parameters such as transmissivity are derived from
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7
the pump well test, this test provides the averaged value for aquifer parameters as the
aquifer volume and area is very large. Hence transmissivity can be treated as a
random variable and not as a deterministic one. As per its consequences, the
constraints also become random and their compliance at each control point can’t be
certain. It would be more realistic and appropriate to examine constraint performance
probabilistically. In a stochastic approach, it would be operationally feasible to
impose restrictions on allowable risk or reliability requirements on constraint
performance. It is mandatory to assess all the statistical properties of variables at
various control points Tung (1987). Wanakuleet al. (1986) developed an
optimization-based model to determine optimal pumping and recharge with
groundwater flow equations as constraints. For groundwater management, pumping
tests are performed by centrifugal pumps. Pump characteristics influence the flow
conditions and discharge, so it would be reasonable to include them in the

optimization model.

The groundwater management model with the inclusion of pump characteristics
and uncertainties within the same model have not been considered hitherto. Therefore it
is logical to consider these points while formulating the model. In this thesis, the
Influence function or Unit response function approach is used to relate seasonal pumping
from the wells to the drawdown at the wells. The objective function is to develop the
optimal pumping of a largely confined aquifer. The Cooper-Jacob equation is used to
develop the model to obtain the unit response function that can be related to drawdown at
each control point. The final chance-constrained expression, which specifies the
reliability requirements of system performance is linearized into its deterministic
equivalent. Then for the cases below: (1) Constraints imposed on efficiency of pumping
well, drawdown at control points and pumping rates, (2) Inclusion of uncertainties into
aquifer parameters (transmissivity and storage coefficient), (3) In presence of different
reliability requirements (90%,95% and97.5%).

1.3 Objectives of the Thesis

The main objective of this thesis is to develop a chance-constrained
programming model for optimal quantitative management of pumping from a confined

aquifer. The specific objectives of this study are:
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% To develop a chance-constrained optimization model for transient flow
through a confined aquifer using pump characteristics to maximize total the

pumping rate from all wells.

% To illustrate the applicability of the developed optimization model with
example and study the effect of randomness in aquifer parameters, with

different reliabilities.

% To investigate the consequences of restrictions imposed on pump

o
A5

characteristics, pump efficiency, pumping rates, and drawdown on optimal

pumping rate.
1.4 Organization of the Thesis

The work in this thesis has been presented in five chapters comprising the
current introductory chapter. In chapter 2, the pertinent works regarding the optimal
groundwater modeling and management schemes and the literature concerning chance-
constrained programming in the confined aquifer has been reviewed. The motivation
for the present work has also been discussed in this chapter. Chapter 3 contains model
description, and various governing equations of groundwater flow and chance-
constrained model development. Chapter 4 presents the application of the developed
model for confined aquifer with the help of an example and detailed discussion of

results. Summary and conclusion drawn are presented in chapter 5.
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Chapter 2 LITERATURE REVIEW

2.1 General

In arid and semi-dry regions, due to the high inconsistency of surface water, the
groundwater becomes the vital natural resource. Many groundwater resources are
contaminated and on the verge of depletion due to mismanagement hence groundwater
management has become indispensable. With the advancement in knowledge on
geophysical subsurface flow phenomena and computational capability, it becomes

practical and feasible.

Groundwater management basically divided into two categories, simulation
and direct optimization. The simulation model is tedious and necessitates trial and
error. Direct optimization model is less time consuming as it involves some algorithms
that automatically seek out optimal. This model is further classified as lumped
parameter model and distributed parameter model. The model with temporal allocation
of water is computationally simple and comes under lumped parameter models. The
models which consider both the temporal and spatial allocation of water are classified
as distributed parameter model. Distributed parameter models can be solved either by
response matrix approach or embedding technique. Response matrix technique uses
linear system theory and unit response function (influence function) and embedding

technique directly includes flow equations as constraints.

Generally, the study of groundwater management is carried in the environment
with uncertainties. There is always an uncertainty about aquifer parameters due to: (1)
Geological variability, (2) Lack of aquifer data, (3) Lack of knowledge about flow
characteristics, transport characteristics and aquifer systems, (4) Economic
considerations. There are some other factors such as engineering designs, cost and
operation of the system. Hence, it is required to incorporate uncertainty into
management model for proper functioning of the model and predicting system behavior
with certainty. An important area of groundwater management modeling research
involves formulation and solution of management problems with uncertainties. In

recent years, uncertainties in groundwater models are incorporated by means of

Review of Literature ............... d



10

stochastic optimization techniques. The stochastic method has two approaches, in the
first approach uncertainty is incorporated directly into management model through
mean and covariance. The second approach uses Monte Carlo analysis which involves
a series of realization of uncertain parameters. In stochastic groundwater management

the system involves a number of random elements.

Gorelick (1983) divided groundwater management model into three categories:
groundwater hydraulic management, ground quality management and groundwater

policy evaluation and allocation.

The recent advancements in formulating and solving groundwater models is
described by Wagner (1995), he divides a groundwater management model in its basic
form, which has following characteristics: (1) It is stochastic, with the uncertainty
associated with the aquifer simulation model. (2) It contains both discrete and
continuous decision variables. (3) It is nonlinear with respect to decision variables. (4)
It requires solution of partial differential equations relating groundwater flow and
transport. Recent studies in groundwater management involve stochastic management

techniques to design groundwater hydraulic and quality management studies.

Tung (1986), Wagner and Gorelick (1987), applied nonlinear chance
constrained programming for groundwater management. There are two stages of
solving chance constrained programming models, first one involves combination of
two-dimensional steady state groundwater flow and transient contaminant transport
simulation model with nonlinear least square regression and optimal estimates of
uncertain model parameters are calculated. In second stage the nonlinear chance
constrained program is solved. In this stage, probabilistic interpretation of model
prediction is done which is defined as the function of pumping decisions and parameter
uncertainty. It recognizes the need of overdesigning the model in high reliability
requirement. In this case it was determined that to achieve a reliability of 90%, an
overdesign up to 27% was needed.

2.2 Simulation Approach in Groundwater Management Model
Analysis

Bredehoeft and Young (1970) presented a groundwater management model
using simulation approach. They stated that the simulation approach is better than

dynamic and mathematical programming and assumes that drawdowns are uniformly
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distributed through the basin, in response to withdrawals. The earlier efforts for
providing solutions for temporal allocation of groundwater model were based upon
simplified models, the author have used the digital model by replacing the past
electrical analog model, which can be easily solved by computers. In this model
nonhomogeneous parameters such as transmissivity and storage coefficient can also be

incorporated for future extension of this work.

Bear (1979) explained the simulation model based on partial differential

equations of groundwater flow and solute transport.

Gorelick (1983) incorporated the simulation model into groundwater
management model by two methods that is embedding technique and response matrix
approach. He used response matrix approach to develop unit responses from the
external groundwater simulation model. Simulation model not directly provides
optimal solution, but they offer an approximate method to produce the value of an

objective function.
2.3 Direct Optimization Approach in Groundwater Management

Maddock 111 (1972) describes that it is difficult to couple management model
explicitly with the distributed parameter groundwater simulation models, which seeks
optimization based on economic objective. The author represented his 2-D linear partial
differential equation model by producing an algebraic technological function (unit
response function). This function can be related to well hydraulics and explicitly
includes the behavior of ground water systems such as distances between wells, well
radii, irregular shaped boundaries, or nonhomogeneous flow parameters in the

management model.

Maddock I11 (1973) explains an approach in a primitive way, to determine the
pertinent data with the help of a management or planning model. The author dealt with
uncertainty by treating them as random variable and inferred that the uncertainty lies to
the more variable term. And calculation of diffusivity coefficient could be critical in

decision process.

Maddock 111 (1974) developed a deterministic model for developing operating

rules, when supply sources and demands are stochastic in nature. He assumed a single
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stream and single aquifer. These rules are helpful in conjunctive use of water. He
incorporated algebraic technological function with well pumping, drawdowns, demands

and stream flow interactions considering these factors as uncertainty.

Wanakule et al. (1986) developed a methodology that couples simulation
model with optimization model for determining optimal pumping and recharge in

artesian and non-artesian aquifers.
2.4  Linear Programming Approach in Aquifer Management

Deninger (1970) formulated a linear programming management model for
minimizing the cost of water production and to increase the total discharge.
For obtaining drawdown response matrix, the author used non equilibrium formula
(Theis, 1935).

Alley et al. (1976) used approximation in two dimensional artesian aquifer
where the flow was transient and steady-state, using finite differences. The authors
formulated a linear programming model by combining linear differential equations with
linear physical management constraint and linear objective function, and found the

optimal solution and determined optimal well distribution and optimal pumping rates.

Aguado et al. (1977) explained a linear programming management model with
the help of sensitivity analysis to determine the extent, to which the variations in input
data and aquifer parameters could affect the optimal solution. This model uses finite
element and finite difference method, in which groundwater flow equations are taken as
constraints. The results showed that the optimal steady state solution is most sensitive

to the hydraulic conductivity at or near the aquifer boundaries.

Bathla et al. (1980) formulated a generalized linear management model for
analyzing several types of ground water problems. The authors developed a procedure
to predict aquifer response behavior due to pumping. They used historical pumping
rates, groundwater levels, stream stages and estimated storage coefficients as model
inputs and the aquifer transmissivity and predicted groundwater levels as model
outputs. They investigated the variations in storage coefficients and carried sensitivity
analysis. They found that the technique was insensitive even to large errors estimated

in storage coefficient and better than conventional numerical models of aquifer
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system as the computational time required was very less comparatively. It computes
the aquifer transmissivity and storage coefficient therefore those expensive pumping

tests can be skipped which are used to compute those parameters.

Heidari (1982) did hydrogeological investigation of a valley in Kansas and
represented by a linear system model with linear programming approach. The objective
function of the model is to maximize the total pumpage, from the system with physical
capabilities and institutional constraints. The author then compared the solutions with
numerical and analytical solutions and provided a guide plan for groundwater

management over the next ten years in that area.
2.5 Nonlinear Optimization in Groundwater Management Model

Flores et al. (1978) developed an optimal water management model in stream
connected aquifers using conditional probability approach. In this paper the authors
took linear reservoir model, and estimated the effect caused by variations in parameters.
They used simple lumped parameter stochastic model, and a drawdown correction
model is used, which proved very crucial. In the model chance constrained equation has
been introduced and the expected values of discounted costs was minimized by linear
decision rule, which is then solved by an iterative linear programming scheme. They
concluded that the stochastic effects are very important in determining expected cost

than arriving operating policy.

Gorelick et al. (1984) developed a planning model to determine the optimal
design of reclamation schemes for contaminated groundwater. This model was
applied in two stages first has steady state aquifer reclamation and second considers
the transient flow and transport. This model combines the SUTRA (solute transport)
model and distributed groundwater model with a MINOS (non- linear optimization

model).

Das and Datta (1999a, 1999b, and 2000) demonstrated the application of
nonlinear programming in the series of three series of papers. They formulated a highly
nonlinear problem of sea water intrusions in coastal aquifers. They combined

simulation model with optimization model.
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2.6  Stochastic Conceptual Analysis of Groundwater Problem

Freeze (1975) represented non uniformity of a porous medium, stochastically
through the concept of frequency distribution of three basic hydrogeological
parameters. The author analyzed two one dimensional saturated flow problems: steady
state flow and transient flow in a clay layer. He gave the term “equivalent” because
each flow parameter can possibly have a single value for each flow parameter. But for
the transient flow it is not possible to have “equivalent” value for each flow parameter,
due to large uncertainties. He determined that as the level of uncertainty increases it

will affect our predictions for the groundwater models.

Bakr et al. (1978 b) have taken a statistically homogeneous porous medium and
derived a stochastic differential equation for one-dimensional flow. They illustrated the
application of stochastic analysis with the example of two network design problems
and concluded that the correlation length of hydraulic conductivity and measurement of
errors has an important and vital role to play in the stochastic model studies. As the
standard deviation of logarithm of conductivity is large, correlation length of hydraulic
conductivity will be larger and head measurement errors cause a significant variance in

discharge estimate.

Smith and Freeze (1979) conducted stochastic analysis for a steady state two
dimensional groundwater model in a bounded region. They used the Monte Carlo
techniques, and divided the flow domain into squares. Each discrete block represents
the realistic spatial variation in hydraulic conductivity. The simulation results showed
that the uncertainties in hydraulic head distribution output is influenced by spatial trend

in mean hydraulic conductivity.

2.6.1 Spatial Variability in Stochastic Groundwater Management (Spectral
Techniques)

Bakr et al. (1978a) represented the complex variations in aquifer transmissivity
as spatial variability in stochastic conditions using covariance function. The stochastic
differential equations describing flow through porous media were solved using theory
of spectral analysis by assuming statistical homogeneity, and random variations in
hydraulic conductivity. The results of their study showed that the stochastic approach

for solving aquifer heterogeneity is effective and realistic.
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Gelhar et al. (1979) illustrated the use of stochastic techniques in analyzing
applied subsurface mass transfer model under field conditions. They showed the
variations in hydraulic conductivity by using the term covariance, and represented it by
spectral method. They took the conductivity as a stochastic process and developed the
solutions for flow equations and demonstrated that for large time the longitudinal
dispersivity approaches to a constant value, and depends upon stochastic properties of
the medium. This approach proves to be good, where probabilistic approach should be

applied on a large area.

Dettinger and Wilson (1981) developed numerical groundwater model, and
analysed it by applying the first order and second order analysis. And estimated the
mean, variance-covariance properties of piezometric head predictions. They used the
compact matrix calculus notation and Taylor series expansion for calculation and
concluded that the results of first order are alike to its deterministic model. The authors
developed a probabilistic approach for solving the model to develop a situation where
data availability is a limit and we have to predict aquifer behaviour. The authors also
used variability in input data such as initial or boundary conditions, one-, two- or three-
dimensional flow in bounded domains. But they did not cover the temporal

probabilistic variations.

Gelhar (1986) showed how we can estimate the large scale parameters and
reliability of three dimensional numerical simulations from stochastic analysis. He took
the heterogeneity of aquifer into consideration and represented it in terms of randomly
variable hydraulic parameters, which will then appear in partial differential equations
representing flow process. The results were represented by probabilistic distribution or
by statistical moments. He showed the importance of variance and spatial correlation

scales of log hydraulic conductivity.

Wagner and Gorelick (1989) explained the importance of spatial variability of
hydraulic conductivity in groundwater management models. They explicitly
incorporated the uncertainty with optimization model for aquifer remediation strategies.
They first solved the stochastic inverse model for aquifer remediation strategy and
generated numerous maps of spatially variable hydraulic conductivity based on

statistical characterization and conditional simulation. Then they solved the
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optimization model. They presented two management model formulations. They
provided relation between pumping costs and reliability. First one solved nonlinear
simulation-optimization problem simultaneously for hydraulic conductivity realization
which is termed as multiple realization management model, second one solved the
nonlinear equations individually and is termed as Monte-Carlo management model.

Each model was linked with stochastic inverse model.

Massmann and Freeze (1987) explained how resource allocation is sensitive to
stochastic parameters of hydraulic conductivity and concluded that hydraulic

conductivity proves to be the most valuable in reducing the uncertainties.
2.7 Chance Constrained Approach in Groundwater Management

Tung (1986) presented a management model that explicitly considers the random
nature of transmissivity and storage coefficient, for determination of optimal pumping
pattern in a well field subjected to a specified system performance reliability requirement.
Application of the model was demonstrated using a hypothetical example through which
factors affecting model results were investigated. The probability density function of
random drawdown at each control point was taken as normally distributed. For easy
application of chance constrained equation it is transformed into its deterministic
equivalent to make it mathematically operable. As the reliability requirement and
uncertainty level of aquifer properties decreases, the total maximum pumpage increases.
The model results were found to be insensitive to the value of uncertainty of storage
coefficient and quite sensitive to the uncertainty value of transmissivity and it could be

concluded that the value of storage coefficient can be taken as deterministic.

Tung (1987) divided the groundwater management methodologies into two
categories: simulation and optimization. He considers the randomness in aquifer
parameters in a chance constrained framework, and further extended to multi-objective
optimization framework. In that framework he showed the explicit relation between
optimal pumpage and performance reliability of the system and then applied to a
hypothetical steady, homogeneous, nonuniform, confined hypothetical aquifer. He
concluded that at a given uncertainty level, as the reliability requirement decreases
optimal pumping increases and at a given reliability level, as uncertainty increases total

maximum allowable pumpage decreases.
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Wagner and Gorelick (1987) gave a non-linear and statistical optimization for
groundwater management, in which they incorporated parameter uncertainty into
decision making process. The management model aims to best well selection and
pumping-recharge rates, for meeting water quality assurance. Their whole work falls
into two categories: parameter estimation and contaminant transport in simulation
model. They used non-linear stochastic method for problem formulation, as
deterministic model can’t be used. This approach will be used to future groundwater

management problems.

Yeh and Wang (1987) conducted their study on confined aquifer and estimated
dispersivity by solving solute transport model and finite element method. They carried
numerical experiments for parameter identification for three-dimensional solute
transport model, which has unidirectional, steady and nonuniform flow field. Using a
modified Gauss-Newton algorithm for least square minimization and sensitivity
coefficients were calculated by solving sensitivity equations. For assessing the

reliability of estimated parameters, statistical procedure was used.

Tung (1987) explained effects of parameter uncertainty on optimal risk based
design of hydraulic structures. He also examined the effect of inherent hydrologic and

parameter uncertainty.

Hantush and Marino (1989) developed a chance-constrained optimization
model which explicitly considers the variations in aquifer transmissivity and specific
yield of unconfined aquifer. They considered a hypothetical model and sensitivity
analysis was carried by varying probability requirement for 30 days planning period.
The optimal solution of the model was solved using the MINOS 5 package. They used
the probability variations as 90%, 95% and 97.5%, and plotted a graph between log
hydraulic conductivity and optimal pumpage in cubic meter per second and it was
clearly visible from the graphs that the optimal pumping decreases in nonlinear fashion
as the probability increases. The values of coefficient of variation for log hydraulic
conductivity were taken from 0.017 to 0.056, and for log specific yield were taken as
-0.31, -0.29, -0.27 and -0.23. They concluded that the results were highly sensitive to
log hydraulic conductivity for coefficient of variation greater than 0.05 and higher

probability levels, and insensitive to log specific yield.
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Wagner et al. (1992) gave a model that explains how stochastic optimization is

best suited for incorporating uncertainties into management model.

Morgan et al. (1993) developed a new chance constrained technique called
MICCP (Mixed Integer Chance Constrained Programming) that does not require pre
knowledge of distribution. This technique considers the uncertainties into all linear
programming constraints. Their objective was to find the globally optimal trade off
curve for maximum reliability versus minimum pumping objective. The results showed
that the increase in standard deviation (0.6 to 0.8) leads to the decrease in the
performance of MICCP. This technique is different from the conventional chance
constrained programming. In previous chance constrained modeling chance constraints
are converted into deterministic equivalents and then solved for the objective values. In
MICCP all the uncertainties are taken into right hand side which automatically converts

them into deterministic equivalent.

Datta and Dhiman (1996) developed a chance constrained model for
optimization and solved using MICCP. They designed a groundwater quality
monitoring network for pollutant transport. They considered tritium as the radioactive
pollutant. In saturated zones, the uncertainties are incorporated in model for prediction
of pollutant movement. Nonlinearities were accommodated through piecewise
linearization scheme in management model. The cumulative distribution functions of
the actual spatial concentrations were included in management model. The authors
solved two mathematical models, one a simulation model and other an optimization
model. Simulation model predicted the location of pollutant w.r.t. time and space and
chance constrained optimization model determined optimal location of monitoring

wells and maximum number of such wells.

Chang et al. (2007) developed a stochastic groundwater management model
considering land subsidence. The authors firstly developed a deterministic model by
using response matrix technique and one-dimensional consolidation equation. The unit
response technique is used to quantify hydraulic conductivity. The deterministic model
was converted into stochastic form by chance constrained programming. The first order
variance method was adopted to analyze the uncertainties. The objective of the model
was to determine optimal pumping subject to constraints that drawdown and land

subsidence do not exceed the allowable values of specified reliabilities. The conclusion
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of their research can be applied to regional groundwater resource management in
conjunction with controlling land subsidence.

2.8 Analysis of Multiple Well Pumping Test Data

Thiem (1906) conducted a study on steady state flow conditions and in his
model aquifer had been pumped long enough that equilibrium had been reached
(drawdown does not change with the time). He concluded that the drawdown has been
influenced by well losses screen and pump intake.

Theis (1935) had taken the transient flow conditions in compressible and
completely elastic aquifer and showed that the early drawdown data may not closely
represent theoretical drawdown data. He derived an equation for determining
coefficient of transmissibility and storage coefficient from the observed drawdown, by

superimposing the observed data on ‘type curve’.

Hantush (1964) performed pumping test with partial penetration where there is
an anisotropy in horizontal plane and assumed that there is no vertical flow at the top

and the bottom of the aquifer.

Cooper and Jacob (1946) assumed the aquifer to be compressible and
completely elastic and considered the flow conditions to be transient. They determined
the coefficient of transmissibility and storage coefficient by a straight line graphical
method in which there is no requirement of ‘type curve’. This method can be applied to
both the artesian and non-artesian aquifers under favorable conditions, for determining
their capacities to transmit water under hydraulic gradient and to yield water under low
artesian pressure or when water table is low. This test can be applied to both the single

and multiple discharging wells.
2.9 Advancement in Groundwater Management

Demirbas et al. (2008) used the combined simulation-optimization approach
for searching optimal decision of dewatering of an unconfined aquifer. The
groundwater management problem converted into linear integer programming model
by generating response matrix with the help of MODFLOW software. Their study was
focused on a hypothetical dewatering area, in which nonlinear response due to pump

characteristics has been examined. Genetic algorithm is used as an optimization tool to
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compare the results. Results showed that the linear optimization in combination with

MODFLOW software has proved an efficient method in groundwater management.

Liu et al. (2013) presented a scientific model of cloud computing for integrated
stochastic analysis of uncertainty in groundwater. They took the first study area in
Arizona where the effects of impact of groundwater pumping was evaluated and the
second study area in Texas where sensitivity analysis was carried on regional
groundwater availability model. The results of this study assisted in groundwater
planning and sustainable management. This research used a public cloud, MODFLOW

on Azure to develop a groundwater service.
2.10 Motivation for Present Work

In preceding sections the analysis of literature divulges that wvarious
groundwater management models have been developed for quantitative and qualitative
management. The application of optimization models has significantly increased in
recent years with the technological advancements. Several optimization methods such
as linear programming, nonlinear programming, dynamic programming, stochastic
programming, chance constrained programming, genetic algorithm, fuzzy logic and

cloud computing have been used.

The literature reviewed shows the pump characteristics have not been
considered in the chance constrained groundwater management models. Therefore, in
this study a chance constrained groundwater management model with uncertainties
using pump characteristics is developed. This model is then applied to a hypothetical
study area to optimize total pumping. This study will assist in understanding the effect
of uncertainties in aquifer parameters under different reliability conditions and pump

efficiency in total discharge.
2.11 Summary

This chapter clearly tells about necessity of managing groundwater as it has
become meagre due to technical advancements. There are different chance constrained
optimization models that have been developed with different conditions. This literature
review shows the need for development of chance constrained model under different

reliabilities considering the pumping characteristics.
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Chapter 3 MATERIALS AND METHODS

3.1 General

This chapter provides details of thematerials and methodology used in this study
which is applied to a hypothetical study area of confined aquifer having four wells and
six control points.This study explains about the chance-constrained methodology
adopted to obtain optimal discharge when there is randomness in aquifer parameters.
The random aquifer parameters taken are transmissivity and storage coefficient, under
various reliability requirements. The objective of this study is to maximize the pumping
rates while applying constraints on allowable drawdown at different control points,
efficiencies and pump characteristics. Cooper-Jacob equation is used to demonstrate the
development of a chance-constrained management model based on
Theisequation(Theis,1935), which are mainly used to solve the problems related to

transient groundwater hydraulics.
3.2 Materials Used

The study area chosen is a hypothetical confined, homogeneous and nonuniform
aquifer.A simple transient nonlinear chance-constrained programming model is
developed to maximize the total discharge of pumping. The random characteristics of
transmissivity and storage coefficient are also considered in this model.The Unit
response method relates the state variables of aquifer systems (drawdown) to the
management decision variables (pumpage). The unit response function (B) can be

obtained by simulation model described by Heidari (1982).

The formulated chance constrained programming model is implemented by
writing a program in LINGO10.0 software. LINGO software is a comprehensive and
less time consuming tool, designed to build and solve theLinear, Nonlinear (convex and
nonconvex/Global), quadratic, quadratically constrained, semi—definite, stochastic, and
integer optimization models faster, easier and more efficiently.LINGO includes
Algebraic Modeling Language, Convinient Data Options, Model Interactively

information from databases and spreadsheets. LINGO is equipped with fast and inbuilt
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solver to select the appropriate formulation. LINGO also includes examples forExcel,
C/C++, FORTRAN, Java, Visual Basic, Delphi,VB.NET, C#.NET andASP.NET.

Microsoft Excel 2010 spreadsheets were used to calculate time dependent
drawdown response function, coefficient that are function of the mean transmissivity
and storage coefficient and stochastic unit response function derived from the Cooper-
Jacob equation. Microsoft Corporation for Windows, Android, i0OS and macOS built
and developed the Microsoft Excel software. This software enables the users in
calculating organizing and manipulating the data by formulas with a system of
spreadsheets having rows and columns. Since the launch of its 5" version in 1993, it
has become a broadly used spreadsheet program.Generally it comes along with
Microsoft Office package and also compatible with other Microsoft Corporation
applications. An excel file stores numerous worksheets into a single
workbook(Wikipedia).

3.3 Unsteady flow in confined aquifer and governing equations

In a confined aquifer, when a well starts discharging, the water from the aquifer
releases in the form of cone of depression of piezometric surface. The following
assumptions are considered to develop the stochastic groundwater managementmodel

for confined aquifer:

1. The aquifer is homogeneous, nonuniform, and leakyhaving infinite horizontal

extent.
2. The flow pattern considered is radial in the aquifer.
3. Wells are assumed to fully penetrate the entire aquifer thickness.
4. Flow assumed is unsteady.
5. Piezometric head is assumed to be uniform throughout the entire aquifer.

6. Water is released instantaneously from the storage, by ignoring the hydraulic
head.

7. Very small diameter pumping wells are taken, to neglect the storage in the

wells.
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3.3.1 Unit Response Function

Under the aforementioned assumptions, the unit response function can be
obtained from the well functions (Maddock 111, 1974 and Bathla et al., 1976).A non-
equilibrium formula was derived by (Theis, 1935), considering the analogy between the
groundwater flow and the heat conduction under steady state conditions. In groundwater

hydraulics, he introduced the concept of time. The well function can be written as:

© -v

WIu(i, j, K)] = j OV oo, (3.1)

u(i,j.k) v
Where,
W [u] = Well function of u;

The value of the function, u (i,j,k) (dimensionless) is given as:

Here, i, j and k denote k™ period, j™ control point and i discharging well;
rij= distance between the i"discharge well and j"control point, (m);

S = storage coefficient, (dimensionless);

T = aquifer transmissivity, (m?/day); and

t, = time instant at the end of k™ period, (days).

The right hand side integral of Eq. 3.1 can be expressed as:

© -V 2 3

e \" Vv
[ —dv =-0.57725665 —Inv+v - + b e e (3.3
oV 2%21 3%*3

This exponential integral, cannot be integrated easily hence it is programmed

using the infinite series. The value of v is indicated as:

To determine the value of W[ ] for a given value of v, it is necessary to express
v as some number between 1.0 and 9.9, multiplied by 10 with an appropriate

exponentWenzel (1942).
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The Cooper-Jacob equation equation can be written as:

W u(i, j.k)]=In

Unit response function is also derived from Cooper-Jacob equation.

[w (i i k)k =1 1
LK) = s 36
A, j.k) iw(hj k)_w(i’j’k_l),k”j (3.6)

Where;

B(i,j,k)= the unit response function for the K"period relating drawdown at
j"control point to unit pumpage at the i discharging well; and
v(i,j,k) is a function used in place of (1/4xT)W[u(i,j,k)] in equation (3.6).

3.3.2 Boundary conditions

In groundwater management models, generally two types of boundary conditions

are used:
1. Dirichilet’s boundary condition
2. Neuman boundary condition

e Dirichilet’s boundary condition: Generally the hydraulic head is a time
dependent variable or it may have a constant value. These boundary conditions
specify the value of hydraulic head with aquifer boundaries. For this study, as

per the Dirichilet’s boundary condition the value of head is taken as constant.

¢ Neuman boundary condition: These boundary conditions representflux across
the boundary. For impervious boundary, the boundary condition as no flux or

zero flux boundary.
3.3.3 Reliability requirements

The transient groundwater flow problem is solved with many levels of
uncertainty in aquifer parameters and with different reliability ranges. The reliability
requirement and uncertainty analysis is carried to observe the effect on optimal

solutions. The coefficients of variation of transmissivity(CV of T)and storage
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coefficient(CV of S)are used to define the degree of aquifer uncertainty. The range of
coefficients of variation are taken as 0.2, 0.4, 0.6 and 0.8 for both transmissivity and

storage coefficient.

The value of coefficient of variation (CV) can be calculated by the formula:

o = standard deviation of the parameter, (same unit as the original data);
u = mean of the parameter, (same unit as the original data).

For chance-constrained formulation statistical properties of aquifer parameters
are used in model. To meet the stated operation constraints in normal distribution, the
mean values of the aquifer parameters are used which roughly correspond to 50%
performance reliability of the model(Tung, 1987). The reliability used in the study is
90%, 95% and 97.5%.

3.3.4 Pump Characteristic Curves

When we represent pump behavior and its performance under different
operating conditions through graphs it is termed as pump characteristic curve.Pump

characteristic curves can be categorized into four types:

Head-Discharge Curve: This curve relates Head produced by the pump and Discharge
(Flow rate) of the pump. Usually for the increasing discharge, head produced by the
pump falls steadily.The head generated at zero discharge (i.e., when the pump is
operating against a closed valve) is known as Shut-off head, used to determine the

priming losses of pump.

Energy Curve:This curve is a graph of Brake Horse Power vs. Flow rate. The brake
horse power also rises linearly, with the increase in discharge. Even at null flow the
pump consumes minimum power and this power is used to develop the shut off head of
pump.

Efficiency Curve: It is the plot of Efficiency vs. Flow rate. This curve starts from no
flow conditions, and increases till a peak point is reached then starts falling back. The
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ultimate point is called Best Efficiency Point (BEP), and corresponds to the flow rate

having maximum efficiency.

Net Positive Suction Head vs. Flow Curve: This curve is usually flat till discharge

reaches to corresponding BEP, then start rising sharply. To avoid cavitation, required

NPSH should always be greater than NPSH at any time.

Figure 3.3, shows typical characteristic curves for centrifugal pump. The relation

between efficiency and discharge is a third order polynomial and is represented as:

n =a+bQ +cQ2+dQ

Where,

n = pump efficiency, (%),

Q = pump discharge, (m*/sec) and

a, b, c and d = constants.
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Figure 3.1 Typical pump characteristic curves
(Source: americanwatercollege.org)

3.4 Probabilistic consideration of model elements with uncertainty

In this study, a nonlinear chance constrained optimization model is developed
because it seemed more realistic and correct to examine performance of constraints

prbabilistically. It is possible to impose restrictions on allowable risk or required
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reliability of constraint performance in stochastic model. As we won’t be able to solve
the probabilistic expression mathematically, so in chance-constrained model, it is

essential to calculate the statistical properties of random variables.
3.4.1 Derivation of stochastic groundwater management model

After considering the uncertainties in aquifer parameters the management model
requires stochastic approach for finding optimal solution. This requires replacement of
constraints from deterministic model by some stochastic ones.The use of linear
programming technique is inapporpriate as the deterministic equivalent of chance-
constrained equation is nonlinear. Linearization procedure linearizes the nonlinear
terms, this procedure is called quasi-linearization. This process requires the initial
estimate of pumping rates from all wells during all periods, which are used to calculate
the stochastic influence coefficient. As a result optimal solution is obtained. The
objective is to maximize the total amount of groundwater that can be pumped from the

system.

The study problem contains a hypothetical aquifer basin with four wells and six
control points. Total drawdown at any control point is equal to the sum of drawdowns
from individual pump wells. It is assumed that at each control point drawdown is
normally distributed. And the statistical properties of random aquifer parameters are

calculated using central limit theorem (CLT).
The actual chance-chance contrained model, under normality assumption can be
represented as(Tung, 1986):

prlz 3T Elsx (i) 2 0 (JuN) e (3.9)

var [s* (j,n)]

Where,
Pr = Probability;

Z = a standard normal deviate corresponding to the normal cumulative

distributive function of a (j,n);

s* (j,n) = drawdown at j""control point at the end of n™ time period (m).
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The value of E[s*(j,n)] can be approximately written as:

n

E[s*(j,n)]:ZM: By Jok)Q (N = K A1) ettt (3.10)

i-1 k=1

E[s*(j,n)] = stochastic unit response function of drawdown at the control point j

at the end of the n™ time period, derived from the Cooper-Jacob equation;

Q(i,n-k+1) = pumpage at the i"discharging well during the k™period, where k <

n, (m%s);

\var[s*(j,n)] = standard deviation of drawdown at the control point j at the end

of the n™ time period(same unit as that of original data); and
[a(j,n)]= reliability at the j™ control point at the end of n™ time period.

After substituting Eq. (3.10) into Eqg. (3.9), an equivalent equation to Eq. (3.9)

can be written as:

\/var [s*(j,n)]Fl[a(j,n)]+£zn:ﬂ(i,j,k)Q(i,nk+1)s s*(j,n); foralljandn

F[a(j,n)]=the value of standard normal deviate, it is calculated using the

standard normal distribution table, which is the function of{a(j,n)];

To linearize the nonlinear terms, the first order analysis (Cornell, 1972) is
applied, which involves the expansion of equation (3.11) in Taylor series about any

arbitrary pumping rate, sayQ°(i,n-k+1) for all i=1... M; k<nandn=1... N, as

f(Q):{Var[S*(jvn)]}m:f[Q0]+ZM:Zn: df(Q)

=1 k=1m U[Q(i’n_kJrl)_Q (i,n—k+1)]+m

Q

f(Q) = standard deviation of drawdown at the control point j at the end of the ™

time period, in terms of unknown pumpage, Q more explicitly;
f(Q°) = the value of function f(Q) calculated by using arbitrary assumed pumpage, Q°;

m= higher order term.

Materials and Methods ............... &
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After neglecting the higher order terms and manipulation, the first order linear

approximation can be expressed as:

Q)= {var [s* (j.m)l}""" = z z D(i, i,k)Q(i,n - k +1); Foralljandn............ (3.13)
Where,
e o — . — |
_ F A, j,k)o.Q (I,n—k+l)JA(I|J‘k)o-T i
Pli.Jk) = f(;o)JFiMI < (3.14)
MZZ B(i, j k)O—SQO(ivn_k+1)JB(i’j’k)o_s J

o7= standard deviation of the transmissivity, (same unit as the original data);
os= standard deviation of the storage coefficient, (same unit as the original data);

and, A(ij,k) and B(i,j,k) are coefficients that are function of the mean

transmissivity and storage coefficient(Tung, 1986).
3.5 Optimization Model

In this study, a chance constrained nonlinear optimization model is developed
for maximizing the total pumpage from a confined aquifer having transient flow with
multiple number of pumping wells. Constraints are imposed on the maximum allowable
drawdown at different control points. The pump characteristics are used as binding
constraints. Different uncertainty levels of aquifer parameters and different reliability
levels are used. The limitations on the desired efficiency are also imposed in the

developed model.
3.5.1 Ohbjective function

The objective of the model is to maximize the sum of pumping rates from all

the pumps over all durations of pumping. It can be written as:

N

Maximize Z :EM; 3T QI N) e (3.15)

i=1 n=1
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Where,

Q(i,n) = pumpage at i" discharging well during n™ period,(m®/s);
M = total number of wells; and
N = total number of pumping time periods.

3.5.2 Constraints

The constraints incorporatedin developed groundwater management model
aremaximum allowable drawdown at different control points, minimum desired
efficiency of the pumps, maximum allowable pumping rate of different pumps and

minimum amount of total discharge from all the pumps.

The allowable drawdown is computed using Cooper-Jacob formula for unsteady
flow of groundwater through confined aquifer and the efficiency of the pump is
calculated using the pump efficiency-discharge characteristic equation. These constraints

can be written as:

1. Drawdown at each control point should not exceed the maximum allowable

drawdown at each control point with a reliability
0 9 S5 (N ) S 8% (1 N) eeneene e et e e e e (3.16)

Where,

5 *(j, n) = maximum allowable drawdown at j™ control point at the end of n™

time period, (m).

The values of s* (j, n) can be calculated as:

S S E (L RGN = K4 1) = 8% (10)eeeeereereeereeeeeeeieseeeeeeeseee e (3.17)
Where,
B gk)=pG 0 k)« F o la(Gn)IDGodk) (3.18)

It is the linear approximation of deterministic equivalent of original chance-

constraint.

Materials and Methods ............... &
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2. Pump efficiency-discharge characteristic equation 3.8 should be satisfied at each

pumping well for each period of pumping.

3. For efficient utilization of energy, the pump efficiency must be within the certain

limit.

Where,
ni= allowable minimum efficiency of pump, (%); and
nu= allowable maximum efficiency of pump, (%).

4. The pumping rate from a well should bewithin specified range.
0 Q.1 S Q,, eeeeeeeeee ettt (3.20)

Where,
Qi..= pumpage fromi™well at the end of n"time period, (m%s); and
Qi,= maximum allowable pumpageat i"well at the end of n"" time period, (m*/s).

5. The total amount of pumpage from all the wells together should be more than demand.

M

3 Q,0) = D(n); FOrAll Noeeiiiiiit e (3.21)

D(n)= water demand during then™time period or minimum discharge of

pumpage in the time period n, (m*/s).

6. Discharge at each pumping well should not exceed the upper and lower range of

discharge.

Q.= allowablemaximumdischargeat each pumping well, (m*/s); and
Q= allowable minimum discharge at each pumping well, (m*/s).

7. Limiting the number of pumping wells, keeping the number of control points the same.

Materials and Methods ............... e
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3.5.3 Resulting stochastic groundwater model constraints

The unit response equations have been derived in detail for different control
points for deterministic model. In chance-constrained modeling, it is mandatory to
estimate the statistical properties of random drawdown. The first order analysis of
uncertainty is required and simplification of Taylor’s expansion of drawdown about the
mean values of T and S is also required for calculating constraint equations. It is needed
to specify limits on allowable risk or required reliability of constraint performance in
stochastic approach. To calculate drawdown values at different control points, the

following expression is used.

s*(Jn)=3 3 E(i, jk)Q (N =K +1) ittt (3.23)

M n
=1 k=1

1. Control point 1

4 n=1 —_

s* ()= 3 [BG i k) + F e m)ID G, i k)]xQ (0 = K +1) oo (3.24)

i=1 k=1

s*(11) = (1) + F 2 @)D @11)R @)+ (#(2.00) + F [« @1)]D (212))Q (21)
+(pG1)+ F e @1)]DB11)R B+ (8(411)+ F *a@1)]D(411))Q (41)

.................................................................................................................................. (3.25)
s ()= 3 5[40 3K+ F e (D (0 O @ n - k +1) (3.26)

s*(1,2)= (p112)+ F '[a @2)p@10)Q1.2)+ ((1.2)+ F o (12)]D (1.1, 2)) (1.1)
+(p(220)+ F e @2)D(222)Q(2.2)+ (8(24.2)+ F *[a (12)]D (21.2)kR (2,
+(pBA)+ F ' e2)D (B3R B.2)+ (8(31.2)+ F e (1.2)]D(31.2))Q (3,
+(par)+ Fla@2)p (410 (4,2)+ (5112)+ *wu>mu1mb<>
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11,3)+ F [a(13)]D(113))Q( 1)+ (/3(2 1)+ F~ [a(13 ]D(211))Q(2 3)
21,2)+ F [a(1.3)ID(21,2))Q(2.2)+ (£(2.1.3)+ F “[a (1.3)]D(21.3))Q (2.1)

11)+ F e (03)D(311)R (3.3) + (msl 2)+ F e (13)]D(31,2))Q (3.2)

+
— — — J— J— *
i)
—_ — —_— o~~~ g
w
[N
[

+(p(31.3)+ F [« (13)]D(34.3))Q(31) + ((414)+ F [« (13)]D (4,12))Q (4,3)
v (p(41.2)+ F e @3)]D(4.0,2))Q(4.2)+ (8(41.3)+ F *[a(1,3)]D (4,1,3))Q (4.1)
.................................................................................................................................. (3.29)
2. Control point 2

*(j,n):inl[ﬂ ik)+ F 2 a(jn)D(i (5 k)] QGin =k +1)eeeeiiiiieeeee, (3.30)

s*(21)= (pL2.1)+ F e (2)D(22)Q A1)+ (8(2.21)+ F [« (21)]D (2,21)Q (2.1)
+(53.20)+ F e (20)D(3.20)R(B.1) + (#(4.22)+ F *[a(21)]D (4.22))Q (4.1)

s*(22):(,6’(121) F 'z (2,2)]0020)RQM2)+ (F(L2.2)+ F *[e(2.2)]D(1.2.2))Q (1)
+(p2.20)+ F [a(2.2)D(220)0(2.2) + (p(2.2.2)+ F e (2,2)]D(2.2.2)R (21)
+(pB21)+ F [azz M0 (3.21))(3.2)+ (£(3,2.2)+ F *a(2,2)]D(3,2,2))(31)
(8(a,22)+ F *[a(1,2)]D (421))Q(42)+(/3( 2)+ F a(2,2)]p(4,2,2))Q(4.0)

*(23)= (F21)+ F [« (23)D1.21)Q13)+ (F(L2.2)+ F [« (1.3)]D(1.2,2))Q (1,2)
(51,2.3)+ F *[«(2,3)]D (02.3)Q 1)+ ((2.21)+ F *[«(2,3)]D (2.21))Q (2.3)
(5(2.2,2)+ F [a(2.3)]D(2.2.2)Q(2.2) + ((2.2.3)+ F [« (13)]D (2.2.3))Q (2.1)

+(p(3.21)+ F [« (2.3)]0(3.21)Q(3.3) + (£(3.2.2) + F *[«(1,3)]D (3,2,2)Q (3.2)
(8(3,2.3)+ F [« (2,3)]D(3.2,3)Q (34) + (8 (4.21) + F [ (1.3)]D (4,2.1))Q (4,3)

(5( + F e (2.3)]D(4.2,2))Q(4.2) + ((4.2,3)+ F o (1.3)]D (4.2,3))Q (4.1)
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3. Control point 3

n=1 J—

=ZA; [, ik)+ F a(Gm)D (G . k)]x Qiin =k +1) e (3.36)

i=1 k=1

s*(3.1)= (3.1)+ F [«(31)]DW31)Q 1)+ (8(231)+ F ‘[«(31)]D(2,3.1))Q (2.1)
+(8(3.3.1)+ F [« (31)]D(3.3.1))Q(31) + (8(4.3.1)+ F *[«(3.1)]D (4,31))Q (4.1)

.................................................................................................................................. (3.37)
s*(Jn):z4 =2[/;’( ik)+ F e (in)]D (i jk] QN —K+1)uieeiiiiinianennns (3.38)
s*(3,2)= (31)+ F a3, >]5<131>)o<1z>+</s<1sz>+ e (3.2)P3.2)k A1)
+(8(2.30)+ F [ (3.2)D(2,3.0))Q(2.2)+ (8(2.3.2)+ F '[«(3.2)]D(2,3.2)Q(21)
+(p(331)+ F '[2(3.2)]D(3.31)Q(3.2)+ (£(3.3.2)+ F - [a(32]D(332))Q(31)
+(p(4,31)+ F [« (3.2)]D(4,3.0))Q(4.2) + (8(4.3.2)+ F *[«(3,2)]D(4,3.2))Q (4.1)
.................................................................................................. (3.39)
s*(Jn):ZA: :B[ﬂ( j.k)+ F "[a(j,n)]D jk] Qin—Kk+1)ueeeiiriiinnnnnn. (3.40)

(s,
(5
+(8(3.3.1)+ F e (3,3)]5(3,3,1))Q (3.3)+ (8(3,3.2)+ F [ (3,3)]D(3,3,2))Q (3.2)
(8(
(5

+(p(333)+ F '[a(3.3)]D(3.3.3)Q(3.1)+ (£(4.31)+ F [« (3.3)]D (4,31))Q (4.3)
+(p(43.2)+ F '[a(3.3)D(4.3.2))Q(4.2) + (8(4.3.3)+ F [« (3.3)]D (4.3.3))Q (4.1)
.................................................................................................. (3.41)
4. Control point 4

:24 n=l[/;’(i, i k)+ F e, n)]D ik ] xQ(i,n =k +1).iiiiiiiiiniiiinnns (3.42)

s*(41)= (p41)+ F e (42)]D(04)Q 1)+ (#(2.42)+ F e (41)]D(2,40))Q (2.1)
+(8(3.40)+ F 2 (4)]D(3,42))Q(31) + (8(4,41)+ F [« (4,1)]D(4,41))Q(41)
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(42)=(p(,42)+ F ’1[a (4.2)D@41)QM2)+ (F(1.4,2)+ F [ (4.2)]D(14.2))Q 1)
+(p(2,42)+ F 2 (4.2)D(2,40))Q(2.2) + (8(2.4.2) + F “[a(4,2)]D(2.4.2))Q(2.1)
+(8(3.40)+ F [a(4,2)]D(3.31))Q(3.2) + (8(3.4.2)+ F "[«(3.2)]D(3.4,2))Q(3.1)
p(4,41)+ F *[a(4,2)]D(4,31))Q(4.2)+ ((4,4.2)+ F [« (3,2)]D (4.4,2))Q (4.1)

S

AA/—\*

.................................................................................................. (3.45)
s* (] n):iz3[ﬂ(| ik)+ F7Y (jn)]a( )]XQ(I N—K+1) i, (3.46)

3)=(p1.41)+ F [« (4,3)]D04)Q13)+ (51.4.2)+ F [ (4,3)D (1.4,2)Q (1.2)
14,3)+ F [ (4.3)]D(1.43)Q 1)+ (8(2.41)+ F [« (4,3)]D(2,41))Q (2.3)
2.4.2)+ F “[a(4,3)]D(2,4.2))Q(2,2)+ (8(2,4.3)+ F [« (4,3)]D(2.4.3))Q (2.1)
41)+ F [a(43)]D(3.421))Q(3.3)+ (£(3.4.2) + F [« (4,3)]D(3,4.2))Q(3.2)

+

— o — — — %
R

= = = = = »
w
SN
[

+(p(3.43)+ F [« (4,3)]D(3.4.3)Q(3.1) + (8 (4.41) + F [ (4,3)]D (4,41))Q (4.3)
+(p(4.4.2)+ F [ (4,3)]D(4,4.2)Q(4.2)+ ((4.4.3)+ F [z (4.3)]D(4.4,3))Q(4.1)
.................................................................................................. (3.47)
5. Control point 5

*(j,n):inl[ﬂ ik)+ F “[a(in)]D (i (5 K)]x QGin =K +1) eeeeeeeeeee, (3.48)

s*(51)= (F(54)+ F (51D 151)Q 1)+ (£(2.51)+ F ‘[« (51)]D(2.51)) (2.1)
1 (p(352)+ F e (5.01)D(3.51)Q((31)+ (5(451)+ F a(51)]D(4.51)) (4.1)

(5.2)=(p(151)+ F [«(5.2)]D(1.5.1)Q1.2)+ (F(L5.2)+ F [« (5.2)]D(1,5,2))Q (L1)

+(p(251)+ F~ [a(52)]D( DR (2.2)+ (5(2.5.2)+ F [a(5.2)]D(2.5.2))Q (2.1)
+(p(351)+ F [a(5.2)ID(351))Q(3.2)+ (#(35.2)+ F *[a(5.2)ID(35.2)k(31)
+(p(451)+ F 2 (5.2)D(451)Q(4.2)+ (8(4.5.2)+ F *[a(5.2)]D(4.5.2))Q (4.1)
.................................................................................................. (3.51)
s*(Jn):z4 =3[ﬁ'( i k)+ F e, n)]D jk] Qlin—K+1)ueiiiriinannnn. (3.52)
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s*(53)= (F(L51)+ F [«(5.3)]D151)Q1.3)+ (F(L5.2)+ F ‘[« (5.3)]D(15.2))Q(1L2)
+(p5.3)+ F *[«(5.3)]D153)Q 1)+ (8(2.51)+ F *[a(53)]D (2,5.1))Q (2.3)
25.2)+ F [a(53)D(2.5.2))Q(2.2)+ (8(2,5.3)+ F “[a(5,3)]D(2.5.3))Q(21)

+F [a(5.3)]0(351))Q(3.3)+ (8(35.2)+ F *[«(53)]D(3.5.2))(3.2)

+
— J— — *
=
—_~ o~ o~ o~ o~
w
(83}
[
~—

+ (s )+ F e (5,3)D(3,5,3))Q(31)+ (8(451)+ F *[«(5.3)]D (4,51))Q(4,3)
+(p(45.2)+ F e (5,3)D(4,5.2))Q(4.2)+ (5(4.53)+ F “[a(5.3)D(4,5.3))Q(4.1)
.................................................................................................. (3.53)
6. Control point 6

*(j,n):inl[ﬂ i k)+ F e, n)]D Jk)]xQ(i,n—k+1) ..................... (3.54)

s*(64)=(#(1,6.1)+ F "[a(61)]D(161)Q 1)+ (8(2.61)+ F ‘[«(6.1)]D(2,61))Q(21)
+(p(3.6.0)+ F *[a(61)]D(3.61)Q(3.1)+ (8(4.61)+ F *[«(6,1)]D(4.61))Q(41)

(6.2)= (p(1.61)+ F *[«(6.2)]D(1,6.1))Q(1.2)+ (8(1.6,2)+ F *[(6,2)]D(1,6,2))Q (1.1)
+(8(2,61)+ F ‘[« (6,2)]D (2 61))( 2)+ (p(2.6.2)+ F [« (6,2)]D(2.6.2))Q (2.1)

AAA*

+(p(3.61)+ F *[a(6.2)]D(3.6.1)Q(3.2)+ (£(3.6.2)+ F [« (6,2)]D(3.6.2))Q (3.)
.Fﬁuﬁg+p4m@znaueln< ) ((46.2)+ F “[a(6.2)]D(4,6.2))Q(4.)
.................................................................................................. (3.57)
s* (] n)=24 :3[/;( ik)+ F a(in)]p( x Qivn—k +1)eeeiiiiiiii (3.58)

3)=(p61)+ F '[a(63)D@61))QW3)+ (#(16,2)+ F [«(6,3)]D(16,2))Q(1,2)
1,6,3)+ F [« (6,3)]D(1,6,3))Q (1.1) + (,3(261)+F [« (6,3)]D(2,6.1))Q (2.3)
2.6,2)+ F ‘[«(6,3)]D(2,6,2))Q(2.2)+ (£(2.6.3)+ F [ (6,3)]D(2.6,3))Q (2.1)

)+ F e (6,3 363))Q ( (4.61)+ F [« (6,3)]D(4,6.1))Q(4.3)

46,2)+ F ‘[a(6,3)] 462))Q )+ (8(4.6.3)+ F [« (6,3)]D(4,6,3))Q(4.1)

3,6,

w

* (6
(1
(1
+(8(3.61)+ F '[a 63]D (3.6 1) (3, ( (3.6.2)+ F [ (6,3)]D(3.6,2))Q(3.2)
(5
(1
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3.6  Summary

In this chapter, materials and methods to be used in this study are described.
The governing groundwater flow equations for homogeneous, non-uniform flow
through confined aquifer are explained and unit response function approach for
drawdown calculations is discussed in detail. The use of well functions, Cooper-Jacob
equation formula and use of pump characteristics equations are also discussed. The
generation of stochastic management model, stochastic influence function has also been
elaborated within the chapter. At last, the development of chance-constrained
optimization model is presented and written to enhance the understanding of model and

its execution.

Materials and Methods ............... e
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Chapter 4 RESULTS AND DISCUSSION

4.1 General

In chapter 3, groundwater flow equations, uncertainties in aquifer parameters
and generation of stochastic influence function using well functions and Cooper-Jacob
equation under different reliability requirement and pump characteristics were
elaborated. Then the nonlinear chance-constrained model was formulated to determine
the optimal pumpage for managing drawdown in confined aquifers, using unit response
approach. In the current chapter, the applicability of developed chance-constrained
management model is illustrated through a hypothetical study problem. The uncertainty
is considered in terms of coefficient of variability of transmissivity and storage
coefficient, to maximize the total pumpage subjected to drawdown constraints at
specified reliability. The effects of uncertainty in aquifer parameters and reliability

levels on the optimal pumpage are examined and solved in this chapter.

4.2 Optimal Aquifer Management System

The proposed nonlinear stochastic chance-constrained programming model
presented in previous chapter, is applied to a hypothetical study area with an objective
of maximizing the total pumpage (discharge) from a group of four pumping wells with
known location and the drawdown constraints of specified reliability at selected control
points (or observation wells). Cooper-Jacob equation is used to calculate the drawdown
and other constraints related to maximum allowable efficiency and imposed pump

characteristics.

4.3 Model Example

A hypothetical confined, homogeneous aquifer is used for illustrating the
applicability of the proposed nonlinear chance constrained optimization model. There
are 4 pumping wells and 6 control points to observe drawdown as shown in Figure 4.1.
The assumed mean transmissivity is 5000 ft¥/day (465 m2/day) and mean storage

coefficient assumed over the basin is 0.002. The problem is to determine the optimal

Results and Discussion ............... e



39

pumping rates for pumping wells over three time periods of 50 days each, such that the
resulting drawdown at each control point should not exceed a maximum allowable
value with a specified reliability. The reliability values considered are 90%, 95% and
97.5%. The maximum allowable drawdown values at each control point for the three
time periods are 3.5, 4 and 4.5 m respectively. The cells denoted as CP1, CP2,...,CP6
represent the control points, and the cells denoted as PW1, PW2,....PW4 represent
pumping well location. The distances between the potential production wells and

control points are given in Table 4.1.

CP3

PW2 cP2

CP4

PW3

PW4

CP6

CP = Control Points
PW = Pumping Wells

Figure 4.1 Study area of a confined aquifer

Results and Discussion ............... d
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Table 4.1 Distance (meter), between Potential Pumping Wells and Control Points

Pumping Control Point
Well 1 2 3 4 5 6
1 76.15 141.42 150 156.2 150 70.71
2 117 72.8 76.15 151.32 197 152.64
3 154 87.32 105.5 76.32 112.36 110.12
4 165 210.24 166.44 95 60.83 72.11

The uncertainty in aquifer parameters is measured in terms of coefficient of
variation. In present study, the extent of variability in data is shown by coefficient of
variation of Transmissivity and Storage Coefficient. For calculation purposes the
coefficient of variation values are referred from the Table 4.4 (Tung, 1986). Typically,
the value of Storage Coefficient for confined aquifers lie in the range 5x10° to 5x10°
(Subramanya, 2010).

Table 4.2 Coefficient of Variation

Transmissivity 0.2 0.4 0.6 0.8
Storage 0.2 0.4 0.6 0.8
Coefficient

4.4 Preliminary Calculations

The procedure of obtaining the pump characteristic equations and the graph
representing pump characteristics, is presented in chapter 3 and Figure 3.2 respectively.
Two pumps of different characteristics are used for computing results in this study. I
have represented these pumps as pump | and pump Il. The data related to these pumps
is given in Table 4.3 and Table 4.4. This data is taken from Punmia et al. (2009).

Results and Discussion ............... e
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Table 4.3 Characteristic Data for Pump |

Discharge (L/s) 0 8 16 24 32 40

Efficiency (%) - 50 66 57 40 25

From the above characteristic data of pump I, discharges are converted into m#/s
and then equation are developed in Microsoft Excel and the graph is plotted as shown
in Figure 4.2 between discharge v/s efficiency for pump I. The values of coefficients in
the equation 3.6 are obtained as: a = -2.4, b = 9437, ¢ = -39453 and d = 4*10°.

70
60
50
$ 40
z
€ 30 — - -
é / y = 4E+06x3 ;2;1503‘;;29 ; 9437.5x - 2 efficiency
i 20 / —— Poly. (efficiency)
10 /
0 T T T T T 1
0 0.008 0.016 0.024 0032 004  0.048
-10
Discharge (m3/s)
Figure 4.2 Characteristic curve for pump |
Table 4.4 Characteristic Data for Pump 11
Discharge (L/s) | 0 8 16 24 32 40 48
Efficiency (%) | - 48 69 75 70 60 47

Similarly, from the characteristic data of pump 11, discharges are converted into
m3/s then equations are developed in Microsoft Excel and graph is plotted between
discharge v/s efficiency as shown in Figure 4.3. The values of coefficients in the
equation 3.8 are obtained as: a = 8, b = 6385, ¢ = -18378 and d = 1*10°.

Results and Discussion ............... d
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O T T T T T 1
-5.55E-17 0.008 0.016 0.024 0.032 0.04 0.048
Discharge (m3/s)

Figure 4.3 Characteristic curve for pump 11

4.5 Optimal Results

The developed chance-constrained model is solved by LINGO 10.0, using the
related data and the pump characteristics given in study problem. For pump I, the
maximum efficiency is taken as 66%, as per the Table 4.3 and then results are
calculated for each value of coefficient of variation ranging from 0.2 to 0.8. It is
assumed that all the 4 pumping wells are working for all three periods. The values of
discharges are converted to L/s for ease. With the restriction imposed on the maximum
efficiency, the value of optimal (discharge) got affected. The optimal results are
obtained for different uncertainty levels in the values of transmissivity and storage

coefficient with a desired reliability requirement.

The optimal results are first calculated for 90% reliability using different values
of transmissivity and storage coefficient to understand the effect on optimal pumpage
due to uncertainties. At 90% reliability, the results are calculated for 16 different
combinations of coefficient of variation in transmissivity (CV of T) and coefficient of
variation in storage coefficient (CV of S). All these combinations can be applied to

both the pumps. One sample of the formulated program for the case CV of T 0.2 and

Results and Discussion ............... e
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CV of S 0.2 at 90% reliability using pump I is shown in Appendix 1. All results using

pump | characteristics are tabulated below in Tables 4.5 to 4.20.

4.5.1 Optimal pumping results for different values of CV of T with CV of S
equal to0 0.2

The model was solved using CV of S equal to 0.2 and values of CV of T equal
to 0.2, 0.4, 0.6 and 0.8, separately. The results of these four combinations are presented
in Tables 4.5 to 4.8. These tables contain the values of pumping rate and efficiency at
each pumping well during three time periods each of 50 days. The upper limit of
efficiency is fixed for both the pumps i.e., 66% for pump | and 75% for Pump II, but
lower limit of efficiency is considered according to the minimum value below which
the optimal solution becomes infeasible. It differs and varies according to the

coefficient of variation and reliability, shown in tables below.

Table 4.5 CV of Transmissivity 0.2 and CV of Storage Coefficient 0.2

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time ° - ° - ° - ° -
Period | 2__ | 2 >_ | 2 ©_ | & ©_ | g
® »n TR © » TR ® »n O [ TR
Pays) | 53| 88| 53| 88| 53| 82| 53| 88
a = a~ = a ~ = a ~ =
a) L e L a) I, a) I,
0-50 5.95 58 6.51 63.27 5.95 58 5.95 58

50-100 5.95 58 6.03 58.73 5.95 58 5.95 58

100-150 | 5.95 58 6.8 66 6.3 61.32 5.95 58

It is seen from this table that the discharges and efficiency from well 1 and well
4 are equal at each time interval i.e., 5.95 L/s and 58%. The values for discharge and
efficiency are differentfor well 2 and for well 3 at different time intervals. Total

discharge from all the wells during all periods of pumping is 73.24 L/s.
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Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - ® - ® - ® -
Period | 2| 2_ | | 2 | 5| 2 .| .| 2.
Cays) | 53| 58| 53| 88| 53| g€ | 53| 88
2= | & 2= | & 2= | 2= |
&) L &) L &) L &) L
0-50 4.99 49 5.67 55.32 4.99 49 4.99 49
50-100 4.99 49 5.42 53.04 4.99 49 4.99 49
100-150 | 4.99 49 6.44 62.63 4.99 49 4.99 49

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.99 L/s and 49%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 62.43 L/s.

Table 4.7 CV of Transmissivity 0.6 and CV of Storage Coefficient 0.2

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time
Period GE)’ ? GEJ’ ? qé’ ? GEJ’ ?
Oas) | £35| 88| £3| 88| £3| 8€| £§3| 28
a i 5 i a i 5 i
0-50 4.35 43 4.83 47.47 4.35 43 4.35 43
50-100 4.35 43 4.72 46.51 4.35 43 4.35 43
100-150 | 4.35 43 5.64 55.11 4.35 43 4.35 43

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 54.31 L/s.
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Table 4.8 CV of Transmissivity 0.8 and CV of Storage Coefficient 0.2

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time o
) > L > @ > @ >
Period S 2 S 2 o | 2 S| 2
T » TRG) T ¥ TRG) T » TRG) © » TG
Days) | 53| 58| 63| 8| 54| 88| 63| &
= @~ | 2 =
& W &) W &) w ) L
0-50 3.92 39 396 | 39.38 | 3.92 39 3.92 39

50-100 3.92 39 3.94 39.23 3.92 39 3.92 39

100-150 3.92 39 4.78 47.01 3.92 39 3.92 39

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. The values for
discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 47.93 L/s.

All these results presented above show the variation in efficiency ranges and
decrease in total optimal pumpage as well as in pumping rates at each pumping well
when CV of transmissivity increases from 0.2 to 0.8. The observed differences in
efficiency and total discharge valuesarelarge as we vary the value of coefficient of
transmissivity. The value of minimum allowable efficiency is 58% for CV of
Transmissivity 0.2 and 39% for CV of Transmissivity 0.8. Hence there is a decrease of

19% in the minimum allowable efficiency value when we increase the value of CV

from 0.2 t0 0.8.

4.5.2 Optimal pumping results for different values of CV of T with CV of S
equal to 0.4

The model was solved using CV of S equal to 0.4 and values of CV of T equal
to 0.2, 0.4, 0.6 and 0.8, separately. The results of all four combinations are presented
below from Table 4.9 to Table 4.12. The results contain the values of discharges and

efficiency at each pumping well for every time interval.
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Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - ® - ® - ® -
Period | 2| 2 __ | 2| 2 .| 24| 2 .| £ | S .
Cays) | 53| 88| 53| 88| 53| e8| 53| 88
2= | £ 2= | £ 2= | £ 2= | £
&) L &) L &) L &) L
0-50 5.84 57 6.74 65.39 5.84 57 5.84 57
50-100 5.84 57 6.28 61.12 5.84 57 5.84 57
100-150 | 5.84 57 6.8 66 6.44 62.6 5.84 57

It is seen from this table that the discharges and efficiency from well 1 and well
4 are equal at each time interval i.e., 5.84 L/s and 57%. The values for discharge and

efficiency are different in all periods for wells 2 and 3. Total discharge from all the

wells during all periods of pumping is 73.01 L/s.

Table 4.10 CV of Transmissivity 0.4 and CV of Storage Coefficient 0.4

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Cays) | £3| 88| £3| 88| £3| €S| £3 | 8%
2= | ET | e~- | ET| 2> | g7 2> | £
&) L &) L &) L &) L
0-50 4.99 49 5.62 54.89 4.99 49 4.99 49
50-100 4.99 49 5.39 52.73 4.99 49 4.99 49
100-150 | 4.99 49 6.41 62.37 4.99 49 4.99 49

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.99 L/s and 49%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 62.33 L/s.
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Table 4.11 CV of Transmissivity 0.6 and CV of Storage Coefficient 0.4

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - ® - o - o -
Period | 2 | 2_ | | 2 | | 2 .| .| 2.
(%] (%] (%] (%]
Gays) | 53| 88| 53| 88| 53| 88| 53| 88
2= | £ 2= | & 2= | & 2= | E
&) L &) L &) L &) L
0-50 4.35 43 4.8 47.25 4.35 43 4.35 43
50-100 4.35 43 4.7 46.34 4.35 43 4.35 43
100-150 | 4.35 43 5.62 54.93 4.35 43 4.35 43

It is seen from this table that the discharges and efficiency from well 1, well 2

and well 3 are equal at each time interval i.e., 4.35 L/s and 43%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 54.25 L/s.

Table 4.12 CV of Transmissivity 0.8 and CV of Storage Coefficient 0.4

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period | £ S| S| S5 52| 5o 52 5o
Pays) | 53| 22| §3| g€ | §a| 22| §3| g2
2= | E 2> | 2= | 2~ | E
&) L &) L &) L &) L
0-50 3.92 39 3.95 39.31 3.92 39 3.92 39
50-100 3.92 39 3.94 39.22 3.92 39 3.92 39
100-150 | 3.92 39 4.78 47.01 3.92 39 3.92 39

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 47.92 L/s.
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All these results presented above show the variation in efficiency ranges and
decrease in total optimal pumpage as well as in pumping rates at each pumping well
when CV of Transmissivity increases from 0.2 to 0.8. The observed difference in
efficiencies and total discharge values are large as we vary the value of coefficient of
transmissivity. The value of minimum allowable efficiency is 57% for CV of
Transmissivity 0.2 and 39% for CV of Transmissivity 0.8. Hence there is a decrease of

18% in the minimum allowable efficiency value when we increase the value of CV of

Transmissivity from 0.2 to 0.8.

4.5.3 Optimal pumping results for different values of CV of T with CV of S
equal to 0.6

The model was solved using CV of S equal to 0.6 and values of CV of T equal
to 0.2, 0.4, 0.6 and 0.8, separately. The results of all four combinations are presented
below from Table 4.13 to Table 4.16. The results contain the values of discharges and

efficiency at each pumping well for every time period of pumping.

Table 4.13 CV of Transmissivity 0.2 and CV of Storage Coefficient 0.6

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time ° ° ® °
period | & 1 & | B |8 | & |8 | B | ¢
[ ) O [ O c O < v TR
Days) | £3| 38| 53| 88| 53| 88| 53| 8&
0~ = 0~ = @0~ = 0~ =
) I a) I a) I a) I
0-50 5.84 57 6.49 | 63.27 | 5.84 57 5.84 57

50-100 5.84 57 6.1 58.73 5.84 57 5.84 57

100-150 | 5.84 57 6.8 66 6.29 61.17 5.84 57

It is seen from this table that the discharges and efficiency from well 1 and well
4 are equal at each time interval i.e., 5.84 L/s and 57%. The values for discharge and

efficiency are different in all periods for wells 2 and 3. Total discharge from all the

wells during all periods of pumping is 72.43 L/s.
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Table 4.14 CV of Transmissivity 0.4 and CV of Storage Coefficient 0.6

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time
period | 2_| £ _| & _| 2 | B_| & _| B_| ¢
(72 o o » o o wn o o wn o o
Days) | 53| s | 53| 8| 54| 8| 5| &S
@~ b @~ = @~ = @~ b
()] L (@] L ()] L ()] L
0-50 4.99 49 552 | 53.99 | 4.99 49 4.99 49

52.03 4.99 49 4.99 49
49

50-100 4.99 49 5.31
100-150 | 4.99 49 6.34 61.7 4.99 49 4.99

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.99 L/s and 49%. The values for
discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 62.08 L/s.

Table 4.15 CV of Transmissivity 0.6 and CV of Storage Coefficient 0.6

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

I S N I S IS N I
o | 5@ 5| 59| 55| 8@ 5| 8@ S
Days) | £5 | 58| 53| 88| s3| 88| 53| 88
0 0~ 0~ 0~
A T A T a T a T
0-50 4.35 43 4.67 46.84 4.35 43 4.35 43

50-100 4.35 43 4.67 46.03 4.35 43 4.35 43

100-150 | 4.35 43 5.59 54.65 4.35 43 4.35 43

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 54.14 L/s.
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Table 4.16 CV of Transmissivity 0.8 and CV of Storage Coefficient 0.6

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o > o - o - o -
Period | S~ | 2| §5| S<| S2| 5| S| 5=
Pays) | 53| 22| §a| 22| §a| €| §3| g2
2~ | E 2~ | E 2= | iE 2~ | E
&) L &) L &) L a) L
0-50 3.81 38 4.3 42.61 3.81 38 3.81 38
50-100 3.81 38 4.29 425 3.81 38 3.81 38
100-150 | 3.81 38 5.13 50.29 3.81 38 3.81 38

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e.,, 3.81 L/s and 38%. The values for
discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 48.01 L/s.

All these results presented above show the variation in efficiency ranges and
decrease in total optimal pumpage as well as in pumping rates at each pumping well
when CV of Transmissivity increases from 0.2 to 0.8.The value of minimum allowable
efficiency is 57% for CV of Transmissivity 0.2 and 39% for CV of Transmissivity 0.8.
Hence there is a decrease of 18% in the minimum allowable efficiency value when we

increase the value of CV of Transmissivity from 0.2 to 0.8.

4.5.4 Optimal pumping results for different values of CV of T with CV of S
equal to 0.8

The model was solved using CV of S equal to 0.8 and values of CV of T equal
to 0.2, 0.4, 0.6 and 0.8, separately. The results of all four combinations are presented
below from Table 4.17 to Table 4.20. The results contain the values of discharges and

efficiency at each pumping well for every time interval of 50 days.
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Table 4.17 CV of Transmissivity 0.2 and CV of Storage Coefficient 0.8

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time @ - o - o - o -
Perid | S5 £5| Eo| 8o | 52| 5ol 57| 5@
Pays) | 63| 22| §2| 22| §2| 22| §3| 2
&) L a) L &) L &) L
0-50 5.84 57 6.18 60.13 5.84 57 5.84 57
50-100 5.84 57 5.86 57.16 5.84 57 5.84 57
100-150 | 5.84 57 6.8 66 6.08 59.26 5.84 57

It is seen from this table that the discharges and efficiency from well 1 and well
4 are equal at each time interval i.e., 5.84 L/s and 57%. The values for discharge and

efficiency are different in all periods for wells 2 and 3. Total discharge from all the

wells during all periods of pumping is 71.67 L/s.

Table 4.18 CV of Transmissivity 0.4 and CV of Storage Coefficient 0.8

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time
Period qé’ ? qé’ ? qé’ ? qé ?
c » > S » > c » > c » >
Days) | <3| 88| €3] 88| £3| 88| €3 | £8
o= | ET| e>—| g o= | ET| o> | g
&) L &) L &) T &) T
0-50 4,99 49 5.4 52.86 4,99 49 4.99 49

50-100 4.99 49 5.22 51.18 4.99 49 4.99 49

100-150 | 4.99 49 6.26 60.96 4.99 49 4.99 49

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.99 L/s and 49%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 61.79 L/s.
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Table 4.19 CV of Transmissivity 0.6 and CV of Storage Coefficient 0.8
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Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - o - o - o -
Perid | S~ | €| 55| §5| 52| 5o 52| S5o
Pays) | £33 | s&| 53| eS| 53| 8&| §3| 8
2= | 2= | £ 2= | i 2= | i
a) L &) L &) L &) L
0-50 4.35 43 4.7 46.25 4.35 43 4.35 43
50-100 4.35 43 4.63 45.64 4.35 43 4.35 43
100-150 | 4.35 43 5.55 54.26 4.35 43 4.35 43

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. The values for

discharge and efficiency are different in all periods for well 2. Total discharge from all

the wells during all periods of pumping is 53.99 L/s.
Table 4.20 CV of Transmissivity 0.8 and CV of Storage Coefficient 0.8

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - o - o - o >
Perid | o | S5| Eo| 5o | E@| So| 5@ b
Days) | £33 | c&| §3| s | §d| 8| §a| 8
2= | E 2= | 2= | 2= | E
a) L &) L a) L a) L
0-50 3.81 38 4.27 42.26 3.81 38 3.81 38
50-100 3.81 38 4.26 42.24 3.81 38 3.81 38
100-150 | 3.81 38 5.1 50.05 3.81 38 3.81 38

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 3.81 L/s and 38%. The values for
discharge and efficiency are different in all periods for well 2. Total discharge from all
the wells during all periods of pumping is 47.92 L/s.

All these results presented above show the variation in efficiency ranges and

decrease in total optimal pumpage as well as in pumping rates at each pumping well
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when CV of Transmissivityincreases from 0.2 to 0.8.The value of minimum allowable
efficiency is 57% for CV Transmissivity 0.2 and 38% for CV Transmissivity 0.8.
Hence, there is a decrease of 19% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.
4.5.5 Variation of optimal pumpage

The values of total optimal pumping rate from all the wells corresponding to
different values of transmissivity and storage coefficient for 90% reliability are
summarized in Table 4.21 and in this Table the results are calculated using pump land
all the values of optimal discharges for all the 16 combinations for variation in CV of
Transmissivity and CV of Storage Coefficient.

Table 4.21 Total optimal pumpages for all combinations of CV of S and
CV of T with 90% reliability using pump |

Discharge (L/s)

CVof T Total decrease in
CVofS disch o
0.2 0.4 0.6 0.8 ischarge (%)
0.2 73.24 62.43 54.31 47.93 34.56
0.4 73.01 62.33 54.25 47.92 34.36
0.6 72.43 62.09 54.14 48.01 33.71
0.8 71.67 61.79 53.99 47.92 33.14
Total decrease 2.15 1.02 0.58 0.19
in discharge (%0)

It is observed from the above results that the value of optimal pumpage
decreases with the increase in the variation. Although the decrement is gradual with the
increase in the CV of Storage Coefficient in which the maximum decrease is around
2%. But the optimal results are very sensitive towards the variations in CV of

Transmissivity, because the maximum decrease is around 35%.

These results are also shown in Figures 4.4 and 4.5 as variation of the total
optimal discharge against coefficient of variation of storage coefficient and coefficient

of variation of transmissivity, respectively.
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It is seen from Figure 4.4 that if we vary CV of Storage Coefficient, keeping

CV of Transmissivity constant the variation is very close to a horizontal straight line.

Hence the variation in optimal discharge seems to be insensitive to variation in CV of

Storage Coefficient. This can also be seen from Table4.21 that the maximum decrease

in optimal pumpages is around 2% only.
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It is understood from Figure 4.5 that if we vary CV of Transmissivity, keeping
CV of Storage Coefficient as constant, there is a drastic decrement in the optimal
discharge. The variation of optimal discharge is highly sensitive to CV of
Transmissivity. Hence care must be taken to consider the variation in CV of
Transmissivity. The decrement and sensitivity in the optimal pumpages can also be
seen from Table 4.21 as the decrease is around 35%. Further, from Figure 4.5 it can be
seen that the plots corresponding to different constant values of CV of S, total pumpage

from the aquifer is almost independent of CV of S.

4.6 Effect of reliability on optimal solution

To study the effect of reliability on the optimal solution, the formulated chance
constrained optimization model for transient groundwater flow is solved for two other
values of reliabilities i.e., 95% and 97.5%. Using pump | characteristics, for each 16
combinations of CV of Transmissivity and Storage Coefficient are considered and their
results in brief are presented in Tables 4.22 and 4.23,respectively for 95% and 97.5%
reliability, while the detailed tabulated results are presented in Appendix 2(Tables A2.1
to 2.16and A2.17 to 2.32, respectively for 95% and 97.5% reliability).Further, the
variation in optimal pumpage is demonstrated through graphs in Figures 4.6 and4.7for
95% and Figures 4.8 and 4.9 for 97.5% reliability.

Table 4.22 Total optimal pumpages for all combinations of CV of S and
CV of T with 95% reliability using pump |

Discharge (L/s)
CVof T Total decrease in
CVof S discharge (%
0.2 0.4 0.6 0.8 ischarge (%)
0.2 69.80 57.43 48.87 4251 39.10
0.4 69.42 57.31 48.81 42.50 38.78
0.6 68.84 57.21 48.71 42 .43 38.37
0.8 67.96 56.89 48.54 42.33 37.71
Total decrease 2.63 0.94 0.67 0.42
in discharge (%)
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Table 4.23 Total optimal pumpages for all combinations of CV of Sand CV of T
for 97.5% reliability using pump |

Discharge (L/s)
CVofT Total decrease in
CVofS . o
0.2 0.4 0.6 0.8 discharge (%)
0.2 67.02 53.80 44.99 38.65 42.32
0.4 66.55 53.68 44 .93 38.64 41.94
0.6 65.93 53.41 44.82 38.57 41.12
0.8 64.70 53.23 44.65 38.48 40.53
Total decrease 3.45 1.06 0.74 0.46
in discharge (%)

If CV of T taken for comparison is 0.2, the range of optimal pumpage for all
four combinations with CV of S can be averaged to 66 L/s for 97.5% reliability, 69 L/s
for 95% reliability (Table 4.22) and 73 L/s for 90% reliability (Table 4.21). This pattern
is similar for all the other 12 combinations of CV of T and CV of S. Hence, on
comparing the results of Table 4.21 (for reliability 90%) and Table 4.22 (for reliability
95%)), it can be inferred that for each combination of CV, with the increase in the model

reliability the optimal pumpage decreases.
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It is seen from the Figures 4.6 and 4.8 that with the increment in reliability
requirement from 90% to 95% and 97.5%, the total optimal pumpage decreases but
the pattern of variation remains similar to the case of 90% reliability under same
condition. Further, from Figures 4.7 and 4.9, it can be seen that there is some effect
of CV of S on total pumpage from the aquifer especially for values of CV of T up to
0.6 as is clear from the plots for CV of S equal to 0.2 and 0.8. Thus, it is observed
that the percentage drop in optimal value of pumpage is more sensitive to CV of T
than CV of S.

4.7 Effect of using pumps with different characteristics

To investigate the effect of using pumps with different characteristics on
pumping plan, the developed chance constrained optimization model was also
solved using characteristic data of pump Il. The optimal results obtained for 95%
reliability using pump Il are given in Table 4.24 and also presented in Figures 4.10
and 4.11.
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Table 4.24 Total optimal pumpages for all combinations of CV of Sand CV of T
for 95% reliability using pump 11

Discharge (L/s)
CVof T Total decrease in
CVois discharge (%
0.2 0.4 0.6 0.8 ischarge (%)
0.2 69.94 57.43 48.78 42.62 39.10
0.4 69.55 57.17 48.76 42.60 38.75
0.6 68.83 57.21 48.65 42 .53 38.21
0.8 67.93 56.85 48.49 42.43 37.53
Total decrease 2.87 1.02 0.60 0.43
in discharge (%)
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Figure 4.10 Variation of Total Pumpage with CV of S for 95% Reliability

using Pump |1
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Figure 4.11 Variation of Total Pumpage with CV of T with 95% Reliability
using Pump 11

Comparing the results for pump | from Table 4.22 and for pump Il from Table
4.24 it can be observed that the optimal pumpage for both the pumps at this reliability
are almost similar, but the range of efficiency for pump 1 is 34%-66% and for pump Il
it is 29%-75%. These values of maximum and minimum efficiency are observed for all
values of coefficient of variation. Hence the range of efficiency can be used to

determine which pump one should use.
4.8 Effect of limiting the range of efficiency

For further analysis of the results, | have applied restrictions on the range of
minimum and maximum efficiency i.e., 40% to 66% for pump | and 40% to 75% for
pump 1. The results for all reliabilities are summarized in Table 4.25. From this table
it can be concluded that within a specified range of efficiency the less is the variation
and reliability required, the more promising are the results. Although there is a little
difference in the discharge values for both the pumps when compared for CV of T
value of 0.2, but as the uncertainty increases the solutions for both the pumps become
infeasible shown as Inf in the table. Even so, the results for pump | are better than

pump II.
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Table 4.25 Total Optimal Pumpages for All Combinations of CV of Sand CV of T
for Efficiency Range 40%0-66%

CVofT
0.2 0.4 0.6 0.8
>

= n - = - = - = - =
'_5 B o o Q. o Q. o o o
S > £ £ £ £ £ £ £ £
g |°|g & |g|& |&|& & &
2|2 | @ |2 |2 |2 |2 |@
o o = = = = = =
(@4 (@4 04 04 @4 o o 04
0.2 |73.64| 7453 | 63.29 | 62.32 | 54.80 Inf Inf Inf
04 |73.33| 74.15 | 63.18 | 62.21 | 54.74 Inf Inf Inf

90%
06 |7282| 73.54 | 62.96 Inf 54.63 Inf Inf Inf
08 |7217| 72.74 | 62.68 Inf 54.48 Inf Inf Inf
0.2 |70.37| 70.63 | 58.15 Inf Inf Inf Inf Inf
0.4 |70.04| 70.23 | 58.15 Inf Inf Inf Inf Inf

95%
0.6 |69.42| 69.50 | 57.90 Inf Inf Inf Inf Inf
0.8 |68.64| 68.58 | 57.60 Inf Inf Inf Inf Inf
0.2 |67.77 | 67.61 | 54.30 Inf Inf Inf Inf Inf
04 |67.73| 67.05 | 54.17 Inf Inf Inf Inf Inf

97.5%
0.6 |66.71| 66.28 | 53.89 Inf Inf Inf Inf Inf
0.8 |65.37| 64.80 | 53.55 Inf Inf Inf Inf Inf

*Inf = Infeasible Solution

4.9 Effect of limiting the pumping rate

To see the effect of limiting the minimum allowable pumping at each pumping
well optimization model was solved for CV of T equal to 0.4 using pump | for 95%
reliability by taking the minimum allowable pumping rate of 4.6 L/s for pump | and

pump Il separately. The efficiency range used is 40% to 66%, for pump | and 40% to

Results and Discussion ............... d




62

75% for pump Il. The results are given in Table 4.26. From Table 4.26, it can be easily
seen that the values of total optimal discharge are nearly the same as the values
obtained without imposing restriction on minimum allowable pumping rate (Table
4.22). Thus, the limit imposed on minimum allowable pumping rate does not

significantly affect the pumping rate at each pumping well.

The model is also tested for minimum allowable pumping rate of 5 L/s. But it is
observed from the calculations that the model results are infeasible for minimum

pumping rate greater than 4.6 L/s for pump I.

Table 4.26 Total optimal pumpage at minimum discharge restriction, for pump |

CVofT CVofS Reliability P:trzglung;Te pu'l;r?:)zzlge
0.4 0.2 95% 4.6 L/sec 57.42
0.4 0.4 95% 4.6 L/sec 57.42
0.4 0.6 95% 4.6 L/sec 57.15
0.4 0.8 95% 4.6 L/sec 56.83

However, for pump II, at reliability of 95%, when CV of transmissivity is 0.4
with different value of CV of storage coefficient, the result of total optimal pumpage
value has infeasible solution. So there will be no results for applying restrictions on

minimum allowable pumping rate.
4.10 Effect of demand on management model

To see the effect of demand on the performance of proposed model can be
observed by imposing a constraint on the demand into the model. It helps in
determining the minimum value of demand that a model can satisfy. For calculating
results, the model is tested under the demands from 70L/s to 50L/s, for every
combination of CV of T and CV of S at reliability 95%. The results are given in Table
4.27 calculated at efficiencies 40-66% for pump | and 40-75% for pump II.
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Table4.27 Optimal pumping for minimum water demandwith 95% Reliability

CVofT
0.2 0.4 0.6 0.8
> ” - = - = - = - =
—_ o o o o
5 | s £ £ | E £ | E £ | E 3
© > > S = S = S > S
= (al o [a W o [al o o o
S:) @)
© © © © © © © o
C C C C C [ [ C
© © © © © © © o]
€ e e e e € € e
[¢5) [B) [B) [¢5) [¢B) [¢5) [¢5) [¢B)
Q a a Q Q a a Q
0.2 70L/s | 70L/s | 58L/s Inf Inf Inf Inf Inf
04 70L/s | 70L/s | 58L/s Inf Inf Inf Inf Inf
95%
0.6 69L/s | 69L/s | 57L/s Inf Inf Inf Inf Inf
0.8 68L/s | 68L/s | 57L/s Inf Inf Inf Inf Inf

It is clear from the above table that at 95% reliability, for pump | at CV of T
value higher than 0.4, the model is unable to satisfy any demand condition under 40-
66% efficiency and for pump Il, the model is incapable to meet any demands for CV of
T higher than 0.2 at 40-75% efficiency. However, on lowering the allowable minimum
efficiency to 34% for pump | and 29% for pump I, for all the combinations of CV of T
and CV of S, the optimal solution is obtained. But it is evident that the solutions
obtained under these conditions are not efficient, hence the minimum demand value
then satisfied will not be beneficial too. It is finally concluded that the model results are

highly sensitive to uncertainty in transmissivity.
4.11 Effect of number of pumping wells

The effect of number of pumping wells on pumping plan can be investigated by
changing the number of pumping wells to three, keeping the number of control points
same as before. Different combination of pumping wells considered for the reliability
value of 95%, taking CV of transmissivity fixed at 0.4 as the results are more sensitive
to CV of transmissivity. The drawdown values considered are 3.5, 4 and 4.5m using
both pump I and pump II. The results obtained for the efficiency range of 40%-66% for
pump land 40%-75% for pump Il are given in Table 4.28
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Table 4.28 Total discharge from Pump | and Pump 11

Without PW1 | Without PW2 | Without PW3 | Without PW4

o p a = a = o =
El 2| E £ | E E | E £ | E 3
; ;’ a T a T a I a T
O O Pomn) Pomn) Pomn) Pomn) Pomn) Pomn) Pomn) Poumn)

D D oD D D o o o

L R R L L L L L

= = = = = = = =

@4 (@4 (@4 (@4 (@4 (@04 (@04 (@4
0.4 0.2 58.28 | 58.73 | 55.33 | 5581 | 56.84 | 57.97 | 57.33 | 57.80

0.4 04 | 58.28 | 58.73 | 55.33 | 55.81 | 56.83

(&3]
~
©
~

57.33

Ul
N
o)
o

04 | 0.6 | 58.04 | 58.49 | 55.13 | 55,58 | 56.62 | 57.71 | 57.33 | 57.80

04 | 0.8 | 57.75 | 58.16 | 54.89 | 55.31 | 56.36 | 57.40 | 56.89 | 57.28

From the results in Table 4.28, it is inferred that the results for pump | are more
close to optimal value of discharge for the same efficiency range (Table 4.22), when we
exclude PW1 from the combination. While all the other combinations of excluding

PW2, PW3 and PW4 gives results less than the optimal value of discharge.

From Table 4.28, it is seen that the results for pump Il within this efficiency
range has infeasible solution. But it is better to exclude any of the pumping wells
(PW1, PW2, PW3 and PW4) from the combination to get feasible solution. When we

only exclude PW1 from the combination it gives best results.
4.12 Effect of pump characteristics on optimal pumpage

To see the effect of pump characteristics, the chance constrained optimization
model was also solved without pump characteristics for values of both CV of T and CV
of S as 0.4 at 95% reliability. The results are given in Table 4.29. The value of optimal
total discharge is 58.83 L/s.

To calculate the efficiency corresponding to optimal discharges in Table 4.29,
the discharge values were put in the characteristics equation of pump I. The values of
efficiency are obtained more than 100% for pumping well 2. Thus these results are
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practically meaningless. Therefore, it can be concluded that the chance constrained

optimization model should be solved using pump characteristics to obtain practically

meaningful results.

Table 4.29 Optimal solution for CV of T 0.4 and CV of S 0.4 at 95% reliability
without pump characteristics

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time @ - © > © > @ >
Period | B~ 2| S| S5 52| 5= 32| 5=
Days) | £33 | 8| §3| 82| 3| 82| §3| g€

= 2~ | & 2> | & 2~ | E

a) L &) L &) L &) w
0-50 0 0 10.62 | 102.96 0 0 8.84 85.50
50-100 0 0 10.40 | 100.78 0 0 8.86 85.70
100-150 0 0 10.76 | 104.36 0 0 9.34 90.36

Total Discharge 58.83 L/s

However, when the model was solved by imposing limits on the maximum and
minimum allowable discharge values at each well without pump characteristics,
practically meaningful results were obtained as given in Table 4.30. The minimum and

maximum allowable pumping rates of 4 and 8 L/s, respectively were used.

Table 4.30 CV of T 0.4 and CV of S 0.4 at 95% reliability without pump
characteristics with limitations on discharge

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Time o - o - o - o —
Period Sl e | S| e | E5| 2| £ 2.
Cays) | 53| 88| 53| 88| 53| 38| £3| 88
A i A i A i a i
0-50 4 39.77 7.24 70.17 4 39.77 4 39.77
50-100 4 39.77 7.06 68.47 4 39.77 4 39.77
100-150 4 39.77 7.89 76.37 4 39.77 4 39.77
Total Discharge 58.30 L/s
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The model was also solved with pump characteristics for pump | with limits on

the maximum and minimum allowable discharge values of 8 and 4 L/s, respectively at

each well. The results are presented in Table 4.31.

Table 4.31 CV of T 0.4 and CV of S 0.4, at 95% reliability with pump
characteristics for pump I and limitations on discharge

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time ® - ® - ® - ® -~
Period §,\ < g,\ < §,\ 2 §,\ 2
n o o wn o o wn o o wn o o
Days) | 53| s | 53| s&| 53| s&| 53| 5&
2= | & 2= | & 2= | E 2= | E
a) w a w a) L a) T
0-50 4.67 46 4.86 47.88 4.67 46 4.67 46

50-100 4.67 46 4.73 46.59 4.67 46 4.67 46

100-150 | 4.67 46 5.7 55.64 4.67 46 4.67 46

Efficiency = 46-66%; Total Discharge = 57.32 L/s.

On comparing Tables 4.30 and 4.31 it is seen that the discharge and efficiency
at pumping wells 1, 3 and 4 is almost similar. But the variations in the discharges and

efficiencies at pumping well 2 is noticeable. The pumps without using characteristics

are running at a low efficiency.

4.13 Summary

In this chapter, the applicability of the developed chance constrained nonlinear
optimization model for transient flow through confined aquifer using pump
characteristics is demonstrated. The developed model is applied to a hypothetical
aquifer having 4 pumping wells and 6 observation wells and solved using LINGO 10.0.
It was subjected to constraint of maximum allowable drawdown of 3.5, 4 and 4.5 m for
three time periods. The pump characteristics were included as binding constraints in the
model. Mainly, this study is based on the inclusion of uncertainties in the form of
aquifer parameters as these parameters are not considered deterministic because of the
geologic formations of aquifer parameters and hydraulic characteristics of water keep

on varying place to place. The effect of uncertainties in aquifer parameters especially
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the transmissivity and storage coefficient were considered to see its effect on optimal
pumping plan for the aquifer. The effect of reliability was also considered while
evaluating the applicability of the model. The limitation is also imposed on the
maximum pumping rates for each pump during different periods. The effect of limiting
the number of pumping wells is also studied. It is inferred from this study that the total
pumpage increases as the reliability requirement decreases. If we have to increase the
optimal pumpage we need to decrease the reliability requirement. Hence it is concluded
that the actual reliability is less than required reliability. The values of pumpage at
higher uncertainty levels decrease. Hence it is concluded that the pumpage at lower
uncertainty values are acceptable, because at higher uncertainty the values for pump
efficiency decreases very much leading to unsatisfactory results. It is also concluded
that the model results are insensitive for variations in storage coefficient and highly
sensitive to the variations in transmissivity values. Further, for the large values of
transmissivity, log normal distribution should be considered. The optimal pumping plan

is affected by pump characteristics.
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Chapter 5 SUMMARY AND CONCLUSION

5.1 Summary

In the groundwater management, groundwater model is a primary quantitative
tool to achieve its best use, so that the longevity of the resource can be assured. As the
aquifer dimensions and characteristics cannot be fixed hence the data related to aquifer
properties cannot be deterministic. The purpose of this study is to observe the effects of

uncertainty in aquifer parameters on optimal pumpage.

In this study a hypothetical homogeneous, non-uniform, confined aquifer for
non-linear stochastic multi-period groundwater management is developed. The
variability is incorporated in two aquifer parameters i.e., Transmissivity and Storage
Coefficient and developed a Chance-Constrained optimization model which is then
solved using the software LINGO 10.0. And calculated the optimum discharge from the
wells, subjected to constraints such as drawdown and efficiency of pumps. The study
also shows, how uncertainty affects our actual planning and management decisions.
The process of developing the model has one of the important step that is generating
the unit response function (Maddock, 1973). The unit response function is derived
using Cooper-Jacob equation. Generally all the models in their primitive stages are
developed assuming ideal conditions as it is much easier to do mathematical
calculations in the ideal models, for more accurate and realistic results it is required to

focus more on uncertainty and realistic parameters.

The model is solved for seven different cases. First, the model is solved for a
specified range of efficiencies using different pumps. Then, the values for coefficient of
variability for storage coefficient are varied, keeping the coefficient of variation values
for transmissivity constant or vice-versa. After that, the model is tested for three
reliability requirements. In addition to this the effect of pump characteristics on model
results is observed. Furthermore, the results are calculated after limiting the pumping
rate in the model. Moreover, the model is tested for various demand constraints. Finally

the effect of limiting the number of pumping wells is observed.
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5.2 Conclusions

The following conclusions can be made from this study.

1.

The developed nonlinear multi-period chance-constrained model can be used
to maximize the pumping rate from different wells driven through a confined
aquifer having transient flow when limitations are imposed on the maximum
values of the drawdown at a number of control points considering pump

characteristics and uncertainties in the aquifer parameters.

. The model results are found to be very sensitive to the uncertainty levels of

transmissivity whereas the effect of uncertainty level of storage coefficient
on the optimal results is negligible. Therefore, efforts should be made to
accurately evaluate the aquifer transmissivity including its variability and the
storage coefficient can be treated as deterministic.

The optimal value of total pumpage from the aquifer is found to decrease as
the reliability requirement and uncertainty level of aquifer properties

especially transmissivity increases.

The effect of pump characteristics on optimal results is not significant except
the difference in efficiency range suggesting to select the pump which results
in larger range of efficiency.

The model can also be used in deciding the optimum number of pumping wells
without compromising with the total amount of pumpage to be achieved in a

situation.

When results are drawn after fixing the lower and upper range of efficiency to
40% and 66% for pump | and 40% to 75% for pump I, the results obtained are
infeasible for higher reliability and high variation in aquifer transmissivity.

5.3 Scope for Future Research

Scope for future research of this study are highlighted as below:

1. For more accuracy HYDRUS-2D/3D can be used.

2. Coupling of two models like HYDRUS and MODFLOW can be considered for

more accurate modelling.

3. Further studies can be made including artificial recharge.
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APPENDICES

APPENDIX 1

Considering the pump Icharacteristics with the maximum allowable drawdown (3.5, 4
and 4.5 m) at 90% reliability for CV of T 0.2 and CV of S 0.2, for all the four pumping
wells are:

10bjective function;

max=ql1+q12+q13+g21+q22+q23+q31+q32+q33+q41+q42+943;

I constraints;

152.66*q11+136.75*q21+126.57*q31+124.02*q41<=3.5;
7.66*(q11+q21+q31+q41)+168.74*q12+152.49*q22+142.09*q32+139.48*q42<=4;
4.49*(q11+qg21+g31+g41)+7.5%(g12+022+032+q42)+178.41*q13+161.95*q23+151.4
2*(33+148.78*q43<=4.5;

129.74*q11+154.35*%q21+147.61*q31+115.06*q41<=3.5;
7.66*(q11+q21+q31+q41)+145.30*q12+170.42*¢22+163.55*(32+130.30*q42<=4;
4.49%(q11+021+q31+q41)+7.5*(g12+022+q32+042)+154.65*(13+180.09*23+173.1
2*(33+139.47*q43<=4.5;

127.61*q11+152.74*q21+140.66*q31+123.76*q41<=3.5;
7.66*(q11+q21+q31+g41)+143.14*q12+168.8*q22+156.46*32+139.2*q42<=4;
4.49%(ql1+g21+q31+q41)+7.5*(q12+q22+q32+q42)+152.48*q13+178.46*q23+165.9
7*(33+148.5*q43<=4.5;

126.08*q11+127.26*q21+152.62*q31+144.51*q41<=3.5;
7.66*(q11+q21+q31+q41)+141.55*q12+142.75*q22+168.65*q32+160.36*q42<=4;
4.49%(q11+921+q31+q41)+7.5*(g12+022+q32+042)+150.85*(13+152.06*(23+178.2
7*033+169.89*q43<=4.5;

127.6*q11+117.5*q21+138.3*q31+161.04*q41<=3.5;
7.66*(q11+q21+931+q41)+143.13*q12+132.81*22+154.06*q32+177.29*q42<=4;
4.49%(ql1+g21+q31+q41)+7.5*(q12+022+q32+q42)+152.46*q13+142.02*q23+163.5
4*q33+187.05*q43<=4.5;

155.48*(q11+126.96*q21+139.05*q31+154.75*q41<=3.5;
7.65%(ql1+021+q31+q41)+171.41*q12+142.31*22+154.66*(32+170.67*q42<=4;
4.48*(q11+q21+qg31+g41)+7.49*(ql2+q22+q32+q42)+180.82*q13+151.51*23+163.
99*(33+180.19*q43<=4.5;
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etall= -b0+(b1*ql1)-(b2*ql1"2)+(b3*ql1"3);
etal2= -b0+(b1*q12)-(b2*q12"2)+(b3*q12"3);
etal3= -b0+(b1*q13)-(b2*q1372)+(b3*ql3"3);
eta21=-b0+(b1*g21)-(b2*q2172)+(b3*q21"3);
eta22= -b0+(b1*q22)-(h2*q22"2)+(b3*q22"3);
eta23= -b0+(b1*q23)-(h2*q23"2)+(b3*q23"3);
eta31=-b0+(b1*q31)-(b2*q31"2)+(b3*q31"3);
eta32= -b0+(b1*q32)-(h2*q32"2)+(b3*q32"3);
eta33= -b0+(b1*q33)-(h2*q33"2)+(b3*q33"3);
eta41= -b0+(b1*q41)-(b2*q41"2)+(b3*q41"3);
eta42= -b0+(b1*q42)-(h2*q42"2)+(b3*q42"3);
etad3= -b0+(b1*q43)-(b2*q43"2)+(b3*q43"3);

etad=40;
etah=66;

etall>=etad;
etal2>=etad;
etal3>=etad;
eta21>=etad;
eta22>=etad:;
eta23>=etad;
eta31>=etad;
eta32>=etad;
eta33>=etad;
etad1>=etad;
eta42>=etad;
eta43>=etad;

etall<=etah;
etal2<=etah;
etal3<=etah;
eta2l<=etah;
eta22<=etah;
eta23<=etah;
eta3l<=etah;
eta32<=etah;
eta33<=etah;
etadl<=etah;
etad2<=etah:;
etad3<=etah;

b0=2.4;
b1=9437;
b2=39453;
b3=4000000;
end
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APPENDIX 2

Optimal Results for pump | at Reliability 95%

At 95% reliability, the results are calculated for 16 different combinations of
coefficient of variation in transmissivity and coefficient of variance in storage
coefficient. All these combinations can be applied to both pumps. Here the results for

pump | are tabulated from Table A2.1 to Table A2.16.

Case 1: Fixing coefficient of variation of storage coefficient equals to 0.4, and

varying coefficient of variation of transmissivity

The results of these four combinations are presented from Table A2.1 to Table
A2.4. These tables contain the value of pumping rates and efficiency at each pumping
well for three time periods each of 50 days. The range of efficiency is fixed for
maximum allowable efficiency, but minimum allowable efficiency is considered

according to the minimum value below which the optimal solution becomes infeasible.

Table A2.1 CV Transmissivity 0.2 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
(Days) S %) S > S > S 3
S5 S = S5 SR S @ SR S @ S =
S5d| 82| §d| 82| §d| @2 | §d| ©2
a~ | E a~ | £ a~ | £ a~ | £
[a) L [a) L &) L &) L
0-50 5.63 55 6.27 61.03 5.63 55 5.63 55
50-100 5.63 55 5.88 57.31 5.63 55 5.63 55
100-150 5.63 55 6.8 66 5.81 55.65 5.63 55

Efficiency = 55-66%; Total Discharge = 69.80124 L/s.

It is seen from this table that the discharges and efficiency from well 1 and well 4
are equal at each time interval i.e., 5.63 L/s and 55%. But the values for discharge and

efficiency is different in all periods for well 2 and well 3.
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Table A2.2 CV Transmissivity 0.4 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period | o | > |3 |3 |8 |3 | & |3
Days) | 82| 85| 82| &§c| 82| 8| 82| &%
S5d| 82| 5d| e | 54| 82| 54| 8
a i a i a i 5 i
0-50 4.67 46 4.92 48.32 4.67 46 4.67 46
50-100 4.67 46 4.77 46.93 4.67 46 4.67 46
100-150 | 4.67 46 5.76 55.93 4.67 46 4.67 46

Efficiency = 46-66%; Total Discharge = 57.4284 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.67 L/s and 46%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.3 CV Transmissivity 0.6 and CV Storage Coefficient 0.2

Time Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Peried | s |12 | |3 | & |58 | & |3
(Days) ST | 55| 82| $5| | | s@| T
Wl ea| 28| g2 | 28| g2 | 2| g3 | 8
n ~ Y n ~ Y n ~ Y wn ~ Y
0 w &) w & w a w
0-50 3.92 39 4.28 42.35 3.92 39 3.92 39
50-100 3.92 39 4.25 42.08 3.92 39 3.92 39
100-150 | 3.92 39 5.09 49.96 3.92 39 3.92 39

Efficiency = 39-66%; Total Discharge = 48.86914 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A4.4 CV Transmissivity 0.8 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period qé)) z qé)) z Qé ? Qé ?
a L &) L [a) L &) L
0-50 3.38 34 3.75 37.49 3.38 34 3.38 34
50-100 3.38 34 3.79 37.85 3.38 34 3.38 34
100-150 | 3.38 34 455 44.86 3.38 34 3.38 34

Efficiency = 34-66%; Total Discharge = 42.51294 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 3.38 L/s and 34%. But the values for

discharge and efficiency is different in all periods for well 2.

The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable
efficiency is 55% for CV Transmissivity 0.2 and 34% for CV Transmissivity 0.8.

Hence there is a decrease of 21% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.

Case 2: Fixing coefficient of variation of storage coefficient equals to 0.4, and

varying coefficient of variation of transmissivity

The results of these combinations are presented from Table A2.5 to Table A2.8.
These tables contain the value of pumping rates and efficiency at each pumping well at
three time periods each of 50 days. The range of efficiency is fixed for maximum
allowable efficiency, but minimum allowable efficiency is considered according to the

minimum value above which the optimal solution becomes infeasible.
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Table A2.5 CV Transmissivity 0.2 and CV Storage Coefficient 0.4

Time Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S %)
Days) | 55| S| 55| 5| 55| 50| 55| 5=
54| eS| 64| 82| 64| g2 | €2 | &
2~ | E 2~ | & 2~ | 2~ | £
&) w &) L &) L &) w
0-50 5.63 55 6.1 59.37 5.63 55 5.63 55
50-100 5.63 55 5.76 56.23 5.63 55 5.63 55
100-150 | 5.63 55 6.8 66 5.72 55.83 5.63 55

Efficiency = 55-66%; Total Discharge = 69.42228 L/s.

It is seen from this table that the discharges and efficiency from well 1 and well
4 are equal at each time interval i.e., 5.63 L/s and 55%. But the values for discharge

and efficiency is different in all periods for well 2 and well 3.

Table A2.6 CV Transmissivity 0.4 and CV Storage Coefficient 0.4

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
JAG - - - - - - - S -
O 23| 28| 53| 38| 53| g8 | 53 28

2~ | i 2= | E 2~ | E 2= |

a) L a) L &) L &) L
0-50 4.67 46 4.86 47.88 4.67 46 4.67 46
50-100 4.67 46 4.73 46.59 4.67 46 4.67 46
100-150 | 4.67 46 5.7 55.64 4.67 46 4.67 46

Efficiency = 46-66%; Total Discharge = 57.3129 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.67 L/s and 46%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.7 CV Transmissivity 0.6 and CV Storage Coefficient 0.4

82

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S ) S ) S ) S >
Days) | §5| S| 82| 5| 82| 5| 82| 5=
S5d| 82| 54| 22| 54| 22| &4 | 22
0n ~ Y n Y n Y 0n ~ Y
a w o w a W &) w
0-50 3.92 39 4.25 42.12 3.92 39 3.92 39
50-100 3.92 39 4.23 41.92 3.92 39 3.92 39
100-150 | 3.92 39 5.08 49.81 3.92 39 3.92 39

Efficiency = 39-66%; Total Discharge = 48.81152 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.8 CV Transmissivity 0.8 and CV Storage Coefficient 0.4

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S %)
53| §€| 53| €€| 53| £€] §3 | €€
a w a w ) w a w
0-50 3.38 34 3.75 37.42 3.38 34 3.38 34
50-100 3.38 34 3.79 37.81 3.38 34 3.38 34
100-150 | 3.38 34 4.54 44.83 3.38 34 3.38 34

Efficiency = 34-66%; Total Discharge = 42.4988 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.38 L/s and 34%. But the values for

discharge and efficiency is different in all periods for well 2.
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The observed difference in efficiencies and total discharge value is huge as we

vary the value of coefficient of transmissivity. The value of minimum allowable
efficiency is 55% for CV Transmissivity 0.2 and 34% for CV Transmissivity 0.8.
Hence there is a decrease of 21% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.
Case 3: Fixing coefficient of variation of storage coefficient equals to 0.6, and
varying coefficient of variation of transmissivity
The results of these combinations are presented from Table A2.9 to Table
A2.12. These tables contain the value of pumping rates and efficiency at each pumping
well at three time periods each of 50 days.

Table A2.9 CV Transmissivity 0.2 and CV Storage Coefficient 0.6

Time Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
[B) > [«B) > <8} > [<B) >
(Days) S| & S| & S| & S| &
g 2| B 2| B 2| Be TR
g2 | 82| g2 | 82| g2 | €2 g2 g2
& w & v & v &) v
0-50 5.52 54 6.19 60.28 5.52 54 5.63 55
50-100 5.52 54 5.92 57.69 5.52 54 5.63 55
100-150 | 5.52 54 6.8 66 5.74 56 5.63 55

Efficiency = 54-66%; Total Discharge = 68.8388 L/s.

It is seen from this table that the discharges and efficiency from well 1 at each
time interval is same i.e., 5.52 L/s and 54% and the values for discharge and efficiency

is 5.63L/s and 55 % in all periods for well 4. But the values of discharge and efficiency

is different for all periods for well 2 and well 3.
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Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S %)
Days) | 55| S| 82| 5| 52| S| 82| 5=
S5d| eS| 64| 22| €4 | 22| &4 | &2
2> | £ 2> | & 2= | 2= | e
&) L &) L &) L &) L
0-50 4.56 45 5.14 50.44 4.56 45 4.56 45
50-100 | 4.56 45 5.02 49.32 4.56 45 4.56 45
100-150 | 4.56 45 5.99 58.41 4.56 45 4.56 45

Efficiency = 45-66%; Total Discharge = 57.20961 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.56 L/s and 45%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.11 CV Transmissivity 0.6 and CV Storage Coefficient 0.6

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period

> %) > %) ) %) ) %)
P Eg 88| €3 88 £3| 88| £3| 8%

2= | E 2= | E 2= | £ 2> | E

a) L a) L &) L &) L

0-50 3.92 39 4.21 41.7 3.92 39 3.92 39

50-100 3.92 39 4.2 41.64 3.92 39 3.92 39
100-150 | 3.92 39 5.05 49.52 3.92 39 3.92 39

Efficiency = 39-66%; Total Discharge = 48.70535 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.12 CV Transmissivity 0.8 and CV Storage Coefficient 0.6

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S ) S %)
Days) | 55| S| 52| 5| 55| 50| 52| S
53| 88| 54| 8| 53| 2| 4| €8
2~ | & 2> | & 2~ | & 2> | E
a) L &) L Q L &) w
0-50 3.38 34 3.72 37.15 3.38 34 3.38 34
50-100 3.38 34 3.77 37.59 3.38 34 3.38 34
100-150 | 3.38 34 4.52 44.63 3.38 34 3.38 34

Efficiency = 34-66%; Total Discharge = 42.42522 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 2
and well 3 are equal at each time interval i.e., 3.38 L/s and 34%. But the values for

discharge and efficiency is different in all periods for well 2.
The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable

efficiency is 54% for CV Transmissivity 0.2 and 34% for CV Transmissivity 0.8.

Hence there is a decrease of 20% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.

Case 4: Fixing coefficient of variation of storage coefficient equals to 0.8, and

varying coefficient of variation of transmissivity

The results of these combinations are presented from Table A2.13 to Table
A2.16. These tables contain the value of pumping rates and efficiency at each pumping

well at three time periods each of 50 days.
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Table A2.13 CV Transmissivity 0.2 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
S o S o S o S o
Days) | 55| S| 52| S| 52| 55| 82| 5o
Sd| 22| g2 | 82| §d| g=| §2| &<
0n ~ Y n Y n Y 0n ~ Y
&) L] & L0 A L A L]
0-50 5.52 54 5.83 56.88 5.52 54 5.52 54
50-100 5.52 54 5.62 54.93 5.52 54 5.52 54
100-150 5.52 54 6.79 65.89 5.52 54 5.52 54

Efficiency = 54-66%; Total Discharge = 67.9575 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 5.52 L/s and 54%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.14 CV Transmissivity 0.4 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
T » o T » o T » o T » o
53| 8| 53| 88| 53| g€ g2 &€
&) L &) L &) L &) L
0-50 4.56 45 5.01 49.22 4.56 45 4.56 45
50-100 4.56 45 4.93 48.4 4.56 45 4.56 45
100-150 | 4.56 45 5.9 57.56 4.56 45 4.56 45

Efficiency = 45-66%; Total Discharge = 56.8903 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.56 L/s and 45%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.15 CV Transmissivity 0.6 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
fB) > [B) > [<B) > [<B) >
Cas) | 5| S| S5 5| 52| 5= 59| 5=
53| g€| 53| 22| §3| 22| 53| g
2~ | 2~ | 2~ | 2~ |
a L a L &) L &) L
0-50 3.92 39 4.14 41.09 3.92 39 3.92 39
50-100 3.92 39 4.14 41.12 3.92 39 3.92 39
100-150 | 3.92 39 4.14 49.01 3.92 39 3.92 39

Efficiency = 39-66%; Total Discharge = 48.5402 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.92 L/s and 39%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.16 CV Transmissivity 0.8 and CV Storage Coefficient 0.8

Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Time
Period o - - - - - o =
(Days) §A 8,\ %"‘ 8,\ §,-\ 8,\ §A 8,\
(2] () (%] [} w [} w [«B]
Sd| 88| 53| 88| §a| 8&| 53| ©&
a2 | & 3 | & a3 | & 3 | G
0-50 3.38 34 3.68 36.8 3.38 34 3.38 34

w
N

50-100 3.38 34 3.74 37.32 3.38 34 3.38

100-150 | 3.38 34 4.49 44.38 3.38 34 3.38 34

Efficiency = 34-66%; Total Discharge = 42.3318 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.38 L/s and 34%. But the values for

discharge and efficiency is different in all periods for well 2.
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The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable
efficiency is 54% for CV Transmissivity 0.2 and 34% for CV Transmissivity 0.8.

Hence there is a decrease of 20% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.

Optimal Results for pump | at Reliability 97.5%

At 97.5% reliability, the results are calculated for 16 different combinations of
coefficient of variation in transmissivity and coefficient of variance in storage
coefficient. All these combinations can be applied to both pumps. Here the results for
pump | are tabulated from Table A2.17 to Table A2.32.

Case 1: Fixing coefficient of variation of storage coefficient equals to 0.4, and

varying coefficient of variation of transmissivity

The results of these combinations are presented from Table A2.17 to Table
A2.20. These tables contain the value of pumping rates and efficiency at each pumping
well at three time periods each of 50 days. The range of efficiency is fixed for
maximum allowable efficiency, but minimum allowable efficiency is considered

according to the minimum value above which the optimal solution becomes infeasible.

Table A2.17 CV Transmissivity 0.2 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
S &> S &> S & S o
Days) | S5 | S| 52| So| 82| Se| 82| 5o
Sd| 82| 54| 82| §d| 82| 54| g
0~ = 0~ = 0~ = 0~ =
(@) L @) L (| L (| |
0-50 5.42 53 595 | 57.96 | 5.42 53 5.42 53
50-100 | 5.42 53 562 | 54.87 | 5.42 53 5.42 53
100-150 | 5.42 53 6.7 65.05 | 5.42 53 5.42 53

Efficiency = 53-66%; Total Discharge = 67.01576 L/s.
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It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 5.42 L/s and 53%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.18 CV Transmissivity 0.4 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
D) > fB) > fB) > [<B) >
Days) | S| 2| S| 2| E~| 2| 4| S .
JoRCd 2% JoRCd 2% JoRCs 2% JoRcs 2
G 2 o 2 o 2 o 2 2
2= | & 2= | & 2= | & 2= | &
&) L &) L &) L &) L
0-50 4.35 43 4.65 45.85 4.35 43 4.35 43
50-100 4.35 43 4.56 44.99 4.35 43 4.35 43
100-150 | 4.35 43 5.47 53.53 4.35 43 4.35 43

Efficiency = 43-66%; Total Discharge = 53.8025 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.19 CV Transmissivity 0.6 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period

> %) > %) > %) > %)
Days = c = c S~ c S c
P9 25 55| 29 85| 29| g8 £3 8¢

2= | E 2~ | E 2= | E 2> |

&) L &) L &) L &) L
0-50 3.59 36 3.94 39.19 3.59 36 3.59 36
50-100 3.59 36 3.95 39.33 3.59 36 3.59 36
100-150 | 3.59 36 4.74 48.68 3.59 36 3.59 36

Efficiency = 36-66%; Total Discharge = 44.98511 L/s.
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It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.59 L/s and 36%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.20 CV Transmissivity 0.8 and CV Storage Coefficient 0.2

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S %)
Pays) | 55| S=| 85| S=| 52| S| 85| S
53| 28| g3d| 22| 3| g2| g2 | g8
a | i a |4 |3 | & a | &
0-50 3.06 31 3.43 34.51 3.06 31 3.06 31
50-100 3.06 31 3.5 35.15 3.06 31 3.06 31
100-150 | 3.06 31 4.2 41.98 3.06 31 3.06 31

Efficiency = 31-66%; Total Discharge = 38.6536 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.06 L/s and 31%. But the values for
discharge and efficiency is different in all periods for well 2.

The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable

efficiency is 53% for CV Transmissivity 0.2 and 31% for CV Transmissivity 0.8.

Hence there is a decrease of 22% in the minimum allowable efficiency value when we
increase the value of CV from 0.2 to 0.8.

Case 2: Fixing coefficient of variation of storage coefficient equals to 0.4, and

varying coefficient of variation of transmissivity
The results of these combinations are presented from Table A2.21 to Table
A2.24. These tables contain the value of pumping rates and efficiency at each pumping

well at three time periods each of 50 days.
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Table A2.21 CV Transmissivity 0.2 and CV Storage Coefficient 0.4

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S )
Cays) | 55| So| 55| 50| 55| S| 82| S
Sd| &S| 64| 82| 64| &S| 64| &<
= 2~ | E 2~ | E 2~ | &
&) L &) w &) w a) L
0-50 5.42 53 5.75 56.15 5.42 53 5.42 53

ol
w

50-100 5.42 53 5.47 53.51 5.42 53 5.42

100-150 | 5.42 53 6.57 63.82 5.42 53 5.42 53

Efficiency = 53-66%; Total Discharge = 66.54765 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 5.42 L/s and 53%. But the values for
discharge and efficiency is different in all periods for well 2.

Table A2.22 CV Transmissivity 0.4 and CV Storage Coefficient 0.4

Time Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period

(Days) qé’ ? qé’ ? qé’ ? % ?
£3| 88| £3| 88| £3 | 88| £4| 88
a i a i a i 5 i

0-50 4.35 43 4.6 4536 | 4.35 43 4.35 43
50-100 4.35 43 4.52 44.65 4.35 43 4.35 43
100-150 | 4.35 43 5.44 53.23 4.35 43 4.35 43

Efficiency = 43-66%; Total Discharge = 53.6817 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.23 CV Transmissivity 0.6 and CV Storage Coefficient 0.4

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
[¢}) > [¢B] > (D] > (5] >
Days) | £5| 28o| 5| o] 5| 6~| 55| S~
S3| e8| §5a| 88| 53| s&| 53| 88
o= | E o= | E Q= | E e | E
a v & I A I a I
0-50 3.59 36 391 | 3897 | 359 36 3.59 36
50-100 | 3.59 36 393 | 39.18 | 359 36 3.59 36
100-150 | 3.59 36 472 | 4654 | 3.59 36 3.59 36

Efficiency = 36-66%; Total Discharge = 44.9229 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 3 are equal at each time interval i.e., 3.59 L/s and 36%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.24 CV Transmissivity 0.8 and CV Storage Coefficient 0.4

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period

£3| 88 £3| 88| £3| 88| £33 8¢

0n ~ Y 0n ~ Y n Y n Y

& w a w & w a w

0-50 3.06 31 3.43 34.44 3.06 31 3.06 31

50-100 3.06 31 3.5 35.11 3.06 31 3.06 31
100-150 | 3.06 31 4.2 41.59 3.06 31 3.06 31

Efficiency = 31-66%; Total Discharge = 38.64052 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.06 L/s and 31%. But the values for

discharge and efficiency is different in all periods for well 2.
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The observed difference in efficiencies and total discharge value is huge as we

vary the value of coefficient of transmissivity. The value of minimum allowable
efficiency is 53% for CV Transmissivity 0.2 and 31% for CV Transmissivity 0.8.
Hence there is a decrease of 22% in the minimum allowable efficiency value when we

increase the value of CV from 0.2 to 0.8.

Case 2: Fixing coefficient of variation of storage coefficient equals to 0.4, and
varying coefficient of variation of transmissivity

The results of these combinations are presented from Table A2.25 to Table

A2.28. These tables contain the value of pumping rates and efficiency at each pumping

well at three time periods each of 50 days.

Table A2.25 CV Transmissivity 0.2 and CV Storage Coefficient 0.6

Time Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
[5) > 5} > 8} > (<) >
(Days) S| 2 S| 2 S| 2 S| &
SCd 2o | ZSw 2o | ZSw 2o | ZSw TR
F2| eS| 22| %) 2| €% 32 £°
&) w &) L a) w &) L
0-50 531 52 5.82 56.81 5.31 52 531 52
50-100 531 52 5.6 54.71 531 52 531 52
100-150 | 5.31 52 6.72 65.23 5.31 52 5.31 52

Efficiency = 52-66%; Total Discharge = 65.9346 L/s.
It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 5.31 L/s and 52%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.26 CV Transmissivity 0.4 and CV Storage Coefficient 0.6

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
[¢B] > [B] > (6] > [¢B] >
PCxs) | E5| S| 52| 5=| 52| 5=| 52| 5=
53| 28| 53| 88| 53| 88| 53| c&
wn ~ Y n ~ Y 0n ~ Y wn ~ Y
=) i a i, &) (i a i
0-50 4.35 43 4.49 44.36 4.35 43 4.35 43
50-100 4.35 43 4.44 43.83 4.35 43 4.35 43
100-150 4.35 43 5.36 52.47 4.35 43 4.35 43

Efficiency = 43-66%; Total Discharge = 53.406 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3
and well 4 are equal at each time interval i.e., 4.35 L/s and 43%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.27 CV Transmissivity 0.6 and CV Storage Coefficient 0.6

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S %) S %)
& | g 8= | g | 8= | g% 3= | g
a w a w & w & w
0-50 3.59 36 3.87 38.55 3.59 36 3.59 36
50-100 | 3.59 36 3.9 38.84 3.59 36 3.59 36
100-150 | 3.59 36 4.69 46.24 3.59 36 3.59 36

Efficiency = 36-66%; Total Discharge = 44.81554 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.59 L/s and 36%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.28 CV Transmissivity 0.8 and CV Storage Coefficient 0.6

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S %) S %) S ) S %)
Days) | 55| S| 52| 5| 55| 50| 52| S
53| 88| 54| 8| 53| 2| 4| €8
2~ | & 2> | & 2~ | & 2> | E
a) L &) L Q L &) w
0-50 3.06 31 3.4 34.18 3.06 31 3.06 31
50-100 3.06 31 3.48 34.9 3.06 31 3.06 31
100-150 | 3.06 31 4.17 41.39 3.06 31 3.06 31

Efficiency = 31-66%; Total Discharge = 38.56813 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.06 L/s and 31%. But the values for
discharge and efficiency is different in all periods for well 2.

The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable

efficiency is 52% for CV Transmissivity 0.2 and 31% for CV Transmissivity 0.8.

Hence there is a decrease of 21% in the minimum allowable efficiency value when we
increase the value of CV from 0.2 to 0.8.
Case 4: Fixing coefficient of variation of storage coefficient equals to 0.8, and
varying coefficient of variation of transmissivity
The results of these combinations are presented from Table A2.29 to Table
A2.32. These tables contain the value of pumping rates and efficiency at each pumping

well at three time periods each of 50 days.
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Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
S ) S ) S ) S )
Pays) | 55| S| 55| S| 82| 5| 82| So
54| 22| 63| 82| 54| 22| 62| g2
2> | £ 2> | & 2= | 2= | e
&) L &) L &) L &) L
0-50 5.20 51 5.81 56.65 5.20 51 5.2 51
50-100 | 5.20 51 5.20 51 5.24 51.38 5.2 51
100-150 | 5.20 51 6.80 66 5.22 51.19 5.2 51

Efficiency = 51-66%; Total Discharge = 64.70078 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 5.2 L/s and 51%. But the values for

discharge and efficiency is different in all periods for well 2.

Table A2.30 CV Transmissivity 0.4 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
> %) > %) ) %) ) %)
(Days) S o c - S o c - = o c = o c
S| E€| 52| E€| g2 | €| g2 &8
a w a w a w a w
0-50 4.24 42 4.74 46.64 4.24 42 4.24 42
50-100 4.24 42 4.71 46.36 4.24 42 4.24 42
100-150 | 4.24 42 5.64 55.07 4.24 42 4.24 42

Efficiency = 42-66%; Total Discharge = 53.2345 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 4.24 L/s and 42%. But the values for

discharge and efficiency is different in all periods for well 2.
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Table A2.31 CV Transmissivity 0.6 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4
Period
[«5] > () > () > <] >
Pays) | 55| S| 52| S<| 52| 5= 22| 5=
Sd| 82| §3| 82| 53| 2| §a| 82
= 2~ | E 2~ | E 2~ | &
&) L &) w &) w a) L
0-50 3.59 36 3.80 37.94 3.59 36 3.59 36

w
(o]

50-100 3.99 36 3.85 38.36 3.59 36 3.59

100-150 | 3.59 36 4.65 45.81 3.59 36 3.99 36

Efficiency = 36-66%; Total Discharge = 44.6523 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 2

and well 3 are equal at each time interval i.e., 3.59 L/s and 36%. But the values for
discharge and efficiency is different in all periods for well 2.

Table A2.32 CV Transmissivity 0.8 and CV Storage Coefficient 0.8

Time | Pumping Well 1 | Pumping Well 2 | Pumping Well 3 | Pumping Well 4

Period
S ) S ) S ) S o)
(Days) S c = o c _ = o c _ = o c
53| 28| 53| &8 53 28 g3 g8
) L [a) L &) L & L
0-50 3.06 31 3.36 33.84 3.06 31 3.06 31
50-100 3.06 31 3.45 34.63 3.06 31 3.06 31

100-150 | 3.06 31 4.15 41.14 3.06 31 3.06 31

Efficiency = 31-66%; Total Discharge = 38.4754 L/s.

It is seen from this table that the discharges and efficiency from well 1, well 3

and well 4 are equal at each time interval i.e., 3.06 L/s and 31%. But the values for

discharge and efficiency is different in all periods for well 2.
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The observed difference in efficiencies and total discharge value is huge as we
vary the value of coefficient of transmissivity. The value of minimum allowable
efficiency is 51% for CV Transmissivity 0.2 and 31% for CV Transmissivity 0.8.
Hence there is a decrease of 20% in the minimum allowable efficiency value when we
increase the value of CV from 0.2 to 0.8.
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With the development in groundwater modelling, it has become inevitable to
consider the uncertainty associated with groundwater parameters. The conventional models
with deterministic approach prove to be inappropriate for drawing desirable results and
consequently it demands a chance constrained approach for improved study of groundwater
model. In this study, a chance constrained optimization model of transient groundwater flow
is developed for maximizing the pumping rate from a number of pumping wells subjected to
constraints like maximum allowable drawdown, pump characteristics, demand required
with the variations in aquifer parameters at different reliabilities. The model applicability
has been illustrated using a hypothetical study area comprising four pumping wells and six
observation wells. The pumping rates are maximized for three periods of 50 days each. The
constraint equations within the model are developed using algebraic technological functions
that are generated by using Cooper-Jacob equations, the model is then solved using LINGO
10.0 software. The major conclusion drawn from the study shows that with the increase in
variation of transmissivity and storage coefficient, the optimal discharge decreases. The
optimal discharge values are more sensitive to variations in transmissivity than storage
coefficient. The study also demonstrates that by using pump characteristics as constraints in
the chance constrained model, practically meaningful solution is obtained. It is also inferred

that for the high reliability requirement the optimal pumpage decreases.
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