
Quaternionic Formalism of Curvature 
Space-Time and Einstein Field Equation 

 

 

T h e s i s  
 

SUBMITTED TO THE 

 

 
 
 
 

G.B. PANT UNIVERSITY OF AGRICULTURE & TECHNOLOGY, 

PANTNAGAR-263145, UTTARAKHAND, INDIA 

 
 

By 
 

MANISHA GOUTAM  
B.Sc. (P.C.M.) 

 
 

IN PARTIAL FULFILLMENT OF THE REQUIREMENTS 

FOR THE DEGREE OF 

 
 

Master of Science 
(Physics)                            

 
August, 2019 



ACKNOWLEDGEMENT 
 

The work presented in this thesis would not have been possible without my close 

association with many people who were always there when I needed them the most. I 

would like to express my sincere gratitude to them for helping me to make this thesis a 

reality. 

I thank to God for always keeping his hand on my head, supporting in all up 

and down and keeping me safe under his company of love, care, and blessings without 

which I could not complete my thesis work. It gives me immense pleasure to express my 

deep sense of gratitude and heartiest thanks to Dr. B. C. Chanyal, Chairperson of my 

Advisory Committee, Assistant Professor, Department of Physics, C.B.S.H., 

G.B.P.U.A.T. Pantnagar, for his sincere guidance, persistent encouragement, 

painstaking efforts and constructive criticism during the course of the present 

investigation and preparation of manuscript. 

I express my sincere regards and heartfelt gratitude to the members of my 

Advisory Committee, Dr. R. C. Srivastava, Head and Professor, Department of 

Physics, Dr. Gagan Dixit, Assistant Professor, Department of Physics and                

Dr. Virender Singh, Assistant Professor, Department of Physics for their keen interest, 

extremely beneficial advice and liberal support during the course of my present 

investigation.  

It is my privilege to express my heartiest regards and sincere thanks to the 

entire faculty members of Physics department Dr. H. M. Agarwal, Ex- Head, Dr. U. C. 

Johri, Professor, Dr. Munish Kumar, Professor, Dr. G. C. Joshi, Professor, Dr. 

Deepika P. Joshi, Assistant Professor, Dr. Bhawna Pandey, Assistant Professor and 

Dr. Puja Goel, Assistant Professor, for their cooperation and support throughout the 

degree programme. Special thanks to Dr. U. C. Johri, Professor, for his help and 

encouragement in my thesis work. I also acknowledge thanks to Mr. B. D. Joshi, Mrs. 

Anuradha Shukla, Mrs. Lata Joshi ,  Munni aunty and Jagdish uncle for their day to 

day help in research work by providing all essential help during the studies. I also feel 

great pleasure to acknowledge our Vice Chancellor, Dean, College of Post Graduate 



Studies, Dean, College of Basic Sciences and staff members of the university library 

and Central Computing Facility. 

I would like to express my heartfelt gratitude to my seniors Pankaj sir, Varun 

sir, Reena ma’am  and Manjula ma’am. I would also like to thanks Prashant sir for 

their guidance and support.   

I pay my regards to my immediate seniors Rita ma’am, Sukhwinder ma’am 

and Mayank Sir for always guiding me, encouraging me to do better and always 

helping me. I also acknowledge my juniors Neha, Rashmi, Lakshmi, Deepti and Nidhi 

for there cheerful company. 

          Where the emotions are involved, words cease to mean. I sincere regards to My 

Dadaji late Shri. Narayan Das my Dadi Shrimati. Ashrfi Devi, my Nanaji late Shri. 

Chiranji lal, my Nani late Shrimati. Taravati , my Papa Mr. Bharat Kumar Goutam, 

my Mummy Mrs. Savita Goutam and my all loving and caring Family members for 

their ceaseless inspiration, moral and spiritual support, profound love and unending 

prayers and encouragement, guiding me to achieve success at every step in my life. I 

am special and heartfelt thanks to my loving Himanshu, Deeksha, Neha, Mahak and 

Cheeku for continuously encouraging me to keep learning from every moment of life. I 

again bow my head before my parents whose hardships, patience and perseverance 

have kept me going at all hard times 

           I would like to thank members of my family outside home  Sandhya, Himanshu, 

Aayushi, Basant, Vipin, Lekha, Ram, Ashneet, Upasana and Anamika with whom I 

made lots of memories in Pantnagar. Their encourage, care and support did not ever 

let me down. I will always cherish the beautiful time spent with you. Special thanks to 

my friends Juhi, Anu, Nitesh, Shubham, Sandeep, Divya  for always being there 

whenever I needed them and who motivates me every time in my work. 

At the end, life is all about being happy, being who you are and enjoy every 

moment of the life with a big smile. 

  

Pantnagar        (Manisha Goutam)         
August, 2019             Authoress  

  



C E R T I F I C A T E  

This is to certify that the thesis entitled “Quaternionic Formalism of 

Curvature Space-Time and Einstein Field Equation” submitted in partial 

fulfilment of the requirements for the degree of  Master of Science with major in 

Physics of the College of Post-Graduate, G.B. Pant University of Agriculture and 

Technology, Pantnagar, is a record of bona-fide research carried out by Ms. 

Manisha Goutam Id. No. 52636, under my supervision, and no part of the thesis 

has been submitted for any other degree or diploma.  

The assistance and help received during the course of this investigation and 

source of literature have been duly acknowledged. 

 

 

Pantnagar                    (B. C. Chanyal) 

August, 2019                                                                   Chairman 

 Advisory Committee  

 

 

 

 

 

 

 

 

 



C e r t i f i c a t e  
 

 

 

We, the undersigned, members of the Advisory Committee of Ms. Manisha 

Goutam, ID. No. 52636, a candidate for the degree of Master of Science with 

major in Physics, agree that the thesis entitled “Quaternionic Formalism of 

Curvature Space-Time and Einstein Field Equation” may be submitted in partial 

fulfilment of the requirements for the degree. 

 

 

 

 

 

 

 

 

(B. C. Chanyal) 

Chairman 

Advisory Committee 

 

 

 

 

(R. C. Srivastava)             (Gagan Dixit)        (Virendra Singh) 

Member                           Member                      Member 

 

 
 



CONTENTS 

S. No. CHAPTER Page No. 

1. INTRODUCTION  

2. REVIEW OF LITERATURE   

3. MATERIALS AND METHODS 

3.1. Tensor algebra 

       3.1.1. Notations 

       3.1.2. Summation convention 

       3.1.3. Addition and Multiplication of tensors 

       3.1.4. Basic Transformations 

3.2. Quaternionic algebra 

       3.2.1. Properties of quaternion for addition 

       3.2.2. Properties of quaternion for multiplication 

       3.2.3. Another general decomposition of  

quaternion 

3.3. Quaternionic basis transformations 

3.4. Quaternionic formulation of Riemannian  

geometry 

        3.4.1. Quaternion transformation 

        3.4.2. Quaternionic covariant derivative 

        3.4.3. Quaternionic metric tensor 

        3.4.4. Quaternionic geodesic equation 

        3.4.5. Quaternionic Riemannian Christoffel  

curvature tensor 

3.5. Quaternionic Energy-Momentum tensor 

3.6. Quaternionic study of Einstein field equation 

 

4. RESULTS AND DISCUSSION    

5. SUMMARY AND CONCLUSION  

 LITERATURE CITED  

 VITA  

 ABSTRACT (ENGLISH)  

 ABSTRACT (HINDI)  

 



LIST OF SYMBOLS 
 

  : Real Number 

  : Complex Number 

  : Quaternion 

   : Real quaternion 

   : Pure quaternion 

   : Quaternionic conjugate 

    : Norm of a quaternion 

   : Tensor of a quaternion 

   : Versor of a quaternion 

  : Newtonian potential 

  : Mass density 

 
: Gravitational constant 

   
  : Christoffel symbol 

[   ] : Christoffel symbol of first kind 

{
 
  
} : Christoffel symbol of second kind 

   : Partial derivatives 

   : Covariant derivatives 

   : Tangential quaternion 

    : Minkowski metric 

    : Metric tensor 

    
  : Riemannian Christoffel curvature tensor 

    : Ricci tensor 

  : Ricci scalar 

    : Energy-Momentum tensor 

  : Cosmological constant 

 



 

 

IInnttrroodduuccttiioonn  











 

 

RReevviieeww  
ooff  

LLiitteerraattuurree  















 

 

MMaatteerriiaallss  
aanndd  

MMeetthhooddss  

























































































 

 

RReessuullttss                                   
aanndd                                          

DDiissccuussssiioonn    













 

 

  SSuummmmaarryy                                
aanndd                                  

CCoonncclluussiioonn    







 

 

LLiitteerraattuurree  
CCiitteedd    



Literature Cited… 

Literature Cited  
 

Abbott, B. P. 2016. Observation of gravitational waves from a binary black hole merger. 

Phys. Rev. Lett. 116(6): 1-16. 

Acernese, F., Agathos, M., Agatsuma, K. and Aisa, D. 2014. Advanced Virgo: a second-

generation interferometric gravitational wave detector. Class. Quantum 

Gravity. 32(2): 1-52. 

Arbab, A. I. 2011. The quaternionic quantum mechanics. Appl. Phys. Res. 3(2): 160-169. 

Babak, S. V. and Grishchuk, L. P. 1999. Energy-momentum tensor for the gravitational 

field. Phys. Rev. D. 61(2): 1-18. 

Bahri, M. and Musdalifah, S. 2018. A Version of Uncertainty Principle for Quaternion 

Linear Canonical Transform. Abstr. appl. anal. 2018.  Article ID- 8732457: 1-7. 

Bahri, M., Amir, A. K., Resnawati and Lande, C. 2018. The Quaternion Domain 

Fourier Transform and its Application in Mathematical Statistics. Int. J. Appl. 

Math. 48(2): 1-7. 

Baskaran, D. and Grishchuk, L. P. 2004. Components of the gravitational force in the 

field of a gravitational wave. Class. Quantum Gravity. 21(17): 4041-4061. 

Beiser, A. 2003. Concepts of Modern Physics. 6
th

 ed. New York, USA, McGraw-Hill.  

Bertschinger, C. E. 1999. Introduction to tensor calculus for general relativity. England, 

Massachusetts Institute of Technology, Cambridge.  

Boi, L. 2006. From Riemannian geometry to Einstein’s General Relativity Theory and 

Beyond: Space‐Time Structures, Geometrization and Unification.  AIP Conf. Proc. 

861(1): 1066-1075.  

Brand, L. 1947. Vector and Tensor analysis. New York, USA, John Wiley & Sons.  

Chanyal, B. C. 2018. A new development in quantum field equations of dyons. Can. J. 

Phys. 96(11): 1192-1200. 



Literature Cited… 

Chanyal, B. C. and Pathak, M. 2018. Quaternionic Approach to Dual 

Magnetohydrodynamics of Dyonic Cold Plasma. Adv. High Energy Phys. Article 

no.-7843730: 1-13. 

Charron, M., Zadra, A. and Girard, C. 2013. Four‐dimensional tensor equations for a 

classical fluid in an external gravitational field. Q. J. Royal Meteorol. 

Soc. 140(680): 908-916. 

Das, A. and DeBenedictis, A. 2012. The general theory of relativity: A mathematical 

exposition. New York, USA, Springer Science & Business Media.  

De, U. C. 2012. Tensor calculus. 2
nd

 ed. New delhi, India, Narosa Publishing House.  

Dickson, L. E. 1919. On Quaternions and their Generalisation and the history of the Eight 

Square Theorem. Ann. Math. 20: 153-171. 

Earman, J. and Friedman, M. 1973. The meaning and status of Newton's law of inertia 

and the nature of gravitational forces. Philos. Sci. 40(3): 329-359. 

Edmonds, J. D. 1974. Quaternion Wave Equations in Curved Space-Time. Int. J. Theor. 

Phys. 10(2): 115-122. 

Ferkinghoff-Borg, J. 2007. Introduction to vector and tensor analysis. Arizona, USA, 

University of Phoenix.  

Ganihar, S.A., Joshi, S., Setty, S. and Mudenagudi, U. 2014. Metric tensor and 

christoffel symbols based 3D object categorization. Asian Conference on Computer 

Vision, springer. 138-151. 

Goldman, R. 2010. Understanding quaternions. Graph. Models. 73(2): 21-49. 

Goldstein, H. 1950. Classical mechanics. USA, Addison-Wesley.  

Gron, O. and Hervik, S. 2007. Einstein's General Theory of Relativity: With Modern 

Applications in Cosmology. New York, USA, Springer. 

Gron, O. and Næss, A. 2001. Einstein's Theory: A Rigorous Introduction for the 

Mathematically Untrained. Germany, Springer Science & Business Media. 



Literature Cited… 

Grote, H. and Reitze, D. H. 2011. First-Generation Interferometric Gravitational-Wave 

Detectors. University of Florida, USA. 5-16. 

Gutiérrez, S. E. A. 2016. Tensors in GR and the Einstein Field equations. Research 

Project of General Relativity: 1-11. 

Hamilton, W. E. 1866. Elements of Quaternions. London, UK, Longmans, Green and Co.  

Hamilton, W. R. 1844. Theory of quaternions. Proc. Royal Ir. Acad. 3: 1-16. 

Hamilton, W. R. 1853. Lectures on Quaternions. Dublin, Ireland, Hodge and Smith.  

Hardy, A. S. 1881. Elements of Quaternions. Boston, USA, Ginn, Health and Co. 

Hay, G. E. 1953. Vector and Tensor analysis. New York, USA, Dover Publication, Inc. 

Heinbockel, J. H. 1996. Introduction to tensor calculus and continuum mechanics. 

Virginia, USA, Old Dominion University.  

Jafari, M. 2016. Quaternions Algebra and Its Applications: An Overview. Int. J. Theor. 

Appl. Math. 2(2): 79-85. 

Kelly, P. 2013. Solid Mechanics Part II: Engineering Solid Mechanics. New Zealand, 

University of Auckland.  

Kilmister, C. W. 1973.  General Theory of Relativity. 1
st
 ed. UK, Pergamon Press Ltd. 

Oxford.  

Kumar, A. 2010. Covariant and Contravariant Vectors. arXiv preprint [Math-ph]. arXiv: 

1002.3217. 

Mitiguy, P. 2009. Vector and Dyadics.  California, USA, Stanford University.  

Moffat, J. W. 1979. New theory of gravitation. Phys. Rev. D. 19(12): 3554-3558. 

Myszkowski, M. 2019. A new perspective on space-time 4D rotations and the SO (4) 

transformation group. Results Phys. 13: 1-4. 

Narlikar, J. V. 1978. General Relativity and Cosmology. Madras, India, Macmillan India 

Press.  



Literature Cited… 

Pathria, R. K. 1974. The theory of Relativity. 2
nd

 ed. New Delhi, India, Hindustan 

Publishing Corporation.  

Pe’er, A. 2014. Einstein’s field equation. Physics Department. University College Cork. 2-9. 

Poplawski, N. J. 2011. Space-time torsion as a possible remedy to major problems in 

gravity and cosmology. arXiv preprint [gr-gc]. arXiv: 1106.4859 

Pound, R. V. and Rebka, G. A. 1959. Gravitational Red-shift in Nuclear Resonance. 

Phys. Rev. Lett. 3(9): 439-441. 

Rastall, P. 1964. Quaternions in relativity. Rev. Mod. Phys. 36(3): 820-832. 

Rawat, A. S. and Negi, O. P. S. 2011. Quaternion gravi-electromagnetism. Int. J. Theor. 

Phys. 51(3): 738-745. 

Rosen, N. 1940. General relativity and flat space. Phys. Rev. 57(2): 147-150. 

Rugh, S. E., and Zinkernagel, H. (2002). The quantum vacuum and the cosmological 

constant problem.  Stud. Hist. Phil. Mod. Phys. 33(4): 663-705. 

Struik, D. J. 1961. Lectures on Classical Differential. 2
nd

 ed. USA, Dover Publications, 

Inc. New York.       

Sylvester, J. J. 1851. On the general theory of associated algebraical forms. Cambridge 

and Dublin Math. Journal. 6:289-293. 

Tait, P. G. 1890. An Elementary Treatise on Quaternions. 2
nd

 ed. London, UK, Macmillan 

and Co.  

Walters, S. 2016. How Einstein Got His Field Equations. arXiv preprint [physics. Hist. 

ph]. arXiv: 1608.05752. 

Weinberg, S. 1972. Gravitation and Cosmology. New York, USA, John Wiley & Sons, 

Inc.  

Weinberger, P. 2014. Hamilton and the square root of minus one. Philos. Mag. 94(12): 

1263-1276.  



Literature Cited… 

Weng, Z. H. 2016. Forces in the complex octonion curved space. Int. J. Geom. Methods 

Mod. Phys. 13(06): 1-27. 

Zhang, T. 2010. Fundamental Elements and Interactions of Nature: A Classical 

Unification Theory. Prog. Phys. 2: 36-42. 

Zhelezov, O. I. 2018. N-dimensional Rotation Matrix Generation Algorithm. Am. J. 

Comp. Appl. Math. 7: 1–7. 

 

 

 

 

 

 

 

 



Vita 
 
 

The authoress of this manuscript, was born on 21st February 1997 at Rudrapur, District 

Udham Singh Nagar in Uttarakhand. She completed her High-school in 2012 and Intermediate 

in 2014 from Shri Guru Nanak Higher Secondary Public School, Rudrapur. She completed her 

graduation from S.B.S. Govt. P.G. College, Rudrapur (Kumaun University) in 2017. Thereafter, 

she joined College of Basic Science and Humanities, G.B. Pant University of Agriculture and 

Technology, Pantnagar for the degree of Master of Science in Physics. 

 
 
 
 
 
Permanent Address: 

 
Manisha Goutam  
D/o Mr. Bharat Kumar Goutam  
H.no. B-302 Ward no.-39   
Avas Vikas, Rudrapur  
District-Udham Singh Nagar  
Uttarakhand  
Email id. – goutammanisha21@gmail.com 

 

 

 

 

 



Name : Manisha Goutam Id. No. : 52636 

Sem. and year  

of admission 

: 1
st 

Sem., 2017-18    Degree : M.Sc.  

Department : Physics 

Major : Physics    

Thesis title : “Quaternionic Formalism of Curvature Space-Time and Einstein 

Field Equation”  

Advisor : Dr. B. C. Chanyal 

ABSTRACT 

In present work, the four-dimensional quaternionic algebra has been used to 

describing the space-time geometry in curvature form. The properties of pure quaternion 

are expressed using the transformation of vector basis from one frame to another. Further, 

we have expressed the transformation of quaternionic variable with the help of basis 

transformation of quaternion. The transformation of quaternionic scalar and vector 

derivatives has been shown. We deduced the quaternionic covariant derivative that 

explains the change in quaternionic components with respect to scalar and vector 

components. We have also derived covariant derivative for quaternionic tensor of rank-2. 

An additional term appeared in the transformation known as quaternionic Christoffel 

symbol which explain the change from one tangent plane to another. The quaternionic 

metric tensor has been discussed to describing the line element in quaternionic curved 

space-time. We also expressed the quaternionic geodesic equation for the curved space-

time. We deduced the expression for Christoffel symbol and the Riemannian Christoffel 
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momentum tensor in terms of quaternion. Finally, form these expressions we have 
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Ukke : Ekuh’kk xkSre ifjp;kad :  52636 

"kV~ekl ,oa izos”k o"kZ : izFke] 2017&2018 mikf/k : LukrdksÙkj  

izeq[k fo’k; : HkkSfrdh foHkkx :  HkkSfrdh 

'kks/k dk 'kh"kZd : **oØrk fnd~&dky dk DokVjfu;ksfud fu:i.k ,oa vkbUlVhu {ks= 

lehdj.kß                                                        

Lkykgdkj : MkW0 ch0 lh0 pU;ky 

lkjka'k 

      orZeku dk;Z esa] fnd~&dky T;kferh ds oØrk :i dk o.kZu djus ds fy;s pkj&foeh; 

DokVjfu;ksfud chtxf.kr dk mi;ksx fd;k x;k gSA ,d ra= ls nwljs ra= esa lfn”k vk/kkj ds 

:ikUrj.k dk mi;ksx djds “kq) DokVjfu;ksu ds xq.kksa dks O;Dr fd;k x;k gSA blds vykok 

geus DokVjfu;ksu ds vk/kkj :ikUrj.k dh lgk;rk ls DokVjfu;ksfud pj ds :ikUrj.k dks 

O;Dr fd;k gSA DokVjfu;ksfud lfn”k ,oa vfn”k vodytksa dk :ikUrj.k fd;k x;k gSA geus 

DokVjfu;ksfud lgla;kstd vodyt dks O;qRiUu fd;k tks lfn”k ,oa vfn”k ?kVdksa ds lEcU/k esa 

DokVjfu;ksfud ?kVdksa esa ifjorZu dks n”kkZrk gSA geus jSad&2 ds DokVjfu;ksfud izfn”k ds fy, 

lgla;kstd vodyt dks Hkh O;qRiUu fd;kA :ikUrj.k esa ,d vfrfjDr in izdV gqvk tks 

DokVjfu;ksfud fØLVksQy izrhd ds :i esa tkuk tkrk gS] rFkk ;g izrhd ,d Li”kZjs[kk ry ls 

nwljs Li”kZjs[kk ry esa ifjorZu dh O;k[;k djrk gSA DokVjfu;ksfud ofØr fnd~&dky esa js[kk 

rRo dk o.kZu djus ds fy;s DokVjfu;ksfud vkO;wg izfn”k dh Hkh O;k[;k dhA geus ofØr 

fnd~&dky ds fy, DokVjfu;ksfud ft;ksMsfld lehdj.k dks Hkh O;Dr fd;kA geusa 

DokVjfu;ksfud vkO;wg izfn”k ds inksa esa] fØLVksQy izrhd ,oa jhekfu;u fØLVksQy oØrk izfn”k 

ds O;atd dks Hkh O;qRiUu fd;kA  geus DokVjfu;ksu ds inksa esa ÅtkZ&laosx izfn”k dh Hkh O;k[;k 

dhA varr% bu lHkh O;atdksa dh lgk;rk ls geusa vkbUlVhu {ks= lehdj.k ds DokVjfu;ksfud 

:Ik dks izLrkfor fd;kA 
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