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SOME QUALITATIVE RESULTS ON THE
ELECTRIFICATION OF SNOW!

By D. C. PEarce? anp B. W. CURRIE

Abstract

This paper reports on observations of the electrical charges on falling and
drifting snow, and gives the results of laboratory experiments designed to
determine the relative importance of possible charge-producing mechanisms in
the atmosphere when snow and ice crystals are present. These mechanisms
include impacts of snow particles on one another, melting of snow as it falls,
and condensation of water vapor and formation of rime on falling snow.
Apparently a large fraction of the snowflakes falling during the cold part of the
winter in Saskatchewan has a charge less than 2 X 107 e.s.u. per flake. During
blizzards the snow particles blowing along or just above the hard surface of the
drifted snow carry a net negative charge and the air at the 1 m. level has posi-
tive space charge densities that are from 10 to 100 times the normal, positive
space charge density. Very large charge separations can occur when a snow
surface is eroded by an air blast and when snow is blown against snow and metal
surfaces, a resultant negative charge appearing on the heavier particles and the
corresponding positive charge on either very small ice particles or ions. This
charge-producing mechanism is most effective at high air velocities and at low
temperatures. The melting of newly fallen snow under conditions favorable to
the escape of air bubbles does not show a charge separation. Condensation of
water vapor and formation of rime on snow surfaces result in only very small
charge separations for the conditions readily obtained in laboratory experiments.

Introduction

Large, and sometimes rapid, separations of electrical charges are known to
occur in the atmosphere when snow particles are present, and when the
presence of snow particles is surmized. Steady streams of sparks canbe
drawn from the lead-in wires to radio receivers and sometimes from stoves and
other metal objects inside buildings when they are connected electrically to
objects exposed to blizzards (3). On such occasions, positive electric fields
(corresponding to a negatively charged earth and a positively charged
atmosphere) as high as 10,000 v. per m. have been measured at levels close
to the earth’s surface (7, p. 62). Electrical discharges to the air from an:
aircraft that is flying through clouds of snow often make radio reception on
the aircraft either difficult or impossible. It is generally agreed that the
upper part of thunder clouds consists of ice crystals and that these ice crystals
are required for the formation of raindrops (1). Since lightning discharges

L Aanuscript received in original form July 14, 1948, and, as revised, October 28, 1948.

. Contribution from the Department of Physics, University of Saskatchewan, Saskatoon,
Sask.

2 Holder of a Bursary under the National Research Council of Canada; now on the staff of
the National Research Council of Canada.
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begin at about the same time as the raindrops start to fall, the possibility
exists that the ice crystals are a factor in the development of the large electric
fields required for the discharges.

Practically all investigators in this field have assumed that the snow rather
than some associated meteorological condition is essential to the charge-
producing ‘'mechanism. Starting with this assumption, a number of different
physical processes by which the charges may be produced and then separated
have been suggested, although both observational data from the atmosphere
and experimental data from the laboratory in support of these suggestions are
either lacking or inconclusive. They include, () small-scale separations of
charges due to impacts of snow particles on one another that are followed by
large-scale separations due to differential gravitational and turbulent actions
on the charged particles; (b) escape of charged air bubbles from snow particles
as they melt on their way to the ground; (¢) condensation of water vapor on
snow particles with the particles acquiring charges of a sign different from
that of air, the fall of the particles giving the large-scale separation; and (d)
formation of rime on snow particles, the fog particles that constitute the rime
having charges predominantly of one sign and the large-scale separation
taking place asin (c). Obviously, (@) is the only process that is applicable to
all the aforementioned cases of charge separation, (4), (¢), and (d) playing no
effective part in the electrical phenomena of blizzards.

Process (a) was suggested originally by Simpson (8) as a probable explana-
tion of the large electric fields that he had observed in Antarctic blizzards.
Recently, he has described the process in greater detail, and indicated its
possible application to thunderstorm electricity (9). Essentially, a resultant
negative charge should appear on snow particles after impacts with one
another, the equivalent positive charge appearing on either small ice particles
or ions that can be carried upward by air currents or left behind as the heavier
particles fall. The few sets of observations that have been made on blowing
snow are either contradictory or limited to one level in the atmosphere (9, 10,

11, 12). Laboratory experiments to see if snow particles charge by impact
have apparently never been made.

Process (8) has been demonstrated for ice from distilled water that had been
rapidly frozen (4). Air, drawn from above the melting ice, was charged
owing to the escape of small, charged air bubbles that had been entrapped in

the ice. Evidence does not exist that this process occurs as snow particles
melt.

Processes (c) and (d) have been demonstrated in laboratory tests with frost
and rime formations on metal and ice surfaces (2, 5, 13). The physical
conditions involved in the observed electrifications are uncertain. In
addition, no direct evidence exists that a correspondin

g electrification occurs
on snow particles or surfaces. )
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Winter weather conditions in the Prairie Provinces of Canada are parti-
cularly suitable for the examination of these processes. Falls of light, fluffy
snow that is readily drifted by the wind occur at frequent intervals. Occasion-
ally the drift reaches blizzard proportions, when the air is filled to a height
of 100 ft. or more with flving particles of snow. In addition, snow that has
not been modified by some melting either on its way to the surface or at the
surface is available for experimental work during at least three months of
the year.

Process (a) was investigated by measuring the charges on individual snow-
flakes as they fell to earth, and the resultant charges during blizzards on snow
blowing along or immediately above hard-packed drift snow and on snow
particles and ions at the 1 m. level. Additional information on this process
was obtained by eroding snow surfaces with an air blast and by blowing air
through and over snow surfaces and then measuring the charges that were
developed. Process () was tested by melting newly fallen snow under con-
ditions similar to the ones that give a charge when ice is melted. Processes
(¢) and (d) were tested by drawing saturated air and air containing fog particles
past blocks of snow and measuring the charges acquired by the snow.

Experimental

Charges were measured by means of a Lindemann electrometer, its port-
ability and the ease with which its sensitivity could be changed making it
convenient for the work on snow. In addition to all the usual precautions to
avoid spurious effects due to stray and contact potentials, special care was
taken to prevent condensation of moisture on insulators at low temperatures,
the moisture coming mostly from the observer's breath. \Wherever artificial
heat could not be used for this purpose, ceresin wax proved a much better
insulator than other materials. Where a low capacity was not a vital con-
sideration, coaxial cable was used to connect experimental equipment to the
electrometer.

Charges on Falling Snow

The snow receiver, shown in Fig. 1, was essentially a Faraday chamber
with an opening at the top into which the snow could fall. It was supported
by a cylindrical block of sulphur that was wound with several turns of resistance
wire through which a current was passed to keep the surface of the sulphur
dry. Both the receiver and the lead to the electrometer were shielded from
the carth’s electric field and other stray fields by grounded. metallic casings.
The receiver was mounted on the roof of a low hut that was so located that
the turbulence about neighboring buildings would not appreciably affect the
representativeness of the catch. The receiver was also surrounded by a shield
of heavy cotton to minimize the effects of turbulence due to the receiver
itself.

Observations of the charges on individual snowflakes and ice crystals were
made during nine storms in December, 1947, and January, 1948, the air
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temperatures varying from a low of — 2°F. to a high of + 22°F., and the
wind velocities from a low of 7 m.p.h. to a high of 24 m.p.h. Charges as l.ow
as 2 X 10~ e.s.u. were detectable. Visual observations of the snow entering
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F16. 1. Receiver for measuring the electrical charges on smowflakes.

the receiver, as the charges were measured, showed that a very large number
of the particles were neutral or had charges less than the detectable value.
For the particles with charges that could be measured, the average charge
was + 9 X 107* es.u. The maximum observed charge on a single flake
was + 4.5 X 10™.e.s.u. During each storm, both positively and negatively
charged particles were observed, the ratio of the former to the latter being
equal to 1.9 (particles with charges below 2 X 10~ e.s.u. being neglected).
A preponderance of negatively charged flakes occurred on one occasion when
the wind velocities were high and the possibility existed that particles swept
upward from the roof of the hut were entering the receiver.

Charges on Drifting Snow

For snow blowing along the surface, condenserlike cups were 'pIaced in
metal pails with small openings in their lids so that snow could fall into the
cups. The pails were placed in small excavations on the leeward sides of



PEARCE AND CURRIE: THE ELECTRIFICATION OF SNOW 5

drifts, so that practically all the snow falling into a cup had been wind driven
and only in contact with snow and air. Any charge transferred to the cup by
the snow remained as a bound charge until it either leaked through the
dielectric to the outer plate, or was neutralized by connecting the inner plate
to ground. To make a measurement, a cup with its catch was placed on a
metal plate connected to the electrometer. The inner plate of the cup was
then grounded. This caused an electrometer deflection proportional to the
charge on the snow. The observations on all except one occasion showed
that the drift snow (caught in this way’) had a negative charge. The exception
occurred when the air temperature was above 32° F. and the snow temperature
was below 32°F. Although the observed magnitudes of the charges varied
greatly because of the changing intensitv of the drift, they indicated an
increasing separation of charge with mcreasmg wind velocity, and with
decreasing temperature.

In order to measure the charges at the 1 m. level in the drift, the device
shown in Fig. 2 was used. Air was drawn through it at constant and known
rates, snow particles and ions in the air stream being trapped by copper
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F16. 2. Device for measuring the space charge density in the air. Copper turnings placed
in the inner trube were used io trap zans and ice particles in the atr.

turnings inside the inner copper tube. On occasion, the larger particles were
removed from the air stream by placing either cheesecloth or metal screens
over the end of the electrostatic shield. The tube was mounted with its
axis horizontal and at a height of 1 m. The space charge density was com-
puted from the charge acquired by the tube and electrometer in a known time
and the rate of flow of the air. Since the space charge density in the atmo-
sphere is normally positive, numerous measurements were made at different
times and under various weather conditions to determine the values that
occur when snow is not drifting.

The average space charge density at Saskatoon during daylight hours for
a period from the third week of February to the second week of April was
+ 3.6 X 10~8e.s.u. per cm.* In computing this average, all observed values
when either ice crystals or, fog droplets were visible in the atmosphere and
when snow was drifting were excluded. As soon as the surface snow started
to drift or falling snow was broken as it hit the surface and then started to
drift, the space charge density became strongly positive, values as high as



6 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.

+ 10-% e.s.u. per cm.? occurring with moderate drift. With very strong gusts.
the rate of charging of the collector either decreased or changed its sign
temporarily, indicating that the proportion of negatively charged particles
entering the collector increased at such times. In addition, there was some
indication that the space charge densities were greatest during drifting with
the lowest temperatures. The observations with layers of cheesecloth over
the open end of the collector showed conclusively that large particles of snow
were not responsible for the positive space charge. Similar observations with
a metal screen, consisting of a layer of copper turnings between two wire
grids, indicated that the positive space charge was not due to a separation of
charges by impacts of ice particles on copper with the negative charge being
carried through the copper turnings by the air stream.

Electrification by Use of an Air Blast

Qualitative verification of the observations on drifting snow was obtained
by eroding the surface of a snow block by an air blast. The snow block was
placed on a copper tray, and air at a pressure of 25 p.s.i. and about the same
temperature as the snow was directed against its upper surface through a % in.,
grounded brass tube. The charges on the visible particles swept off the
block, on air and small ice particles that could be sucked upward from above
the eroding snow surface and into the device for measuring space charges,
and on the block were measured. The particles swept off the block carried a
net negative charge, the air and any small ice particles sucked into the collector
carried a net positive charge, and the block was left with a positive charge.
The magnitudes of the charges varied directly with the intensity of the
erosion and the amount of the snow swept off the block, and decreased with
increasing temperature. The positive charge on the block was apparently due
to positive ions, or small ice particles with positive charges, that were driven
into the air spaces in the snow block by the air blast.

The possibility that an appreciable charge separation could result by friction
between air and snow without fracture of the snow or collisions of snow
particles was eliminated by the following tests. An air-tight Faraday
chamber, except for two quartz tubes by which air could be sucked through
the chamber, was connected to the electrometer. The first test consisted of
packing the inner end of one quartz tube with snow so that air had to pass
through the snow before it could enter the chamber; the second consisted of
placing a block of snow inside the chamber so that the incoming air blast
struck it at a glancing angle; and the third consisted of placing loose snow in
the chamber so that the incoming air was sucked through it before leaving
the chamber. Invariably, charging was not detected in any of the tests until
the air velocity was increased sufficiently to fracture the snow surfaces or to
cause a motion of the snow particles relative to one another, As soon as such

a fracture or motion took place, negative charges beyond the range of the
electrometer were observed.
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Still another series of tests involved the blowing of snow along a copper
plate, against a copper plate, and against blocks of drift snow. Small negative
«charges were observed on both the copper plate and the snow in the first case,
the corresponding positive charge apparently being carried away in the air
stream. In comparison, very large negative charges were observed on the
copper plates, the snow blocks, and the projected snow in the impact tests,

the corresponding positive charges again apparently being carried away by
the air.

Charges on Melting Snow

A beaker containing either a sample of snow or ice was placed inside a
Faraday chamber. Heat sufficient to melt the snow or ice was obtained by
pouring warm water into the space surrounding the beaker. A steady stream
of air was drawn over the snow or ice by means of an air-pump, the connections
to the air-pump and the open air being made by quartz tubes fastened into
the walls of the Faraday chamber. Tests of the original observations of
Dinger and Gunn (4) on melting ice were made by quickly freezing several
grams of distilled water in a beaker, placing the beaker in the chamber, and
measuring the charge acquired by the Faraday chamber as the ice melted.
Invariably a positive charge was observed. On substituting snow for the ice
no charge was detected. Various samples of newly fallen snow, drift snow,
and old snow from the bottom of drifts where grains of ice were beginning to
form were used.

Charges Resulting from Frost Deposits on Snow

The charging effect of deposits of hoarfrost and of rime on a snow surface
was measured by placing a small block of drift snow on an insulated metal
plate inside a Faraday chamber, and then drawing either moist air or air
filled with small water droplets through the chamber. The charge due to the
frost deposits on the snow and the inner surface of the chamber was measured
by connecting the chamber directly to the electrometer, and on the snow by
connecting the metal plate to the electrometer and grounding the chamber.
A small charge (usually positive) appeared during the first few minutes of each
test, reached a maximum value, and then disappeared apparently owing to
the melting of the frost deposits by the heat transfer to the metal and snow
surfaces from the air. However, large variations in the rate of charging and
even negative charges were occasionally observed. Presumably these were
due to the lack of controlled temperatures, the temperature of the metal and
snow surfaces depending on the out-of-door temperatures at the time of the
test. In addition, the air temperature was always above 32°F. when it
entered the Faraday chamber.

Results

The aforementioned observations indicate that process (@) operates during
blizzards, and probably in any atmospheric condition where snow particles
-can strike one another, or other objects; that process (b) does not operate
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when the precipitation is in the form of melting snow; and that processes (c)
and (d) can take place when the snow is in the form of an extended surface.
The mechanism by which the initial charge separation takes place in process
(a) evidently involves fractures of the snow particles, since ordinary frictional
interactions between snow and air, and snow and metal, give only very small
charge separations. The effectiveness of (¢) increases with increasing wind
velocity and decreases with increasing temperature. The fact that about twice
as many falling snowflakes carry positive charges as negative charges is unfavor-
able to the view that process (¢) operates in thunderstorms. Although the
highest wind velocity (24 m.p.h.) at which charges were observed on falling
snowflakes was much smaller than velocities occurring in thunderstorms, the
increased turbulence close to the surface must have greatly increased the
probability of collisions. Since a preponderance of negatively charged flakes
was not observed, it is likely that the particles in a snow cloud either do not
collide with one another or do not collide with sufficient relative velocities to
cause charge separation. '
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SPECIFIC HEATS OF MANGANESE AND BISMUTH AT LIQUID
HYDROGEN TEMPERATURES!

By L. D. ARMSTRONG AND H. GRAYSON-SMITH

Abstract

New measurements of the specific heats of manganese and bismuth in the tem-
perature range 14° to 22° K. are reported. The specific heats of these metals
are compared with theory. In both cases the approximate theoretical formula

C, = Cp(T/O) + AT,

where Cp(x) is the Debye function, is accurately obeyed over the limited tem-
perature region concerned. However, comparison with measurements at other
temperatures shows that this may lead to erroneous conclusions. Formanganese
a precise conclusion is not possible, and it is estimated that the electronic specific
heat coefficient 4 lies between 0.0035 and 0.0040, while © varies with temper-
ature from 365 to 390 degrees. For bismuth it is concluded that the electronic
specific heat is negligible. This permits an accurate determination of ©, and
it is found that the variation of © with temperature is remarkably similar to
that predicted by Blackman for a simple cubic lattice.

Introduction

The investigation to be reported here is part of a program of research on
the specific heats of metals, and is a continuation of the work. of Elson,
Grayson-Smith, and Wilhelm (4) on the specific heat of manganese.

According to the approximate theoretical treatment (8, Chaps. I and IV)
the specific heat at constant volume of a metal should be given by

C, = Cp(T/O) + AT. €3]

The first term represents the vibrations of the crystal lattice, where Cp(x) is
the Debyve specific heat function, and O is the Debye characteristic tem-
perature. The second term represents the contribution of the conduction
electrons, which is linear in T except at very high temperatures. For low
temperatures, 7<K0, Equation (1) reduces to ’ .
C, = 464(T/0)® + AT cal. per mole per deg. (2)

Eanﬁons (1) and (2), with constant O, are derived on the assumpﬁon that
the lattice vibrations have a frequency distribution given by the function

g(v) = br? (3)
as for a continuous medium in which the velocity is independent of frequency.

Blackman (2, 3) has examined in detail the vibration spectra of some of the
common crystal lattices, and has shown that the approximation of Equation

1 Manuscript received August 30, 1948. ) i
Contribution from the McLennan Laboratory, University of Toronto, Toronto, Ont.
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(3) is unsatisfactory in many cases. This causes deviations from the Debye
formula, and it has become customary to take these into account by treating
O asa function of temperature. For example, Blackman has shown that the
curve of ©(7) against T may have the form shown in Fig. 1, for a simple cubic
lattice with certain assumed values of the interatomic forces.
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Fi1G. 1. The Debye constant © as a function of temperature for a simple cubic lattice
(after Blackman).

For comparison with experiment a useful theoretical approximation for
the electronic specific heat is (8, p. 181).

AT = 3.61 X 102(m/a)n\ VAT, @)

where # is the number of conduction electrons per atom, and ¥V is the atomic
volume. m/« is the “‘effective mass’, that is, the average inertial mass as
determined by the quantum-mechanical relation between the energies and
momenta of electron-waves moving through the crystal lattice. A contribu-
tion of the form (4) is expected from each unfilled electronic energy band;
where the band is nearly filled, 7 is the number of unoccupied “holes”. For
a monovalent metal, assuming & = 1, 4 is of order 10~ cal. per mole per deg.2,
but much larger values can be obtained for metals which have overlapping
energy bands. This is the case for the transition metals, where large values
of the electronic specific heat are attributed to unoccupied holes in the low-
Iying d-band.
Method

The apparatus and method used were identical with those described by
Elson et al. (4). The manganese was in the form of a fine powder. It was
believed to be of high purity, but an analysis was not available; it may have
contained a certain amount of oxide owing to the large proportion of surface
exposed. For the measurements, 44.188 gm. of the powder was compressed
into the calorimeter. The bismuth was Hilger spectroscopic material, with
a purity of 99.998%. It was melted in vacuum to the approximate shape,
and machined to fit tightly into the tapered calorimeter chamber. The mass
of the sample was 56.258 gm.
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The temperatures were determined by the same constantan resistance
thermometer as used by Elson. = This thermometer has a nearly linear resist-
ance-temperature curve over the range concerned, with an average increase
of resistance of about 0.07 ohm per deg. Owing to the excellent thermal
contact within the calorimeter, and the small temperature intervals used
(about 3°), the cooling curves were nearly straight lines, and the corrected
temperature rise could be calculated with ease.

The quantity measured is the specific heat at constant pressure, but the
correction to constant volume is negligible at the temperatures concerned,
and the measured values may be compared directly with the theoretical
formulae.

Manganese

The measurements for manganese are given in Table 1, and the experimental
values of the specific heat are shown graphically in Fig. 2. Included in the
graph are the values given by Elson et al. (4), which are about 29, lower than
the present measurements. The scattering of the individual values is appre-
ciably less for the present measurements, and it is believed that more time

TABLE 1
SPECIFIC HEATS OF MANGANESE

Change Calori- Specific

Run T:giggr- Time of | in tem- '{12_31 meter Sir;;;le heat
No. | degrees | MIUE | B | capaciey, | 1% | capacity, | g ©
Kelvin Kelvin Cal./°K. Cal./°K. Cal./°K. mole/*K.

1 16.24 11.63 0.5180 0.1581 0.0745 0.0836 0.1039
17.07 12.31 0.4878 0.1747 0.0878 0.0869 0.1080

17.65 12.58 0.4609 0.1892 0.0973 0.0919 0.1143

18.08 14.15 0.4932 0.1984 0.1046 0.0938 0.1166

18.43 16.12 0.5341 0.2092 0.1108 0.0984 0.1224

1 . 18.62 13.89 0.4522 0.2130 0.1143 0.0987 0.1228
18.92 14.48 0.4497 0.2232 0.1199 0.1034 |- 0.1287

19.25 15.28 0.4551 0.2330 0.1263 0.1067 0.1327

19.53 15.62 0.4492 0.2413 0.1320 0.1093 0.1398

19.83 16.23 0.4499 0.2507 0.1384 0.1123 0.1359

1 20.14 16.97 0.4538 0.2598 0.1451 0.1147 0.1426
20.55 15.65 0.4868 0.2750 0.1546 0.1204 0.1497

20.80 13.97 0.4213 0.2836° 0.1670 0.1229 0.1528

21.14 15.76 0.4541 0.2969 0.1697 0.1272 0.1582

21.39° 16.26 0.4558 0.3052 0.1750 0.1302 0.1619

1 21.32 15.46 0.4385 | ,0.3018 0.1733 0.1270 0.1590
22.02 16.68 0.4460 0.3205 0.1974 0.1331 0.1655

22.16 16.20 0.4077 0.3403 0.2024 0.1379 0.1715

22.48 15.35 0.3717 0.3540 0.2141 0.1399 0.1740

2 15.52 9.15 0.4525 0.1418 0.0636 0.0782 | 0.0973
16.34 10.14 0.4530 0.1570 0.0745 0.0825 (0.1026

16.81 10.89 0.4502 0.1697 0.0835 0.0862 - | 0.1072

17.29 11.72 0.4538 0.1811 0.0914 0.0897 0.1115

17.64 12.34 0.4563 0.1892 0.0972 0.0920 0.1143
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and care in making the measurements, and a more careful interpretation of the
cooling curves, have resulted in improved accuracy.

. The solid curve in Fig. 2 is plotted from the theoretical formula (2), with
9'A= 417° and 4 = 0.00441, and it can be seen that the experimental
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FiG. 2. Specific heat of manganese; X—Elson, Grayson-Smith, and Wilhelm, O—Arm-
strong and Grayson-Smith.

specific heat is well represented over this limited temperature range by such an
equation. However, these figures have been compared with the measure-
ments made by Kelley (7) in the temperature range 50° to 300° K., and it is
evident that the values of © and 4 quoted above are both too large. It is
also evident that there is a sharp variation in ©(T) between 15° and 50° K.,
which makes it impossible to deduce the true value of 4 accurately. When
Kelley’s measurements are corrected to constant volume it is found that
C, = 6.10 cal. per gm. per deg. at 290° K. This implies the existence of a
rather large electronic specific heat, and is consistent with a value 4 « 0:0025.
On the other hand, this very doubtful estimate is clearly too low to agree with
the low temperature measurements. Until measurements in the liquid
helium temperature range are available, all that can be done is to assume a
value of 4, and examine whether O(T), derived from values of C, — AT, has
a reasonable temperature dependence. The conclusion is that 4 probably lies
between. 0.0035 and 0.0040. The derived values of O(T) then vary from
365° to 390°, with a sharp increase through the liquid hydrogen temperature
range, and a flat maximum above 22° K. .

With this approximate value for the coefficient of the electronic specific heat
it is possible to make an estimate of the effective mass coefficient, a, in
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Equation (4). By analogy with the neighboring metals (iron, cobalt, nickel)
in the periodic table, manganese should have between 0.5 and 1 free electron
per atom in the conducting s-band. This leaves in the d-band 3.5 to 4 unoc-
cupied holes, which are mainly responsible for the specific heat. Assuming
n=3.5and 4 =0.0038 gives m/« approximately equal to 20 electron masses
for the electron levels near the top of the occupied region in the d-band.

Bismuth

The measurements for bismuth are given in Table II, and the specific
heats are plotted against temperature in a part of Fig. 3. The curve in this
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F16. 3. Specific heat of bismuth; X—Keesom and van den Ende, O—Armsirong and

Grayson-Smith. .
figure is empirical, the average deviation of individual values from the smooth
curve being 0.6%. Fig. 3 shows also the measurements made by Keesom and
van den Ende (6). At temperatures where the two sets of measurements
overlap, the internal consistency of the present measurements is clearly the
better, but the discrepancy still exceeds the probable error of Keesom’s
measurements. Keesom did not state either the source or the estimated
purity of the material used, and it is possible that the discrepancy is due to
impurities. : .

Over the limited temperature range reported in this paper the measured
specific heats agree very accurately with the theoretical formula (1), with
A = 0.060. However, when the measurements are compared with those of
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TABLE II
SPECIFIC HEATS OF BISMUTH
Change Calori- Specific
R, Temper- Time of in teng1- F{,;Ot?cl meter S%‘:;::le heat
un ature, heating, | perature, cal heat p Cp =
No. | degrees sec degrees | CBPACILY, | conacity, | GBPACLY. Cal./
Kelvin : ngin Cal./°K. Cal-/oK: Cal-/ K. mole/°K.
1 14.60 15.19 0.3564 0.3558 - 0.0519 0.3039 1.123
. 15.24 15.87 0.3559 0.3719 0.0600 0.3119 1.152
15.88 17.12 0.3530 0.4042 0.0688 0.3354 1.240
16.43 18.74 0.3633 0.4300 0.0770 0.3530 1.304
16.86 17.92 0.3300 0.4524 0.0840 0.3684 1.363
1 17.27 20.87 | . 0.3689 0.4710 0.0907 0.3804 1.406
20.35 28.32 0.3731 0.6388 0.1494 0 4894 1.809
20.65 27.87 0.3583 0.6565 0.1563 0.5002 1.850
20.97 28.41 0.3552 0.6720 0.1644 0.5076, 1.876
21.24 25.10 0.3462 0.6940 0.1716 0.5224 1.931 .
1 21.60 25.88 0.3482 0.7160 0.1824 0.5336 1.972
21.91 27.01 0.3501 0.7381 0.1927 0.5454 2.043
22.23 27.69 0.3487 0.7598 0.2038 0.5560 2.057
2 17.76 20.01 0.3384 0.4997 0.0986, 0.4011 1.476
18.08 21.16 0.3550 0.5174 0.1043 0.4131 1.526
18.47 21.82 0.3436 0.5364 0.1109 0.4255 1.564
18.88 24.06 0.3753 0.5508 0.1183 0.4225 - 1.509
19.23 23.46 0.3442 0.5748 0.1243 0.4495 1.653
20.00 25.03 0.3397 0.6204 0.1414 0,4790 1.762
3 15.07 15.75 0.3542 0.3711 0.0577 0.3134 1.158
15.59 17.31 0.3653 ., | 0.3953 0.0643 0.3310 1.223
16.26 17.29 0.3372 0.4274 0.0744 0.3530 1.304
17.38 20.04 0.3442 0.4847 0.0924 0.3923 1.450
20.25 22.73 0.3434 0.6306 0.1470 " 0.4836 1.789
3 20.59 22.90 0.3288 0.6532 0.1547 0.4985 1.843
21.21 24.72 0.3382 0.6952 0.1709 0.5243 1.939
21.64 25.52 - | 0.3360 0.7229 0.1837 0.5392 1.993
21.96 26.39 0.3376 0.7425 0.1944 0.5481 2.027
22.25 27.40 0.3402 0.7642 0.2026 0.5616 2.080
4 14.40 13.06 0.3225 0.3415 0.0494 0.2921 1.091
15.09 15.08 0.3460 0.3678 0.0583 0.3096 1.144
15.62 16.62 0.3572 | -0.3922 0.0646 0.3276 1.212
16.14 17.59 0.3552 0.4180 0.0725 0.3455 1.277
17.04 18.12 0.3320 0.4597 0.0869 0.3728 1.378
4 17.53 19.84 0.3448 | 0.4851 0.0948 0.3903 1.443
17.99 20.36 0.3396 0.5071 0.1025 0.4046 1.495
18.33 22.93 0.3674 0.5269 0.1085 0.4184 1.547
18.72 23.43 0.3620 0.5450 0.1155 0.4295 1.589 -
19.20 23.60 0.3452 0.5754 0.1247 0.4507 1.667
4 19.62 22.80 0.3642 0.5947 0.1332 0.4615 1,707
19.93 21.86 0.3386 0.6145 0.1398 0.4747 1.756
. 20.26 22.61 0.3392 0.6343 0.1472 0.4871 1.802
20.58 23.30 0.3382 0.6548 10.1545 0.5003 1.860
20.91 24.64 0.3467 0.6765 0.1628 0.5137 1.900
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Keesom and van den Ende in the liquid helium range, and with those of
Anderson (1) at higher temperatures, it is evident that the apparent linear
term cannot be attributed to an electronic specific heat. The original measure-
ments of Keesom below 5° K. have been carefully re-examined for any evidence
of a linear term, and the conclusion is that the true value of 4 is less than
§ X 1075 This is consistent with estimates of the number of conduction
electrons in bismuth. On the basis of measurements of the diamagnetic
susceptibilities, Jones (5) estimated 0.0013 electron per atom in the partly
filled electronic energy band which is responsible for the conducting properties.
Later, Mott and Jones (8, p. 213) gave the still smaller estimate of 10—%
Presumably, the electronic specific heat, if any, would be due to an equal
number of unoccupied holes in the nearly filled lower band, but the effective
mass would have to be extremely large in order to produce an observable con-
tribution to the specific heat.

It is concluded that the form of the observed specific heat curve of bismuth
is entirely due to peculiarities in the spectrum of vibration frequencies in the
crystal lattice. Fig. 4 shows the experimental values of ©(T), calculated
from the smoothed: specific heat curve at different temperatures. The simi-
larity of this curve to that calculated by Blackman (Fig. 1) for a simple cubic
lattice is remarkable.
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ON THE NUMERICAL CALCULATION OF THE INTERNAL
CONVERSION IN THE K-SHELL—
THE ELECTRIC DIPOLE CASE!

By J. P. STANLEY

Abstract

Hulme's formula for the internal conversion of 'y-radiatio'n is simplified and * '
used to calculate the internal conversion coefficient in the electric dipole case for
electrons in the K-shell. For each of the elements Z=069,74,79, 84, 89, Ix i is
calculated for 10 values of the variable § = F and a table obtained by inter-
polation is given for § = 0.05 to § = 1.70.

1. Introduction

The theoretical evaluation of the internal conversion of 4-radiation in an
atomic system is a well known problem and has been treated by a number of
writers. In particular, the case in which the atomic nucleus is assumed to
radiate the field of an electric dipole has been treated exhaustively in a paper
by H. R. Hulme (1). In his paper, Hulme employs Dirac’s relativistic equa-
tions and derives formulae for the conversion coefficients /x and Iz, corre-
sponding to the electrons of the K- and Li-shells, respectively. Except that
screening effects have been neglected, these formulae are exact and enable
us to calculate numerical values for Ix and I, if the atomic number Z and the
energy of the y-radiation are assigned.

_The quantity which Hulme denotes by Iz and which we use here is such
that 21k corresponds to the ratio of the number of observed K-electrons to the
number of observed photons of energy kv. It is perhaps more usual to apply
the term ‘internal conversion coefficient’ to the ratio of the number of observed
electrons to the sum of the observed electrons and observed photons (2).

The expressions for Ix and I, are extremely complex and the task of cal-
culatmg numerical values for the various conversion coefficients from such
expressions is a formidable one. Although Hulme himself gives the results
of calculations for six (6) separate values of Ix corresponding to Z = 84 and
atleast one value for the ‘exact’ ratio Ix : Iz, in the 16 yedrs since the publica-
tion of these results only a very few additional values have been worked out
from the ‘exact’ formulae: however, values of conversion coefficients for other
atomic numbers have been estimated from asymptotic formulae and/or by
rough interpolation.

Recently, considerable importance has been attached to more exact cal-
culations of conversion coefficients and the present paper contains the results
of work done in an attempt to provide a table of Jk values in the electric dipole
case.

1 Manuscript received November 10, 1948.

Contribution from the Computation Centre, McLennan Laboratory, University of Toronio,
Toronto, Ont.
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As a preliminary to the calculations reported here, the formula for Ix,
given by Hulme, was simplified. A brief account of the method used and the
resulting modified expression for Ix are given in Section 3; Section 2 is devoted
to a summary of Hulme's formula. The calculations based on the modified
expression for Ix are tabulated in Section 4 and cover the range of atomic
numbers from Z = 69 to Z = 89. '

It was originally intended that these calculations should include the tabula-
tion of Ix in the electric dipole case for the complete range of atomic numbers
and also tables of conversion coefficients for other electron shells. However,
when the work had progressed to the stage reported here, it was learned that
one of the large-scale digital computers was being coded to carry out these and
more extensive calculations of internal conversion coefficients. Accordingly,
the basis of calculation was more or less arbitrary and further work on this
problem has been suspended pending a report on progress of the above.

Since some interest may attach to the simplified form of Hulme’s expression
for Ix which has been obtained, it was decided that these incomplete results
should be published. Further, the values of Ix tabulated may be of some value
as a rough check on more extensive calculations.

2, Summary of Hulme’s Formula for Ix

In the paper referred to earlier, Hulme quotes a final expression for the con-
version coefficient Ix which may be written in the form:
_ 1 b8 (2y)>2
% Z TE-B -6
. |T(1 — B — 4b)|2 24%|B|* |
ifa 21— g — b X{Az+ |B|2} |4]* + lgﬁlf),
T+yg ri 1)

(2.1) Ik

where
2.2)

= sl i) - )+ o o)+ ()
and + i+ n - R+ 4,
(2.3)
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The notation used above is essentially the same as that employed by Hulme.
For ease of reference this notation is explained below: thus
Z = the atomic number.
= ch—éz = —1%7 (approximately), 6 = mc*/hv,

where ¢, m denote the charge and mass of an electron, respectively, and ¢, %, ¥
denote, as usual, the velocity of light, Planck’s constant, and the frequency
of the y-radiation. It will be noted that 8 is a dimensionless parameter cor-
responding to the energy of the 7y-radiation.

B = 1 — /1 — «2 (This quantity is the negative of that us_ed by

Hulme).
g .= 2wv/ec.
2 E\ : 27 E
2 — 2L = 2 o 20 —~ =),
A? = h(mc+c) ) B h(mc c)

where E denotes the final energy of the system considered, i.e., when the elec-
tron originally in the K-shell is a free electron outside the atom, and has the

alue )
v E = mc*V1 — v+ hy.

Three particular expressions involving the quantities 4 and B are of common
occurrence and have been denoted by a, 4, and ¢ in Hulme’s paper. ' To avoid
possible confusion with the velocity of light, we shall denote these expressions
by a, b, and d; they are defined by:

. vy(A B . vy{4A , B .
AB=w, . —2(5—2)‘;—@b, -E §+—)=—‘Ld.
Since, for a free electron, E 2 mc? it follows that B is a pure imaginary and

hence that a, b, and d are real. ‘

It remains to define the quantities 7y, I, ... I; : these are complicated
expressions involving Gamma functions and hypergeometric functions. In
particular

L = {F(s +ib+1, b—s—1; b +8; )
(2.4)

+IL6+2-BT@H+B-HTGc+2=b) . apn
I'(s+1+p8) T'(s+1+4id) TFA—-B—ib)’

X Fls+2 -5, —s—B;Z—ﬁ—%;ﬁﬁ

h={i%$%ﬁ-w-F®+2+@,%-s ﬁ+1+& )

T's+2-pB) T@E+B8) T(s+1—1b) (—z-G-8-®
'C+1+B T's+1+4+4) I'A—-B—1ib)°

X Fs+2-8, -B—=5 1_ﬁ_'_ib;z-1)}(k—3)+’i(b+d)

(2.4)
+

F—s) —ib+d)’
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where
s = V44— -1, .
an integer which in all cases considered here has the value +1,
S
1-92_45 ,
a .
1 i

ay = —————
e ay’ 0 dmimZet’

w
]

0=

and
arg (—3z) is chosen so that |arg (—2)| < .

Similar definitions may be given for I3 and I, , but these quantities may be
calculated from the values of I; and I, , by means of the formulae

TR

A J
T (=B (s+HB+) VT

(s 1)

L = =B DGIp+y - (GFHo+D . VL+E+id) (1-2)h},

{B—1b) . VLi+(s—ib+1) (1 —2) ]},
(2.5

where

p_ =) +ib+d)
(B — s) —i(d + a)

The remaining quantities I to I} are given by formulae analogous to (2.4)
and (2.5); we have merely to replace s by s’ and [(k — s) — 4(d + d)] by
[(6 —d) + i — L — §')] in the formulae for Iy and I and the equations
expressing Iyand Iuintermsof Iy, I. . Here, s’ is used to denote [1 — 2t — 1,
i.e., the negative of S.

3. Modification of Hulme’s Formula

Let us begin by defining a new variable ¢, given by
Yy =1-6+4+1/6. . )
We note that E, the energy of the electron in its final state outside the atom,
is given by mc®¥. Thus ¢ is a parameter which measures the ratio of the
electron’s energy in its final state to the “‘rest” energy. ¥ can have any real
value greater than unity: the value unity for ¢ is actually critical since it
corresponds to a state in which the electron, outside the atom, has no kinetic
energy. :
In terms of Y we note the following expressions:
4 = [0y + DE,
Bl = W8(¥ — DF,
242|B|? a .,
oy A S

Il



STANLEY: THE INTERNAL CONVERSION IN THE K-SHELL 21

a = gf(y* — 1t
b= vy — 1),
_b
d =
1 1 1 .
=5—3T‘\/—z_—1(@+”)

H’Y + g (E‘ _1 1)}2(1—5-¢le = l(—z)—t"”‘”f [Z(WI_ 1)*]2—28e"~
q

Let us now take a factor v/gf(y* — 1)t into |&| and |B|, combining it
with the coefficient of the I's in formulae (2.2) and (2.3). These coefficients
now become

(3.1) Ji= —y@u =N —i2 = Bu,
T2 = +v@2u + N + 142 = Bu,
Js = + (2 = B + v\,
Jo= — 2 = Bu+ivh,
Ti= + (4N +i = B) G\ — ),
Jo= —v@—N +i2 - 8) B\ + w),
Js = J;
J; = Ju,
where
A=1[0(¢ —DF and p = [6(y+ DE
Formulae (2.5), which give I3 and I3 in terms of I; and I; , become:

I = i?z(fzé;vl‘)j [(B—=d)s VL4 (s +1.—db) (s — )T},
3.2)

=t Bétﬁi E)l)* s+ 14 VI 4+ B+ i) ¢ — DI].
We also define

(3.3)
W = T'c+2-BTE -1+ :ib) T'(s+2 — ‘L:b) (_z)-u—p-tb)
Ps+1+p8) I'(s+1+4#) I'(Q — B —1d)
Combining formulae (2.2), (2.4), and (3.1), we may write, using (3.3),
a=a,+wd,

where @’ = 0 [g (Y2 — D} & and @,, @ are complex expressions, which,
however, can readily be deduced.
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In particular:
(3.4)

@, = LR+ VI, (?if—fii) F,

n 0(¢ B) Js[(ﬂ — )z P + (8 — 1+ ib) (! — 1)F))

+ g =10 ("” VL[(S L1+ b)Y iR + (B + B)(t — 1)
@ - 3) _ ;
(B 144b F]
s+ 1—4p)7*)]
where the F; stand for the following complex hypergeometric functions:
Fi=Fis+1+4, b—-5—1, 6 +8, =z,
F2=F(3+2'—Br _5-61 2—ﬁ_1'b) z—l)r
F3 = F(s+2+1, b—5 w+B+1, z7,
F,=Fs+2-8 —s5s—=8, 1—8—1b z7).
Fy and F; are involved in the corresponding formula for &;. If we collect

together the coefficients of F, and F,, formula (3.4) may be written in the
form

aq, = FZ{JI + 1'0(82& 13) [(6 — )T — (s + 1+ ib)lTaV]}

® - L+ ) Gt 1)6(Y? — 1
+ Vg m{f G B+ )

—Ts+1 - ib)_Ta]}

t

where the bar denotes the complex conjugate.

Let us now introduce

(3.5 g-= ’—%—b—’_‘ﬂ)‘f (B =)+ (s +1+ .71
We then have

G0 = RBtn+stg + vEIE AR 4 - g

In a similar manner, we obtain the folldwing formula for &, ,

G.7) B = F{J + 2 +z—lvw Fo(Js + (1= D7)

By means of (3.1) we may simplify (3.5); after some algebra, we obtain

= 27N + 2i(1 + B)\u?,
. s0 that

(3.8) Ji+sz7g = yu(6 — 1) + [~ 3u+ N1+ 8+ 0{2 — 8})]
3.9 R+ (E'-1z = —yu@ —1) +d+3u+ N1+ B+ 0{2 — 8])].
Let us denote the quantities given by (3.8) and (3.9) v and w respectively.
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Then we have, ﬁnally,
(3.91) & = |F + WE|*

where ' )
’g1 = Fl‘l’ + Z—IV(S(-E—:—-‘II:_b)&b—) st
_ B—1+41b)
gz = sz+V(S+1—ib)F4w

and W is given by (3.3)

In an exactiy parallel manner, we obta'in

B =B + wi,,

B = 6[g(y* — 1)]*18,

(3.9 Bi=G(Ii+st.g)+aV (I'B'—ﬁ—':b—’b) Gs{T5+ (1= 17}
B, = {(J1+s1.¢} = VL + (= D'}

where

and

NEEE = R VRN EEOVER
o b= —ik—1+8)
b—ad)+itk—1+p)
G = FA—B+ib B—1-+db B+ib =),
G = F2—f+ib, B+ib, B+1+4d, z,
W' is obtained by replacing s by (—B) in Formula (3.3).

After some algebra, we find

2 :
. g = Fy Mu(BN — dyp) ;
- wherice

) Ti+ 5 = 2(1 — O)[yr + N2 — B)]
an .
Ji+ @t —1g = —2(1 — O)[yu —ir2 - B)].
Substitutiﬁg‘in (3.92), we see that
B, =0
Hence

g (=B o

|B)* = |B]° = 82— (1 06) YD)

But G; and G; are related by the formula

G+ z-l(%_‘?_—;;—i—b) Gy = (1 — sty =s,

Therefore
(3.93) I;g,'z =82 -8 1 - 6?1 _‘2—1)~(1—pv+m|z‘.
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Collecting our results, the final formula for the coefficient of internal con-
version in the two electrons of the K-shell is

73—23(¢2 —_ 1)-(3/2—a)emr|r(1 — B — 4b)|? 'y e
12(137) 2 — BT (3 — 25)|(__z)—<1—p—w)|z[2|g |* + 1 28°[7]

(3.94) 2Ix =

where
|@’|? and | 3B'|? are given by (3.91) and (3.93) respectively.
Hulme’s formula is far from being stated in its simplest terms and the above
modification has simplified the algebra considerably. In particular, we note
that the expression for Hﬁ’ | % no longer involves either Gamma functions or
hypergeometric functions. The corresponding simplification holds in the

TABLE I
VALUES OF 2] (OBSERVED K-ELECTRONS/OBSERVED PHOTONS OF ENERGY /V)

z 89 84 79 74 69

g = m¢
kv
0.05 0.00007429 0.00006297 0.00005390 0.0000439 0.0000354
0.10 0.0002008 0.0001667 0.0001393 0.000113 0.0000914
0.15 0.0003772 0.0003056 0.0002530 0.000206 0.000166
0.20 0.0005938 0.0004769 0.0003941 0.000321 0.000259
0.25 0.0008497 0.0006773 0.0005611 0.000457 0.000368
0.30 0.00115 0.000926 0.000759 0.000616 0.000495
0.35 0.00148 0.00120 0.000983 0.000797 0.000640
0.40 0.00185 0.00151 0.00123 0.00100 0.000805
0.45 0.00226 0.00185 0.00151 0.00123 0.000988
0.50 0.002706 0.002228 0.001825 0.001485 0.001198
0.55 0.00319 0.00264 0.00217 . 0.00177 0.00143
0.60 0.00372 0.00309 0.00255 0.00208 0.00169
0.65 0.00430 0.00358 0.00296 0.00242 0.00197
0.70 0.004922 0.004112 0.003405 0.002797 0.002280
0.75 0.00559 0,00469 .| 0.00389 0.00321 0.00262
0.80 0.00632 0.00532 0.00442 0.00365 0.00299
0.85 0.00709 0.00599 0.00499 0.00413 0.00339
0.90 0.00792 . 0.00671 0.00560 0.00465 0.00383
0.95 0.00880 0.00749 0.00625 0.00521 0.00430
1.00 0.009736 0.008304 0.006956 0.005810 0.004805
1.05 0.0107 0.00917 0.00771 0.00645 0.00535
1.10 0.0118 0.0101 0.00851 0.00714 0.00593
1.15 0.0129 ; 0.0111 . 0.00936 0.00787 0.00655
1.20 0.0141 0.0121 0.0103 0.00865 0.00722
1.25 0.0153 0.0132 0.0112 0.00948 0.00792
1.30 0.0166 0.0143 0.0122 0.0104 0.00867
1.35 0.0180 0.0155 0.0133 0.0113 0.00947
1.40 0.0194 0.0168 0.0144 0.0123 0.0103
1.45 0.0209 0.0182 0.0156 0.0133 0,0112
1.50 0.02248 0.01956 0.01687 0.01440 0.01214
1.55 0.0241 0.0210 0.0182 0.0156 0.0131
1.60 0.0258 0.0226 0.0196 0.0168 0.0142
1.65 0.0276 0.0242 0.0210 0.0180 0.0153
1.70 0.02949 0.02593 0.02253 0.01936 0.01642
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case of the L-shell and will shortly be published. It would seem that the
formulae for the other shells can probably be simplified in an exactly parallel
manner.

4. The Numerical Calculation of the Coefficients

For each of atomic numbers 89, 84, 79, 74, and 69, formula (3.94) was used
to calculate the Ix corresponding to certain selected energy parameters 0.
These are shown in bold face in Table I. ’

The work was carried to five significant digits. It is believed that the
fourth digit quoted in the final result is of some value.

The values of the coefficient for intermediate energies were obtained by
interpolation, and are quoted to three figures. The interpolation was based
on two cubic curves, through the points given by 6 = 0.25, 0.50, 0.70, 1.00,
and 0 = 0.70, 1.00, 1.50, 1.70. It was found that the two arcs agreed very
closely in the common range from 6 = 0.70,to § = 1.00, which perhaps lends
some justification to the method. Moreover, the calculated values for
6 = 0.05 to 8 = 0.20 blended fairly well into the interpolation arcs.

The value 1/137 was assumed for the fine structure constant.

-Acknowledgment

The author wishes to express his appreciation for the interest and valuable
suggestions of Dr. B. A. Griffith of the University of Toronto and for the work
done by Mr. H. Gellman of the Computation Centre in checking the manu-
script and reading the proofs. He also would like to thank Dr. L. G. Elliott,
Mr. Harold Coish, and Dr. W. H. Watson, of the staff of the National
Research Council of Canada, who suggested the problem. This project was
carried out under a grant from the National Research Council of Canada.

References

1. HurME, H. R.  Proc. Roy. Soc. (London), A, 138 : 643. 1932.

2. Morr, N. F. and SxeppoN, I. N. Wave mechanics and its applications. Oxford Uni-
versity Press, London. 1948.



Canadian Journal of Research

Issued by THE NATIONAL RESEARCE COUNCIL OF CANADA

VOL. 27, SEC. A. MAY, 1949 NUMBER

THE RESONANCE METHOD OF MEASURING THE RATIO
OF THE SPECIFIC HEATS OF A GAS, C,/C,!

PART V
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RATIO OF THE SPECIFIC HEATS OF A GAS

SECTION B: THE USE OF ELECTRONIC COUNTER CIRCUITS TO
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FREQUENCY OSCILLATOR

By L. Karz, S. B. Woops, axp W. F. LEVERTON

Abstract 4

This paper describes an improved apparatus for the determination of v =
Cp/C,, the ratio of the specific heat at constant pressure to the specific heat at
constant volume for a gas. With this apparatus, vy is determined by the reson-
ance method of Clark and Katz. The new apparatus is constructed of stainless
steel and is designed to withstand pressures up to 100 atm. This new apparatus
is more compact and can be used with corrosive gases. Provision is made for the
control and accurate measurement of the temperature of the enclosed gas over a
wide range of temperatures. An electronic counter which will measure time
intervals, in units of 10 usec., from 100 usec. to several seconds in length is
described in Section B. An unknown frequency may be determined by meas-
uring the time interval in which a preselected number of cycles occurs. The
accuracy is such that frequencies may be measured to within approximately 1
part in 105. The circuit for a variable frequency transitron oscillator with an
output of 30 w. in a range of 15 to 250 c.p.s. is shown. The stability of the oscil-
lator is such that the frequency may easily be maintained within 1 part in 10,000
for long periods, and with care in temperature control and choice of electrode
voltages much greater stabilities may be obtained.

Introduction

This paper describes an improved apparatus for the determination of
¥ = C,/C,, the ratio of the specific heat at constant pressure to the specific
heat at constant volume of gases. With this apparatus v is determined by
the resonance method (5, 6, 7). This consists essentially of a determination

of the resonant frequency of a piston separating equal volumes of the gas at
the desired pressure and temperature.

The new apparatus is designed to operate at pressures up to 100 atm. The
temperature can be determined accurately and controlled over a range from
—40 to +100° C. This is in strong contrast to the old apparatus, which

operated only at temperatures in the immediate neighborhood of room tem-
perature (5).

1 Manuscript received in original form September 14, 1948, and, as revised, January 20, 1949,
Contribution from the Depariment of Physics, University of Saskaichewan, Saskateon, Sask.
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The ratios of specific heats at zero pressure have been determined from
spectroscopic data for many monatomic and diatomic gases, and more recently,
for triatomic and a few more complicated gases. The latter calculations are
extremely involved and depend upon the proper assignment of fundamental
frequencies to the molecule. Our results upon extrapolation to zero pressure
should serve as a check on the spectroscopic work, especially in the case of
triatomic and higher order molecules. Such a check is desirable because
spectroscopists use these same fundamental frequencies to calculate moments
of inertia and internuclear distances of the various molecules.

Clark and Katz (4) have described an accurate method of measuring low
frequencies which requires a darkroom and necessitates the development of
photographs before the frequency is known. While engaged in wartime
research, the senior author of the present paper employed several electronic
counter circuits and recognized their application to frequency measurement.
With such a counter the frequency is obtained immediately by means of one
simple arithmetical operation.

The dynatron oscillator described by Clark and Katz (4) for the production
of low frequency currents has been replaced by a transitron oscillator. The
latter type of oscillator is not critical to electrode voltages nor to individual
tube characteristics. It will operate over an extended range of frequencies
with good stability and provide an excellent laboratory oscillator where
elaborate circuits are not desirable.

Simple and accurate methods of calibrating the frequency meter and testing
the operation of the meter and oscillator, using the standard signals broadcast
by WWYV, the Washington Bureau of Standards transmitter, have been
employed.

Section A
MEecHANICAL DESIGN OF THE NEW APPARATUS

Theoretical considerations on which the design of a sharply resonant
-system is based were outlined in a previous paper (5). The present apparatus
‘was constructed with these limitations in mind. The values of the pertinent
design factors are, approximately:

Gas volume____________________________ 34 cm.?
Piston mass_ . ___________________ 95 gm
Pistonarea___._____ . _______________ 7.9 cm.?
Range of resonant frequency
atlatm. L _____ 45 c.p.s
at20atm.__________________________ 180 c.p.s

The general outline of the new apparatus is shown in Fig. 1. The piston
(P) was made of stainless steel type 410 (S.A.E.). This steel is ferromagnetic.
_The inner cylinder (Cy) was made of stainless steel type 330, which is non-
magnetic. Both types are noncorrosive, thus making it possible to use the
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apparatus for the study of gases such as chlorine. These materials have
nearly equal coefficients of thermal expansion,

Type Coefficient of expansion/°C.
410 10.9 X 10-8
330 11.3

making it possible to use the apparatus over a wide range of temperatures
with little change in the clearance between piston and cylinder.
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F1G. 1. Construction of the apparatus

Piston and cyvlinder must fit very closely (all around clearance of a few
ten-thousandths of an inch) in order that error due to excessive gas leakage
past the piston will be avoided. This necessitated that both piston and inner
cylinder surface be machined round to a very fine tolerance. Further,
friction must be kept to a minimum, thus requiring that these surfaces be
very smooth. The piston was lightly plated with chromium to give a good
wearing surface and to reduce the possibility of the piston's sticking. The
ends of the resonator cylinder must be flat and parallel to ensure that the end
plates (B, B) form a good seal and to make possible an accurate determination
of the volume of the enclosed gas. -

The diameter of the piston and the length of the resonator cylinder were
measured by means of a set of gauge blocks accurate to + 4 X 10~%in. and a
comparator with smallest divisions equivalent to 50 X 107 in. The mean
clearance of the piston within the cylinder, and hence the inside diameter of
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the cylinder, was determined by measuring the rate of gas leakage past the
piston under a known pressure head. The mean all around clearance was
found to be 3.3 X 10~*in.

A fine scratch was machined around the piston midway along its length.
Observation of the amplitude of motion of this scratch when the piston is
oscillating enables one to determine the resonance frequency.

The outer cylinder (Cs), of noncorrosive, nonmagnetic stainless steel, serves
as the high pressure container. It carries the coils (D) through which an
alternating current is passed to drive the piston. Each coil consists of 5900
turns of No. 34 enamelled copper wire. (R,R) are rings to hold the end
plates of the resonating chamber in place. The outer end plates (4,4) serve
to seal off the pressure cylinder. These end plates also carry the gas inlets
(G,G) and the inlet valves (1, V).

(J) is a brass cylinder. The annular space between this cylinder and the
pressure cylinder is closed off at the ends by brass rings. Oil circulated
through this space controls the temperature of the apparatus.

(3) is an electromagnet. The current through the electromagnet coil is
adjusted so that the force on the piston due to the magnet is just sufficient
to counterbalance the force due to gravity. This causes the piston to ““float”
in the cylinder and greatly reduces the friction. (V) is a plug of ferromagnetic
material tapped into the pressure cylinder wall directly below the core of the
lift magnet. Its purpose is to extend the core of the lift magnet nearer to
the piston. Water may be circulated through the hollow brass ring (W) to
reduce the flow of heat from the lift magnet coil to the apparatus.

Directly opposite the lift magnet, a glass window is sealed into the wall
of the pressure cylinder to permit observation of the motion of the piston.
The window is sealed into the boss (K) between ‘silastic’” washers. The nut
(L) holds K in. position. A brass tube and boss (U) provide a clear optical
path through the cooling chamber.

Fig. 2 shows the optical system used to view the motion of the piston in the
apparatus. A beam of light from a projection lamp is reflected vertically

F1G. 2. Optical system.

upward by one face of a small 90 degree aluminized glass prism. The light
passes through the window, is reflected by the piston surface, and returns
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through the window to the prism.. Part of the returning beam is reflected
out horizontally by the second face of the prism into the telescope.

A wooden disk with six uniformly spaced § in. holes near its circumference
is placed between the light source and the prism., By adjusting the rate of
rotation of the disk, i.e., the number of interruptions of the light beam, to
match the frequency of the piston, the apparent motion of the latter can be
made as slow as desired stroboscopically and the amplitude of its excursion
measured with precision.

TEMPERATURE CONTROL

The apparatus is maintained at any desired temperature by circulating oil
from a thermostatically controlled tank through the outer jacket. The
temperature of the interior of the apparatus is determined as follows. A
copper-constantan junction is set in the wall of the pressure cylinder (C») and
is connected through a sensitive galvanometer to a similar junction which is
suspended in the oil tank near the bulb of a thermometer. The thermometer
indicates the temperature of the oil in the tank and the galvanometer deflection
gives the difference between this and the temperature of the apparatus. We
are able to maintain and determine the temperature of the apparatus within
0.05° C.

DETERMINATION OF ¥

In the earlier papers (5, 6, 7) it was shown that:

"y 2
= ”;Z,“;Zm AxGT,
where m = mass of piston,
Vo = volume of gas on either side of piston,
wn = frequency at maximum amplitude of piston motion,
a = effective area of end of piston,
P, = pressure of gas,
A = m At , where m, is the mass of a volume ¥, of the enclosed
m gas,
x = correction for the effect of friction between piston and cylinder,
G = correction for nonideal behavior of the gas,
I' = correction for nonadiabatic change of the gas.

The pressure is measured by means of a mercury and glass manometer up
to 6 atm., and at higher pressures by means of the Amagat gauge used in the
earlier work.

The alternating current to drive the piston is supplied by a ‘transitron
oscillator of very high stability. The oscillator and the method of measuring
its frequency are described in Section B of this paper.
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PERFORMANCE OF THE NEW APPARATUS

This method is absolute in the sense that it is not necessary to calibrate
the apparatus by means of measurements with a gas for which 7 is already
known. The different correction factors involved are also obtained from the
experimental set-up and various quantities which can be calculated. In order
to check the functioning of the new apparatus and the values of the constants
m, Vo, and a, a series of measurements was made of < at various pressures
from 1 to 5 atm. for argon. A straight line was fitted to the experimental
points (v vs. pressure) by the method of least squares. The mean variation
of the experimental points from this straight line was 0.06%. Extrapolation
vielded v = 1.6662 at zero pressure. This differs by 0.03%, from v = 1.667
obtained previously by this method and also by the spectroscopic method.

Section B

THE ELECTRONIC FREQUENCY METER AND INTERVAL TIMER

Electronic counter circuits and associated equipment for their use in many
applications have been described in the literature recently. The complete
circuits for an instrument suitable to use as a frequency meter have not yet
appeared.

The block diagram of Fig. 3 shows the sequeﬁce of operation of the circuits
in the meter. The signal of unknown frequency is connected to a pulse

-
— — —

Interval Counter
4 -5 decade scaling units
ﬁ NI N -
. L] train selector
crystal electronic| |amphifier switch o
— | switch and |—| clipper
oscillatort lock-out buffer T

pulse
shaping
circuit

ol
unknown
frequenog

Train Counter - 8 binary scaling units

F16. 3. Block diagram of the frequency meter.

forming circuit, the output of which has the same wave form irrespective of
the input wave form. The output is then applied to the train counter, which
consists of eight scale-of-two ' frequency dividing circuits. The output of
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any one of these scaling circuits may be chosen, by means of the train selector
switch, to operate the electronic switch. When the first pulse is received by
the electronic switch, a gate circuit opens, allowing the pulses from the 100 kc.
crystal oscillator to be counted and recorded by the interval counter. The
next pulse closes the gate so that the 100 ke. pulses are no longer counted. The
lockout circuit operates at the same time and prevents further operation of
the meter until it is manually reset. The number of cycles of the 100 kc.
oscillator that occurred in the time interval between the pulses which operated
the electronic switch is recorded by means of neon lights on the interval
timer. This corresponds to a train of 2, 4, 8, 16, 32, 64, 128, or 256 cycles
of the unknown frequency, depending on the position of the train selector
switch. Dividing the number of cycles in the train by the time interval
during which they occurred, as indicated by the neon lights of the interval
counter, gives immediately the frequency of the source.

Figs. 4, 5, 6, and 7 are the diagrams of the circuits used in the counter.
V. H. Regener (12) discusses thoroughly the choice of design parameters for
the pulse forming circuit used here. The frequency scaling stages of the train
counter use the circuit originally developed by Eccles and Jordan (8) and
modified by Potter (10, 11). The action of dual triode trigger pairs such as
this circuit employs is described by B. E. Phelps (9). The electronic switch
employs a similar circuit. The potentials shown in Fig. 6 are those obtained
with the gate circuit in the closed condition. The decade frequency scaling
circuits used in the interval counter were developed by Potter (10, 11) and
are described by him together with the method of reading the neon lights.
G. T. Baker (1) discusses a method of design procedure for this circuit. The
method used by Regener (12) may also be adapted for use with triode trigger
circuits such as employed in the interval and train counters.

A Bliley Type FM6-S 100 kc. standard frequency crystal, with the oscillator
circuit suggested by the manufacturers is used as the standard source. This
oscillator maintains a frequency stability of + 0.005% over a temperature
range of 0 to 50° C.

The oscillator was calibrated by beating the fiftieth harmonic of its output’
against the 5 megacycle carrier broadcast from WWV. A wire carried from
the output of the 6AG7 clipper amplifier alongside the antenna of a receiver
tuned to WWYV radiated enough energy to produce the beat note. In this
manner, the oscillator could be adjusted to within one part in five million of
the WWYV signal. Subsequent checks over a period of a year showed it always
to be within one part in one million of this frequency.

Since the gate circuit may open part way through a cycle of the standard
oscillator which will not be counted or close part way through a cycle which is
already counted there may be an error of + 1 count in the reading of the
interval counter. This represents an error of + 10 usec. in the measurement
of the time interval, which should normally be the largest error.
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If a well filtered power supply is employed, dependable operation is obtained
with voltage wvariations of + 109, without special regulation -equipment.
The total power consumption is less than 150 w.

to_reset switch

+ 150 _volts
+ 300 volfs

i 44
UDHIMS J0}D3|0S
uiDA4 Of

M ool

/z 50 ppf

x\i\}
previous stage output to
next stage

M 00!

F1G. 5. Binary frequency scaling unit. All resistors are 3 w.

TRANSITRON OSCILLATOR

The oscillator with a three stage amplifier is shown in Fig. 8. For stability
the oscillator is powered entirely by batteries and very lightly coupled to the
amplifier. The correct voltages were located experimentally and are not
critical. The tuned circuit consists of the inductance and condensers used
by Clark and Katz (4). At low frequencies a resistance in series with the
tuned circuit is necessary to satisfy the conditions for oscillation given by
Brunetti (2, 3). The amplifier has been changed only slightly from that shown
by Clark and Katz, in order to.obtain greater power output.

MEASUREMENTS AND RESULTS

The consistency of the results obtained when measuring the frequency of
the transitron oscillator with the meter was used as a test of their combined -
performance. Both the oscillator and counter were allowed a one hour
warm-up period before the readings were taken. Ten measurements were
made at each of 22 different frequencies between 25 and 250 c.p.s. The
maximum departure of any reading from the mean value for the 10 trials
was always less than 0.019%, and, for several frequencies, corresponded to an
error of 10 usec. in the measurement of the time interval.

To.ensure that there was no systematic error in the determinations, a known
frequency was obtained and measured. A receiver was tuned to WWYV on
5 megacycles and the output of the audio amplifier, which contained the
standard frequency of 440 c.p.s., was connected to the vertical plates of an
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F1G. 8. Transitron oscillator and amplifier
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C 0 to 10 uf. variable condenser.
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T, [P 5000 okms
S 5000 ohms
A 420 9.
Jg. ggg :: to power supply.
D 0 v.
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oscilloscope. The output of the transitron oscillator was connected to the
horizontal plates of the oscilloscope and a static Lissajous figure was obtained
by adjusting the frequency of the transitron to 220 c.p.s. This adjustment was
repeated several times, and each time the frequency was measured, using a
number of different train lengths. The maximum departure of any of these
readings from 220.000 cycles per second was 0.009%, which is within the
accuracy with which the Lissajous pattern could be set.
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THE SPECIFIC HEATS OF A GAS, G,/C,

VI. CARBON DIOXIDE, NITROUS OXIDE, AND METHANE

By L. Karz, W. F. LeverTOoN, aND S. B. Woobs

Abstract

Carbon dioxide, nitrous oxide, and methane have been carefully purified and
the variation of 7y with pressure measured. The results when extrapolated to
zero pressure give values of 7y, which are in agreement with those obtained by
spectroscopic methods. Agreement in each case is better than 0.10%.

Carbon Dioxide

The variation of vy, the ratio of the specific heats, with pressure was measured
previously for carbon dioxide by this method (1). Upon extrapolation of the
results to zero pressure it was found that the value of 7y, was higher than that
obtained by the spectroscopic method by 0.49%, (3).

Since the probable error in the zero pressure value of « by this method is
less than 0.109,, it was felt that the large difference might have been due to
the presence of impurities in the carbon dioxide.

For the present experiment carbon dioxide 99.5%, pure was obtained from
a commercial source and a careful purification undertaken. The impurities
were air and water vapor. The gas was purified by a fractional distillation
over liquid air, the first and last tenth being discarded at each stage. <y was
measured for a sample which had been put through a three stage distillation.
The zero pressure value was found to be 0.10%, higher than the spectroscopic
value. The results given in Table I were obtained using a sample of carbon
dioxide which had been given a five stage distillation.

The Pv— P data of Michels (7) i.ised previously (1) was employed in calcu-
lating A and G. The constants of the apparatus were as follows.
Mass of piston = 95.448 gm.
Volume of enclosed gas = 34.053 cm.®
Effective area of end of piston = 7.9169 cm.? '

Substitution of these in the equation for 'y developed previously (5) vields
2
v = 1.0102 X 10—3% AXGT

where fn is in cycles per second and Ps is in standard atmospheres.

1949.1' Manuscript received in original form September 14, 1948, and, as revised, January 26,
s k. Contribution from the Depariment of Physics, University of Saskatchewan, Saskatoom,
ask.
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TABLE I

CARBON DIOXIDE (29.9°C.)

Resonance _

g frequency,| A G p Ty | vewe |7
1.2283 | 39.416 | 1.0008 | 1.0060 | 1.0004 | 1.0061 1.2948 | 1.2934 414
1.7514 | 47.027 1.0011 | 1.0086 | 1.0001 1.0047 1.2942 1.2967 —25
2.1315 | 51.953 | 1.0014 | 1.0105 | 1.0001 1.0040 1.2998 | 1.2991 + 7
3.6082 | 67.578 | 1.0023 | 1.0181 | 1.0001 1.0027 1.3084 | 1.3084 0
4.3076 | 73.849 | 1.0028 | 1.0219 | 1.0001 1.0024 | 1.3140 | 1.3128 +12
5.1330 | 80.537 1.0033 | 1.0260 | 1.0001 1.0021 1.3170 | 1.3180 —10
6.2058 | 88.513 1.0041 | 1.0320 | 1.0001 1.0019 | 1.3242 1.3247 - 35
7.2744 | 95.852 | 1.0048 { 1.0381 | 1.0001 1.0017 1.3333 1.3315 +18
8.2250 | 101.766 | 1.0054 | 1.0434 | 1.0001 1.0015 1.3365 | 1.3374 -9

The results were fitted by the method of least squares, giving the equation
Yeque. = 1.2857 4+ 6.29 X 1073P . 1)

The last column of Table I shows the differences between experimental values
of v and those calculated using Equation (1). The mean difference is 0.0011
or approximately 0.08%. Extrapolation of Equation (1) to zero pressure
yields o = 1.285;. The spectroscopic method (4) yields vy, = 1.2857 at
zero pressure and the same temperature, 29.9° C. The difference is 0.009.
The experimental results and the least squares equation are plotted in Fig. 1.
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F16. 1. . Ratio of specific heats for carbon dioxide as a function of pressure, at 29.9° C.

Nitrous Oxide

Gamma has been determined previously for nitrous oxide (2) but at zero
pressure the resulting value was 0.38%, higher than that obtained by the
spectroscopic method (3). A supply of nitrous oxide of 98 to 999 purity
was obtained, the impurity being nitrogen. The gas was put through a five
stage distillation similar to that employed with carbon dioxide. Table II
shows the results obtained.
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TABLE II
NiTrOUS OXIDE (25.3°C.)

Pressure, Resonance Y —Yequa

atm. ’fregvifgcy, A G pd r 84 Vewa. |V SNE"
1.4017 38.943 1.0007 | 1.0081 | 1.0002 1.0049 1.2795 1.2794 +1
1.6944 42.816 1.0009 | 1.0098 | 1.0002 1.0043 1.2811 1.2810 +1
1.8877 45.177 1.0010 | 1.0109 | 1.0002 1.0040 1.2813 1.2821 — 8
2.3101 49.986 1.0013 | 1.0134 | 1.0003 1.0033 1.2845 1.2848 -3
2.6944 54.005 1.0015 | 1.0158 { 1.0002 1.0031 1.2884 | 1.2876 <+ 8
2.9757 56.755 1.0016 | 1.0175 | 1.0002 1.0029 1.2906 1.2897 + 9
3.6897 63.165 1.0025 | 1.0219 | 1.0001 1.0026 1.2954 1.2959 -5
4.8102 72.156 1.0033 | 1.0290 | 1.0001 1.0022 1.3061 1.3077 —16
5.3356 76.118 1.0037 | 1.0325 | 1.0001 1.0020 1.3152 1.3141 “+11

The constants of the apparatus were as follows:
Mass of piston = 114.361 gm.
Volume of enclosed gas = 32.808 cm.3
Effective area of end of piston = 7.9165 cm.?,

2
whence v = 1.1663 X 10‘3% AxGT .

We used the same Pv—P data as used previously (2). The results were
fitted by the method of least squares to the following second order equation

Yequa. = 1.2744 4+ 2.25 X 107°P + 9.73 X 10—4P2. )

The last column of the table shows the differences between experimental
values of v and those calculated using Equation (2). The mean difference is
0.0007 or 0.05%. Equation (2) yields a zero pressure value vy, = 1.2744.
The spectroscopic method (4) vields yo = 1.2733 at the same temperature,
25.3° C. Our value differs from the spectroscopic value by 0.0011 or 0.097%,.
The experimental results and the least squares equation are plotted in Fig. 2.
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F1G. 2. Ratio of specific heats for nitrous oxide as a funciion of pressure, at 25.3° C.
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Methane

Methane of 999 purity was obtained and was purified by the previously
described five stage distillation over liquid air. The Py~P data of Keyes and
Burks (6) was used in calculating A and G. The apparatus constants were
the same as for nitrous oxide. The results for methane are shown in Table III.

TABLE III
METHANE (25.1°C.)

Resonance
e frequency, A G X Tl | Ve [T
1.5471 41.319 1.0003 | 1.0027 | 1.0003 1.0086 1.3023 1.3025 — 2
2.0435 47.517 1.0004 | 1.0036 | 1.0002 1.0070 1.3031 1.3028 + 3
2.5402 52.973 1.0005 | 1.0045 | 1.0002 1.0059 1.3026 1.3033 -7
3.2130 59.633 1.0006 | 1.0057 | 1.0002 1.0050 1.3056 1.3045 -+11
3.6238 63.317 1.0007 | 1.0064 | 1.0002 1.0046 1.3056 1.3055 + 1
3.9704 66.295 1.0008 | 1.0070 | 1.0001 1.0043 1.3068 1.3063 + 5
4,4032 69.788 1.0008 | 1.0078 | 1.0002 1.0040 1.3066 1.3077 -11
4,8240 | 73.086 | 1.0009 [ 1.0086 | 1.0001 | 1.0037 | 1.3086 | 1.3091 -3
5.2965 | 76.646 | 1.0010 { 1,0094 | 1.0001 | 1.0034 | 1.3117 [ 1.3109 + 8

The experimental values of v, at 25.1° C., were fitted by the method of least
squares by the following equation:

Yequa. = 1.3029 — 1.05 X 1073P 4 4.84 X 10—*P%. 3)

Table III also shows the differences between experimental values of y and
those calculated using Equation (3). The mean difference is 0.0006 or
0.05%,. Equation (3) yields a zero pressure value yo = 1.302,.

Using the value of Cp, obtained by Vold (8) by the spectroscopic method,
the zero pressure value of v at the same temperature (25.1°C.) is 1.303,.
These values differ by 0.0001 or 0.019,. The experimental results and the
least squares equation are plotted in Fig. 3.
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F16. 3. Ratio of specific heats for methane as a function of pressure, at 25.1° C.
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It is of interest to note that Vold sets an upper limit of 3% on the error ir
his value of Cp. An error of 3% in C,, introduces an error of 0.9% in 7.

The excellent agreement of our zero pressure value with that using Vold’s
results indicates that his values of C, for methane are probably accurate to

within a few tenths of one per cent.

Summary

Table IV gives a summary of results by the resonance method, together
with results obtained by spectroscopic methods by various observers.

TABLE 1V

SUMMARY OF RESULTS

v, Present work

s, Spectroscopic .
Gas Temp., °C. —— e methods, 0 atm. Diff. 9,
CO- 29.9 ‘ 1.292, 1.285¢ 1.2857 (4) 0.00
N=0 25.3 1.2776 1.274, 1.2733 (4) +0.09
CH, 25.1 1.302; 1.302, 1.303, (8) —0.01
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APPENDIX
Effect of Impurities

For a mixture of # gases, containing my, #s . . . . . m, moles of the different
gases, the ratio of specific heats may be calculated as follows:

The heat absorbed by the mixture per degree centigrade rise in temperature
at constant volume is given by

n
(DQ)u = MComiz = ?miCUi ’ (1)

n
where m = 2 m;. Thisequation assumes that there is no interaction between
1

the molecules of the different gases.
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Now, from thermodynamics,

— (9PN (37N _ .
Coi — Cos = T(a:r)., (GDP— R;, @)

where R; depends on the gas, temperature, and pressure, but is equal to the
gas constant, R, at zero pressure.

Dividing each side by C,;

Cpi - Cvi
Coi

—yi—1=14, ®
or -
R;

CDi:'Yj—l.

Introduciﬁg this into Equation (1) we have

Rm..', — % ?‘,'Rj , (4)
Ymiz — 1 1 Yi— 1
where
m;
r;=—.
m
At zero pressure, R; = Rpiz = R
and
1
Ymiz., 0 = 1 + n
> £ (%)
1 vi—1

For a mixture of two components, where 7; >> 7,

Ymiz., 0 = Y1+ 72 (V2 - Y1) (?YI:_:%) :

Change in v of carbon dioxide caused by 1%, by weight of various impurities:

Impurity % change in 7y
H. +1.2
He + 1.3
A 4+ 0.14
N: +0.10
0. + 0.09

Air +0.10
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A RECORDING METER FOR AURORAL RADIATIONS!
By W. D. PExn AND B. W. CURRIE

Abstract.

This paper describes a device that was developed to give a continuous record
of the intensity of auroral radiations from the zenithal sky. Detection is by
means of the multiplier phototube, R C A type 1P21. A null method of record-
ing is used, the light flux reaching the phototube being kept to a constant value
by moving a neutral, wedge filter in front of the phototube. A simple servo-
mechanism is used for this purpose. A pen attached to the filter traces a record
of the changes of auroral intensity on a clock-driven chart.

Introduction

The development of a convenient, mechanical device for recording the
occurrence and intensity of auroras is a necessity, if progress is to be made in
deducing reliable diurnal and annual variations of auroras and in detecting
significant relations between auroral variations and magnetic, earth-current,
and ionospheric disturbances. The visual observations, presently available,
suffer from at least three faults that are inherent in using human instead of
mechanical detectors and recorders. The first is a lack of continuity, since
most observatories never have sufficient staff to keep a continuous watch on
the night sky; the second arises from the inability of an observer to record
more than a small fraction of the apparent auroral changes during active
displays; and the third results from the lack of comparative standards of
brightness and intensity, an observer having to depend on his previous
experiences and his judgment in making estimates of these quantities.

Objective methods of recording auroral occurrence and intensity require
the use of either photographic or photoelectric detectors. With photographic
"detectors the exposure times must be sufficiently long to make possible reliable
measurements of the blackening of the emulsion. For the majority of dis-
plays, this condition requires exposures over periods that are long in com-
parison with the times for the more rapid changes in geomagnetic disturbance.
However, the photographic method has been, and is, used to a limited extent
(2, 3, 4), either the plate on a spectrograph being moved slowly parallel to the
slit or a film being moved slowly past a narrow slit through which can pass
the auroral radiations from a particular region of the sky. While photoelectric
detectors respond almost instantaneously to changes of flux, the currents
induced by the auroral radiations are so small that they require considerable
amplification to operate a recorder. Until the development of multiplier
phototubes, this meant the use of fairly involved electronic circuits that
evidently could not be operated satisfactorily under the conditions usually

v Manuscript received November 8, 1948.

Contribuiion from the Physics Department, University of Saskatchewan, Saskatoon, Sask.
This paper was presented at the General Assembly of the International Union of Geodesy and
Geophysics at Oslo, Norway, August 19-28, 1948. ’ .
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prevailing at high-latitude observatories. In any case, no systematic study
of the records from such a device has appeared in auroral literature, although
the use of the records has been mentioned (6).

Gartlein (1) has operated a photoelectric recorder, using a multiplier
phototube, at Ithaca, New York State, for several‘year‘s. This recorder
apparently uses a rotating sectored disk to pulse the radiations incident on
the phototube, an alternating current amplifier, a rectifier, and a recorder.
The “writers have operated a photoelectric recorder, also using a multiplier
phototube, at Saskatoon, Saskatchewan (52° 6’ N., 100° 36’ W.). It makes
use of a null method of recording, the flux on the phototube being kept sub-
stantially constant by using a servo-mechanism to move a neutral wedge
filter backward and forward in front of the phototube. The results to date
indicate that a great deal of useful information concerning auroral intensities

. (the integrated effect of brightness over a particular region of the sky), can
be secured by this device, or by modification of it, for correlation with various
typ’es of geomagnetic disturbance.

'Details of the Recorder

One of the most sensitive photoelectric detectors of low light fluxes available
is the tube referred to as R C A Type 1P21. It has an average current ampli-
fication factor of 1.2 X 10° for a power supply of 100 v. per dynode stage.
This large amplification makes it particularly suitable for detecting the
smallest auroral fluxes, since with it there is a minimum need for external
amplifying units that not only add to the bulk of the recorder but increase
the possibility of an unfavorable signal-to-noise ratio. However, it is subject
to a fatigue in the later and higher-current stages that increases rapidly for
increasing output currents above 10 pa. This is a matter of some concern
in using this type of phototube in an auroral recorder, since the recorder
should yield reliable values of light fluxes ranging from those of the twilight
sky to those of the normal night-sky when covered with cloud. Assuming a
brightness of 10~% candles per cm.? for the night-sky, an effective reduction
of this quantity by a factor of 10~2 by cloud, and a brightness of 10~% candles
per cm.2 for the zenithal sky when the sun is 8° below the horizon, the maximum
flux on the phototube amounts to 10° times the minimum flux.

Two methods may be used to control the output current at times of high
light flux. One is to reduce the dynode voltage by the plate-cathode current
of a control tube, the grid voltage of which is dependent on the current from
the phototube (5), and the other is to reduce the light flux incident on the
phototube by moving a wedge filter between the phototube and the sky.
The latter method was adopted, since the changes of light flux could be con-
_veniently recorded by attaching a pen to the filter and having it leave a trace
on a clock-driven chart.

A simple servo-mechanism is used to move the filter. The circuit diagram
for the recorder (including the servo-mechanism), is shown in Fig. 1. The
voltage drop across a l-megohm resistor (Rys) in the anode circuit of the
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phototube, due to any low value of the light flux reaching the phototube, is
balanced by the voltage drop across a variable resistor (R,). These two
voltages are applied to the grids of a balanced voltage amplifier (Ve and V7).
The anodes of the tubes in the voltage amplifier are connected to the grids
of a balanced power amplifier (Vs and Vs). The currents from the tubes in
the power amplifier flow in opposite directions through the split-field windings
of a motor, so that the motor is motionless as long as the two currents are
equal. A brassrod (53 threads per inch) is attached to the shaft of the motor,
and carries a steel nut that is fastened to the filter. When the light flux
reaching the phototube increases or decreases to a value where a voltage
differential of about 0.25 v. from the preset condition is established, the
motor rotates and moves the filter to a position that restores the initial balance.

A power supply (71 and Vi) delivers 120 ma. at 350 v. to the servo-
mechanism, and also feeds a glow tube (V) through a resistor (R;) to provide
a 4 150 v. source. This source provides the voltage drop across R; and R;
that is used in balancing the voltage drop across Ry;. It also provides the
voltage for the final stage of the phototube. Small variations of the power
supplied by this unit do not affect the operation of the recorder.

A second power supply (T2 and V3), consisting of a 1500 v. transformer and
a beam power tetrode gives the adjustable and stabilized voltages that are
required for the first nine stages of the phototube. The cathode of TV is
grounded, and the end of the secondary winding of T in series with the plate
circuit is at an output voltage of —720 to —1080 v., depending on the setting
of a rheostat (Ru). A potential divider (R, Ru, Ris and Ry;) is connected
between the output voltage and the aforementioned voltage of - 150 v.- A
portion of this potential difference (across Ry) is applied to the grid of V3;
and the positive side of the 150 v. supply is connected to the screen of V. If
the output voltage changes, the portion of this change applied to the grid is
of such a polarity as to cancel the variation in the output. This circuit gives
a high degree of stabilization in the output voltage over a line voltage range
of 83 to 135 v., a.c. The output voltage is applied to the dynodes of the
phototube by means of a resistor chain (Ry7 to Rss), which is mounted on the
base of the phototube.

The armature of the servo-motor operates on a current of about 1.5 amp."
from a 6 v. supply. For convenience, a transformer giving a secondary

voltage of about 6.3 v. and a copper oxide rectifier are used instead of a
storage battery.

The wedge filter in use during the past year was made by exposing Process
film in such a way that the resulting optical density across a 7 in. strip varied
almost linearly from 0 to 3.5. However, suitable wedge filters having a
somewhat larger density range are available commercially, and their purchase
is recommended since a great number of trials is usually required before one
with approximately linear characteristics can be made photographically.
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The drum, which carries the paper past the pen, is driven by a small a-c.
motor through a train of reducing gears so that the paper advances at the
rate of about 4.5 in. per hr. A glazed paper (available commercially for
recording galvanometers) about 11 in. wide is used. A satisfactory com-
bination of pen and ink, for all weather conditions is still to be found. A
satisfactory combination for active displays during cold weather gives a broad
trace during periods of quiet aurora and warm weather. In addition to obscur-
ing some of the finer detail in the auroral record, this broad trace smudges
readily because of the time required for it todry. So far, the nearest approach
to a satisfactory pen is one made by drilling a hole of 0.013 in. diameter along
the axis of a circular brass rod, bevelling the end of the rod with the hole until
a tip about 0.03 in. diameter is formed, and then drilling out the other end to
form an ink reservoir about 0.25 in. diameter. A fine wire of 0.012 in.
diameter passes through the hole in the tip and rests on the paper when the
penisin use. The length of the hole partly determines the rate of flow of the
ink. For the aforementioned dimensions a length of 0.25 in. gives the best
results during warm weather. The type of ink that is used at the present
time is one used for autographic meteorological instruments during cold
weather.

Time marks are placed on the record at five-minute intervals by a second
pen that is operated electromagnetically through the closing of a circuit by a
master clock located in the laboratory. This clock is also used to start the
recorder at a selected time each evening and to stop it the following morning.

Baffles with circular openings restrict the light flux to a cone with a half-
angle of 22.5° Ordinarily, the recorder is operated so that the axis of this
cone passes through the zenith. A weatherproof box (28 by 19 by 23 in.)
encloses the recorder, a circular glass plate in the top admitting the light flux.

Calibration marks are placed on the charts once each week by the unit that
is shown diagrammatically in Fig. 2. This is placed over the window of the
recorder. It excludes all light except that from a tungsten lamp that is
operated at a known, constant voltage. A series of diffusing screens and
diaphragms between the lamp and the recorder reduce the flux from the lamp
to the same magnitude as that from the sky. A movable brass strip with a
series of apertures of known diameters is used to admit different light fluxes
to the phototube.

Experience with the Recorder

Experience with the recorder (intermittently during August and September,
1947, and almost continuously since then) indicates certain advantages and
disadvantages of the recorder. With little or no moonlight or twilight and
with clear skies, the duration of zenithal aurora per night can be determined
with an estimated error of about five minutes, the time at which a rapid
change of auroral intensity begins or ends can be determined to within 30 sec.
of the actual time, and small changes of intensity that would certainly be
ignored in visual observations are evident on the records. With increasing
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moonlight or twilight, the durations of displays and the times at which large
intensity changes occur become less certain, since the logarithmic response of
the recorder gives a smaller displacement on the chart for an aurora of a given
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F16. 2. A semidiagrammaitic sketch of the unit used for placing calibration marks on the
charts of the auroral recorder,

intensity when accompanied by moonlight or twilight than when the night
is dark. However, the presence of all except faint aurora is evident as a
superimposed variation on a regular trend in the trace due to the moonlight
and twilight radiations. Broken cloud during periods of moonlight and
twilight introduces an ambiguity into the record that cannot be settled with
certainty. The direct effect of cloud is to reduce the recorded intensity.
This can be readily detected by drawing a smooth curve on the chart for the
intensity of the moonlight or twilight, if the sky had been clear. Unfortunately,
light reaching the ground through breaks in the cloud cover is diffusively
reflected back to the cloud and then to the recorder (especially with a snow
cover), and gives a record that may be easily interpreted as one due to aurora.
Reflection of the light from the city lamps by clouds also gives a record that is
difficult to interpret.* Although the intensity of the aurora (in relative units)

* It has been suggested that cloud in the zenithal sky could be registered on the record by using
a small searchlight to flash a beam upward at periodic intervals.
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can be readily determined for any instant from the record, the average hourly

intensity cannot be estimated as readily by inspection as on autographic
records with a linear scale.

Figs. 3 and 4 show photographic reproductions of the auroral record for the
night of March 14-15, 1948. This was a night with much quiet aurora in the
zenithal sky, and with little cloud. The straight line that is drawn along the

MARCH 14-15 1948
(M-5-T)

! | | |

2000 2100 2200 2300 OJOD oloo

Fi1G. 3. A4 photographic reproduction of the auroral record for the evening hours of March
14-15, 1948.  The heavy, horizontal line near the bottom of the record indicates the iniensity of
the radiations from a clear sky without aurora.

lower side of each record shows the position on the record corresponding to
the light flux from the normal night sky. The upward trend in the record
that starts at about 0400 hr. is due to the morning twilight. Superimposed
on this part of the record is evidence of a very oscillatory type of aurora.

MARCH 14-15 1948
(M-5T)

| | | ! |
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F1G. 4. A photographic reproduction of the auroral record for the morning hours of Marck
14-15, 1948.

Visual observations of aurora at Saskatoon indicate that this is a characteristic
feature of aurora in this region just before sunrise. Pulses of auroral light
travel in rapid succession upward to the zenith from the horizon toward the
sun. While the time response of the recorder is too slow to record the full
intensity of these pulses, it does indicate their occurrence. Some estimate of
their intensity can be made by exposing the recorder to an intermittent source
of illumination, and noting the frequency of illumination required to reduce
the amplitude of the record to one-half of its value when the frequency of
illumination is sufficiently slow for the maximum changes to be recorded.

Fig. 5 is a photographic reproduction of the auroral record for the night of
May 14-15, 1948. The effects of twilight and some moonlight are evident in
this record. The aurora on this occasion was more active than on March
14-15, probably owing to the presence of solar radiation in the upper
atmosphere at this time of year.
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Comparisons of the auroral records for four days of vefy active aurora at
Saskatoon with the corresponding magnetic records from the Meanook
Magnetic Observatory (54°37'N., 113°20'W.) showed remarkable similarities

MAY %15 1948
(M.8.T)

1
TWILISHT +MOONLIEHT

f

2200 2300 0000 oloo 0200 0300

};;G. 5. A photographic reproduciion of the auroral record for the night of May 14-15,
1948.

between the changes of auroral intensities and the variations of the H compo-
nent and to a lesser extent of the Z component, although the two places
are about 550 miles apart. However, both places have about the same
geomagnetic latitude (61.8° N. for Meanook and 60.5° N. for Saskatoon),
so that the changes in the current systems responsible for the magnetic
variations at Meanook must have been accompanied by corresponding time
variations of auroral intensity at Saskatoon. Again, the intensity changes
during auroral displays on successive nights are occasionally so similar as to
leave little doubt that some features of an aurora are repeated on successive
nights. Still another feature of the records for the past year is the high
frequency of aurora in the morning hours, indicating that the diurnal maxi-
mum at Saskatoon may occur three to four hours after local midnight.

A detailed analysis of the records will appear in a later communication.
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DETERMINATION OF THE ELEMENTS OF METEOR PATHS
FROM RADAR OBSERVATIONS!

By D. W. R. McKINLEY AND PETER M. MILLMAN

Abstract

Methods of determining meteor velocities from single-station observations are
discussed. Where three-station observations are available both the velocity
and the elements of the meteor’s path through the atmosphere can be computed
in favorable cases. These methods are applied to a selected daytime meteor,
recorded by the three radar stations at 17# 59~ 48+ ES.T., Aug. 4, 1948. The
following elements of the meteor’s path have been obtained from the radar

data:—
Apparent geocentric velocity 35.0 + 0.4 km. per sec.
True bearing of apparent radiant 074° + 2°
Elevation of apparent radiant 2° + 2°
Total radar path length 270 km.
Height above sea level 108 —104 km.

These values lead to an orbit similar to one of the short-period comets, with
these elements:—

Semi-major axis a 2.66
Eccentricity e 0.87
Angle node to perihelion (2] 29429
Longitude of node 8 132°4
Inclination 7 332%
Period P 4 .33 years

Introduction

It is now well established that the ionization produced by the passage of a
meteor through the atmosphere at heights in the neighborhood of 100 km.
above the earth can be detected by conventional radar equipment operating
in the frequency range 3 to 200 Mc. per second. Assuming that the other
parameters of the radar system remain constant it has been found that the
meteor echo rates vary roughly as the square of the wave length. The
durations of the echoes exhibit a similar dependence on the wave length. At
first glance it would seem that the longer the wave length the better for the
radar observation of meteors but several factors must be taken into considera-
tion. If steerable directive antennas are to be used the shorter wave lengths
are obviously preferable because the physical size of an array of given gain
may be reasonable at 4 meters, say, but prohibitive at 40 meters. On the
shorter wave lengths the echo is usually received only from a short portion of
the meteor path in the immediate vicinity of the point where the meteor
crosses the line of sight. at right angles (17). This normal reflection law has
been used by Hey and Stewart (5), Clegg (1), and McKinley and Millman (7)
to determine the radiants of meteor showers by various techniques. On the

v Manuscript received January 27, 1949.
Contribution from the Radio and Elecirical Engineering Division, National Research

Laboratories, and from the Dominion Observatory, Ottawa, Canada. Issued as N.R.C. No. 1927,
and Contributions from the Dominion Observatory, Vol. II, No. 5.
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longer wave lengths a longer portion of the meteor path becomes visible on
the radar display, subject to the limitation that detectable ionization is usually
produced only within the M-region (7) extending from 80 km. to 110 km.
above sea level. Another point worthy of consideration in the choice of an
operating wave length is the interference to be encountered on the longer
wave lengths from distant high-frequency transmitting stations. Daytime
absorption of the radio wave in the upper atmosphere is more pronounced on
the longer wave lengths.

Taking all these factors into account it was decided to use radio frequencies
in the band 30 to 36 Mc. per second (10.0 to 8.3 meters) as a reasonable
compromise. Three complete'and independent radar stations were installed,
at Ottawa, Arnprior, and Carleton Place, see Fig. 1. The Ottawa station
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Fi16. 1. Map showing positions of radar stations and path of meteor at 174 59m 48+ E.S.T.
Aug. 4th, 1948.

has been operated intermittently since August, 1947, and the Arnprior station
was first put on the air in April, 1948. The Carleton Place station commenced
operation about the first of August, 1948, and all three stations were run on a
24 hr. schedule for the annual Perseid shower during the first two weeks of
August. The geographical co-ordinates, base lines between the three stations,
and the essential electrical parameters are given in Table I.
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TABLE I
A-Ottawa B-A;'nprior C-Carleton Place

Latitude N 45° 20" 32" 45° 24’ 55" 45° 09’ 20"
Longitude W 75° 36’ 05" 76° 21’ 38" 76° 057 177
Interstation distances, km. AB = 57.44 BC = 35.94 CA = 41.20
Transmitter peak

power, kw. 400 50 50
Pulse width, usec. 20 8 8
Receiver sensitivity, w. 2 X 10714 5 X 1071 5 X 1074
Radio-frequency, Mc./sec. 32.7 36.0 34.5
Antennas groﬂz:ilf—wave horizontal dipoles, mounted a quarter-wave above

Orientation N-S |Orientation NW-SE| Orientation NW-SE

Display Range-time sweep, intensity-modulated by signal

The range-time display is similar to the one conventionally used in iono-
sphericrecording. A horizontal linear sweep, about 350 km. long, is displayed
on a 5GP11 cathode ray tube. Twenty-kilometer negative marker pips are
applied to the intensity-grid of the c.r.t. for range calibration. Seconds
pulses received by radio at the three locations from station CHU operated by
the Time Services of the Dominion Observatory (19) are fed through special
circuits which produce positive pips on the intensity grid. These seconds
pips are applied twice to the range sweep, near minimum and also near maxi-
mum range, so that alignment errors in the recording system can be eliminated.
A special camera photographs the range sweep continuously on a 100 ft. roll
of 35 mm. ﬁlm which is moved at a constant speed past the open lens. Film
speeds of %, 3, 1, 2, and 4 in. per min. are available. The positive video
output from the receiver is passed through a limiter circuit and apphed to the
intensity-grid of the cathode-ray tube.

~ Suppose that a target moving through space in a straight line with a constant
velocity v is detected by the radar system. The echo on the range-time display
will describe a hyperbola, defined by:

R = R + % (¢ — t)?, )

where R is the range to the target at time ¢ and R, is the minimum range to
the straight line path of the target at time f. In general, a meteor will
produce detectable ionization only while traveling between the approximate
height levels of 110 and 80 km., so that the possible ionized path length will
depend on the inclination of the meteor’s path to the tangent plane of the
earth—that is, on the’ angle of elevation of the meteor radiant.” A bright
meteor traveling nearly tangentially to the earth’s surface could thus produce
an ionized path several hundred kilometers long, but a similar meteor arriving
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from near the zenith would produce ionization over 10 to 30 km. only of its
path. Whether or not all or a part of this ionized path is actually detected
by the radar system depends on a number of conditions. A faint meteor
can usually be detected only over a very short path length in the neighborhood
of the R, point, and if this point on the path does not fall within the M-region
no echo is seen. A bright meteor can be detected over a longer portion of
its ionized path, even if this portion is located on the hyperbola at some
distance from the R, point, on either the approaching or the receding branch.
The picture is further complicated in many cases by the appearance of echoes
definitely associated with the meteor, but delayed in time after the passage
of the meteor. The various characteristic echoes and a theory to account
for them are discussed in detail elsewhere, and a classification table (7, 9) has
been drawn up to aid in describing the echo types seen on the range-time
display. In this paper we shall consider only those echoes which appear to
have a clearly defined component (% characteristic) moving with the meteor
velocity. In the terminology of the classification table these will be the
Ah, Dk, or Uk types, and the more complicated examples of these types, such
as an Ahbe3 echo. Echoes falling in the 45, Db, or Ub classes are not as
reliable for velocity determination, as experience has shown that the leading-
edge envelope of the echo curve on the range-time display often yields an
equivalent velocity somewhat lower than the real velocity of the meteor.
Af, Ae, Df, and De echoes are quite useless for meteor velocity determinations
because the apparent velocity they exhibit is not directly related to the actual
meteor velocity, but depends on rather complicated factors involving wind
drifts and possible changes of the reflection points on the trail (5), rates of
expansion and decay of the ionized cloud, and delays in the appearance of
the echo from various parts of the trail. These delays are functions of the
height of the trail and of the angle between the meteor path and the observer.

Determination of Meteor Velocities from Single-station Observations

The first determination of meteor velocities from radar data was made By
Hey, Parsons, and Stewart (4) using their observations on 60 Mc. during the
Giacobinid shower in 1946. They obtained a faint fast-moving echo (&
characteristic in our classification) which was assumed to have the meteoric
velacity. From 22 tracks a velocity of 22.9 £ 1.3 km. per sec. was found
and this corresponded satisfactorily with the theoretical velocity of 23.7 km.
per sec. as computed from the cometary orbit. The & characteristic echoes
detected on the lower frequencies used in our work appear more frequently
and extend over a considerably greater path length than those observed by
Hey, Parsons, and Stewart. On this basis the potential accuracy of our
velocity measurements might be expected to be better. Other factors enter
the problem, of course, and will be considered later.

To illustrate the discussion, let us refer to Fig. 2, which shows a meteor
echo that appeared as type Ukb at all three stations on Aug. 4, 1948, at
17% 59m 45-53* E.S.T. As this meteor occurred during daylight no visual
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Fi1G. 2. Meteor echoes photographed at the three stations on Aug. 4th, 1948:—

(a) A Uhb echo at 17 59m 45-535, This is the echo that is considered in detail
in this paper.

(b) An F echo at 17% 59™ 37¢, enduring for 27 sec. on the Ottawa record. This
echo first appeared at a true height of 101 km. with bearing 197° and ground
distance 120 km. from Ottawa. After 15 sec. the height of the echo was 94 km.
and the apparent drift of the echo was about 20 km. in o southeast direction.

(c) Visible on the Ottawa photograph are an F echo at 174 59m 554, range 270 km.,
duration one second, and an Ah echo at 17% 59™ 592, range 228 to 216 km.
As these echoes did not appear at the other statioms it was not possible to
triangulate heights and positions.
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or photographic observations were available. Various techniques for measur-
ing the velocity of such an echo have been evolved and four of these methods
are described below.

(1) Curve-fitiing Method

It is possible to fit hyperbolic curves directly to an enlargement of any
one of the Ukb echoes of Fig. 2 and thus to determine by trial and error
the best fit. This will give only an approximate value of the velocity
because the range-time record suffers from several small distortions.
For example, the range sweep is slightly nonlinear, so that the spacing
of the 20-km. pips is not quite uniform; the sweep may have a slight
bend due to stray steady magnetic fields; and the range axis may not be
truly orthogonal to the time axis because of errors in lining up the c.r.t.-
camera system. These irregularities can be eliminated by transferring the
original echo curve point by point to a large sheet of standard graph paper.
Todo this the range intervals are first measured and then plotted to deter-
mine the range correction factor to be applied at any given range of the
echo curve. Next, the time intervals are similarly measured and any
necessary correction factors applied, though the time intervals are usually
quite uniform. Any curvature in the c.r.t. sweep can be detected by
momentarily brightening the sweep from time to time during the observa-
tions. This curved R axis must be used in reading points from the
original photograph. Having transferred the echo curve to Cartesian
co-ordinate paper, it becomes a simple matter to calculate and plot
hyperbolae with the observational values of R, and #; and with various
assumed values of » until the best fit is obtained with the observational
curve. Probable upper and lower limits of velocity can be assigned by
drawing curves which bracket the points of the observational curve. It
may happen that the original curve deviates from a true hyperbola by
more than the observational and measurement errors. When this occurs
it is usually possible to explain the deviation in terms of the time delays
associated with the angle of elongation of the meteor and height within
the M-region, and small empirical corrections, deduced from known cases,
can be applied with fair success.

(ii) RR Method

In many cases of the 4% and Dk echo types, the echo segment of the
hyperbola does not include the Ry, £, point, so that the simple curve-
fitting technique described above is difficult to apply. If the segment is
long enough and sufficiently well delineated to allow the curvature to be
accurately measured, it is possible to calculate the velocity, and at the
same time to determine the Ry, f points with fair precision. Differ-
entiating Equation (1) with respect to time, we have:

RR = 9%t — 9%, , @
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so that if RR is plotted against ¢ we should obtain a straight line with
slope v>. The values of R may be obtained by precision measurements
of the slope of the observational curve at selected points, either by
graphical methods or by calculating differences. The time at which the
line crosses the #-axis is the #, point. It is easier to fit a straight line
to a set of points which are presumed to satisfy a linear relation than it
is to fit a curve to the same observational data in hyperbolic form. In
practice, the least squares method of determining the best straight line
is used. Estimates are also made of probable error in 2? due to the
observational scatter, probable errors in measurement and reduction of
the photograph, and probable errors in the range and time calibration.

Three-Point Method

Another method for the evaluation of 2 involves substituting in
Equation (1) three R, t values obtained from widely different parts of
the observational curve, and solving the three equations simultaneously
for 2. The algebra is straight-forward and yields for #* the formula:

o = R2(t3 — ) — R (s — 1) + Rs® (b — #) ._ @3)
(82 — #1) (b5 — 1) (45 — t1)

Uniform time intervals are usually selected so that this expression
becomes simplified for practical computations. Needless to say, several
sets of three-point values are used in calculating a mean ¢%. The £, point
can also be computed from a similar formula.

Parabolic Regression Method .

The curvilinear regression method of least squares (6) was also used
in computing ». For this purpose p is written for R? in Equation (1) so
that a parabolic relation should obtain between the observed values of
p and ¢ The usdal sets of normal equations are written down and
solved. This method does use all the observational data simultaneously,
but the calculations are rather tedious, and do not appear to lead to an
answer that is any more trustworthy than that obtained by Methods
(ii) or (iii). '

The three types of errors that can affect the velocity determination are, in
increasing order of importance, the basic errors in the range and time calibra-
tons, the errors in measurement and reduction of the films, and the errors
introduced by factors not under the control of the observer, such as the delays
in echo appearance, and signal strength fluctuations.

The average timing error between consecutive seconds pulses is of the order
of 0.02 sec. However, these pulses are supplied from a source with an
integrated accuracy of 1 partin 10 or better so that if a number of seconds
intervals are measured on the film, the basic error in timing can be reduced
to the order of 0.001 sec., which is insignificant in the analysis. The intrinsic
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accuracy of the 20 km. range markers is at present of the order of 0.1 km.
over the working range of the display, and could be further improved if
required. The effect of this range error on the single-station determination
of v depends both on the value of # and on the mean range interval over which
the echo is observed, but rarely contributes more than 0.19%, to the error in .

The sources of errors in measurement and reduction of the film have been
discussed to some extent above. Careful application of all the scale correction
factorsinvolved is required to transfer the echo curve to large-scale co-ordinate
paper. An inexperienced worker may introduce errors which affect the
velocity by as much as 1 or 2%, but, with a skilled analyst, the reduction
errors introduced at this stage are not significant in comparison with the
larger errors to be considered below.

The greatest source of error lies in determining the real outline of the echo
hyperbola—that is, in drawing on the photograph the thin line on which the
measurements are made. The pulse width, the pulse rise time, the echo
signal strength, and the probable delay times in the appearance of the echo
at various parts of the path all have to be taken into consideration. When
considering an 4% echo, the pulse width is immaterial, but the pulse rise time
can cause small variations of the order of 0.3 km. in the apparent range
measurements if the signal strength varies from barely detectable to saturation
level. The density and width of the echo furnish a good indication of the
signal strength up to the clipping level of the video limiter, and for higher
signal strengths the length of the black shadow, due to the video overshoot,
is a measure of signal strength. With these considerations in mind, a line
can be drawn at or near the lower edge of the A% echo. The Dk echoes are
sometimes more difficult to treat. If the Dk echois clean, i.e., with no trailing
enduring part, the same technique is used as for the Ak types. More usually
the Dk type has a reasonably well defined upper edge and a diffuse lower edge
(b characteristic) so that the lower edge cannot be used. In these cases, the
upper edge is used as the reference and the curve is drawn through points
obtained by subtracting small distance intervals which are equal to or less
than the pulse width in kilometers, depending on the signal strength and
other factors mentioned above. In general, a Dk echo does not yield as
reliable a velocity determination as the A% or Uk types.

Determination of Meteor Paths from Three-station Observations

It will be apparent that in computing the meteor velocity from a range-time
photograph made at a single station, the #; point is of little interest, except in
the curve-fitting method. However, when computing the meteor path by
triangulation from photographs made at three stations, it is essential to
determine the three f, points with the greatest possible accuracy. The
probable error of £, in Method (i) is of the order of 0.2 sec. or greater and the
technique is applicable only to the Uk types. The probable error of # in
Methods (ii), (iii), and (iv) is of the order of 0.01 to 0.05 sec. when dealing
with the Uk types, and of the order of 0.05 to 0.2 sec. in the Ak and Dk
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cases, depending on the length and definition of the echo from the observed
segment of the path. Accordingly, one or more of the latter three methods
is used to determine the #;’s at stations 4, B, and C. The independent velocity
determinations made at the three stations should agree within the respective
probable errors, of course, and the data from all three stations are used in
reaching a final weighted mean value of v. From Equation (1), using v and
the #o values, the R, points at the three stations can now be calculated with
considerably greater precision than is afforded by an inspection of the obser-
vational curves. -

In computing the meteor path in space it is convenient to adopt Cartesian
co-ordinates with the Ottawa station (A4) at the origin, the Arnprior station
(B) on the x-axis at (x, 0, 0) and the Carleton Place station (C) at the point
(%2, ¥2, 0) in the x, y-plane through the three stations (see Fig. 1). If, at any
given instant, the range of a target from Station A4 is R4, from Station B is Rp,
and from Station Cis R¢, then the position of the target (x, ¥, 2) is defined by
the intersection of the spheres:

22492 4+ 22 = R, 4)
(6 — ) + 9 + 2 = Ry )
(x —2)+ (v — 92)* + 2 = R¢? (6)
whence,
Rs® — Rg* + x? (7)
X =
2x1

_ R4a2 — R 4+ z® + y:° X2 8

y = —x

2y, Y2
z = (Ra® — 22 — y9)}. 9)

By inserting various simultaneous values of R4, Rz, and Re, each set of
values being measured from the three observational curves at a selected instant
in time, one can plot the meteor path in space. The points so obtained tend
to be somewhat scattered because of small uncertainties in the determination
of absolute time at the three stations. With present techniques these uncer-
tainties are of the order of a few hundredths of a second.

A more satisfactory result can be achieved by using the data available from
the velocity computations; namely, the mean value of 2, the minimum ranges
at the three stations, Ro4, Rog, Roc, and the corresponding times, fo4, tos, foc-
Equation (1) is then used to compute values of R4, Rp, Re¢ at selected times.
These sets of values are then inserted in Equations (7), (8), and (9), and a
space plot of the meteor path is obtained. It can be shown that the x and v
- values computed in this particular manner will each be a linear function of
time so that the horizontal projection of the path will be a straight line. This
line will represent the best straight line that can be drawn through the %, y
points that were obtained by direct triangulation. Owing to the arbitrary
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sequence of Equations (7), (8), and (9) there will be a second-degree relation
between 3z and ¢ in general, though if the data were perfect the relation would
become linear. In practice there will usually be a slight curvature of the
computed path in the vertical plane, this curvature being attributable to
small errors in 2, Ros, Ros, Roc, toa, tom, foc. It is possible to make small
empirical adjustments to these parameters which will straighten out the space
plot, but care should be taken that each correction is smaller than the probable
error of the respective parameter. Because of the small intervals between
the £y points the uncertainties in determining absolute time at the three stations
tend to be more important than the errors in the other variables, so that any
necessary adjustments are usually made to the # parameters. However, this
correction process should not be carried beyond the limitations of the obser-
vational data, as the effect on the orientation of the meteor path is not
significant.

In practice the x and y co-ordinates are plotted on the ground plane map
to show the projection of the meteor path, but the 2z co-ordinate is more
conveniently plotted separately against time. The azimuth angle of the
meteor path can be read directly from the map, and the elevation angle may
be easily calculated from the z, £ plot by making use of the velocity.

In the above discussion it has been assumed that the meteor path is
theoretically a straight line. In general, the deviation of the observed path
from a straight line owing to the earth’s gravity (zenith attraction) and the
rotation of the earth (diurnal aberration) will be measured in fractions of a
degree, and is too small to be significant with the accuracy of measurement at
present available. Where appreciable deceleration occurs, the meteor path
will deviate from a straight line in the vertical plane but not in the x, vy plane.
Irregularities in the meteor path, such as those caused by explosions or
bursts, may produce small deviations from linearity. Whipple (20) finds
these are only very rarely as great as a third of a degree.

It might be remarked that meteor velocities can also be obtained by using
a continuous-wave transmitter and measuring the Doppler whistles produced
by the meteor echo (8). We have recently used this method, which yields
accurate velocities from much shorter path lengths than those required for
the radar method. We feel that a combination of techniques, using Doppler
whistles for the velocities and three-station radar triangulation for the path
positions, may greatly increase the number of meteors available for detailed
path computations. )

The Computation of a Meteor Path and Orbit

The Uhb meteor echo at 17% 59m 48¢ Aug. 4th, 1948, shown in Fig. 2, is
remarkable in the length of path visible by radar, and is a type rarely oberved.
During 2000 hr. of observations, about 50 such echoes displaying an ionized
path well over 100 km. long have been photographed, and of this number
only a dozen or so were obtained while all three stations were operating.
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The reason for their rare occurrence is that the meteor must be traveling at a
low angle to the horizontal plane and should be of a mass sufficient to ensure
that it will not be completely vaporized for several seconds. The probability
of a sporadic meteor which satisfies both these conditions occurring within
range of the radar stations is very small. A strong meteor shower should
increase the chances at the times of rising and setting of the shower radiant.
Two striking photographs (9) of Lyrid meteor echoes were obtained on April 21,
1948, when the radiant was very low in the sky, though unfortunately only
one station was operating at the time. The summer daytime showers (2),
extending through May, June, and July also produced several such echoes,
particularly when the radiants were setting. Several hundred meteor echo
photographs are available which show from 50 to 100 km. path length, pro-
duced by meteors with higher radiants. The elements of the meteor paths
calculated from these photographs have probable errors two or three times
greater than the errors assigned to the exceptional low-angle cases.

As the preceding sections may have indicated, the work of reducing a three-
station meteor echo is somewhat tedious and, therefore, will not be reproduced
in detail. In the present case all four of the methods for measuring velocity
were applied to the photographs and each yielded a velocity measurement
agreeing with the others within the limits of the errors. The data for the
RR method, for example, are plotted in Fig. 3 to show the dispersion of the
points about the straight lines. The highest points on the Ottawa and
Arnprior plots tend to show an upward curvature, and these are omitted in
calculating the least squares lines, because they are derived from the less
reliable parts of the original hyperbolae. The £, times for the three stations
can be read immediately from Fig. 3 to an accuracy of the order of 0.03
second.

The smoothed path of the meteor was computed from the mean value of
v and the Ry and {y values, and it was noted that the horizontal projection of
this path agreed well with the x, ¥ points obtained by direct triangulation, the
average deviation of the points being less than 2 km. Some apparent curvature
in the 3, ¢ plot was reduced slightly by making small corrections to the #; times.
The effect of this procedure on the horizontal plot was negligible. The x, ¥
plot of the meteor path is shown in Fig. 1, and the 2, ¢ plot in Fig. 4. The
solid portion of the straight line drawn through the points of Fig. 4 indicates
the 160 km. of path length that was observed in common at all three stations, -
and the dotted extensions show the total path length as observed at the
Ottawa station only. The apparent precision of the line in Fig. 4 is somewhat
misleading, as the points are computed from smoothed data. The elevation
of the radiant as deduced from this line is 4+ 1° but it would be safer to assume
a mean elevation of 4 2° with a probable error of 2°, though this may be
unnecessarily conservative. Entirely apart from the measurements made
above it is possible to assign an upper limit of about 4° for the elevation solely
on the assumption that the meteor fell 20 km. (the average effective thickness
of the M-region) in its total recorded path length of 270 km.
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The radar data for this meteor are summarized in Table I1.
It should be noted that the z values in Fig. 4 refer to heights above the

co-ordinate plane through the three stations.

True heights above sea level
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TABLE 11
A-Ottawa B-Arnprior C-Carleton Place

Ry, km. 117.8 108.6 122.1
£o, Sec. 47.22 48.71 48.36
7, km. /sec. 34.7 £ 0.6 35.3 £ 0.6 35.1 £ 0.6
Observed path length, km. 270 175 160

Apparent geocentric velocity 35.0 £+ 0.4 km. per sec.

Apparent radiant—true bearing 074° + 2° '

—elevation +2° £ 2°

True height above sea level—beginning of path 108 km.
—end of path 104 km.

are obtained by correcting these values for the effects of the earth's curvature
and the altitudes of the three stations. The height figures given in Table II
refer to the beginning and end of the 270 km. path length observed at Ottawa.

The position of the apparent radiant determined above, when corrected for
zenith attraction and diurnal aberration, gives a corrected radiant just one
degree below the horizon at R.A. 32427, Dec. + 10°6. This radiant position
is within two degrees of the star € Pegasi. An examination, by no means
exhaustive, of various radiant lists (3, 10-16, 18) reveals nothing very striking
in this region for the first week of August. Most of the radiants in this part
of the sky are associated with the § Aquarid shower and are located south of
the equator rather than north. Radiant group No. 250 of Denning, radiants
Nos. 1118, 1130, 1134, 1622, and 2225 of the American Meteor Society, and
radiant No. 131 published by the Russian observers in Mirovédénié, 1925, are
near € Pegasi. These are all weak radiants represented by only four to seven
meteors each. The meteor discussed in this paper may hence be considered
to belong to the type generally classed as sporadic.

For the computation of the orbit about the sun it seemed advisable to take
two possible positions of the apparent radiant, one at the observed elevation
of 2° above the horizon, giving the meteor orbit, and the other at the maximum
elevation that could be considered consistent with the radar data, i.e., 4°
above the horizon. This second radiant position provides an alternative
orbit which gives an indication of the order of magnitude of the changes in
the elements resulting from a shift of the apparent radiant by two degrees.
The computation of the two orbits was carried out by the Laplacian method,
making use of the convenient summary of formulae published by Wylie (21).

The heliocentric velocity of the meteor was 37.6 km. per sec., well below
the parabolic velocity for this date, 41.8 km. per sec. Both computed orbits
are ellipses with eccentricities of 0.87 and aphelion points about the same
distance from the sun as Jupiter's orbit. These orbits are therefore similar
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to those of the short-period comets of Jupiter’s family (22) but with somewhat
higher eccentricities. The inclinations are near the upper limit for short-
period meteor orbits determined up to the present. The orbital elements, for
the equinox of date, are listed in Table III. The semi-major axes are given in

TABLE I1I
Meteor orbit | Alternative orbit

Semi-major axis a 2.66 2.98
Eccentricity e 0.868 0.872
Angle node to perihelion 294°9 20098
Node 8 132°4 132°4
Inclination 7 33°%6 34°8
Period, vears P +.33 5.15

terms of the earth’s mean distance from the sun. These orbits have been
plotted in Fig. 5.

The changes in the elements resulting from the probable error in the
observed velocity are, on the whole, smaller than those due to the uncertainties
of radiant position. For example, if the observed velocity is assumed to be
34.6 km. per sec. we havea = 2.49, ¢ = 0.858, w = 294°6, 7 = 33°3 and
P = 3.92 years, giving an ellipse somewhat smaller than the plotted meteor
orbit. The correction to the observed velocity for diurnal aberration was
— 0.3 km. per sec. for this meteor. This is less than the probable error in
the observed velocity and was not included in the orbit computation.

The techniques here illustrated are applicable to individual echoes and hence
should be particularly useful in examining specific meteors, either by day or
by night, with a view to determining whether their orbits are hyperbolic or
elliptical. This is an important consideration in any theory of the origin of
meteors. While we have not yet made a detailed statistical study of meteor
velocities it may be remarked that there has been no indication up to. the
present of hyperbolic orbits in the radar and Doppler data which we have
accumulated.
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F16. 5. Computed metear orbit.
The Meteor Orbit, apparent radiant elevation -+ 2°, and the Aliernative Orbit,
‘apparent radiant elevation + 4°, have been plotted in the plane of the paper.
The planetary orbits, inclined by approximately 34° to this plane, have been
projected on to it.
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Abstract

Part I deals with the problem of determining the field due to a source of
radiation inside a semi-infinite rectangular wave guide closed at one end by a plug,
the current distribution in the source being regarded as known. Both the
walls of the guide and the plug are treated as being perfectly conducting. Three
different methods of solving the problem are given. The radiation resistance
is then deduced from energy considerations. In particular, an expression for
the radiation resistance of a linear antenna perpendicular to the wider face of
the plug, fed at the point of entry, is derived, it being assumed that the antenna
cll,lxrren'tdis sinusoidal and that only the fundamental H-wave is transmitted by
the guide.

In Part II, one of the methods of paper I is extended to the case of a guide of
arbitrary cross section, and the general problem of the calculation of radiation
resistance and reactance is discussed.

In Part III, a number of formulae for the radiaton resistance of antennae of
various shapes, with various assumed current distributions, in rectangular and
circular guides, are given.

In Part IV, explicit calculations for the impedance of a linear antenna in a
rectangular wave guide are given. Further numerical calculations relating to the
same problem, from the point of view of matching and sensitivity, have been
made by Messrs. Chien and Pounder, but are not reproduced here.
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The four parts of this paper are based on four of the reports which were
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theory which are all of a certain mathematical interest.
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so far as the authors are aware, most of the results contained herein have not
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separately. The figures and equations are also numbered separately for
each part.
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PARTI. RADIATION FROM A SOURCE INSIDE A PERFECTLY
CONDUCTING WAVE GUIDE OF RECTANGULAR SECTION

By L. INFELD, A. F. STEVENSON, AND J. L. SYNGE

1. Introduction

We consider a wave guide of rectangular section, extending to infinity in
one direction and closed in the other direction by a plug. The guide and the
plug are assumed to be perfect conductors.

A source of energy is placed inside the guide. First we take this source
to be a dipole, arbitrary in position and direction. We find the field produced
inside the guide by the dipole, particularly the field a long way down the
guide. This gives the mean flux of energy at infinity in the guide. Since the
walls and plug are perfectly conducting, no energy can pass into them or out
of them, and so this flux of energy is the power output of the dipole. Dividing
this output by the mean value of the square of the current in the dipole, we
obtain the radiation resistance.

Once the field due to a dipole has been found, the field due to a finite
antenna follows by integration. The power output of the antenna is
obtained from the field a long wav down the guide, and the radiation resist-
ance of the antenna is given by dividing the output by the mean value of the
square of the current entering the antenna. We thus find the resistance, but
not the reactance. The Heaviside (or rational) system of units is used
throughout, the final results being converted into ohms.

We have succeeded in solving our problem by three independent methods,
all of them giving the same result. Since we do not know which of these
methods will prove most useful in the calculation of reactance, we give all
three of them here. The first two methods are included in the main body of
the paper, the third in Appendix B.

These three different methods can be characterized as follows.

The first two methods are based on the idea of images. The first (Section 3)
is the more intuitive one; it treats the dipoles as singularities throughout,
and gives the field only at great distances from the lattice. The second
(Section 4) is the more rigorous one; it gives the damped waves near the lattice
as well as the field at great distances; it is characterized by a smoothing process
which enables us to replace summations by integrations. Finally, the third
method (Appendix B} avoids the use of images altogether (except for images
in the end of the guide) and calculates the field not by means of the Hertzian
vector, but directly from Maxwell's equations, assuming a known current
distribution.

Our method is sufficiently general to cover any rectangular section for the
guide and any form of antenna, assumed to be a very thin wire. Details are
developed only for a guide which cuts off all radiation except the Hi, wave;
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for this case a general formula for radiation resistance is given, the antenna
remaining arbitrary. In particular we take the antenna to be straight and.

perpendicular to the wider face of the guide, being fed at the point of entry.
Then the radiation resistance is

60 A° Ty . ., 2TY5 7l
=X N 2T o Tt
1.1) R T vab 0 g Sy, tan Y ohms,
where @ = longer edge of cross section in centimeters,
b = shorter edge of cross section in centimeters,
N = wavelengthin centimeters (i.e., frequency = 3X10%/\ c.p.s.),
A2
1.2 = 1 ——,
(1.2) Y iz
I = length of antenna in centimeters,
xy = distance of antenna from the central line of the wider face of
the guide in centimeters,
zp = distance of antenna in front of plug in centimeters.
The arrangement is shown in Fig. 1.
Y
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-
I
|
b op—— X
|
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As a particular result, we place the antenna symmetrically (xo = 0) and
take / = A/4 and the following numerical values:

(1.3) ¢ = 5.5cm.,, b = 4.5cm,, A = 10 cm.;
then the resistance is
(1.4) R = 185 sin? (0.262 z;) ohms.

To match such a guide to a coaxial line with an impedance of 70 ohms we
should take

(1.5)  sin (0.2622) = |-2 )

Tg = 0.615, z = 2.53cm., 9.46cm,,...

This gives the possible positions at which the plug should be set.

2. The Lattice of Dipoles
We use the method of images. This method is available only for the fol-

lowing sections:

(i) Rectangle,

(ii) Equilateral triangle,

(iii) Isosceles right-angled triangle,

(iv) 30°—60°—90° triangle.
The rectangular section is the simplest, and the only one of these sections
actually employed; we shall confine our attention to it.

The image of a dipole with respect to a perfectly conducting plane is well
known. It is found by taking the geometrical image, and then reversing
direction. The dipole and its image give a field which satisfies the condition

(2.1) E =0,

—_
over the plane, E; being the tangential component of electric intensity.

Y

DIPOLE
Ax, Ay, Az

Xos Yo »Zo

FiG. 2.
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Let us first consider the case where the rectangular guide has no plug, so
that it extends to infinity in both directions. Suppose that there is a dipole
inside the guide. It is easy to find a doubly infinite system of images (all
external to the guide) so that the lattice consisting of the dipole and its images
gives a field satisfying the condition (2.1) over the walls of the guide. If we
now add a plug, the condition (2.1) will be satisfied over it if we add to the
above lattice its image in the plane of the plug.

Let us take the origin at the center of the plug (Fig. 2), the axes of xand y
parallel to the edges of the rectangular section and the axis of z along the axis
of the guide, pointing towards the open end. Let a and & be the lengths of
the edges of the section of the guide.

[ ) MR AR | K U [P

Fi1c. 3.

We place a dipole with components (4., 4,, 4,) at (o, Yo, %0), these
components being complex in general. Fig. 3 shows part of the lattice in
the plane z = 2z,. The arrows are to be regarded as oblique to the plane of
the paper and equally inclined to it. The signs indicate the components: thus

(+, +, +) means (4., 4,, A.),
(+1 s '—') means (A:n _Am —A:)'

If we let u and » take all integer values, positive, zero, and negative, we
may represent the components and positions of all the dipoles in the plane
2 = g as follows:
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4., 4,, 4.) at  (xo + 2ua, yo + 2vb, z),
(4, =4y, —4:) at (—=x0 + 2u + Da, yo + 205, 20), .
(—4., 4,, —A4,) at (xo 4+ 2ua, —yo+ @v 4+ 1)b, =), -

[ (4., —4,, 4,) at (—x+Qu+1)a, —y+(2v+1)b, 2¢).
The images with respect to the plane of the plug are given by this table on
changing the signs of 4,, 4, and 2.

The lattice shown in (2.2) is a superposition of four basic lattices, in each of
which all the dipoles are the same. The periods of all these basic lattices are
(2a, 2b). Instead of calculating at once the field due to the whole system of
dipoles, we first calculate the field due to the basic lattice shown in the first
line of (2.2). The fields of the other. basic lattices then follow by simple
substitutions; adding all four fields, we get the field due to the system (2.2).
The field due to the plug is then easily obtained and added to the field already
found.

The transformation by which we pass from the field of one basic lattice

to that of another is given by the following table, read downwards:

(2.2)

Basic lattice Components Base-point
I . AzyA-y,Az xOy.yOyzo
II A:, —Ay: —Az —x0+a’ Yo, 20
(2.3) .
III —4., 4,, —4. %o, —Yo0 + b, 5
v —4., —4,, 4. —xo+a, —yo+b, 2,
The co-ordinates of a general dipole in the basic lattice I are
(2.4) %, = %o+ 2ua, ¥, = yo+ 2vb, z = 3z,

where u, v take all integer values, positive, zero, and negative.

Let A be the wave length of the radiation (i.e., frequency = ¢/\), and let
kB = 2m/A\. The time factor is e=%*#. We shall use an accent on a symbol
containing the time factor, and drop the accent when the time factor is omitted.
As usual, physical quantities are to be found by taking the real parts of the
complex expressions. '

The Hertz vector at the point (x, ¥, 3) due to a dipole 4 at (%', ¥, 2') is
=5 .
(2.5) o = pene, ¢ =2,

where r is the distance between (x, ¥, z) and %', 9, 2/). Thus the Hertz
vector due to the basic lattice I is

—_ - @ [o2] ikr
(2.6) ¢ - i 2 > e ﬂv’

4 p=- r=me

where r,, is the distance between (x, y, 2) and Cpr Vv s Zur)-




CHIEN ET AL.. CONTRIBUTIONS TO THE THEORY OF WAVE GUIDES 75
3. The Field Due to a Basic Lattice: Discontinuous Method

The idea used here is based on the familiar theory of a diffraction grating.
It is known that a finite lattice composed of oscillating dipoles sends out
pencils of radiation in a discrete number of directions. The field far from the
lattice and very near to the center of a pencil of radiation can be represented
by a plane wave; the field outside these pencils of radiation is practically
nonexistent. Without going into mathematical details we can foresee what will
happen if the lattice becomes larger and larger. All the discrete pencils of
radiation become wider and wider, finally covering the whole space. The
regions where the radiation was practically nonexistent shrink to nothing.
The final radiation at a point, arbitrary but far enough from the lattice,
can be obtained by taking into account all the plane waves traveling in all the
admiatted directions, given by the geometrical structure of the lattice. This
is the principal idea which we shall work out here mathematically.

Let us consider first a patch, that is a finite basic lattice, consisting of
dipoles whose co-ordinates are given by (2.4), where

3.1) —M £ u £ M, —-N < v <N

Let &, B, 7 be the direction cosines of the line going through the center of
a radiation pencil and x, ¥, z the co-ordinates along this line. Then, at dis-
tances great compared with the dimensions of the patch, we have, in the
first approximation,
(3.2) 7 = 1 — 2uac — 2vbB,
7 being the distance from the center of the patch; and the Hertz vector due
to the patch is (to this approximation)

3.3 1, N) A 6 ( % e-—zikyaa)( g e—i‘ikvﬁb)
( . ) qS( 71' r p=-M p=-N *

From (3.3) we obtain the possible direction cosines of the radiation pencils
if A and N are large, which we shall assume throughout. ~ These are:

(3.4) , ¢ =Qu; B =P Y= Y,
where

mT _nT w* (m® ,
(3-5) am—"k_a-! Bﬂ"‘kbr Ymn = Jl——<—+b2)’

m and n being integers, positive, negative, or zero. Since ¥ must be real, the

condition for m, # is
m2  n® 4

39 etEs %

the last inequality, together with (3.5), defining the directions of all the radia-
tion pencils, or, in other words, all the (m, ) pencils. The Hertz vector along
the center of the (m, n) pencil is

(3.7 ® (M, N) = Ae m " MN.
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This result is based on (3.2) which may be rewritten for the present choice
of points of observation

(3‘8) Ymuyuv = Vmn — ZIJ-a«am et 2VbB,,,
_ _ 2ummw _ 2vnm
= Tmn _k - —k

The result as expressed in (3.7) is not very satisfactory since it contains
M and N characterizing the dimensions of the patch. We can improve (3.7)
by taking instead of (3.8) the rigorous formula

3.9 Tmnar = (Fhn + 41262 + 40702 — 4rpppi@0tm — 47maVBB,)E .

We see that (3.8) is the ﬁrst approximation to (3.9), the second approximation
being:

(3.10) Ymnpy = Vmn — %r (I'l'm + Vn)

27, 2( _ mr? . 2( _ 1_1_21?) _ 2,uvmn7r2:|

+ r,,.,.[“ G\l =2 )T 7\ ~ Fp = I
When this is substituted in (2.6), we get for the Hertz vector along the center
of the pencil:

(11 Pm (M,

M N
A e 2 2
41r Tmn H=-M v=-N

z.k 22 2 >
exp {fjm I:I-"z_az(l - 2_k2) + Vzbz( %) "'—#TTZW]} A,

which is more rigorous than (3.7).

Let us now increase M and N to infinity, that is, we spread the pencil over

the whole space. But in this case the pencils overlap and ;M,N (M, N — =)
ceases to represent the Hertz vector inside the broadening pencil. It will
represent only the (m, ) contribution to the total ?, where
(3.12) 6=5F 3 G.04N8- ),

m= —-mo n=-no

My and N, being the greatest integers satisfying (3.6).
We turn now toward the calculation of

— —
(3.13) Pmn = Pmn (M, N— °°)!

by replacing the summation in (3.11) by an mtegratlon This leads us to an
integral of the type;

(3.14) / / eictranrtagin gLy,
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which can be brought by a rotation of the co-ordinate system into the form

(3.15) ( / e“’f‘dé) ( f e“’ﬂ’dn> = 4ody N%U +i)]2 = (¢d)4r.

But
(3.16) | cd = cd ~ g*.
Comparison with (3.11) gives:

202 2
(317 ¢ = 2ka2<1 —f;ﬂ) d = 2kb2(1 ”2”),

22 TR
2mnm? M _ v
. &=~ e " T
The result is:
- id -
(3.18) ¢mu = W eihm's

where
(3.19) fmn = (& — %o) &m + (¥ — 30) Bn + (2 — 20) Ymn,

and (x, ¥, 2z) represents an arbitrary point in space. The plane wave as
represented by (3.18) has no physical meaning. To find the Hertz vector at
a point, arbitrary but far enough from the basic lattice, we must perform the
summation indicated in (3.12). Remembering that, according to (3.5)

(3.20) Om = —O0Om, 6—1& = -'ﬁﬂ:

we have, because of (3.18), as our final result:

-
- 24 ik(z—20) kS .L — kym0{z-20)
(3.21) ¢ = Tt {e + 2 mZ_.'l Yoo cos kon(x — xg) e

7o
+2 3 _1_ cos EB.(y — y,)eTonls-m)
n=1 ‘yﬂn

+e 332

m=1 n=1 Ymn

cos kot (X — %) cOS kBa(y — yo)eFmalz-2)

representing the Hertz vector due to the basic lattice I.

We can now find the Hertz vector of the lattices equivalent to that of the
wave guide. We have to apply our formula (3.21) four times, changing the
ﬁ

components of 4 and xq, ¥, according to the table (2.3). In this way, we
obtain the Hertz vector of the lattice in the plane z = 2. The Hertz vector
of the lattice in the plane z = —z, is obtained by changing 2, into —z;, and
A., 4, into —A,, —A4, in this result. The final Hertz vector obtained in
this way is a summation of the Hertz vector for eight properly chosen basic
lattices.” Denoting now by ¢., ¢, , ¢. the components of this resulting Hertz
vector we find because of (3.21) and (3.5):
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f . |
¢ = Zf; {él % sin 7y sin #Xo sin(kYon20)e*"®

+2 fi’ ﬁ N cos my cos mq sin #x sin %X

m=1 n=1 VYmn

Sin (B mn20) €7 mes } )

¢y, = 24, { %" L sin m¥ sin myo sin(kYmoo)e* ™
kab m=1 "Ym
(3.22) |
+2 3 2 — sm my sin ' m, cos nx cos nXo
m=1 n=1
sin (BY mn30) e } )
4,1:Az Mo 70 . . . .
¢, = Rab 21 2k T sin my sin my, sin nx sin #)xo
c0s (kYmn30)€* ™=
where
f _m_T _ Mo _ T
J V=277 Vo =7 2’
(3.23) .
=T _T = T _ T,
X =% "2 Xo =7 73

Equations (3.22) represent the Hertz vector for great z inside the wave guide,
i.e., for
—%a < x < ia, -3 <y < 3.

4. The Field Due to a Basic Lattice: Continuous Method

Let us consider the basic lattice I in the plane z = 3z, as in (2.3). Instead
of discrete dipoles, let us take a continuous.distribution over the plane with
density @, so that a dipole?> dx'dy’ is associated with the element dx’dy’,
where x’, 9 are co-ordinates in the plane 5 = z,. Let  be a large positive
integer; consider the expression

4.1 . T = A (P ) cos®X’ cos?? V',
where K(p) is a constant and
(4.2) X' = dn@ —x)fa, ¥ = dn — y0)/b.

It is evident that this density will be very small except in the immediate neigh-
borhood of the positions of the dipoles in the discrete lattice; the larger we
make p, the more closely does this continuous distribution approach the dis-
crete distribution. We choose the constant K(p) so that the total dipole
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strength inside the period rectangle (2a, 2b) is the same in the continuous and
discrete distributions, i.e., so that

“3) f/?r’ ix'dy =4,

the ranges of the integral being
xo —a< x'< x4+4a Y —-0< y< gy, +0

Since
%o+ a 9 1%
/ cos?X’ dx' = Tf—z' / cos?X’ dX’
Zo-a -4
— 2p)!
T e
we take
~ 20 (phyt
(4.4) K(p) = 22)

4(2p1*
By Stirling's formula this is approximately mp/4, but it is actually more con-
venient to retain the exact value (4.4).
The Hertz vector for the basic lattice, smoothed out as described above, is

4.5) %= 41? / f T ey dx'dy,

where r is the distance from the point (x’, ¥/, 2;) to the point of observation
(x,9,8). Letus drop a perpendicular from (x, ¥, 3) on the plane z = 2, and
take polar co-ordinates (R, 6) relative to the foot of this perpendicular (Fig. 4).
Then

(4.6) ¥ =x+4+Rcos8, ¥ = y+ Rsinf,
and (4.5) gives
— _Axm [ i
(&7 ¢ = “drab / e*r1RdR / cos? X’ cos?¥'df .
0 0
On substituting
1 = 2P imX'
cogzéX’ = om ,,,§_,, (P + m) ¢ ’

and a similar expression for cos * ¥, we have

2T
(4.8) / cos?X’ cos? ¥’ dfl
0
) X w mcosf | nsinf
_1 & ¢ 2p ( 2p ) 2i(mX +n¥) "”R(—C'O_*'T)
T2 mg-P u=2-p<P -+ M) p+n € A € ¢ ae,

where X, ¥ are given by (4.2) on removing all accents. Since for any real
constants k1, ks,

2
(49) [ gitkicosd +kesing) 76 = ijo(vm ,
0
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where J; is the Bessel function of order zero, (4.7) reduces to

4.10) ¢ _M ¥ % ( 2p ) 2p )ezi(mxwlf)]'m“

- 29 +1gh S, 2, p+mj\p+n
yA
POINT OF OBSERVATION
(xx2)
1
6 ¢
1
]
1
1
[}
1
1
5 /
o " Y
/
Oany of / SECTiOn-

X
Fia. 4.
where
(4.11) Jun = f ¥ 1R Jo(CanR)dR,
0
(4.12) ' Con = 7 1n5-’/a2 + nz/bz.
Now
R = 2 — (3 — )%,
and so
(4.13) Iin = j e Jo(CanV 12 — (3 — 20)2)dr.

l2-30
This integral is evaluated in Appendix A; we find

(]

(4. 14) Imn = k’y,m

gikYmaiz—s0l
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where Ym» is defined by .
{;m.,. = |[VE=TCZl if Cum<k,

EYun = i|VE — Ca|  if Cun > k.

When we substitute this in (4.10) we get for the Hertz vector of the smoothed
basic lattice I

—
> _1AK(p) & & 2p 2p 1
(4.16) ¢ = 2%+ ipgp ”g_p "=2_P (p + m) (P + n) Yo

giklom(z-25) + Baly=99) + Ymnlz-2]] ,

(4.15)

where
ko, = mt/a, kB, = nmw/b.

If we go a long way down the guide, so that z— «, only those terms in
(4.16) survive for which ¥, is real, i.e.,

(4.17) Crn < k,
or equivalently

m? | n? 4
(4.18) z + B < el

This condition is the same as (3.6), and is in fact the cut-off condition given by
the eigenvalue method for an empty guide. The condition limits the values
of m and # to some finite ranges

—my < m < mg, —ng $ K Mo,
Thus in calculating gfrom (4.16) we have only a finite number of terms. We

now proceed to the limit p — « in order to pass from the smoothed basic
lattice to the discrete basic lattice. Since, for fixed values of 7 and #,

o E@)( 2 2
o m SO % )

| (20 =1
T e AGFmIG - MG+ G - &

we get for the Hertz vector of the discrete basic lattice I a long way down the
guide

-
#4200 =g

where

P - I s 1)

Equation (4.20) is the same as (3.21), and so the two methods lead to the
same expression for the field at a great distance down the guide. From this
point the argument proceeds in common.

However, before finally leaving the smoothed lattice, let us write down
the Hertz vector at any point inside the guide. To do this, we have to super-
impose on (4.16) the corresponding expressions for the other basic lattices in

§ ﬁ 71 FHlem(z=22) + Baly =30 + Ymals-2)]
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(2.3), and then superimpose on the result the expression corresponding to
the images with respect to the plane of the plug. A simple calculation gives

e = _iK(p) < - ZP 2 1 ik(otmx
(422) ¢ = 2 +1kgh mg., ,,§_p (p —+ m) (p —I? n) ,Ymnek( it

—> R - — . . N
[F(mn)gik‘)'mmv‘-ﬂ{ + G(mn)g’k')’muﬂ ‘l‘-iﬂ] s

where
[ Fonmrs = ~Gonnye = Aulemams - (— 1)meitans] [ — (—1)neiBr]
23) 4 Fimmy = —Gmnyy = A lekan* — (— 1)meikem] [e_ikﬁ s - (— 1)"3ikﬁ ],
'L Fomme =  Gommys = A [ekoms — (— 1)mgikamva] [g=ikBave — (—1)neikBa] |

5. The H,; Wave

Let us suppose that the dimensions of the guide and the frequency are such
that

These conditions are satisfied for example by the numerical values given in
(1.3). Then the condition (3.6) or (4.18) is satisfied only by

(5.2) m = —1, 0, 1, n = 0.

Putting mo = 1, #p = 0in (3.22) and writing

. )CA

(5.3) Y = Yo = Yo = \/1 — iz’

we get for the Hertz vector a long way down the guide

¢z = ¢z = 0,

(5.49) i 24, __mx "
| y k'yab cos = sin kyzp cos ? et

The corresponding field is
f a-<p
1 = LA
é E. axay 0,
B =28 pg,
_ 2kA LAY u‘n.
! = 'rab cos — sin kysg cos = 2 P

(5.5) «f
. E= _ﬂ d)'y' =0,
| 459y .
i _ 6¢J _ 2kAZl TXo ™% :k'y_
H, = 3 = % 5, sin kyzp cos 2 e
? H, =0,
i 9, _ 2iwd, 7% ks
’ = — j — — % .
i\ H, ik —~1 9%~ ~a g T sin kyso sin T ¢
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The time-mean of the flux of energy across a section of the guide is

(5.6) F = real part of % / / (E.H, — E,H,) dx dy
cAyAy s X . o
'yab cos? 2 sin® kyzo

The transmitted wave is the Hio wave, as indeed we know otherwise by the
eigenvalue method. It is the quantitative character of the present result
that is new. We note that:

(i) The radiation depends only on the component 4, of the dipole,
ie., on the component parallel to the shorter edge of the cross
section.

(ii) The radiation depends only on tvso (x¢, 30) of the co-ordinates of
the dipole. .

Acurrent I’ = I exp (—1kct) flowing in an element dso (dxq , dyo , dz,) of wire
with direction cosines L, A/, N is equivalent to a dipole with components

5.7) 4o =2as, 4, =i, 4, =X
If the current element belongs to an antenna in a rectangular wave guide
with a plug, the field a long way down the guide is given by (5.5) when we
substitute from (5.7).

If the antenna is very short (length /) compared with the wave length, and
the current I is regarded as constant along it the output is by (5.6)

= ‘1[212]fcos‘-' TX0 sin? kys
cyab a V5o

ds 0-

(5.8)

Since the time-average of the square of the current is 1I7, the radiation

resistance is
F 202F ., X
0s?

(5.9) R = %_I_ = Zvyab c 2 = sinkya,

in Heaviside units. Since
(5.10) 1 Heaviside unit of resistance = 4w X 9 X 10" ohms,

the radiation resistance of the short antenna is

(5.11) R = 2407 % cos? —7%—" sin? kyze ohms,

the lengths being measured in centimeters.
For a finite antenna the surviving parts of the field are by (3.5)

o 2 T v
E, = cyab o !
_ 2@] TE ks
(5.12) Hz = Cab cos — a € P
Hz '= 211‘] .n ip egk'{g'

k’yb
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where

(5.13) J = f I cos T—;C—“ sin kyzo dyo,

the integral being taken along the antenna. Accordingly the output is
J7

(5.14) = yab

If I, is the current entering the antenna, the radiation resistance is

F_ = 27 — Heaviside units
%IDIO C‘YabIoIo

= 2407ri -Q ohms.

’de I oI 0
When this is calculated in any particular case the current I, cancels out, and

the result depends only on the shape and position of the antenna and the point
at which it is fed. .

(5.15) R =

6. Straight Antenna Parallel to the Shorter Side of
the Cross Section

When the condition (5.1) is satisfied, the only radiation transmitted by
the guide is the Hy, wave. Any form of antenna will transmit this wave,
except an antenna lying entirely in a plane perpendicular to the y-axis. But
it is only the component of current parallel to the y-axis that contributes to the
radiation, and the simplest plan is to use a straight antenna parallel to the
y-axis.

Let us consider the arrangement shown in Fig. 1, where the length of the
antenna is / and it is fed at the point where it enters the guide. Let I, be the
current entering; then according to the usual rule of sine-distribution the
current along the antenna is

sin k(J — 36 — o)

©1) I="5h Sn &
Then (5.13) gives
I-1b
_ TXo . sin (I — 3b — o)
(6.2) J = I,cos L Sin k'yzo[“ <k dyo

= Ipcos 22 ¢in kyz, L tan $EI,
a k
and so by (5.13)
(6.3) R

1 e T®oo 21
240 Fiyab cos L Sin k73, tan® 3kl ohms

2
60 2 cost TX0 g 2% tan? l ohms.
T yab a A A
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Let us now place the antenna centrally, so that x; = 0, and at the same time

putl = A/4; we get
2
(6.4) 60 X sin® 27720

_1r'yb N ohms.

Finally we take the numerical values given in (1.3) and obtain (1.4); the
matching condition (1.5) follows at once.

It is clear from (6.3) that there are three different ways of matching the
radiation resistance of the antenna to the impedance of a given line:

(i) By adjusting the position of the antenna relative to the central line,
i.e., by changing x;
(ii) By adjusting the position of the plug, i.e., by changing 2 ;
(iif) By adjusting the length of the antenna, i.e., by changing ..
Until such time as reactance has been calculated, it is not possible to decide
which of these methods is the best.

Acknowledgment

We wish to thank Professors B. de F. Bayly and V. G. Smith of the Depart-
ment of Electrical Engineering, University of Toronto, for useful advice
during the accomplishment of this work.

APPENDIX A
We shall now evaluate the integral occurring in (4.13), namely

(A1) (5 =j e Jo (CV7r — ) dr,
¢

where {, k, C are real and positive.
Differentiation with respect to { gives

(A2) A _gw_cp | D=8,
a7 A N
We integrate by parts, writing V2 — {* =
® 4 ikr
(A3) c f o UER) 4 f ¥ 71 (CRYI(CR)
¢

[—— Jo(CR)] [ JD(CR)dr.

The first term here is —e*$/{. Hence (A2) becomes

(A4) % d—é - f g (—‘”'—:') To(CR)dr
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Comparing this with (Al), we observe that the application of the operator
Ld
§daf
to the integral has the effect of inserting the operator
g1
dr r
in front of the first part of the integrand. The fact that that part is actually

&% is not involved in the argument, except in so far as it secures convergence.
Thus, applyving the same operator to (A4), we get

29 G - [ e

Let us now go back to (A1) and put, by virtue of the Bessel differential
equation,

(A6) Jo(CR) = —JJ(CR) — J,(CR)/CR.

Thus i

A IO = — C‘1/ e*(R/r)J;'(CR)A(CR) — C—lf eé* Jo(CR) /R.dr.
r={ ¢

On integrating the first integral by parts, we obtain

(A8) 1) = ¢ J{ z{d (e,,., R) _ %’} Ti(CRYdr

dr r

= ¢ / o (% ——)RJO(CR)dr
¢

= ¢ / ¢ (f’ )R"JD(CR)d(CR)
r=¢
and further integration by parts gives
. “d (.l ik 1\,
(A9) CIE) = /{ b {e‘*’(— zr— + ;3) (r — S“ﬂ)} Jo(CR)dr.

This integral splits into two parts. The first is

(A10) /{ m;ir {eﬂcr(— i + 1)} To(CRYdr

mo

-_-kzj
§

= Bl +

® ikr i
E*TJO(CR)dT +/ %(%)Jo(CR)df
¢

| 1
&
el
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by (A1) and (A4). The second part of the integral is

(A1) - / B% {e”"( z,k >}Ja(CR)dr
= s‘“/ 2 {ijr( )} Jo(CR)dr

-1z %)

by (AS). Thus (A9) becomes

1dI d(1dI
A12 o = pr4 2 gl aly
A cr-#l+rg+t 2t )
or
(A13) . o

d(z Iy w—cr1=o.

Hence
(Al4) I(f) = AetVE3 L Bk VFZ,

where A and B are independent of {. For definiteness, and without loss of
generality, we interpret the radical in the following sense:

VE-C = |vVE=-C| if E>C
VE - C.=ilVE-C| if k<C.

Now putting { = 0in (A1), we have a well known formula (Gray, Mathews,
and Macrobert, Bessel Functions, p. 65)

(A15)

(A16) I_(-o = / e* Jy (Cf) dr
0

1
TVE—C
the radical being interpreted as in (A15). Also by (A4)

(A17) (g—g)g'-o = 11m m ¢ / 7 Jo(C\/r~ 2)dr
= Jmg / 4 Jo(Cr)dr

—0

— fim g% P
m ;’{ g- JO(CQ Cj; ’ Jo(Cf?dr}.
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Since the last integral has a finite limit for { — 0,
we get
dI
1 Z)Y = -1
w19 ();-o

The values (A16), (A18) enable us to determine 4 and B in (Al4). We
obtain

eitvVE=a

(A19)  I() = | mI(CVE = Pdr = ———

f VE=C
the required result; the interpretation of the radicals on the right hand side
is as in (A15), which agrees with (4.15).

We may remark that our result may be obtained formally by changing
reals into imaginaries in a known formula; cf. Riemann-Weber, Differential-
gleichungen der Physik, vol. 2(1927), p. 546. Such a procedure is not, of
course, mathematically valid. We have not been able to find our result in
the literature of Bessel functions.

APPENDIX B

The following treatment of the problem considered in this paper does not
make use of the method of images, and offers interesting possibilities of
generalization. In this, we find the steady-state solution corresponding to
an assigned wvolume distribution of current throughout the wave guide, and
deduce the field due to a current element (dipole) as a limiting case.

We use the same notation as before, except that it is now rather more con-
venient to take the origin at a corner of the plug-face than at its center. In
Fig. 2, the origin must therefore be supposed transferred to the bottom left-
hand corner, so that the equations of the faces of the guide are x = 0, x = a,
y=0,9=0b.

— .
Mazxwell’s equations for a volume current density j may be written, in

Heaviside units,
—

g ) — — — 1
(B1) curl E = ikH, curl H = — {kE +Z J-

We shall, for the purposes of calculation, suppose that the wave guide
extends to infinity in both directions along the z-axis, and eliminate the plug.
We then assume that j., j, are odd functions of 2z, and that j, is an even
function of z. It is then evident that the boundary condition (2.1) will be

satisfied over the plug-face (as may be verified from the solution to be
obtained).

We now make the following assumptions for the field components, which
obviously satisfy the boundary conditions (2.1) on the faces of the guide:
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E. = mEn AL (3 cos (Cwx) sin (D,y),

E, = mzz‘ AR, (5) sin (Cmx) cos (Day),

E, = MZE'AS; (2) sin (Cwx) sin (D,y),
(B2) :

H, = mzn B, (2) sin (Cax) cos (D.y),

H, = 2 B® (2) cos (Cux) sin (D,y),

m,n
H, = mzn BB, (2) cos (Cu) cos (Day),
where C = mw/a, D, = nw/b, the summations running from zero to infinity.

q
For the components of j we now assume

e o= 2% 7% (2) cos (Cmx) sin (Day),

(B3) Jo =2 72 (2 sin (Cux) cos (Dn9),

je = ,..2,, 9% (2) sin (Cmx) sin (Dyy).

Substituting (B2) and (B3) in the Maxwell equations (B1), we have six linear
equations of the first order to determine the six functions 4%} @), .....
BY (2) in terms of the functions 70 @ 8  The solution of these equations

is facilitated by noting that from (B1) follows

b 1 —_
(B4) (V24 B H= — = curl j.
Taking say, the x-component of this equation, and using (B2), (B3), we find

d*B3) : g _ 1 (@ - +(3)
(BS) ) + u\mn-an = ; dz Dn]m) !
where
(B6) g = B — C§ — D}

For definiteness, we suppose the positive root of (B6) is taken for #u, if 22, > 0
and the positive-imaginary root if #%, < 0. The solution of (BS) which
represents outgoing waves, or damped waves, for large positive or negative =
is readily found, by the method of variation of constants, to be

‘ @ o e ’ [N g ima m'ﬂ)
(B7) B® i / fR(@dz + 5 e f o (2)ds,
where FB = e mnt (illpy % — Dajh),

and the bar denotes, here and in what follows, the complex conjugate (the
functions 72 being treated as real). This gives outgoing waves at infinity
if % is real, and damped waves if %, is positive imaginary.
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In a similar manner, the y- and z-components of (B4) give us B{, and BS),
and the second of (B1) then gives us A%, 4%, 45%,. We thus find:

mn 1
gi'l-mn!
BR = o / @)z +
-

F@(2)dz, (@ = 2,3),

21CHUmn 21,cu I

(B8) Af =5 / gz + 5 j E8E) — i O

(B = 1,2,3; 6sz = Ounless 8 = 3, 8 = 1),
where

s . . .1
B = et (Cnjih — Gltmadsn),
(3) = g~ mnz (Dn -7('}1)‘ _ ij(2))
-1 iz} -
gg{; = g-ium [(C2 — k”)]m + C.D n];ni)l, — Cothmn i3,

g%)t e~ ®me [ConDrnJinn o + (Da — B)i i — Dnttmn] §r?7)z]

g = e~ [{Cottma ity + 1D uan‘z’ + (uis — &) Jin

mnd -

In deriving (B7), (B8), it has been assumed that j, and hence the functions
7423 tends to zero-at infinity sufficiently rapidly, and also that j,. , j, , and
hence &2, vanish for z = 0, so that these functions are continuous for z = 0
If this latter condition is not satisfied, other terms appear; but we can evidently

suppose it satisfied, since we are going to proceed to the limiting case of a’
current element.

(B2), together with (B7) and (B8), now gives a solution of the equations
(B1), as may be verified by direct substitution, and all conditions are satisfied.

Suppose now that the guide transmits only the Hy, wave; then from (B6)
we see that all the 7., are pure imaginary except #;, . From what has been
said above, it then follows that all the functions A{, . . . , B$) represent

mns »

damped waves except those with m = 1,2 = 0. ' Hence, from (B2), (B7), (B8),
and since the j& — 0 as 5 — , we find for the field, for 5 large and positive

-k . c.n,, . T
E, = T e‘"w’/]ﬁa’e““m’ ds . sin =
(B9) H, = — —120 E,,

@
i T
H, = etuwe | 1B e-tue gz | cos — »
2actig a

E,=E, = H, =

This represents an Hj, wave. From (B3) we have

(B10) J% (Z) = dx f dy. Jy(x, 3, 3) sm—-
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To obtain the field due to a current element of components (IZdsy , 71ds, ,

. . . -
INds,) situated at the point (xo, Vo, 20), we now suppose that j tends to zero
everywhere except in the immediate neighborhood of the points (xo , ¥ , 20) and

(x0, Yo, —20). At these points-]_')is to tend to infinity in such a way that the
total components of current in any small region surrounding (x4, o, %) are
(ILdso, IMdso, INdso), and the total components of current in any small
region surrounding (x¢, ¥o, —#) are (— ILdsy, —IMdsy, +INdsy). The
introduction of the singularity at (xg, y0, —20) is, of course, necessary in order

to preserve the odd or even character of the components of—]T.) This case can
be represented symbolically in terms of d-functions by putting, in our final
G = Ianate — %50 — 30 [5G — 5 — 56 + ],
(B11) Ju = IMdsed(x — 20)0(y — yo) [6(z — 20) — 0(z + 20)],

J: = INdso0(x — x0)0(y — o) [6(z — z0) + 8(z + 3z0)].
Using (Bio), we then find, for this case,

(B12) /j‘lﬁ) e~ dg = —a_!;z sin %’ sin (#1030) TM dso .

o

Inserting this in (B9), and putting #;0 = 7k, where 7y is as defined in (5.3),
we finally have for the field at a large distance down the guide

2iTMdsy . wxo

_— " ikl P e 1 H ivkz
E, ~abe sin —=sin vka, sin Pl
_ 2wIlMds, . Txo . o WX
L H, = Yhahe SP g S0 Y3, sin Pl

Comparing with (5.5) and (5.7) and allowing for the change of origin, we
see that this field is identical with that given by the method of images. The
rest of the calculation now proceeds as before.

It may be remarked that use of (B11) in the general formulae (B2), (B7),

(B8) gives the field at any point in the guide, expressed as a double Fourier
series (except in the plane z = 50, where the representation obviously fails).

PART II. A GENERAL METHOD FOR CALCULATING THE IMPEDANCE
OF AN ANTENNA IN A WAVE GUIDE OF ARBITRARY CROSS SECTION

By A. F. STEVENSON

1. Introduction

In this part, it is shown that the problem of finding the radiation resistance
and reactance of an antenna of arbitrary shape in a wave guide of arbitrary
cross section can be solved if the current distribution in the antenna is known,
and if the eigenfunctions which determine the free propagation in the guide
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can be found. In the case where only a single E- or H-wave is transmitted,
a simple closed expression for the resistance results. The reactance, on the
other hand, requires the summation of an infinite series, the calculatlon of
which would be somewhat tedious, though quite feasible, in any given case.
The reactance is discussed in Section 4. Incidentally, the field at any point
in the guide is obtained in the course of the work.

The method used is a generalization of one of the three methods previously
given for calculating the field due to a dipole in a rectangular wave guide in
Part I. Its great advantage, as compared with previous special methods for
rectangular and circular guides, is its generality and comparative simplicity. '

In a recent report, Chu (2) has given formulae for the resistance of antennae
in rectangular and circular guides in particular cases, and has stated that the
method used is applicable to guides of any cross section. He gives no
indication of the method, however, beyond stating that it involves the use
of orthogonal functions. Actually, some of Chu’s formulae are not correct.

2. Calculation of the Field

We consider a cyclindrical wave guide closed by a plug, both guide and
plug being perfectly conducting. We take origin in the plane of the plug-face,
with the z-axis along the length of the guide (Fig. 1). We use Heaviside

X
g PG
S )
ﬂ/}j&%z‘)
XoYsZo)
S/ z

Y
F16. 1. Wave guide with antenna of arbitrary shape and current distribution.

units, and suppose a steady state in which all quantities vary with the time

according to the factor ¢=*¥, this factor being omitted (the electric field is
——)

thus the real part of Ee ™", etc.).

We first recall the solutions which give the free propagation in a guide
extending to infinity in both directions. For E-waves, we have to solve the
eigenvalue problem

a ..
o) ! a:;-i-a;ﬁ + w¢ = 0 inside S,
Y = 0on C,



CHIEN ET AL.: CONTRIBUTIONS TO THE THEORY OF WAVE GUIDES 93

where S denotes the interior of the cross section of the guide, and C denotes
the boundary of S (Fig. 2). Let the eigenvalues of this problem, arranged

Y

C

o] X
Fi16. 2. Cross section of guide.

in ascending order of magnitude, and the corresponding orthogonal eigen-
functions, be -
Bo= o, M2y oo,

'1" = '4’11 ¢2"--'

We suppose the eigenfunctions normalized so that

/yl/,’;dxdy = 1.
s

The case of degeneracy can be included by supposing that some of the u’s
may be equal. The field for an E,-wave, propagated (or damped) in the
positive z-direction, is then given, apart from an arbitrary constant factor, by

E =02, B =il B-anov.,
(2) H. = ; alpn —_ 2 3&"» =
= = — tkfa(2) 3y’ H, = zkf,,(z)ﬁ, H, = 0,
where
E = wfc = 2m/\,  fulz) = &=,
and

29 U = VE — ui.
In (2'), the positive square-root is to be taken if u, is real (propagation), and
the positive-imaginary if %, is pure imaginary (damping).

For the H-waves, we have to solve the eigenvalue problem

i A .
w"f-*a—;z'l‘M’\I’—O m51deS,
— =0on C,

av

where » denotes the outward normal to € (Fig. 2).. Let the eigenvalues,
arranged in ascending order of magnitude, and corresponding eigenfunctions, be
M = .M; ) Mz PO 3
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As before, we suppose the eigenfunctions normalized so that

/‘I’idxdy =1,
8

and degeneracy can be included as before. Then the field for an H-wave is
given by

. v, v, _
(4) =T 6’E”= 2 T
1 H = F@ %, B, = . H, = MR,
where
Fu(z) = eiUs
and
(5) U, = VE — M2,

the same convention as to the sign of the square root being used in (5) asin (2/).

We now consider the problem of finding the field due to a current element
in the wave guide. For this purpose, we suppose the guide extends to infinity
in both directions, and eliminate the plug. We then suppose that there is an

—_
assigned volume distribution of current, of density j, throughout the guide
and find the field due toit. We then find the field due to a current element by

—
proceeding to the 11m1t1ng case where j Vamshes except at the element and
its electrical image in the plug-face.

The Maxwell equations for the case considered are
. = = 1
(6) ik H = curl E, 1»kE=—curlH+:__7.
—
We suppose that j is continuous and vanishes at infinity sufficiently rapidly.

Bearing (2) and (4) in mind, we now assume for the field a superposition of
E- and H-waves of the form

B = 3[ae 3 + i a0 2],
B, = 3[aa B - in au0 3]
" | E=30@ "
H, =32 [——z'k ¢a(2) aaf;n a;l;,.] ;
B, = 3|k e 2 =],

L Hz = %: Dn(z) ‘I,n ]
where the summations run from 1 to «, and where a,(3) , -, D,(3) are six
functions to be determined. The field (7) satisfies the boundary conditions

of the problem, and it can be proved-that the most general such field can be
expressed in this way.
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_)
For the components of j , we assume analogously

i = 3o B v 0 2]
® i = 3[2:02 ;f; - ax"] ,

| 1. _ ]
l c Jz %: 7a(2) ¥a .
We now note that by differentiating the first two of (8) with respect to x and

v, and combining, and using the differential equations (1), (3) satisfied by the
functions ¥, , ¥, , we can replace (8) by

1. R
E = = ? Ma” Pn(z) ‘pn s
(8" —10- joo= — ik 2 M2 ga(a) ¥a,
1.
—E J= = ? r,.(z) ‘pn:
where 4
. 07z a7 . CIA i

ox T ey’ T oy T eyt

We shall refer to (8) as the transform of (8). In a similar way (by differentia-
tion and combination of the x- and y-component equations), we construct the
transforms of (7) and (6).

We now substitute the transforms of (7) and (8) in the transform of (6).
We then obtain six equations, in each of which only one of the sets of functions
Y1, Yo, - or ¥;, Vs, -—— occurs. We can then equate coefficients of each
Y, or ¥, on both sides of the equations. We obtain in this manner three
differential equations of the first order for the functions @, , b., ¢, and three
for the functions 4, , C, , D, , the functions $, , g» , 7 being regarded as known.
These differential equations are quite simple and are easily solved by the
method of variation of constants, the arbitrary constants in the solution being
determined so that only outgoing, or damped, waves exist at 5 = * o .
We thus obtain

[ 0@ = ) — L aue), b = ) = 170,

eiu.z P

ca(2) = 75 %n_/ e~ (SYppy — 7n)d3 — M X

© f €4 (iUnpn + 72)d2
1
An(z) = 75 Dn(z): Cn(z) = m D; (3),
[ D.(z) = k -{75_4; £Uw [ me—er{f qn dz __Akz ]Ul’ff —iUss j; 60 g, ds .
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The constants u, , U, are those defined in (2'), (5) with the same convention
as to the sign of the square root.

ﬁ
The functions p,, g, 7» are found in terms of the components of j by
applying to (8’) the usual process for determining the coefficients in expansions
in orthogonal normalized functions. We thus have the field due to any

—_
continuous distribution of current j. We pass to the case of a current element

-
of strength Idsesituated at the point (%o, 0, 20), in the presence of the plug, by
putting, in accordance with the principle outlined previously,

Jz = I, dso 0(x — x0) 6(y — o) [0(z — 20) — 8(z + 20)],
(10) Juv = Iydso 0(x — x0) 8(y — 30) [0(z — 20) — 8(z + 20)],
J: = I.dso 0(x — x0) 8(y — y0) [6(z — 20) + 0(z + 20)],

the notation of “delta-functions” being used. Finding first the functions
Dny Gn , T» Dy means of (8), substituting in (9), and then using (10), we thus
find, forz > Oandz = 2,

aa(3) = W Po(xo, y0)f1(tén , 2, 20) — e Rn(xo s ¥0)fa(ta , 3, 20),
bn(z) - Pn(xﬂ ) yO)f3(un y 8y 30) - — Rn(TO ’ yo)f4(un y 3y 30)»
ca(z) = ”—2 ba(2),
(11) " .
An(z) = IR Qn(xo s YO1(Ua, 3, 20),
1
Cu(z) = m Q»(xo s yo)fs( Un y 2y zﬂ)!
L Dal2) = M:24.(3),
where
Pn(xﬂ 7 yO) = I:I ak[/n(xo, yo} + I a_\bn(ax;:o’ y'O)] dSo )
12 oV (%o, (%o,
(12) 1 Onl®o, y0) = [ =Sa—;0y°) I, g;oo yo)] dso,
{ Ra(x0, y0) = Izlﬁn(xo , Y0)dso ,
and
[ fi(u, 2, 20) = €% sin uz,, 2z > 2,
= &% gsin uz, 3 < 2,
fo(u, 2, 20) = €% cos uzg,z > 2,
3 ) = 4 %0 gin uz, z < 2,
(13) fs(u, 2, 25) = ief**sin usg, 2 > 3,
= & un cos uz, z < %,
fi(u, 2.20) = €% cosuz, s > %,
| = &% cosuz,s < 3.
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Equations (7), (11), (12), (13) now give the field at any point in the guide
due to a current element ?dso at (%o, ¥o, %) in the presence of the plug. It
will be observed that the functions f2, f; are discontinuous at 2 = g,. This
is due to the nature of the field in the immediate neighborhood of the element;
in the plane 2 = z;, the series (7) are not valid in general. But this is of no
practical consequence.

To find the field due to a thin antenna with a given distribution of current of

linear density ?(xo , Yo, 30) (Fig. 1), we have merely to write_I) = —I)(xo , Yo, 20)
and integrate the expressions for a.(2), ---, D.(2) given by (11), (12), (13) with
respect to so along the antenna, dsq being an element of length. We can draw
the following two general conclusions:

(X= X 7)’ =.yb )

Fi16. 3. Longitudinal antenna.

(1) A longitudinal antenna (Fig. 3) can only generate E-waves, whereas a
transverse antenna (Fig. 4) can generate both E- and H-waves. This
fact is already doubtless well known to experimental workers.

(z=2,)

F16. 4. Transverse antenna.

(2) When a transverse antenna is used for generating an E.-wave, the effect
is a maximum, other things being equal, when the antenna coincides
with one of the orthogonal trajectories of the curves ¥, = constant.
The effect is zero when the antenna coincides with one of the curves ¥,
= constant.

(3) When a transverse antenna is used for generating an H,-wave, the effect
is a maximum when the antenna coincides with one of the curves ¥, =
constant. The effect is zero when the antenna coincides with one of the
orthogonal trajectories of the curves ¥, = constant.
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3. The Formulae for Radiation Resistance

To find the resistance, we need merely calculate the mean flux of energy
atz = + « by Poynting’s theorem, and equate this to the mean rate of working
of the applied voltage. The method is sufficiently well known, and we omit
the details of calculation. In considering the field at infinity, only a few terms
(usually only one) of the infinite series in (7) survive, all the other terms being
damped out. We consider the following two cases:

(1) The dimensions of the guide (and manner of excitation) are such that

only the E,-wave is generated. We find

1 Ay, Y\ .
E/(I’a—fa + I, aﬁ)sm (un2) ds

9

’

1
- Iy, cos (u.2) ds | AL

where Y. = ¥a(x, y), I is the current at the feeding point, and

We note that u, = 27/\', where N’ is the wave length in the guide, so that
un/B = \/N'. Theintegral in (14) is extended over the length of the antenna
{we havedropped thesuffix0). Werecall that ¥, is a normalized eigenfunction
(for definition of u., ¥ see beginning of Section 2). If u, is a degenerate
eigenvalue of (1), (14) must be replaced by the sum of such expressions for
each independent and orthogonal eigenfunction ¢, .

(2) The dimensions of the guide (and manner of excitation) are such that
only the H,-wave is generated. We find

1 v, av,\ .
E](I’_ -1, —a;) sin (U,2) ds

Pl

1

(15) (R)onms = 120mB, A

dy

where
8, = B R/ U, )
TTUME T 1 — (Ul/R)?

The same remarks apply to the case of degeneracy as in (14). (For definition
of A, U, , ¥, see beginning of Section 2.)

We conclude that for a longitudinal antenna lying along the line x = x,,
¥ = %o, and generating an E.-wave, R varies as [{¥.(xo, y0)]?; while for a
transverse antenna lying at a distance 3, from the plug, and generating either
an E,- or an H,-wave, R varies as sin? 2? , where A’ is the wave length in the

guide. These results are true, of course, for a guide of any cross section, and
for any assumed current distribution.
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4. Calculation of Reactance

The e.m.f. method of calculating reactance uses the formula (3)

(16) R =X = — = [ IOE()ds*
0

where the integral is extended along the antenna, and E(s) denotes the electric
field along the surface of the antenna calculated for a current concentrated
on the axis of the antenna. This procedure can be justified when the gap is
along the length of the antenna, but it seems rather questionable to the
writer whether it holds when the gap is across the antenna, as is usually the
case in a wave guide (for the resistance, which can be calculated by means of
the distant field, the procedure is less open to doubt). Assuming, however,
that (16) holds, the reactance can evidently be calculated by means of the
formulae in Section 2 giving the field. But as there will now be an infinite
number of terms surviving in the series (7), the result will be expressed by
means of an infinite series. Formula (16) assumes that the field is svmmetrical
about the axis of the antenna. This is evidently approximately the case if
the radius of the antenna is small compared with its distance from the walls
of the guide (except at the point of entry), and if it enters the guide normally
(taking account of the image effect in the tangent plane). Otherwise an azerage
of E(s) over the cross section of the antenna must be used in (16).

We shall not give an explicit formula for reactance in the general case.
Without detailed calculation, however, we can draw a rather interesting
conclusion regarding the way the reactance of a transverse antenna, generating
only an E,- or H,-wave, varies with the distance of the antenna from the plug,
other factors being kept constant. Let the axis of the antenna be any curve
lying in the plane 2 = 3, and let us take the integral in (16) along a parallel
curve lying in the plane z = 5, + 7, where 7 is the radius of the antenna.
Then use of (7), (11), (13) shows that the integral in (16) is, in its dependence"
on 3, 7, of the form

an S [ApeitnG040 4 Bginw 4 CpeUx20+0) 4 Doeilx],

where Am, ..., Dy are independent of z, r. In the first and third terms
of the summand in (17), 7 can be neglected.

Suppose now, for definiteness, that only the E,-wave is generated. Then
u, is real, but all the other #'s and all the U’s (except possibly those for which

the corresponding coefficient Am, ..., Dn is zero) are pure imaginary.
Then (17) can be written
(18) AneZiu.zo + Z Amg—ﬂu.lxo -+ Z Cme_le-{m + D1

mFEn m

where A4, , ..., D are independent of 0. The 2nd and 3rd terms in (18)
will evidently be small compared with the other terms unless 2o is small,
* Formula (16) is a little different from that given by Labus, but is more compact and is easily

deducible from his formula. The negative sign appears here before iX on accouni of the time
factor being taken as e-iwt,
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i.e., unless the antenna is near the plug (when the above method would, in
‘any case, break down). Excluding this case, therefore, we see from (16)
that X is approximately of the form

X = Cicos Quuzo + € + Cs,

where C;, Ca, € are independent of zo. An exactly similar result is obtained
if only the H,-wave is generated, with U, in place of #, .

Hence if the distance from the plug to the antenna varies, other factors
being kept constant, the reactance should vary approximately sinusoidally
(except near the plug), the period being half the wave length in the guide.
This is the same behavior as in the case of the resistance (see end of Section 3),
though the phase will of course be different. Some experiments of Chipman
and Burr (1) support this conclusion for the case of a straight transverse
antenna in a rectangular guide.
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PART III. THE RESISTANCES OF ANTENNAE OF VARIOUS SHAPES
AND POSITIONS IN RECTANGULAR AND CIRCULAR WAVE GUIDES

By W. Z. CHIEN

1. Introduction and Summary

The radiation resistance of an antenna inside a wave guide is defined as
the ratio of the total power radiated to the mean square value of the feeding
current. If the current distribution along the antenna is given, the first step
is to calculate the field at the far end of the guide. When this has been done,
the calculation of the total power radiated is just a straightforward integration.

In the following section, we give a list of formulae for the resistance of
various antennae inside rectangular and circular wave guides. These formulae
are divided into four general cases according to the cross section of the wave
guide and the type of wave transmitted. For each general case, we have a
general formula for the resistance in terms of integrals depending on the
shape and position of the antenna and its current distribution. The general
formula (1), quoted from Part I, gives the resistance of an arbitrary antenna
in a rectangular wave guide transmitting the Hyp wave only. The formulae
(2), (3), (4) give the resistance of various antennae in circular wave
guides. These formulae are calculated from the field distributions given by
H. Buchholz (1). The purpose of keeping these general formulae in the list is
that they offer a simple means of calculating those special cases missing in
this list without knowing the actual field distribution. It should be noted
that these formulae are but special forms of two more general formulae, which
have been given by A. F. Stevenson in Part II.
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2. Results
The Resistance of an Arbitrary Antenna in a Rectangular Wave Guide Trans-
mitting only the Hyy Wave
General formula:

2
(1) R = 242;; ®_ ohms,

where
I . (27 T
(la) ¢ = T, 8\ 3 v20) cos {4 xo) @y, (taken along the antenna).

The conditions for transmitting the Hj, wave only in a rectangular wave
guide are in general:

1 2 1
The notation is as follows:

%, ¥, 2 = the rectangular co-ordinate system, origin at the center of the
" plug face,

Q=

<

QIN

<

>IN

a = the longer side of the guide along the x-axis.
b = the shorter side of the guide along the y-axis,
A = the wave length,
A\ 27
¥ = 4/l — (55) e wle the phase constant of the Hyp wave.

%o, Yo, 20 = the co-ordinates of a point on the antenna,
I = the current along the antenna,
I, = current at the feeding point of the antenna.
Special cases:
lg. A straight antenna of length I parallel to the y-axis, running from

y = —b/2toy =1 — b/2 (Fig. 1). Assuming sinusoidal current
distribution,

_ 6OA? T .2y ('_n'_l :r
R = Taby cos (E xo) s_m( X zo> tan )1.) ohms,

where xo = the off-center distance from the y-axis to the antenna,
z, = the distance from the plug to the antenna.

1. The same antenna as in case la. Assuming uniform current distri-
bution,

_ 2402 T o) sin (25X ]’
R = aby cos (ax°) sm( X zu) ohms.
lc. A circular loop, the axis of which is parallel to the x-axis, radius 7,

center at (%o, Yo, %0) (see Fig. 2).

Assuming uniform current distribution,

2
£ = S0 () (520) 1 (520
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1d. A circular loop, the axis of which is parallel to the z-axis, radius 7o,

le.

1f.

center at (xg, Yo, 20) (see Fig. 3).

Y
|
|
|
|
|
|
g + T N X
! | Z/ Yo
| S T
2 |
| ]
4 I 1l
i
PO S
Z=2Z, SECTION
—
|
IO
|
|
R)
e=0

=27
UNIFORM CURRENT DISTRIBUTION
Fic. 3.

Assuming uniform current distribution,

6 342 R . 2 2
R = 9 ‘2:;’" I:sm (7—; xo) sin (%’Y zo) Ji (2;-' ro)] ohms.

An American antenna of circular shape in the yz plane, being
divided into four sections, radius 7, and center at (%o, Vo, 20) (see
Fig. 4). Assuming sinusoidal current distribution in each section so
that w7y = A,

1440772 2 :
R = %@0670 [cos (—E xn) cos (-)\I 'yzo) F(Z'y)] ohms,

where

o sinzg
F(x) = d?ﬂ T y Ay = A

An American antenna of the circular shape in the X ¥ plane, being
divided into four sections, radius r, and center at (%o, ¥o, %0) (see
Fig. 5). Assuming stnusoidal current distribution in each section so
that 7rp = A,

R = %ﬁ sin (—E xo) sin (—2—% 'yzo) F (%)]- ohms.
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The resistance of an Antenna Parallel to the Axis in a Circular Wave Guide
Transmitting the Eq Wave Only

General Formula:

(2) R=-30 2 [ J( ) ohms
T3 (Gur) Yoa* Polo\Ju ] ’
where
. _ 30 _
(2a) the numerical factor = TR0 11.28,

(28) Yo = [ §_° cos (2_):{ ')/mzo) dzo (taken along the antenna).

The conditions for transmitting the Eq; wave only in a circular wave guide are:

(2¢) antenna parallel to the axis,

(2d) = 2.405 < 37\’5‘-‘ < 5.520 = jos.

The notation is as follows:
a = radius of the wave guide,
jou = 2.405 = the first root of Jy(x) ,

Yo = \/1 ({Zﬁ) \/1 - (o 3827 )

2-)\1 Ya = the phase constant of the Ey wave,

to, 3¢ = the co-ordinates of the antenna, 7, = the off-center distance,
2o = the distance from the plug,
I = current along the antenna,
Iy = current at the féeding point.
Special cases:

2a. A straight antenna of length I parallel to the z-axis, running from z = 0
to z = I. Assuming sinusoidal current distribution (Fig. 6),

s0s.0 (8 [F 0+ 700 | sin [F ¢t = 700
Yo sin (Z;d)
|G

2b. The same antenna as in the case 2¢. Assuming uniform current distri-
bution,

2

R = Jo (jol f—;) ohms.

= 308. 0]

. f2 . 2
R = 1.652 Z“'Ya sin (% ')'ml) Jo (_70; g)] ohms.

ISP Jo T _ ]
[2 [T, Fom) = 162
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The Resistance of a Circular Loop Antenna Coaxially Placed in a Circular

Wave Guide Transmitting the Hy Wave Only, Assuming Uniform Current
Distribution (Fig. 7)

4807 73 o\ . (27, 2
@ x - 1 o [ ) o () o

7/
e
-
—

1
! \\ a
| T,
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| !
[
| ,/
I z 1L
] =|ir
i I:|
e z, —q
I
]o )
©:0 oz2w ©:0 ©=21¢
UNIFORM CURRENT SINUSOIDAL CURRENT
DISTRIBUTION DISTRIBUTION

Fic. 7.
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where the numerical factor is
48072
TG0
The conditions for transmitting the Hyq wave only in a circular waveguide are:
(3b) symmetrically placed loop antenna with uniform current distribution,

(3a) = 2.921 X 104

(30) joo = 3.832 < 2_;\11 < 7.016 = jpo.
The notation is as follows:
jor = 3.832 = the first root of Jy(x),
ro = the radius of the loop,
@ = the radius of the wave guide,
Yor = \/1 - (;‘;‘2) - \/1 - (0.6098 %)

2 ,
Tr ~Yo1 = the phase constant of the Hj; wave.

The Resistance of an Arbitrary Antenna in a Circular Wave Guide Transmitting
the Hy, Wave Only

General formula

240 Jn )2
4 R = _in -
@ 720w G2 — D 7u (‘Pl g P ) onms

where

(4a) the numerical factor = —5— 240 = 296.6,

Ji(jw) (i — D

(40) P = / J1 (.7 1 ) cos B, sin (2{( 'y'ugo) dro (taken along the

e antenna),

(4c) Gis = / Ji (.711 ) sin @ sin ( X 'Yn»o)?‘o db,.

The conditions for transmitting the H;; wave only in a circular wave guide are:

(4d) for an antenna having a component in the axial direction:

u = 1.841 < B2 <2.405 = ja,

(4e) for an antenna having no component in the axial direction:

Ju o= 1.841 <-21{9<3 054 = fu .

The notation is as follows:
a = the radius of the wave guide,

7o, Bo, 20 = the co-ordinates of a point on the antenna,
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Ju = 1.841 = the first root of Jj(x),
Yu

27a a
27,

N Yu = the phase constant of the Hy; wave.

Special cases:

4a. A straight antenna of length [ placed along a diameter of the wave guide
with one end at the surface of the guide.

Assuming uniform current
distribution (Fig. 8),

UNIFORM  CURRENT
DISTRIBUTION

Fic. 8.

1 7. 27, 2 .. i1\ 2
R = 296.6% smTr'yn zo] {B(]n) — B ((a - l)'z—(lz—l)} ohms,

where
X

B(x) = Jox) + | Jo(@) dee, B(ji) = 1.382.

0
For the special case I = 2a: R = 2259 ’Yi [sin (2% 'y'uso)]- ohms.
11

4b. A circular loop of radius 7, placed coaxially in the guide at a distance 2o
from the plug. Assuming sinusoidal current distribution (Fig. 7),

4
R = 1.588 X 108 il

Ny, ( Ane )2
1 - 73
A e

. (2T . 272 i 2
[sm(—;—r 'ynzo) tan( ;\r ro) Jq (]n %’)] ohms,

X




CHIEN ET AL.: CONTRIBUTIONS TO THE THEORY OF WAVE GUIDES 109
where the numerical factor is
240 ji
(i = DG
Reference
1. BucerOLZ, H. Ann. Physik, 39 : 81. 1941,

16w = 1.588 X 105.

PART IV. THE IMPEDANCE OF A RECTANGULAR WAVE
GUIDE WITH A THIN ANTENNA

By L. INFELD
WitH APPENDICES BY J. R. POUNDER AND A. F. STEVENSON

1. Introduction

A wave guide of rectangular section extends to infinity in one direction and
is closed in the other direction by a plug. The guide and the plug are assumed
to be perfect conductors.

A thin, cylindrical antenna is placed inside the guide. To make our argu-
ment simple, we place this antenna parallel to the plug and parallel to the two
other (shorter) walls of the guide, midway between them. Fig. 1 shows the
choice of our co-ordinate system. In it, the lower end of the antenna has the
co-ordinates (0, 0, 0) and the upper end has the co-ordinates (0, [, 0) where I
is the length of the antenna. The z-axis is perpendicular to the plug, and
points toward the open end.

Y

e———a —— —

F._._..__-—.b_._..-'_.-_-—(

I
|
|

£
I
[
|
i

FiG. 1.

The parameters characterizing our problem are:
a,b, the dimensions of the guide,

kB = 2%- (A = wave length),

!

Peo
20

the length of the antenna,
the radius of the antenna, (we assume pok K 1},
the distance between the plug and the antenna.

It
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Our problem is to find the impedance of this wave guide under the assump-
tion that the current distribution is sinusoidal. In this respect this paper is
a continuation of Part I, in which the problem of the resistance of a rectangular
wave guide was solved. However, the method of finding the impedance, and
therefore both the resistance and the reactance, has turned out to be so
simple that I intend to formulate this part independently, briefly repeating
the reasoning concerning the images.

Qur particular assumption about the position of the antenna is not essential.
It would be easy to generalize our argument in this respect, as was done in
Part I for the case of the resistance (see Appendix A). However, the assump-
tion that the antenna is of cylindrical shape and that the current distribution
is given is essential for our argument. Again, the assumption that the current
distribution is sinusoidal is not necessary and the argument in the case of a
constant current distribution and small antenna would be even simpler (see
Appendix B).

Some of the results found here are valid for a wave guide of arbitrary
shape as long as the antenna is parallel to the plug. This is shown by Steven-
son in Appendix C. Especially the conclusions formulated in Section 8 are
general and may be of interest to someone who does not care about the detailed
calculations. Therefore, I tried to write Section 8 so that its contents may be
understood without reading the previous parts.

2. The Lattice of Dipoles

We use the method of images. The image of a dipole with respect to a
perfectly conducting plane is obtained by taking the geometrical image and
then reversing the direction. The dipole and its image give a field satisfying
the condition

(2.1) E. =0
over the plane, E: being the tangential component of the electric field.

Let us first consider the case where the rectangular wave guide has no plug,
so that it extends to infinity in both directions. Suppose there is a dipole,
inside the guide, placed along the y-axis. It is easy to find a doubly infinite
system of images (all external to the guide) such that the lattice consisting
of the dipole and its images gives a field satisfying the condition (2.1) over the
walls of the guide. If we now add a plug, the condition (2.1) will be satisfied
over it if we add to the above lattice its image in the plane of the plug.

We place a dipole with components (0, 4, , 0) at 0, y0, 0). Fig. 2 shows
part of the lattice in the plane z = 0.

If we let m and » take all integral values, positive, zero, and negative, we

may represent the components and positions of all the dipoles in the plane
z = 0 as follows:

2.2) (0,4,,0) at (2ma, +y,+ 215, 0) — two basic lattices,

(0, —4,,0) at (2m + 1 a, +y, + 2n5, 0)— two basic lattices.
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The images with respect to the plane of the plug are given by this table
by changing the sign of 4, and replacing z = 0 by 2 = —2z. Thus we have
eight “basic’’ lattices determining the field in the guide.

—_—
e O~ -]
—

Fic. 2.

3. The Impedance of a Free Antenna
Before we return to our subject of the wave guide, we shall derive an expres-
sion for the impedance of a free antenna driven at the lower end. We assume
the antenna to be as in Fig. 1, but we shall ignore the wave guide.
We shall now use Sommerfeld’s formula (4), which allows us to write the
Hertz vector (in Heaviside units) of a dipole at (0, 30, 0)in the form of an
integral:*

+co
A, & Ay | ey e 0 T %)
= _e gian M (pV/ B — o?) da,

3.1) .
p* = x*+ 2 "= P2+(y—3’o)2,
/B — a? = positive imaginary for a® > £
Hy® = Hankel's function of the first kind and order zero.
We omit here and later the time-factor e~%*.
If we have, instead of a dipole, a finite antenna, then the Hertz vector of
this antenna can be found by replacing 4, in (3.1) by
¢ . sin k(I — y0)
(32 Ec° sin &l o
and integrating over dy, from O to I. Here Iy is the current at the driving
point (yo = 0), and the expression (3.2) means the assumption of a sinusoidal
current distribution. -

* Qur formula follows from Equation (3) on p. 416 in Watson's book by putting . = —4,
vy = 0. .

«©
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It is convenient to introduce
1
3.3) fla) = / & sin k(I — $)d¢
0

1

————— (e — cos kIl — X sin kI
a\? k
k( t- (E) )

Using (3.3), we have for the Hertz vector ®, of the finite antenna:

___ [ —
G4 b= e / f(@) e HP (pV/B = o) dar .

The next step is to introduce the y-component of the electric field, the only
one in which we are interested:

3*d,

=kre +—— E

(3.5)
. . -
= m / (B — a?) f(a) é= HY (pVF — o) da.

Our last step is to calculate the impedance (Zy) of this free antenna by
the e.m.f. method:

i

I
1 1 .
(36) Zw = — ﬁ[Ev(PO) Idy = — m/;Ey(Po) sin k(I — y)dy.

From (3.5), (3.6), (3.3), we obtain:

BN Zw = 87rcklsm"kl / fle) fl&) (B ~ o) HP (peVF — &) dax,,

where f(c) is the complex conjugate of f(a).
Equation (3.7) represents the impedance of a free antenna.

4. The Mutual Impedance of Two Antennae

Before we return to the wave guide we must solve the problem of the
mutual impedance of two antennae.

Let us assume that the two antennae are parallel to each other and of the
same length I. Let p be the distance between them. Then:

1
(4.1) Zip = — (If‘l")—?fEf‘B) (p) IW dy .

Here Z, is the contribution to the impedance of antenna 4) cormng from
antenna (B). The indiges (4) and (B) denote the current and the field
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belonging to antennae (A4) and (B) respectively. Finally we may remark
that our formula assumes py << p and therefore it is immaterial whether p
means the distance between the axes of these antennae or between lines
parallel to them and lying on their surfaces.

We shall now consider two cases:

Case a: Each point.of antenna (B) is obtained from a point of antenna (4)
by replacing

(4.2) 0, Yo, 0 by Qo , Yo + bo y Coy
Qo , by, co, being constants.

The calculation of Z{% is very similar to that of Zp,. Where we had

y — v, before, we shall now have y — yo — bg. Secondly, where we had pg
before, we shall now have

(43) p =V a¢ + co®.
Thus, instead of (3.7), we now have:

+
1
4d) 28 = Ga e w / et (o) Flo) (2 — o2) HYY (pV/F — o) da .

Case b: Each point of antenna (B) is obtained from a point of autenna (4)
by replacing
0,%,0 by @, =¥+ bo,co.

The calculation of Z$% will differ from that of Z{} in one respect: in the
integration with respect to y, we shall have

l
(4.5) / ¢ow sin k(I — yo) dyo = fla),
1]

instead of

1

[ e~ w sin k(I — y0) dye = f(c)
; 0
as before.

Thus we have for Z2

+
(46) ZI = E?Elm—rﬁkl [ eiein (fa) )* (B — o) HP (pVB — o) da .

Both results, (4.4) and (4.6), will be needed in our later argument.

5. The Impedance of a Wave Guide
We summarize the result of our previous section: The mutual impedance of
two “parallel”, identical antennae (case @) is:
-+
(5.1) Z%p = et op(p a) do.

)



114 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.
The mutual impedance of two ‘‘antiparallel”, identical antennae (case b) is:

(5.2) Z% = / e Y(p, @) dev.

«©

Here we have, according to (4.4) and (4.6):

op, @) = g ) F@) (8 — o) HP (o = ),
(5.3)
W @) = g (@) (2 = o) HY (pV/B = ),
and according to (3.3)
1

e=idl — cos bl + iﬁk‘ sin &l

(54 @) = —— 7z
R (O

The self-impedance of an antenna is obtained from (5.1) by putting there:

(55) bo = 0, p = pPo.

Now we know that the impedance of a wave guide is equivalent to the
impedance of an antenna surrounded by eight basic lattices. In (2.2) we
wrote down the co-ordinates of the dipoles of four basic lattices. If the
dipoles become finite antennae, the four antenna-lattices consist of ‘‘parallel”
or “antiparallel’” antennae. The remaining four lattices are opposite in
_direction and placed in the plane 2 = —23,. Thus we have, because of (5.1),
(5.3), and (2.2) for the impedance of an antenna in a wave guide:

m=-o p=-o

zZ=3 2 /"Z””“ [¢(Po + 2ma, o) + Y(po + 2ma, )

(56) — ¢((@ma + Da, @) — Y((2m + e, @)
— o(V(@ma) + 25}, @) — Y(V(@maP + (220)%, @)
+ o(V(@mFDaP+ @), @) + $(V(@mFDal + (220, @) | de.

We have here, in square brackets, eight expressions, each corresponding to
one of the basic lattices. The terms with po, for m = 0, give the self-reactance,
and in them po must not be omitted. Otherwise, for m = 0, it is immaterial
whether p, is omitted or not.

Our expression for the impedance, (5.6), though representing the solution
of our problem, is too complicated to be used in actual calculations. Our aim
is to change (5.6) in such a way that it will be applicable for practical purposes.
We shall do it in detail for the first expression:

-+
(5.7) E _Zi /e"’ma o(po + 2ma, @) da .

©
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We introduce a new variable

b
g = ; o
Then instead of (5.7) we have
(5.8) IS 5 [e"m™e (p., + 2ma, 3 )do‘
b m=mo asrw » b
We can now apply Poisson’s formula (1), replacing (5.8) by
(5.9) 78 8 e(n+mm).
M=~0 == b
For m # 0, we have p = V/4m%? = 2|m|a. Therefore, the summation
from m = — o to m = 4 o can be replaced by a summation from m = ¢
tom = «. Ifwelook back at (5.3), we see that ¢(—a) = ¢(a); therefore
¢(— n) = ¢@(n). Again the summation from #z = — ® to # = o can be
replaced by summation from 0 to «. Thus (5.9) takes the form
(5.10) 235 3 s, ¢<po + 2ma, "—;’) ,
m=0 n=0
where

8, = 2fors # 0, & = 1.

We have to repeat the same reasoning for the remaining seven expressions
in (5.6), each time using Poisson’s formula. Having done this and having
introduced for ¢ and ¥ expressions (5.3) and (5.4), we obtain for the total
impedance:

(cos kl — cos —7}—?)
(10 Z = gy 2 Z (o aas, Ly %
\bk

[Hé" [(po + ma) B~ (7_?)2]
— Hp [\/ (e as07) (2 - (%) )ﬂ ‘

This is the final result. If expressed in ohms, instead of Heaviside units, it
must be multiplied by 1207e.

6. Discussion of (5.11)
The great virtue of (5.11) is its quick convergence. Let us assume

(6.1) %kf =v>1, mik =u>1.
Then "
e
D (iup) | ~ ,
(6.2) | HS ()| T

which shows that the evaluation of (5.11) will be comparatively easy tohandle.
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Let us imagine a point lattice (Fig. 3), where each point corresponds to one
expression in the sum (5.11). Let us further assume that the dimensions of

I <
I - . . - L3 . -
[

I Z

0

F . - - - L3 -
l 5 NEGLECTED

CONT

CONTRIBUTIONS

!
I
I
|
|
I
I
|
I

FiG. 3.

the wave guide are such that it lets through only the Hp wave, and that
\/1 - (7_1'_”} = '\/1 _ (Mm\? isimaginary form = 2,3, -- - -,
ak) 2a and real form =1,
(6.3)

\/1—22—\/1—(&2"ma'n fo
. 25 = 73) Isimaginary for

Because H§’ of an imaginary argument is imaginary, we see that the con-
tribution to the impedance is purely imaginary if # > 1. Only the points
along the m-axis give a complex contribution. Because of (6.2), the most
important contribution will come from the points on the m- and n-axes. It
was found that all others can be ignored in practical applications. Therefore,
we shall now focus our attention upon the contributions to (5.11) from these
points, which are as follows:

1,2, ----.

(@ m =0, n =0:

‘ k!
(6.4) tan? 7
4bck

(HE (pok) — HE (2208)),
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@ m=0 n=12----:
(cos kl — cos T—nl>2
1 i b H( poba |1 — ™
Dbcksin® FliZy | _ (Q) po bk
bk —
(6.4) (Cont’d) _ Hgl!(zzok\/ 1 - (%) ’:l ,

e)n =0 m=12,----:

tan? kl/2 &

ek "El (= D" [HEO (mak) — HP (kY (ma)* + (220)%)] .

As H{V(x) behaves like log x for small %, the (@) part gives the logarithmic
term which appears in all calculations of impedance. In the (b) part, we shall
have to sum a few expressions only, if pok is of the order of, say, 1/10. Finally
(c), that is the summation along the m-axis, is very simple, although it does

!m

—5 ! since

not converge exponentially. However, even (c) converges as}]
for great m we can write

(= (B (mak) — H (b TP+ @) ~ eoor 22 H (maty)
gimlak—1)
We shall see later how to deal with part (¢) in actual calculations. ‘

~

If we are looking for reactance only, we shall have to replace H§® by 1Y, in
(6.4) (@) and (c).
7. The Resistance

The resistance is the real part of (6.4) (a) and (¢) for po — 0.

ta.n2 ki

(11) R= (2 3 (Jo(mak) — T(kv/ ma) + (22009) Jem,
where R denotes the resistance.

We shall again use Poisson’s formula, this time replacmg summation by
integration. Then we have:

tanz2 © ©
(7.2) R = Ther h=2_w [ e-ﬂ.’f("-l’”"[lo(aak)

— Jo(kV/(aa)® + '(220)2')]da X

We can replace the Jy's by H§?'s and calculate R as the real part of
kl

tan? 7 = @
(1.3) mh_gw [ e-izr(h-llz)a[H‘SD(aak)

«©

— Hp (/@@ + Caop) Jder.
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Now we can use Sommerfeld’s formula (3.1) with
. 2’£Zo
v — 2w(h — 1/2), p — dak,y — 0, k -

We have, according to this formula:

4o +o
[ enth-ve O (qok)da — f e-2m(h-1/Da FTM (k\/ (aa)? + (220)2)da

@ ©

(7.5)

BN s prrr sy
2 2e

T N = @R AT (h = 12 v = (@R T Ak — 1/2)°
We see that this expression will be real only if
(7.6) h=0 o h =1

In this case we have for the above integrals (for . = Oand & = 1):

T 2
.1 4 ~ 4 cos (Zzok\/1 —_ <&)> .
T 2 T 2
ak\/ f— (&_k) ak\/l - (&)
The result is

2 tan‘-‘%l sin® (zok\/ 1 — (;r_k>l>
(7.8) R =

) _ (™ 2
abck\/l (ak)

which is in perfect agreement with the result obtained in Part L.

8. The Impedance Circle

We shall present our reasoning here in the form of theorems, so that the

reader interested in their formulation only can omit the proofs.

We assume the dimensions of the wave guide (a, 8) and the wave length (\)
and the thickness of the antenna (2p,) as known and kept constant. The
characteristic impedance of the line (Z) is also known. Our problem is to
find Iy (the matching length of the antenna) and 2, (the distance of the antenna
from the plug) so that the resistance will be that of the line and the reactance
will be zero. It is convenient to take as the unit of impedance that of the

line (Zo). In this unit our problem is to find /y, 2, such that
8.1) R =1,X = 0,whereZ = R — iX.
This we shall refer to as the matching problem.

Theorem I

The resistance can be expressed in the form

(8.2) R = A() — A(Q) cos (4{ '}’Zo)*
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where

30N o (Tl
AQ) = g7 tan (—)

The proof follows immediately from (7.8), if we assume that the
impedence of the line (Z) is expressed in ohms.

Theorem II

If 2y is not small compared with A, then we can express the reactance in the
form

(8.4) X = A'() + A(@) sin (%Z—r 'yzo> , to a very good approximation,

(8.3)

where A’(l) is a certain complicated function given explicitly in the course of
the proof. But—this is essential—neither 4 nor A’ depends on 2.

Proof

The reactance X is the imaginary part of —Z. From (5.11) we see that
—Z can be split into two parts, one which does not depend on 2, and the
other which does. The part of Z which does not depend on s is

2
cos n_1r_l — cos kl)
X

sor & e (cos "
Zobk sin® Hl g 2ot 1) 0 BT (nr)’

(8.5)
bk

By [(Po + ma)y B — (%‘)} :

It was shown in Section 7 that the real part of this is 4, as defined in (8.3).
We shall therefore denote the expression (8.5) by

A — id’,
where 4’ is real. Thus we can write:
(8.6) X = A" — Im(C),
307 o o (cos kl — cosnTﬂ i
BN = Zarsimm B Z (T U (%) ’
bk

H [/ tmal £ (2207

2
where k2 = Rk — (%) .
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Before, fn Section 7, we calculated the real part of C. We shall now cal-
culate in a very similar manner the imaginary part of C.

Using Poisson’s formula (1) we can write for C

2
3.8 ® (cos kl — cos %r}) © ®
( ’ ) C = 30m 2 b 2 e—izr(h—1/2)a ¢
Zabk SRl 2 T (ﬂr>2 e | €
bk

HY [kn\/(ma)z T (220)2] de.

Now we proceed exactly as in Section 7, (7.4), (7.5), using Sommerfeld’s
formula (4). Therefore:
(8.9) ( mrl)2 — B VR a1t
)

c 07 © cos kI — cos 3) o 2

= DRZosint Bl 2 L (H)z WZe in/ — (k) + Ami(h—1/2)¢
bk
For n > 0 the exponent of ¢ is real and negative. If the antenna is not too

near the plug, then the only contributions to C which have to be taken into
account are those coming from #» = 0:

607 tanZ%l . - ?—:" =@k AT —1/2)t
[

bkZo h-z-w i/ — (ak)? + 4m2(h — 1/2)2'

For the same reason we can neglect all expressions in this sum with the
exception of those for which

(8.10) C =

@.11) h =0, 0rh =1
Therefore:

(8.12) Im(C) = — Asin (4’;’2"),

and finally

(8.13) X = A’ + A sin (4’;?'%) :

which proves our theorem.
Theorem IIT

If we change z, and keep all other parameters (a, b, A\, po, [) constant,
then the points characterized by the corresponding pairs (R, X) lie on a circle,
called the impedance circle. This circle is tangent to the X (reactance)-axis
and the co-ordinates of its center are (4, 4°).

This can easily be seen from (8.2) and (8.4). Indeed, eliminating 2 from
these equations, we have

(8.14) (R—A42+ (X — A" = A2,
which proves our theorem. (See Fig. 4).
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What is the physical significance of the symbols appearing in (8.14)? Rand
X are the resistance and reactance corresponding to given values of / and z,.
As 2, changes, the point (R, X) moves along the impedance circle. 24 is the

X

_______]I(L\.A')

|
l
|

/ i

Fi16. 4.

maximum resistance for a given ! and variable z,. A’ can be interpreted as
the reactance at the point for which the resistance vanishes; indeed for

2
7{720 =sm; § = 123,----,

wehave R = 0, X = A4’
9. The Matching Problem

We can now turn toward the solution of the matching problem. We have
to find a circle, and a point on the circle, for which

9.1) R=1 X =0
Putting these values into (8.14) we have

A2 1
9.2) 4 = - +3-

Therefore the center of the impedance circle must lie on the parabola (9.2)
for the matching problem to be solved (Fig. 5). The remaining problem is:
how to find the right point on the parabola? Theoretically speaking, we
ought to regard (9.2) as an equation for the determination of /o, as 4 and 4’
are known functions of 7.

If we look at (9.2) we see that the difficulty is to find 4’ as a function of J,
as the other expression, 4, is very simple. But A’ isa part of Z; more explicitly
the imaginary part of that part of —Z which does not depend on z . Let
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us rewrite from (6.4) the part of —Z in which we are interested, that is, the
part which does not depend on z,. This is:

— A =
' 307 tan® il
(a) —_bk_Zu—— Yo(pok)
+
0.3) oor s (cosB s BE) [y
(b) TDEZ, Sin? klngl L (W_,]:)z H (Pok\/l - (.ﬁe) ) e
b
+
60 tan® ;l ®
© gz, 2, (7 D" Yolmak).

XA

2>

FiG. 5.

Thus we have here the explicit expression for 4’ which was used in all
further calculations. In computing, the only difficulty encountered was to
calculate (c):

(9.4) X (= 1) Yo(mak),

m=1
which converges very slowly. This mathematical problem is treated else-
where (2), where a table and graph of (9.4) is given.
To make our procedure clear we shall take the following special example:
9.5) a =7.213cm, b = 3.404cm., A = 10.0 cm.,
po = 0.397 cm., Z, = 80 ohms.
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Then A4’ is a function of  only. Putting different values of I, we have
3(1 + 4’'()?) as represented by Fig. 6. Next we draw A (which is much

0.56
YM}
0.55 A\
(A)

0.54 \

0.53
|
{
|
|
|
{ \
|
!

2
05 2.00 1 %%, 2.50

F16. 6. A and 2(1 4+ A"™) as functions of L .\ = 10.0 cm.,a = 7.213 cm., b = 3 404 cm.,
p = 0.397 cm.

simpler) as a function of /. The intersection of these two curves has the
co-ordinate /o, satisfying
(9.6) (1 + 4’0" = A).

Once we have found /, , we can easily find the set of z,’s from (8.2) and (8.3):

2
R=1 30X tan? Th (1 — cos 47WZ°) .

= abrvZ, A A
Thus the method allows us to find /g, %0, for which R = 1, X = 0. Inour

particular case (9.5) we have
Iy = 2.316; 3 = 9.839 + A{ y § = 0,1,2,"“ °
2
In this way Iy, 20 were calculated for two wave guides, for different N's,
po's, Zo's. The calculations were made by Chien and Pounder. It proved
that the omission of all the terms for which m, » > 0 was justified. In the
expression (b) of (9.3) it was sufficient to take some six terms.
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APPENDIX A

Generalization of the Impedance Formula for an Unsymmetrical
Position of the Antenna Relative to the Sides of the Guide

By J. R. PoUNDER
We assume now that the antenna is placed at a distance %, from the center

of the guide (Fig. 7). Let us generalize the previous reasoning step by step.
We have four lattices of dipoles in the plane z = 0,

0,4,,0 at %o + 2ma, +yo + 2ub, 0

(A1) o
0, —4,,0 at 2m + 1 a — %o, + vo + 2ub, 0
.Y
——— e @ — )
r
| .
- |
1 Ry
! |
e X I' l
£ |
| |
' i X
. FiG. 7.
and four other lattices in the plane z = —2z, obtained by reflection in the

plug and by changing 4, into —4,. (Fig. 8)
The impedance of the antenna, corresponding to formula (5.6), is now
by exactly the same method as before:

z= 3 3 / gitmba da[‘P(Po + 2ma, ) + Y(po + 2ma, )

M=—w fn=—0

— @lpo + 2m+1a — 2%, @) — Y(po+ 2m + 1 @ — 2%, &)
(A2) — o(V(2ma £ (2202, @) — Y(v/2ma)® + (220 , @)

+ ¢(V(2m—+T a — 2xp)2 4+ (220)2, oz)

+¢(V(m 6 — 2x0)* + (220)2 ,a)] :
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—_
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|—>
—

Fie6. 8.
Again by the use of Poisson’s formula (1) we obtain:
nwl\?

301 o - (cos kl — cos vy

P st Bl e mB L (71'11,)2 X

3
{Hs“ [(po + 2ma) m ]
— Y :(po +2m +1a — 2x9) \/;(TTT)Z]
— g :\/ ( (2ma)* + (230)%) <k2 - (7_1'515)2)_|

+ HP :\/ (2m + 1a — 220> + (220)?) (k2 - (?)2)]} )

As can be shown by computation very similar to that of Section 7, but
somewhat more complicated, the real part of (A3) is:

_ T\ ., (2TYZ0\ _ - 27!"720) )
(A5) R = 24 cos"’( P’ ) sin’ (—}\ ) 2B sin (——}\

Z (in ohms) =

(A3)

where 4 is defined by (8.3), and
(A6) B = Acos T2
This formula agrees with the corresponding one in Part I. It is obvious

that for x = O this expression for the resistance reduces to that given in (7.8).

It can be shown (with the same assumption as before, namely, that 2, is not
small compared with \) that the reactance can be written:

(A7) . X = B' 4+ Bsin 4“;\)/ 20, where
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2
15\ o o (cos kl — cos 7%”)
(A8) B —1iB = Zob sin? %l ,Eo ,,.Em B 1— (‘mz)z x

bk

{Hé“ [(Po + 2ma)k \/ 1 - (’_;%)2]

—Hg [(Po +Im ¥ 1a— 2wkl — (7_;%)2]}

Now (A5) can be written

_ _ 4myz0 o 30n 2 Mo kl
(A9 R =B (1 cos — ), = wbryZ, cos® — tan? 7

It is evident from (A9) and (A7) that all that was said before about the
impedance circle is true also in this more general case.

APPENDIX B
Antenna of Length I = b

By J. R. PoUNDER

In the case in which the length of the antenna = b, one usually assumes
uniform current distribution (see Fig. 9). The problem is not new, having
been solved by Schelkunoff for a infinite guide without a plug (3). One of
the two methods used by Schelkunoff seems to correspond to that presented in
this paper.

Y

ot e o e T e e | e e e e — ——

—_——— O~ ——— >

Fic. 9.

The same argument may be used here as before, or a slightly different
treatment may be given which replaces the separate antenna-images by
infinitely long antennae. The essential point of either method is that the
double-sum is replaced by a simple summation. Here we shall outline thke
argument of the first method.
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Because of the assumed uniform current distribution, we obtain instead of
formula (3.3), )
(B1) flo) = L=
o
By the same argument as before we arrive at formula (5.6), but the next
step (the use of Poisson’s formula) gives us an infinite series corresponding
to (5.11) in which all terms involving #5 0 vanish. What remains is:

zZ = %’g mgm {H [ (po + 2ma)k]
(B2) —H® [2m +1a+ po— 2x0)k] — H® [k @ma): + (220)2]

+HO [EV(@m+ 1a— 2x0) + (2202} .

From this we can compute, just as before (using Poisson’s and Sommerfeld’s
formulae), the resistance and the reactance. We obtain

= b o T (] cos ATV ~J1—(AY
(B3) R—awcos 2 (1 cos )\‘), Y = 1 %)

b TxXo . A4mys bk &
(B4) X = oy cos? TO sin — ' — Im i m_E_m {HP [k(po + 2ma)]

_ &”[k(pO"rzm +1a — zxo)]} .

If we consider only the special case in which xo = 0, and at the same time
change from Heaviside units to ohms, these expressions become:

_ 120md (. 4mys\ _ _ 471")/20)
(BS5) R = ay (1 cos — ) = Zy (D D cos X ,
_ 120mb . 4mwyze 607 & L\,
(B6) X = oy sin — N mzm (— 1) Yo(k(po + ma))
= Zy (D’ + D sin 47r_>:yz‘_,)'
. . . _ 120md
where Z, is the impedance of the line, and D = i Zs "

Obviously, the theorems about the impedance circle hold as before.

The matching problem can be stated as before: How shall we make

(B7) R=2y and X =07
We eliminate 2, as in Section 9, getting
(B8) D*+1 = 2D.

We cannot now satisfy (B8) by choosing I, since / has been chosen as equal
to b, but perhaps we can find some other parameter instead. Assuming a
given wave guide, that is, given a, b, and A, we may ask:

Having adjusted 2, so that R = Z,, can we adjust po, the thickness of
the antenna, so that X = 0, that is, so that (B8) is satisfied?
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It turns out that it is quite easy to match the line by choosing po. Here

we shall give the matching conditions for the guide described in (9.5), that is,
A = 10.0 cm., a = 7.213 cm., b = 3.404 cm.

po and z,, giving the matching conditions, are represented as functions of
Z, by Fig. 10. As an example, imagine that pp = 0.1985 cm.; then we see
from Fig. 10 that the matching requires Zy = 60 ohms and 2z, = 6.15 cm.
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F16.10. poand 2y as functions of Zy. N\ = 10.0 cm.,a = 7.213 cm., b = 3.404 cm.
If experiment were to verify these results, it would mean that the current
distribution ¢s uniform.
APPENDIX C

Resistance and Reactance as Functions of Distance between Antenna
and Plug for a Wave Guide of Arbitrary Cross Section

By A. F. STEVENSON

The results (8.2) and (8.4) for resistance and reactance can be written
(CH R = A(1 — cos 2uz,) ,
(C2) X = 4’ + A4 sin 2uz,,

where 5 is the distance of the antenna from the plug, z = 2w/\, N being the
wave length in the guide, and 4, A’ are independent of z,. We wish to point
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out that the results (C1), (C2) hold for a wave guide of arbitrary cross section
and an antenna of any shape which lies wholly in a plane distant 2z, from the
plug, provided that the antenna is not too near the plug, and provided that
the dimensions of the guide and manner of excitation are such that only a
single E- or H-wave is transmitted. The current distribution in the antenna
(provided it is independent of z,) is immaterial.

In Part II, it was, in fact, shown that, under the conditions stated, R is
proportional to sin? uz, which is equivalent to (C1), but (C2) was only
established in the less precise form

X = Cicos Quzo + €) + C..

The result (C2) follows easily, however, from (16) and (18) of Part II.
For, disregarding unimportant terms, these give for the impedance in the case
considered

(C3) R — X = Belunt (),
where B, C are (real or complex) constants independent of z,. Put
(C4) B=B1+'I:Bz, C=C1+'iC2-

Then equating the real parts of each side of (C3) we obtain

R = B, cos 2ugy — By sin 2uz, + C;.
Comparing this with (C1) (already established), we see that we must have
(C5) Ci= —B, =4, B, =0.

Substituting (C5), (C4) in (C3), and equating the imaginary parts of each

side, we obtain
X = A4 sin 2uzy — Cq,

which is equivalent to (C2). The result regarding the “impedance circle”
follows as in Section 8.
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VEILING GLARE IN AERIAL PHOTOGRAPHY!
By K. M. Bairp?

Abstract

In this paper veiling glare is defined and its general aspects in aerial photo-
graphy are discussed. [Experimental results showing the effect of glare on the
resolving power of a standard aerial film are presented in the form of graphs.
A method of measurement is described and typical amounts encountered in
widely used aerial cameras are given. From the results it is shown that veiling
glare commonly causes a loss of photographic s¥ed of as much as 1009 where
resolving power is the primary consideration. ecommendations are made for
minimizing flare in cameras.

Introduction

Veiling glare is that scattered light which causes reduction of image contrast
in an optical system. It may be conveniently expressed mathematically in
different ways, depending on the particular aspect studied. For example,
L. A. Jones (3) has used a ‘“‘flare factor”’, defined as the ratio of the luminance
scale of the scene to the luminance scale of the image. This factor, repre-
senting the compression of the luminance range caused by flare, was useful
in studying tone reproduction. On the other hand, in the present paper,
which is primarily concerned with resolving power, it has been found more
convenient to use ‘‘per cent veiling glare”, defined as the ratio of the amount
of flare light in the image plane to the amount of pure image forming light,
the ratio expressed as a per cent.

According to the definition given above, any light scattered outside the
geometrical image, even that caused by diffraction or residual aberrations of
the lens, might be called veiling glare; although the term is generally used only
to describe light scattered over a relatively large area. The latter distinction
is arbitrary and there is no sharp division either with respect to areas involved
or effects on resolving power. Indeed, it is probable that the results given
below could be used to predict in lines per millimeter the resolving power of a
lens used in combination with Aero Super XX, if the energy distribution in the
image formed by the lens were determined by use of the same film. Such a
method is that used by Jones and Wolfe (4). The dependence of the amount
of veiling glare found to be present on the area considered is discussed in the
section on measurement of veiling glare.

In an exact study of the effect of veiling glare on the resolving power of film,
the cause as well as the amount must be taken into account. This will be
clear from a consideration of such typical causes as light scattered from the
walls of the camera, reflections between lens surfaces, haze, etc. In the first
example quoted, light that would not otherwise reach the image plane has been
thrown on to the film, thereby increasing the illumination. In the second

v Manuscript received February 25, 1949.

Tssued a(i:{r}élfgig\?oﬁoﬂ zt.he Division of Physics, National Research Council, Ottawa, Canada.
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example, on the other hand, the veiling glare arises from the redistribution of
what was originally image forming light, and the illumination of the film is not
increased in general, although the shadow areas gain light at the expense of
the highlights. Thus there are two general types of veiling glare, that which
increases the amount of light reaching the film and that which does not. For
convenience these will be designated “Type 1" and *“Type II", respectively.
Haze does not clearly fall into one or other of these types but will be shown
later to be more conveniently considered of Type II. The difference in
effect of these two types will be considered in the next section.

Of the various causes of veiling glare those due to the camera or lens are
usually easy to classify as one or the other of the above two types. In the
case of haze the classification is a little more difficult since in considering the
difference between conditions when haze does and does not exist the effect
of decreased ground illumination caused by haze must be taken into account.

If it is assumed that an exposure meter is used as a guide to the camera
aperture and shutter settings, it seems logical to consider the haze as veiling
glare of Type 1], i.e., it reduces contrast but does not greatly affect the average
image luminance, since the meter reads the luminance of ground plus haze.
Haze could be measured as a per cent veiling glare by determining the loss
of contrast of objects that were of known contrasts on the ground. In this
paper only measurements of veiling glare caused in the camera or lens are
described.

Effect of Veiling Glare

The effects of the two types of veiling glare are indicated in Figs. 1 and 2
as a modification of the characteristic curve of the film. The characteristics
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F1G. 1. Characteristic curve of Super XX Aero Film showing modification caused by 20%
veiling glare in the case where glare consists entirely of added light. The range of typical
exposures and the total exposure range are taken from a British report (5).
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of the film itself are unchanged of course but the reproduction of tones under
the given conditions of veiling glare is equivalent to that by a film having the
modified characteristic curve under conditions of no glare. For the following

5 2.4

DENSITY

XPOSURE RANGE
'

VEILING GLARE - ! | TOTAL EXPOSURE
20%— ; 1 RANGE .2
- . . °

2.5 2.0 1.5 1.0 0.5 0

NEGATIVE LOG. EXPOSURE

FiG. 2. Same as Fig. 1 except that the veiling glare arises from what was originally image
forming light.

discussion it is convenient to define ‘‘object exposure” as the exposure that
would result if the causes of veiling glare were absent, as distinguished from the
“image exposure”, which the film receives in the image plane. The corre-
sponding terms ‘log object luminance ratio” and ‘‘log image luminance ratio”’
will also be used.

The broken lines of Figs. 1 and 2 are graphs of the densities on an Aero
Super XX film, plotted as ordinates, that result from the log object exposures
that are plotted on the abscissa. The solid lines of both figures are charac-
teristic curves of Aero Super XX film and therefore identical. The broken
line of Fig. 1 was obtained by finding the density that resulted from the object
exposure plus 209, of the typical object exposure in aerialsphotography. This
density was then plotted against the log object exposure. The densities on
this curve are of course always greater than the Super XX densities owing to
the added light, but the two curves approach each other asymptotically at
large exposures.

The broken line of Fig. 2, which represents veiling glare of Type 11, was ob-
tained by finding the density that resulted from the object exposure less 1/6
(i-e., 5/6 of the object exposure) plus 1/6 of the typical object exposure. It is
clear that this corresponds to 209, veiling glare as it is defined above. This
curve has the same shape as that of Type I but differs in that it crosses the

Super XX curve at the typical log object exposure, namely —1.4 log meter
candle seconds.
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[t should be understood that the log exposure values along the abscissa do
not represent for the modified curves the actual log exposure on the film
but rather the exposure that would result under conditions of no glare, i.e.,
they are log object exposures. The log image exposure corresponding to a
given point on the modified curve is given by considering the point on the solid
curve representing the same density as the given point.

It is pointed out that using 209, of the exposure at the middle of the typical
exposure range as the added light is equivalent to assuming that the average
exposure is the same as the typical exposure. This does not exactly represent
conditions in an aerial photograph but it is felt that the inexactness does not
affect the conclusions drawn except when there are unusually bright sources in
the field of view.

The range of typical exposures and the total range of exposures shown in
the figures were taken from a British report based on statistical findings in
reconnaissance photography over Europe during the war (5).

The figures show that the two types of glare have different effects. In the
case shown in Fig. 2, at the region of typical exposures, the glare reduces the
optical contrast without affecting the exposure, with the result that the photo-
graphic contrast is reduced. In Fig. 1, on the other hand, the exposure is
increased, resulting in the use of a different part of the Super XX curve.
Since the slope of the curve is increasing, the loss of optical contrast tends to
be compensated photographically in the lower part of the exposure range.
It is noteworthy that in Fig. 1 the contrast on the film is actually increased
at the toe of the curve although obviously the contrast of the optical image is
always reduced by veiling glare. This is caused by the rapid change in slope
at the toe of the true characteristic curve of the film. The effects on resolving
power will be discussed in detail in a later section.

Determination of Effect on Resolving Power

The effect of various amounts of veiling glare on the resolving power of a
camera—film combination was found by calculating the resulting change in
contrast and making use of experimental curves relating resolving péwer to
log exposure and contrast. A set of such curves for Super XX Aero Film
processed in D-195 to a gamma of 1.34 is shown in Fig. 3.

These curves were obtained by printing sets of resolution charts on strips
of film, the charts being illuminated through a calibrated optical step wedge.
One of the films so obtained is reproduced in Fig. 4. Resolving power readings
from such a film, together with the calibration of the wedge, gave one of the
curves. (Each curve in Fig. 3 represents the average of several films.) The
different curves were obtained by using charts of different contrasts. Proces-
sing was done with the accurate control that is usual in sensitometry. From
the H and D curve, which also has been plotted in Fig. 3, it is seen that the
range of typical densities recommended in the British paper (5), quoted above,
lies in the region of maximum resolving power for a log luminance ratio of 0. 2.
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This value is given as the typical object contrast by the same report. In
these curves and throughout this paper, contrast is expressed as the log of
the luminance ratio of the two target areas. The log exposure is given for
the brighter target area so that when the log exposure is such that the density
resulting on the film is zero, the resolving power is also zero.
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Fi1G. 3. Curves showing the variation of resolving power with log exposure for various log
luminance yatios of the test target for Super XX Aero Film developed in D-19b. The densities
along the right-hand side of the graph refer only to the H and D curve. The log resolving power
values refer to the other curves.

The solid curves in Figs. 5, 6, and 7 were obtained from Fig. 3 by inter-
polation and have been plotted on a larger scale for convenience. These
graphs show three variables, giving the resolving power for any log exposure or
contrast in the range covered. Thus by calculating the change in log exposure
and contrast caused by a given amount of veiling glare, the change in resolving
power can be obtained. This has been done for values of 10, 20, and 409,
veiling glare of Type I in Figs. 5, 6, and 7 respectively. The change in
resolving power is indicated by the arrows and by the broken curves, which
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Frc. 4. A4 reproduction of one of the films used to obtain the curves in Fig. 3.

F16. 9. Shows a picture taken in the tunnel in Fig. 8 for the determination of per cent
veiling glare in an aerial camera. Note the grayness of the image of the black hole.
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were obtained by calculating the modified log exposure and modified contrast
for the given amounts of veiling glare. The modified log exposure was cal-
culated by adding to the corresponding original exposure value a certain per
cent of the typical exposure. By doing this for a given log exposure value
and also for that value decreased by the log luminance ratio, two modified
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F16. 5. Curves showing the effect of 109, veiling glare on the resolving power of Super XX
Aero Film. The solid curves, obiained from Fig. 3, show the variation of resolving power with
log exposure when there is no glare. The arrows show the change in position on the graph
c;lzaused b;l: 109, veiling glare. The broken curves show the modification of the film characteristic
that resulis.

log exposure values were obtained, the difference of which gave the modified
log luminance ratio contrast.

From the modified log exposure and contrast the resolving power is given
by the appropriate point on the graphs. Corresponding points on curves
without veiling glare (solid) and curves with veiling glare (broken) are repre-
sented by the tail and the head of an arrow respectively. Hence the change
in resolving power due to a certain per cent veiling glare may be found by
reading the head and tail of an arrow. For example log object exposure
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= —1.4 and log object luminance ratio = 0.2 gives a log resolving power
of 1.4 if there is no veiling glare. In the presence of 209 veiling glare of
Type I this is changed to 1.35.
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F1G. 6. Same as Fig. 5 for 209, veiling glare.

The effect of Type II veiling glare can also be obtained from the graphs.
It can be shown that in this case the modified contrast is the same as for Typel
but the modified log exposure is less than for the latter by an amount log
(1 + F/100), where 1" signifies the per cent veiling glare. Thus for the point
considered in the preceding example the modified log exposure is the same as
the original (as would be expected at the middle of the typical exposure range)
and the modified resolving power is therefore again about 1.35 (given by a
point slightly above the broken curve).

The graphs show that Type II veiling glare caused greater loss of resolving
power at low exposures but less loss at high exposures than Type I. However,
as the above example shows, the difference is not great for the log exposure
range of —1.3 to —1.35, i.e,, in the range of typical exposures in aerial photo-
graphy. In fact the difference is not significant for the arguments in this
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paper, and therefore the two types will not be considered separately hereafter.
In any case, in practice both types exist simultaneously.
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Fig. 7. Same as Fig. 5 for 409, veiling glare.

Discussion of Results

Considering a log luminance ratio of 0.20, Fig. 5 shows that 109 veiling
glare changes the log resolving power by about —0.03, i.e., a reduction of
about 7%, in the typical exposure range. This amount is of the same order
as the variation in lens—film resolving power from lens to lens in good quality
survey lenses (2) and is therefore not serious. On the other hand 20 and 40%
cause losses of about 12 and 209, respectively. The latter amounts are great
enough to be undesirable but frequently occur in practice, as will be seen
in the next section.

Instead of considering the effect of veiling glare as a loss of resolving power
it may be thought to constitute a loss of camera speed. Thus if film speed
is determined using the resolving power criterion suggested by L. E. Howlett
(1), then the minimum acceptable exposure (i.e., that giving 909 of the
maximum resolving power when the log luminance ratio is 0.20) is —1.70
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for the film being considered, in the absence of veiling glare (see Fig. 6).
To realize the same log resolving power (viz., 1.35) in the presence of 209,
veiling glare on the other hand, the log exposure must be —1.35. This is
an increase in log exposure of 0.35 or an increase in the exposure of over 100%,.
As a result a camera equipped with an f/5.5 lens having 209, veiling glare
would be effectively no faster in cases where resolving power is the prime
consideration than one with an f/8 lens free from glare, assuming the same
quality in other respects. While this admittedly may exaggerate the situation
(for example if the minimum criterion had been 95%, of the maximum, the
loss in speed would have been infinite) it is felt nevertheless that the effect
is more serious than is generally realized. To state the effect generally: for
the useful range of exposures any resolving power obtainable in the presence
of veiling glare can be achieved with less exposure if the glare is reduced.
This effective increase of camera speed is more significant than gain of trans-
mission if lens surfaces are coated to reduce reflection. An example is
described in the section ‘“Veiling Glare in Some Existing Cameras” that
follows. Corresponding changes of photographic speed as determined by
density criteria can be seen by considering Figs. 1 and 2.

It is interesting that for very low exposures 10 or 209, veiling glare increases
the resolving power. It is this effect that is sometimes used in spectrographic
work to detect very faint lines by deliberately fogging the photographic plate.
However, over the range of exposures used in aerial photography the glare
causes a loss of resolution. :

Since the change of resolving power has been determined for the film alone,
it might be argued that the results would not be valid for a lens—film com-
bination. However it is felt that the conclusions would be the same in the
latter case because the lens—film resolving power does not generally differ
greatly from the resolving power of the film alone when fast relatively coarse
grained film is used, as is the case in aerial photography.

Measurement of V'eiling Glare

The amounts of veiling glare caused by inherent defects in camera-lens
combinations have been determined for several widely used aerial cameras.
The method of measurement was to photograph a field of view, which was of
uniform luminance except for a black spot subtending an angle of about one
degree, with the camera under test. A specially constructed tunnel shown
diagrammatically in Fig. 8 was used to provide this field.

In the film plane of the camera a small calibrated optical step wedge was
placed so that part of the bright field became exposed through it. An example
of the pictures that resulted is reproduced in Fig. 9. After processing the film
carefully, using brush development, suitable temperature control, etc., densities
were read for the image of the steps of the printed wedge, the black spot, and
the field. The characteristic curve of the film was plotted from the wedge
densities and the log exposure difference between the images of the black spot
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and the background obtained from the curve as indicated in Fig. 10. The

Glare -
Glare + Image light - If this ratio

antilog of the value obtained is the ratio:

is called R then the per cent veiling glare is given by: I—R_ X 100.
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Fi16. 8. Diagrammatic view of the tunnel used to measure veiling glare in aerial cameras.
The sections of the tunnel containing the lights are painted white; the rest is black.
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F16. 10. Characteristic curve of the film shown in Fig. 9 plotted from the wedge included
in the picture. The dotted lines indicate how the log exposure difference between the image of
the black kole and the background is determined.

The value for “Glare + Image light” was measured in the immediate
neighborhood of the point in the field where the veiling glare was being deter-
mined. This is in general different from a value averaged over the whole
field of view because of vignetting, the cosine effect, variation over the field of
the amount of flare, and so on. The choice of the former value is obviously
the logical one in view of the method of determining effects on resolution
discussed in the previous sections.

Recalling the discussion in the second paragraph of the introduction it is
seen that, because the black spot used in the measurement described above
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subtends about a degree, only light that is thrown at least a half degree from
the edge of the geometrical image is included in the value obtained for the
glare light. This is an arbitrary amount, and no attempt is made to justify it
in this paper except to say that veiling glare has been used to describe only
that light which is scattered over a ‘‘relatively large’” area. In the case where
secondary images are formed by reflection between lens surfaces it is clear
that the scattered light may involve any area, as the secondary image may be
very much out of focus or in focus and coincident with the primary image.

It is apparent that the method described above gives the per cent veiling
glare that is effective when the camera is used in service because the color
sensitivity, diffuseness of pickup of energy, etc., is identical in the test and in
service use, provided the same kind of film is used. Conditions have necessarily
been idealized in that a uniformly bright field of view has been used but this
does not lead to serious error except in special circumstances, such as cases
when the sun is in or nearly in the field of view, which cases must be con-
sidered separately.

The usual objections to photographic photometry such as reciprocity law
failure, variation in processing, etc., are obviously not valid here because of
the method used. Reproducibility of measurements has been found consistent
with the practical considerations involved. For example, three separate tests
on the axis of Camera D in Table I gave the values: 20, 25, 249, respectively.

Veiling Glare in Some Existing Cameras

The glare found in several widely used aerial cameras is shown in Table I.
A and B, a short focal length reconnaissance camera and a survey camera
respectively, are representative of cameras having fair correction.  The cones
are painted black inside and are large enough so that there is little tendency
for light to be reflected specularly on to the film. Neither camera has coated

TABLE I
Veiling glare on axis, | Veiling glare at edge
Camera %, of field, 9%
A 13 7%
B 22 8
C 35 11
o 11 9
D 23 14
E 7 4

Tke identification of the cameras mentioned in the preceding table is as follows:
A is an F24 reconnaissance camera.
B isa Fairchild K 17b with a 6 in. Bausch & Lomb Metrogon lens.
Cand C' represent a Williamson O.S.C. with a 6 in. Ross W.A. Survey lens.
D is a Fairchild F224 Cartographic camera with o Metrogon lens.
E isan F52 camera with a 36 in. F/6.3 N.R.C. Booth Telephoto lens.
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lenses, but the curvatures of the lens surfaces of Camera 4 are not very steep.
Camera B has steeply curved lenses, and coating the lenses would likely
reduce the glare to a value close to that of Camera A. The results given in
the preceding section indicate that these cameras have lost about 109 of their
potential resolving power because of veiling glare. This amount is not serious
although it would be worthwhile to reduce it, especially in Camera B.

Camera C is a recently designed aerial survey camera that is well baffled.
The unusually high veiling glare was found to be caused by reflections from
the lens surfaces, which are very steeply curved, with the result that reflections
at large angles of incidence cause light to be thrown back into the camera.
C’ is the same camera after the lens was coated with antireflection films. The
glare has been reduced to an unobjectionable amount.

Another recently designed survey camera with not much more than normal
glare under normal conditions is Camera D. However, apparently in the
interests of compactness, the cone was designed to fit the outside rays very
closely, with a disregard for veiling glare, and no field limiting baffle was
provided outside the lens. The result is slightly increased glare (especially
at the edge of the field) under normal conditions, viz., when the field of view
is of nearly uniform luminance. When very bright sources such as clouds or
lakes with the sun reflected from them are imaged on the inside of the cone,
serious glare results. From measurements on the camera and on aerial nega-
tives showing lakes it was found that glare of over 35% could be expected
frequently.

Camera E is a well designed long-focal-length reconnaissance type with
relatively flat lens curves. Fig. 11 shows typical variation of glare with
angle in the field.
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F16. 11. Curve showing typical variation of veiling glare across the field of view of an aerial
camera.

Conclusion

From the foregoing results it is seen that in an aerial camera in which
reasonable care has been taken in design, veiling glare will be of the order of
10 to 159, corresponding to a reduction in resolving power in the typical ex-
posure range of about 10%. Whereas this amount is undesirable it is not
serious and it is generally not practical to reduce it.
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It is also evident however that lack of care in design might result in veiling
glare of the order of 409,. This would cause a loss of resolving power of over
209 or an equivalent serious loss of speed.

To keep veiling glare at a minimum it is recommended that the lens surfaces
be coated to reduce reflection if there are many elements or if the surfaces
are steeply curved, as is usually the case with wide angle lenses. There should
be a field limiting cone outside the lens. The lens tunnel should be large,
well baffled, and blackened on the inside.

Whereas the experimental results given above are for aerial cameras and
one photographic emulsion, the general conclusions apply to photography in

general.
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RELATIVE YIELDS OF THE D-D REACTIONS AT LOW
ENERGIES!

By T. P. PEPPER

Abstract

By the simultaneous detection of the p, T, and He? particles in a thin window
proportional counter the concurrent nuclear reactions D(d,$)T and D(d,n)He?
have been investigated throughout the deuteron energy range 26 to 63 kev. The
ratio of the yield of the reaction D(d,p)T to that of the reaction D(d,n)He? was
found to be 1.15 + 0.15 throughout this energy range. There is some slight
evidence for an increase in this ratio towards lower bombarding energies.

Introduction

The bombardment of deuterium with deuterons produces the concurrent
nuclear reactions
D(@p)T Q

D(d,n)He? Q = 4+ 3.3 Mev.

+ 4 Mev.

and

which will be referred to collectively as the D-D reactions. Various aspects
of these reactions have been reported in the literature. When the present
work was done early in 1948, however, the literature contained no reference
to the simultaneous measurement of the D-D reactions at low energies. In
addition it appeared that no study of the vields had been made using similar
methods of monitoring the two reactions, as, for example, the detection of
the charged products from each reaction as herein described. The present
work was undertaken to show that the yields from both reactions could readily
be measured simultaneously and under identical conditions. This method
could therefore provide a simple means of obtaining the ratio of the yields at
low energies.

Reasons for the present experiment are suggested below. Measurement
of the reactions D(d,n)He® by means of the He® particles would provide a
useful standard of neutron emission. Obtaining the relative yields of the
two D-D reactions would permit a neutron standard to be established from
measurements of the yield of the more readily detectable protons and tritons.
Knowledge of the ratio of the yields of the D-D reactions as a function of
bombarding deuteron energy might prove useful in estimating the relative
importance of the Coulomb and centrifugal barriers in the formation of the
reaction products.

1 Manuscript received March 10, 1949.

Contribution from the Nuclear Physics Branch, Chalk River Laboratory, Division of
Atomic Energy Research of the National Research Council of Canada. Issued as N.R.C. No. 1956.
This work was part of a thesis submitted to McGill University in partial fulfillment of the require-
ments for the degree of Doctor of Philosophy, October 1948.
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Experimental Method

A small 50 kv. accelerator, designed and built by D. Roaf, employed a
conventional 25 kv. voltage-doubler circuit. The ion source was a radio-
frequency positive ion source designed and built by A. J. Bayly and A. G.
Ward (1). The ion beam was employed without resolution. It consisted, as
described by Ward and Bayly, of about 200 pa. mixture of masses 1 to 6,
the odd integral masses being due to hydrogen impurities in the deuterium.
Approximately 509, of the total beam was atomic heavy hydrogen: therelative
intensities of D+, DD+, and DDD™* were 6, 2, and 1: the relative energies were
E,E/2,and E/3. The yvields at energy E were one to two orders of magnitude
greater than those at E/2 or E/3. To a good approximation, therefore, the
observed vields were due to the higher energy, more intense atomic deuteron
beam. It is the energy of this beam that is quoted throughout. For extract-
ing and focusing the ions two separate 0 to 10 kv. power supplies were available.
Thus an ion had a maximum energy of 70 kev. The voltage was measured
directly by observing the current through a 50 megohm chain of carbon
resistors. Since the present method of determining the relative vields of the
D-D reactions did not require precise determination of this voltage, the resistor
chain was not calibrated for voltage or thermal variations. )

SIGNAL TERMINAL

-1 KOVAR SEAL
1, COUNTER WINDOW
RIS~ - [|_-OUTER CONDUCTOR
Cu TARGET._ | A i
~ =
: KOVAR SEAL
- =
™~ NleH TENSION
| TERMINAL
J\E\'NNER CONDUGTOR
PRESSURE GAUGE
P AS INLET
COOLING LINES KOVAR SEAL
&EEE’_LO
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F16. 1. Cross sectional view of a water-cooled copper target for condensing the denterons and
proportional counter for detecting protons, iritons, and He® particles.

Fig. 1 represents a cross-sectional view of target and cylindrical counter.
The deuterium target was a condensation target, i.e., a water-cooled copper
target onto which the impinging ions condensed, forming a deuterium layer
that was then bombarded by succeeding deuterons in the beam. The result-
ant particles from the D-D reaction, i.e., 3 Mev. protons, 1 Mev. tritons, 2.4
Mev. neutrons, and 0.8 Mev. He® particles, penetrated a thin Formvar
window and entered the sensitive volume of the proportional counter in a
cone of semiangle 20°. This degree of collimation was effected by an array
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of 0.040 in. holes drilled in a 0.1 in. steel plate, which supported the Formvar
window. During the experiment, windows of 0.25 and 0.12 mgm. per cm.?
were used. A thin layer of gold was sputtered onto the Formvar windows to
render them conducting and to reduce the light entering the counter from
the deuteron beam and target. The minimum path length in the counter
for the charged particles was 3 cm. For most of the runs, methane was used
as counter filling. The final series of runs was made, however, using #-octane
vapor at room temperature (7). The counter was operated with a gas ampli-
fication of approximately 100. The ionization pulses were further amplified,
sorted according to size, and counted.

Experimental Results

The experimental procedure was arranged, first, to identify the three
groups of pulses observed on the pulse analyzer (8), and, second, to obtain the
relative yields of the D-D reactions. The results are most readily presented
by referring to representative pulse distributions observed.
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0O 4 8 12 16 20 24 28
PULSE ANALYZER CHANNEL

FI1G. 2. Proton, triton, and He* pulses from the D-D reactions. Dlethane-filled propor-
tional counter at pressure of 30 cm. of mercury. Formuvar window 0.25 mgm. per cm.?2
Energy = 39 kev.
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Figs. 2, 3, and 4 show the three groups of pulses labelled as subsequently
identified. In Fig. 2 (counter pressure, 30 cm. of mercury) the He® peak is
broad and spreads across the sharper, less energetic proton peak, while the
triton peak falls entirely in Channel No. 30, the last channel, of the pulse
analyzer. This channel counted all pulses above a certain size. By reducing
the pressure in the counter the triton peak emerges as shown in Fig. 3 (counter
pressure, 18 cm. of mercury) to become a well resolved peak while the He® peak
is somewhat sharpened and the proton peak has receded into the noise back-
ground of Channel No. 1. By still further reducing the pressure in the counter
the relative positions of the triton and the He® peaks were interchanged, as
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expected (Fig. 4). At counter pressures of 1.9 cm. of mercury the He® peak
became sharp and similar to the proton or triton peak.
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Fi16. 3. Hedand triton pulses from the D-D reactions. Methane-filled proportional counter
at pressure of 18 cm. of mercury. Formuvar window 0.25 mgm. per cm.2  Emnergy = 60 kev.
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Fic. 4. Tritonand Heb pulses from the D-D reactions. Methane-filled proportional counter
at pressure of 3.5 em. of mercury. Formvar window 0.12 mgm. per cm* Energy = 43 kev.

The ratio of the vields of the D-D reactions was obtained in three ways
from the resolved proton, triton, and He® peaks. These are best illustrated
with reference to Figs. 2 and 4.

Method A

For the counter filled with methane to a pressure of 30 cm. of mercury
(Fig. 2) the triton pulses fell in Channel No. 30. By counting these pulses
and the pulses associated with the combined proton and He? peaks, the ratio

of the number of counts (P—_‘_T—I';-s)—_fr can be obtained. This is equivalent
to the ratio T/Hes.
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Method B

Again from Fig. 2 the ratio p/He?® can be obtained by direct interpolation
of the He?® peak beneath the p peak.

Method C

For the counter filled with methane to a pressure of 3.5 cm. of mercury
the T and He?® peaks were resolved as illustrated in Fig. 4. Upon an arbitrary
assignment of those counts lying between the main portions of the T and He?
peaks a straightforward deduction of the ratio T/He® is obtained. Two
extreme cases were considered: the one apportioned the ambiguous counts
so as to maximize the ratio T/He? the other to minimize it. The largest
spread encountered in all the cases considered was 149%. The consistent
cleanness of the T peak and the characteristic straggling of the He® peak
lead to an arbitrary weighting of 2 : 1 in favor of assigning the doubtful
counts to the He® peak.

Ratios obtained by Methods 4, B, and C are each treated as equivalent to
the ratio of the vields of the reactions D(d,p)T and D(d,n)He®. Had the
peaks been completely resolved from one another and any spurius background,
all three methods would have given the same results. The three methods are
presented and employed therefore to indicate the amount of uncertainty
introduced by the imperfect resolution. Averaging of the results removes in
large part the errors associated with any one of the methods outlined above.

Each method was applied at various deuteron energies from 26 to 63 kev.
The ratios so obtained are presented in Table I.

TABLE I
MEASUREMENT OF YIELDS OF D(d,p)T anp D(d,n)He?
d-energy Counter filling, Ratio of
kev. in cm. Hg . yields
CH.,
Method 4
Ratio calculated 27 30 1.07
T 39 30 1.06
( + He®) — T 59 30 1.10
34 30 0.99
Method B 40 30 1.07
Ratio calculated 45 30 1.11
: : g &
Hesd 56 3 .
He 62 30 1.12
. 27 3.4 1.35
31 3.5 1.19
Method C 44 3.5 1.20
Ratio calculated 52 3.5 1.16
T CsHis
He? 26 0.5-1.0 1.31
61 0.5-1.0 1.28
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Discussion of Results

Method C was applied to runs made using a window 0.12 mgm. per cm.?,
i.e., half the thickness of the one providing the data for Methods 4 and B. This
was permitted by the lower pressure requirements of Method C. That the
ratios obtained by Method C are some 8%, higher than those obtained by
Methods A and B may indicate selective absorption of the He® particles by
the window. The ratios 1.31 and 1.28 deduced using Method C at bombard-
ing energies 26 and 61 kev. were obtained using #-octane vapor at room tem-
perature. These ratios are in satisfactory agreement with those obtained
using methane at about six times the pressure.

The possibility of selective absorption of the charged products by small
irregularities in the surface of the target was considered but thought to be
unlikely, as indicated by the following argument. To the deuteron beam
the target depth was just that for the energy of the deuteron beam. This
depth I was never greater than 63 kev. The target made an angle of approxi-
mately 30° with the deuteron beam. The particles entering the counter
therefore penetrated a maximum target of I tan (30 £ 20)°. For a perfectly
smooth target only the shortest range particles (He® of 4 mm. air equivalent)
need be considered. The He? particles, would, on their way to the counter,
lose less than 100 kev. in the target. With the windows used this would
broaden but not decrease the He® peak. On the other hand, for a target with
small metal spurs, the emitted particles might indeed be prevented from
entering the counter. However, if such were the case for an appreciable
fraction of the particles, those that did enter the counter would not form a
defined peak. The fact that the He® particles did produce such a peak,
which with adequate reduction of the counter stopping power could be
sharpened to resemble the p or T peak, is good evidence against serious loss
of the He? particles before entry into the counter. As a precautionary measure
the copper target was always very highly polished with Hydro-Durexsil 700
paper and only in an up and down motion so that whatever grooves were
formed would be in the plane containing the beam, the target, and the counter
window.

The possibility that the measured ratio was altered by scattering of the
emitted particles on their way to the counter was considered. Assuming the
scattering to be of the same order of magnitude as that of deuterons on deute-
rium as reported by Blair et al. (2), the fraction of , T, He? particles scattered
before entry into the counter was found to be negligible.

The D-D reaction products are known to be anisotropically distributed
in the center of mass system of co-ordinates. Bretscher, French, and Seidl (4)
have measured the angular distribution of protons for deuteron energies 20 to
80 kev. They found that the angular distribution could be represented by
the relation Ny, = Ngo(1 + A cos® 6), where N, is the proton flux proceeding
at an angle 8 to the deuteron beam and Ny is the flux proceeding perpendi-
cularly to the beam. The quantity 4 is a function of the deuteron energy
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and increases linearly from 0.25 at 20 kev. to 0.45 at 80 kev. The angular
distribution of the neutrons has not been determined at these low energies.
At higher energies, however, the angular distributions are similar for protons
and neutrons (3). It is therefore unlikely that they differ radically at low
energies. In the case of identical angular distribution functions for protons
and neutrons the ratio of the fluxes at § = 90° can correctly be taken as the
ratio of the total yields of the reactions D(d,»)T and D(d,z)He’. In the
extreme case, that the neutron flux is isotropic for the energies considered,
the error so introduced is only 6%. That the angular distribution of the
neutrons is markedly more asymmetric than that of the protons is very
unlikely. It is improbable therefore that the error introduced by the angular
distribution is more than 29,.

From Table I it is seen that the ratio of the yields of the reaction D(d,p)T
and D(d,n)He?® is 1.15 + 0.15 throughout the energy range 26 to 63 kev.
Assuming that the results.obtained using the thinner window and Method C
are the more reliable there is some slight evidence that the ratio increases
toward lower deuteron energies.

Blair et al. (3) have found that throughout the energy range 1 to 3.5 Mev.
the ratio of the cross sections of the reactions D(d,»)T and D(d,n)He? is almost
constant and equal to 0.9. The reaction D(d,n)He? was detected by means
of the He3 in a proportional counter, but owing to the high energy of the
scattered deuterons the He?® particles and protons were not monitored simul-
taneously but at different times using windows of different thickness. At
the low deuteron energies of the present experiment, the scattered deuterons
could not enter the counter, and hence the charged products could readily be
detected together.

Coon and co-workers (5, 6) have investigated the D-D reaction throughout
the energy range 100 to 300 kev. and have found that the ratio of the cross
sections of the reactions D(d,p)T and D(d,n)He?® is 0.6 at 300 kev. and 1.0
at 130 kev. Their results indicate by extrapolation that at still lower energies
the ratio exceeds unity. These results were obtained by detecting the protons
in an ionization chamber at angles of 20°, 45°, and 90° to the deuteron beam
and the neutrons in a surrounding manganese sulphate solution. The relative
cross sections therefore required the use of a neutron standard, a complication
not met when the reactions are detected entirely by the charged particles.
The present results are consistent with those of Coon ef al., extrapolated to
lower energies.
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THE SPECIFIC HEAT OF NAPALM*-GASOLINE GELS!

By G. O-. LangstrOTE? AND K. H. HART

Abstract

The heat capacities of gasoline, Napalm, and various Napalm-gasoline gels
have been measured in the range —50° C. to 50° C. by the method of mixtures,
using an ordinary type of Richard's adiabatic calorimeter. The specific heat in
calories per gram per Centigrade degree at a temperature 7° C. within this range
isfgiven to within 2% by the relation

Sr = 0.479 — 0.00054C 4 0.000927T,

where C denotes the Napalm concentration in per cent by weight. Concentra-
tions of 0% and 1009 are included. These data supplement earlier results on
thermal conductivity.

The thermal conductivity of Napalm—gasoline gels has been determined
previously (2) over the temperature range —50° to 50° C. with Napalm
concentrations from 0 to 109, by weight. Specific heat data for the same
temperature range with Napalm concentrations from 0 to 1009, are presented
in this article.

Apparatus and Procedure

The determinations were made by the method of mixtures with the ordinary
type of Richard’s adiabatic calorimeter. The cylindrical brass calorimeter
vessel (diameter, 2 in.; height, 4 in.) was mounted on an insulating support
inside a water-tight brass jacket (diameter, 3 in.; height, 5% in.). The jacket
was immersed in a motor-stirred water bath of 3 gal. capacity. Samples were
introduced to the calorimeter vessel through a tube soldered to the top of the
jacket and extending just above the bath level; normally the tube was closed
with a cork. The calorimeter vessel was provided with a hinged top, which
was opened or closed by a thread extending through the tube. The water in it
was stirred manually by means of a small copper vane mounted on a plastic
rod that passed through the top of the jacket.

A copper—constantan thermocouple, with one junction in contact with the
calorimeter vessel and the other in the bath, was connected directly to the
terminals of a galvanometer. A difference of 0.003° C. between the calori-
meter and bath temperatures produced a deflection of 1 mm. Changes in
bath temperature involved in maintaining adiabatic conditions while the
sample and calorimeter contents attained equilibrium were read to 0.001° C.
from a Philadelphia differential thermometer. Bath temperatures were read
to 0.01° C. from a calibrated mercury thermometer.

Samples to be measured were placed in cylindrical containers of thin brass
closed by screw caps with thin gaskets. The containers had a diameter of

1 Manuscript received March 3, 1949.
Contribution from the Physics Depariment, University of Alberta, Edmonion, Alia.
4 2 Present address: Experimental Station of the Defence Research Board of Canada, Suffield,
ta.
* Napalm is a commercial product consisting of a basic aluminum soap of naphthenic, oleic,
and palmitic acids in the approximate ratio 1 : 1 : 2.
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2 cm., a height of 7 cm., a volume of 20 cc., and a mass of 18 gm. The gasket
weighed about 0.1 gm. No leakage was detected.

The bath used to bring the samples to the desired initial temperature before
introduction to the calorimeter had a capacity of about 1 gal. It was similar
to that used previously in conductivity measurements (2). The bath liquid
was water for temperatures above, and methyl alcohol for those below, 0° C.
Temperature constancy was maintained by the operation of a heating element
with a toluene thermostat control working against a cooling tube containing
acetone and carbon dioxide snow. Vertical brass tubes about 7 in. long and
1 in. in diameter with their tops just above the liquid level served as dry
receptacles for the sample containers. The bath temperature was measured
to 0.01° C. by potentiometric deterrnination of the e.m.f. of a copper—con-
stantan thermopile of three couples in series, calibrated at the steam, ice, and
carbon dioxide snow points. It exhibited periodic fluctuations of 0.01° C.
above 0° C., and of 0.05° C. below 0° C., but no drift occurred over periods
of several hours.

Before insertion in the constant temperature bath, the sample containers
were placed in shields designed to minimize heat losses or gains during the four
second interval required for transfer from the bath to the calorimeter. A
shield comsisted of a brass tube just large enough to hold a container. It was
closed permanently at the upper end and was corked at the lower. In trans-
ferring a sample from the bath to the calorimeter, the shield was held over
the tube in the calorimeter jacket, the cork was removed, and the sample
container was lowered into the calorimeter by means of a thread passing
through the top of the shield.

A graded series of gels was prepared by mixing appropriate quantities of
Napalm and gasoline with mechanical stirring for half an hour. The gasoline
was supplied by the Research Council of Alberta. It had a tetraethyl lead
content of 3.4 cc. per gal., and a specific gravity of 0.702. About 15 gm. of
the gel to be examined was placed in a sample container and brought to the
desired initial temperature by insertion for at least one hour in the constant
temperature bath. The temperature attained by it was taken to be equal
to the mean bath temperature over the latter part of this period. The
temperature of the weighed mass of distilled water in the calorimeter vessel
and also that of the calorimeter bath was so adjusted that the value attained
after adding the sample was as nearly as possible 21.00° C. On transfer of
the sample to the calorimeter, adiabatic conditions were achieved as nearly
as possible by additions of warm or cold water to the calorimeter bath. On
attainment of thermal equilibrium the temperature change of the bath, and
so of the water in the calorimeter vessel, was determined from the initial and
final readings of the differential thermometer. The final temperature was
read to 0.01° C. from the bath thermometer. The heat capacity of the sample
between its initial and final temperature was calculated in the usual way, the
heat capacities of the calorimeter vessel, stirrer, and sample container being
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taken into account. The heat capacity between the initial temperature and
21.00° C. was calculated from this value by application of a small correction.

From 100 to 140 gm. of water was used in the calorimeter vessel; its tem-
perature never exceeded 24° C. nor fell below 18° C. Temperature changes
caused by introduction of the sample were from 2° to 4° C. The specific heat
of water was taken as 1.000 cal. per gm. per Centigrade degree. In view of
the small departures from 21° C., use of this value introduced an error of
less than 0. 19,.

The heat capacity of the calorimeter vessel and stirrer was determined in
tests in which 5 to 8 gm. of distilled water at 0° C. was added to 20 to 30 gm.
of water in the vessel, with a resulting temperature drop of about 3° C. The
mean value for the 21° C. region was 16.5 + 0.2 cal. per °C. The heat
capacity of each sample container was calculated from the masses and specific
heats of brass and the gasket material. On the average these contributed
respectively about 0.05 and 1.6 cal. per °C. to the heat capacity of the loaded
container (9 to 10 cal. per ° C.). The specific heat of the gasket was deter-
mined from measurements on sample containers filled with disks of the
material. It was found to be 0.52 cal. per gm. per Centigrade degree. Since
the gasket accounted for only about 0.5%, of the heat capacity of the loaded
containers, variations with temperature were not measured. The specific
heat of commercial brass was determined from heat capacity measurements
on a 150 gm. cylinder by the method described above. The data are given
in Table I. The heat capacities Hs, between the initial temperature # and
21.00° C. are described to better than 19, by the relation

Hj = — 1.859 4 0.08850 -+ 0.00001962 (1).
Consequently the specific heat Sy at 7° C. is given in calories per gram per
Centigrade degree by ¢ _ o 0895 1 (.000038T @)

over the temperature range of Table I.

TABLE I

OBSERVED HEAT CAPACITIES IN CALORIES PER GRAM BETWEEN 8 AND 21.00° C. FOR A SAMPLE
OF COMMERCIAL BRASS ROD, AND THE DEVIATIONS FROM THEM OF THE VALUES GIVEN
BY EqQuaTIiON (1)

8 (°C.) Cal./gm. o, Dev. 6 (°C.) Cal./gm. % Dev.
50.15 2.63 0.0 —21.27 —-3.74 0.3
49 .64 2.59 —~0.4 —29.85 —4.49 0.2
40.18 1.72 0.6 —39.76 —5.33 —-0.4
33.40 1.11 0.9 —49.53 —6.19 —0.2
0.00 —1.85 -0.5 —-50.77 —6.32 0.3

In preliminary tests the bath temperature was maintained equal to that of
the water in the calorimeter over periods of more than half an hour without
detectable change in the reading of the differential thermometer. It follows
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that heat exchange with the exterior and heat loss by evaporation were
negligible over the period required for making a determination. Other tests
showed that 100 rather vigorous strokes of the stirrer caused a temperature
rise of only 0.005° C. in the water in the calorimeter. Since in making a
determination only three or four gentle strokes were used on about three
occasions during the course of heat exchange, the stirring was not sufficient
to cause a detectable rise in temperature. As a check on over-all reliability,
the average specific heat of copper was determined for the ranges 21° to 50° C.
and 21° to 58° C. The mean of six determinations was 0.0932 cal. per gm.
per Centigrade degree, in agreement with a value of 0.0930 cal. per gm. per
Centigrade degree calculated from the results of Bronson et al. (1).

Results of Heat Capacity Measurements

Measured heat capacities between various initial temperatures 6 and
21.00° C. are given in Table II for gasoline, Napalm, and gasoline-Napalm
gels of four different concentrations. -

TABLE II

OBSERVED HEAT CAPACITIES IN CALORIES PER GRAM BETWEEN # AND 21.00° C. FOR GASOLINE,
NAPALM, AND VARIOUS GASOLINE~-NAPALM GELS, AND THE DEVIATIONS FROM THEM OF
THE VALUES GIVEN BY EQUATION (4). PERCENTAGE NAPALM CONCENTRATIONS BY

'WEIGHT ARE GIVEN AT THE HEAD OF EACH PAIR OF COLUMNS.

0.0 5.0 7.5 10.0 12.5 100
b.°C. % % % % % %
] 0 o 0 o
. Obs. Dev. | OPs. Dev. | ODs: Dev.| Obs Deov. Obs. Dev. | ©bs. Dev.
50.15 15.09 | —1.2 14.89 | ~0.5 14.87 | —-0.6 14.92 | —0.7 14.77 | -0.4 13.24 1.4
49.64 14.79 | —0.8 —_ —_ —_ —_ —_ _— —_ — - —_
44 .61 12.05 |—0.4 11.89 0.3 11.96 | —-0.2 11.91 0.3 11.74 0.9 10.72 0.7
40.18 9.84 |~1.3 _ _ —_ b — —_ —_ —_ — —_
39.81 — — —_ —_ —_ —_ 9.43 0.3 — — 8.47 1.2
39.73 9.56 |—~0.9 9.38 0.4 9.20 2.3 —_ —_ 9.40 | —0.4 —_ —_
33.42 6.24 0.3 —_ -— _ —_ _ _ _ —_ —_ —
30.52 4.72 1.1 4.62 2.8 4.63 1.9 4.63 2.4 4.79 | -1.7 4.38 |—1.1
0.00 |—10.47 |—1.9 |—10.07 1.4 {~10.18 0.1 ]-10.10 0.5 |— 9.95 1.7 |- 9.03 0.4
—11.17 |—15.66 |—0.6 |—15.41 0.4 | ~15.35 0.5 | —15.47 | ~0.6 |—15.30 0.2 {—13.88 | —0.9
—21.27 1-20.22 0.2 |—20.01 0.6 | —20.19 |—~0.4 | —20.03 0.0 ([—19.99 (—0.2 | —18.00 | -0.5
—29.85 —_ — _ —_ —_ — |—23.89 |—0.1 _— — |—21.54 |-0.8
—31.26 |—-24.85 |—0.2 {—24.49 0.7 | —24.65 |—0.2 —_ — | —24.40 0.2 _ —
—39.76 {—28.59 |—0.1 |—28.32 0.2 | —28.48 0.5 |—28.28 | ~0.1 | —28.23 | —0.2 | —25.25 0.0
—49.53 |—-32.85 0.1 |—32.38 0.9 [—32.53 0.2 | ~32.45 0.1 [—32.36 0.1 1—29.08 |—0.3
—50.77 }—33.62 |—0.7 | —33.06 0.5 | —33.23 |~0.3 [ ~33.12 [~0.3 | —33.11 | —0.5 -29.,50 | —0.1
Average —_ 0.7 —_ 0.8 —_ 0.7 —_ 0.5 —_ 0.6 - 0.7
Discussion

An examination was made of two types of empirical relation to describe the
heat capacity data of Table II. The one finally adopted was the power series

Hy = — P + Q6 + R, ®3)
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where Hj, denotes the heat capacity in calories per gram between the initial
temperature 6 and 21.00° C., and P, Q, and R are constants. The values
of the constants were first determined by fitting the equation by the method
of least squares to the data independently for each Napalm concentration,
including 09 and 1009%,. Plots of P, Q, and R against the Napalm concen-
tration C then showed a linear relation between the first two and C, but no
detectable dependence on C of the small constant R. The equations of the
lines in the P and Q plots were substituted for P and Q in Equation (3) to
express explicitly the dependence of Hy on Napalm concentration. The
value of R was taken to be the mean value for the entire data. On this basis
Equation (3) became

Hj = —10.27 + 0.012C + (0.479 — 0.00054C) 6 + 0.00046 62 (4)

The values of Hy, calculated from Equation (4) showed an average deviation
of 0.7%, from the 69 observed values, as may be seen from Table II. The
maximum deviation was 2.89,. There were three deviations greater than
29, and 11 between 19, and 2%,. Two of the former, and four of the latter
were associated with data for-the initial temperature closest to 21.00° C.,
and for these the experimental error is expected to be greatest; the average
deviation for the 8 = 30.52° data was 1.89,. Equation (4) satisfies the
requirement that H; should effectively vanish when § = 21.00°C. Cal-
culated values of Ha for the concentrations in the order given in Table 11
are 0.03, —0.01, —0.02, 0.00, 0.00, and 0.06 cal. per gm.

It follows from Equation (4) that the specific heat Sy in calories per gram
per Centigrade degree at any temperature 7° C. between 50° and —50° C.
and any Napalm concentration C in per cent by weight, is given by

Sr = 0.479 — 0.00054C + 0.000927. ()

This relation is considered to be good to about 29,. Although no data were
obtained between C = 12.59, and C = 1009, there is no reason to expect
serious errors from interpolation for this region.
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THE NUCLEAR MOMENTS OF P&!

By M. F. CRAWFORD AND J. LEVINSON?

Abstract

Hyperfine structures have been observed in the 3sis 2S5, — 3s4p 2P),1 .2 transi-

tions of P IV with a 21 ft. concave grating and in the 4525); — 4p 2pY; transition of
PIII with a transmission echelon. The half-widths of the lines, excited in an
electrodeless discharge, were reduced by mixing neon with the phosphorus vapor
and by using a condenser of small capacity. Their intensities were increased by
discharging the condenser through the exciting coil nine times per half-cycle by
means of a rotating spark gap. The structures of the P IV lines confirm I =
1/2 and show that , the nuclear magnetic moment, is positive. 4 = 1.15 +£0.05
nm.and g = 1,11 + 0.1 n.m. are obtained from the P IV and P III structures,
respectively.

Intreduction

The nuclear magnetic moments of nearly all the nuclei lighter than Yt
with odd atomic number and odd mass number are known. P% is one excep-
tion. Its spin, I = %, has been determined from alternating intensities in
the band spectrum of diatomic phosphorus vapor (1, 10). Its magnetic
moment has been investigated by Tolansky (14): he found no resolvable
hyperfine structure in any of the 13 lines of the second spectrum of phosphorus
studied by him, and concluded that the nuclear gyromagnetic ratio, g, is
anomalously small. However, these lines of P II would have very narrow
structures even for a g-value corresponding to a magnetic moment of the
order of one nuclear magneton (3).

The fourth spectrum of phosphorus is more favorable for a determination
of the magnetic moment. The transitions 3s4s 3S; — 3s4p 3PJ,, in P IV
(2, 13) should have hyperfine structures of the order of seven times larger
than the widest structure in the lines studied by Tolansky. Accordingly
these transitions were investigated. An electrodeless discharge was used to
excite the fourth spectrum, and the effects of source conditions on the half-
widths of the lines were studied. The reduction effected in the half-widths
made it possible to resolve hyperfine structures and determine the magnetic
moment.

Experimental

The light source was an electrodeless discharge in a mixture of phosphorus
vapor and neon in a quartz tube 75 cm. long and 2.5 cm. in diameter. The
discharge was observed through a plane window at one end. An exciting
coil 50 cm. long was wound tightly on mica wrapped around the central portion
of the tube. Neon was circulated through the discharge tube. The con-
struction and operation of the circulating and purifying system are described

1 Manuscript recesved February 5, 1949,
Contribution from the Department of Physics, University of Toronto, Toronto, Ontario.

* Holder of a Fellowship under the National Research Council of Comada, 1946-1947.
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in the book by Tolansky (15). Freedom from hydrogen and mercury in the
discharge tube is essential since both appreciably quench the higher spectra
of phosphorus.

A schematic diagram of the exciting circuit is shown in Fig. 1. The oail
condensers, C, combined in series as shown, had a capacity of 0.002 uf. The
exciting coil, D, consisted of 118 turns of 1.5 mm. copper wire, and had an
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inductance of 27.5 ph. It was found empirically that smaller values of the
capacity resulted in sharper lines, but reduced the intensity appreciably. In
order to use small capacity without loss of intensity, the method of multiple
discharge per half-cycle was adopted. The condensers were discharged
through the coil by the rotating spark-gap, S, which was synchronous with the
applied voltage. The number of discharges per half-cycle was determined
by the number of fixed terminals per quadrant, and as many as nine were
used. With the above value of the capacity the condensers charged up to
approximately the same potential before each discharge. The charging
current was supplied by a 1.5 kva., 220 : 75,000-v. transformer. Its input
was controlled by a 1.5 kva. autotransformer and was adjusted to give a
sparking voltage of approximately 20,000 v.

The best compromise between intensity and half-width for P IV lines was
obtained with the electrical conditions described above and a pressure of 1 mm.
of neon. Since the discharge tube was operated at room temperature, the
‘partial pressure of the phosphorus vapor was that of yellow phosphorus at
room temperature. The effects of source conditions were not investigated in
sufficient detail to warrant much speculation on the mechanism of the excita-
tion process. However, the empirical results indicate that the line widths of
the higher spectra depend more upon the velocities acquired by ions in the
exciting field than upon other factors, and thus show that data relevant to
the theory of discharges in gases at low pressure can be obtained from the
study of line contours.

Fi16. 1. Exciting circuit.

The spectrograph was a 21 ft. concave grating in a modified Eagle mounting
with a plate holder 12 ft. long. It was in a constant temperature room
separated from the source room except for a small opening through which the
light entered. The 3350 A region was recorded in the fourth and fifth orders
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simultaneously. In the fifth order, which is the more intense, the theoretical
resolving power is 400,000.

Ilford Zenith plates were used and developed in Ilford metothydroquinone
developer. A Corning red—purple Corex filter was placed before the slit to
reduce the background and the overlapping of orders. Although the plates
were grainy, traces obtained with a Leeds and Northrup microphotometer
were relatively smooth because a sufficiently long portion of the line was
scanned to average out fluctuations. The separations, as well as the inten-
sities of the hyperfine structure components, were determined from the traces.

An accurate calibration of the emulsion was obtained from the nonuniform
intensitv distribution along a spectral line due to the astigmatism of the
concave grating, as first suggested by Dieke (5). Dieke’s method is applicable
only if the slit is uniformly illuminated and the grating is uniformly reflecting
along the length of a ruling. Since these conditions were not fulfilled, his
method was modified to incorporate the principle of the “Two-Line Method"
described by Churchill (4). On a concave grating spectrogram the relative
intensity distribution along the length of a spectral line is the same for all lines
in a narrow spectral region. Thus the densities of two selected lines measured
at equal distances from the centers of the lines represent a constant intensity
ratio independent of the distance from the centers. By measuring corre-
sponding densities at a number of distances from the centers of the lines the
characteristic curve can be determined if the intensity ratio of the two lines is
known. If the intensity ratio is not known, the characteristic curve can be
plotted only on an arbitrary log I scale.

In this investigation the intensity ratio of the transitions 35, — %P9 (3364 A)._
and 3§, — 3P§ (3371 A) was used to determine the log I scale uniquely.
This ratio was first measured using a characteristic curve obtained from a
stepped-slit exposure on another plate of the same emulsion number, and was
within 109 of the ratio 3:1 given by multiplet theory for LS coupling. This
is the order of agreement expected when the standard is not on the same plate
as the spectrum. Thus it was deemed justifiable to use the theoretical ratio
3:1 to determine the log I scale of the characteristic curve obtained by the
Two Line Method. The intensity ratios for hyperfine structure components
and for the lines of the fine-structure multiplet as determined with this
calibration are consistent with theory to within 5%, as shown in Fig. 2.

This consistency is appreciably better than that obtained with a stepped-slit
calibration, particularly at low densities. This is not unexpected since the
Two Line Method uses the lines themselves, and hence is independent of
source fluctuations and variation of emulsion sensitivity over the plate.
Further, the background corrections can be made with greater precision.

Results

. The intensity contours of the three P IV lines studied are given by the heavy
lines in Fig. 2, (), (8), (¢). They were obtained from the microphotometer
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traces of the best plate. Traces of seven other plates showed no appreci-
able departure in form from those of the best plate. Relative intensities
obtained from several of these plates agreed with those obtained from the
best plate to within 10%, and half-widths agreed to within 2%,. In our
judgment the contours obtained from the best plate are reliable to better
than 5%, and are probably more accurate than a simple average of the con-
tours obtained from all the plates.

2- T
@ (€
3371.2 A oL 3347.8 A
1L— 35‘-3P3 351‘31):

3364.5 A

e

c (b)
0 .

= 351_31);’

~~
~u,

=
=

Fi1G. 2. Intensity contours

The dashed contours in Fig. 2 represent the theoretical hyperfine structure
components, assumed to have a Gaussian distribution. They are based on
the theoretical patterns shown in Fig. 3, (@), (8), (¢). These patterns are
drawn for I = % and a positive nuclear magnetic moment. The relative
intensities are shown in Fig. 3 by the heights of the lines representing the
components and were obtained from the formulae of Hill (9). The hyperfine
structure separations given in terms of g in Fig. 3 are calculated as described
below. The theoretical line contours shown in Fig. 2 as light continuous
lines are the sums of the dashed contours of the components. Only two
experimentally derived data were used in plotting the theoretical contours:
0.44 cm.~! as the half-width of a component, deduced from 3348 A; and
0.54 (5) cm.™! as the separation of the hyperfine structure states of 3Si,
obtained from the measured separation of the peaks (0.49 + 0.02 cm.™) in
3371 A by correcting for the small overlapping of the components. The
intensity unit for both the theoretical and the experimental contours is the
intensity of the stronger peak of 3371 A.
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The presence of just two hyperfine structure components in the pattern of
3371 A with a measured intensity ratio of 1.98 proves uniquely that I = 3,
the value obtained by Ashley (1) and Jenkins (10) from the molecular spectrum.

Iy 2 f B
F ; 3P: 282 ot
350 2
PO % Bp:) 230& et % i
% i
3/2 T y y A
S1 427g cm!
1& l Y A A

I l j . | ] 1

3371.2 A 3364.5 A 3347.8 A
(a) (b) (c)

F1G. 3. Theoretical patterns.

The hyperfine structure splitting of the 3S; level for I = 1 is given by (7, 8)

/_\.(351) = § (- (das + a-ls) .Kem ™ (1)

where .
K is a relativistic correction and has the value 1.02 for an s
electron of phosphorus,

Qns = _2 Ro? Z;-lsZﬁ - g cm. (2)

€

R is the Rydberg constant,
« is the Sommerfeld fine-structure constant,

Z; is the inner effective nuclear charge and equals 15 for an s
electron of phosphorus.

Zy is the outer effective nuclear charge,
7 is the effective principal quantum number,

g is the ratio of the nuclear magnetic moment in Bohr magnetons
to the nuclear angular momentum in Bohr units.

Thus,
ans = 232.8 Zig/n? cm.~t . (3)
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The values of Z%/#¢ are different for the two clectrons of 3s4s 35;, and are
not obtainable directly. Since the Rydberg formula for the term value gives
only Z3/#nZ, Zy or n, must be determined explicitly for each electron.. For
the 3s electron Z3/#2 is evaluated by equating it to the term value, in Rydberg
units, of the 3s4s configuration of P IV relative to the 4s configuration of P V.
A value of 7. to be used with Z3/n2 is obtained as follows: 7#. of the 3s
electron of P V evaluated from Robinson's data (13), T = 524,463 cm.™!
and Zo = 5, is 2.287. This is an approximate value of %, for the 3s electron
in the 3s4s configuration of P IV. It is true that Z, = 5 is too large for the
3s electron, by perhaps 109, when the shielding by the 4s electron is taken
into account; but the term value, T = 524,463 cm.~, taken from the P V
analysis is also too large by 129, compared to the energy required to remove
the 3s electron from the 3s4s configuration of P IV, namely T = 460,384 cm.™.
These two errors tend to compensate. Since Z, probably is between 5 and
4.5, the value of #, obtained in this manner should not be in error by more
than + 59%. Using #, = 2.287 and T = 460,384 cm.™ for the 3s electron,

Zi/nd =T/R.n, = 1.83;. 4)
Substituting this value in (3),
azs = 427 g cm.7t | S)

For the 4s electron of the 3s4s configuration, Z, is taken as 4, then #. is
3.061, as calculated from the term value, 187,423 cm.™!, of 3S; relative to
352S of P V. Thus from (3)

a4s = 130 gcm. 7 . (6)
Substitution of (5) and (6) in (1) gives
A (3S) = 425 gcem.7t . (7

The experimentally determined value of A (3S;) is 0.54 (5) cm.™?, and the
hyperfine structure is normal. Thus by Equation (7), g = 4 0.00128.
However, Fermi and Segré (6) have shown that if the quantum defects for
an s-electron term sequence are not constant the right hand side of Equation
(3) must be multiplied by a correction factor. From Robinson’s data for the
ns terms of P III and P V and for the 3sns terms of P IV the correction
factor for the 3selectron is 1.016 and for the 4s electron 1.025. These
corrections increase the coefficient of g in Equation (7) by 2%, and give
g = + 0.00125 + 0.00005. The nuclear magnetic moment, i, in nuclear
magnetons then is 4+ 1.15 + 0.05 n.m.

The separations of the levels of the 3s4p configuration are consistent with
Houston’s equations and show that the coupling departs somewhat from LS.
The wave function for the triplet level with 7 = 1, designated as {3PY}, can
be expressed as a linear combination of the triplet and singlet wave functions
in pure LS coupling, designated as [3PJ] and ['P§] respectively. Using
Robinson’s term values (13),

(3P9} = 0.994 [3P¢] — 0.106 [LPY]. (8)
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Equation (8) shows that the departure from LS coupling is small, and that
the 3:1 intensity ratio assumed for the two lines used to calibrate the emulsion
is valid to within 195. However, the departure is significant in the calculation
of the hyperfine structure splitting of the 3P} level.

For this calculation (3) it is necessary to express the wave function as a linear
combination of the jj wave functions of the two levels with J = 1. Designating
these as [1/2, 1/2] and [1/2, 3/2], to indicate their origin in the jj subgroups,

(sP9} = 0.873[1/2,1/2] + 0.488[1/2, 3/2]. (9)

The coefficients in Equation (9) when substituted in the formulae of Breit
and Wills (3) for intermediate coupling give the following relation for the
splitting of the 3P) level: :

AGPY) = %(0.327 ass + 1.09 asp), (10)

where
427 g cm.™! from Equation (5),
Avg
T TF DT
Av = 207 cm.™, the separation between the J = Oand J = 2
levels,

Z; = 13, obtained from Ar by the spin doublet formula,
I =1

Relativistic corrections are included in the numerical coefficients of Equation
(10). Thus, AGPY) = 228 gcm.~ = 228 X 0.00128 cm.™!, = 0.29 cm.™,
using the uncorrected value of g obtained from the 35 splitting.

An experimental value of A(®PY) was obtained by comparing the observed
contour of 3364 A with the contours predicted using A(S;) = 0.54(5) cm.~t
and a series of values of A(®P9). The comparison gave a fairly unique value,
A(GPY) = 0.27 £ 0.04 cm.m'. The contour plotted using this value, which
is 0.02 cm.™ smaller than the calculated splitting, matched the observed
contour very well, including the hump on the high-wave-number side. This is
evident from Figs. 3, (8), 2, (b); a small decrease in the splitting of 3P9
increases the separation of the two central components and produces a hump
on the side of the contour. However, the difference between the calculated
and the experimental value of A(®PY) is within the assigned error which takes
into consideration both the precision of the matching and the 4% error in the
value of A(®S)) used in the analysis of the contour. Although this error is
relatively large because of the incomplete resolution, the contour is compatible
only with I = %. A similar analysis of the contour of 3348 A gave A(®PY) =
0.39 £ 0.11 cm.7%. By calculation (3), A(PY) = 282 g cm.~* = 0.36 cm.~.
Thus, the hyperfine structures of these two lines, as well as that of 3371 A,
are consistent with 7 = 1/2 and u = + 1.15 %+ 0.05 n.m.

The third spectrum of phosphorus was also investigated with a transmission
echelon. The transition 45%S,, — 4p 2PY (4246 A) (11, 13) was resolved into

A3g

= 10.6 g cm.7%
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two components with a separation of 0.11 + 0.01 cm.~! However, only one
good spectrogram was obtained before two plates of .the echelon became
“uncontacted.” The resolved structure on this spectrogram gave A(4s2S,,) =

0.12 £ 0.01 cm.™* = K . as;. Thus by Equation (3) with a Fermi-Segré
correction factor of 1.026, u = + 1.11 + 0.1 n.m.

During the writing of this report a letter was published by Pound (12) in
which he gave + 1.1314 + 0.0013 n.m. as the nuclear magnetic moment of
P31 obtained by the magnetic resonance method. Our values agree with
his within the error set by us on the basis of experimental accuracy alone.

In addition our results show that the nuclear magnetic moment is positive
and confirm I = 1/2.
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THE GAMMA RAYS OF RADIUM (B + C)!

By K. C. ManN aND M. J. OZEROFF

Abstract

An experiment has been performed to verify the gamma-ray energy spectrum
of Radium (B + C) as reported by Latyshev and associates. The spectrum was
obtained by measuring the energies of photoelectrons ejected from a thin lead
radiator by means of a thin-lens magnetic beta-ray spectrometer. The spectrum
obtained failed to reveal the presence of transitions other than those reported
by C. D. Ellis. Comparative results are presented.

Introduction

The gamma rays of RaB and RaC have been reported in detail by Ellis
and coworkers (5) from measurements of the energies of internal conversion
electrons and of photoelectrons ejected from high atomic number materials.
Later, Latyshev and his associates (1, 2, 8, 9, 10) measured the energy distri-
bution of positrons formed in the process of internal pair production as well
as internal conversion electron energies. They were able to report the detec-
tion and measurement of all the gamma rays found by Ellis above 2 mc?
(1.02 Mev.) plus 10 new gamma rays, the comparative intensities of the latter
being high enough for reasonably easy detection. It is strange that these
gamma rays were not found by Ellis, in spite of the extreme care which charac-
terized his work, and for this reason it seemed advisable to investigate again
the gamma-ray spectrum of radium in an effort to eliminate these uncertainties.

Apparatus and Method

The source used in this investigation was a silver ‘“‘needle’ containing 10 mec.
of radium in equilibrium with its disintegration products. Gamma rays from
this source were studied in a thin-lens magnetic beta-ray spectrometer of the
type described by Deutsch, Elliott, and Evans (3). For this purpose the
gamma rays were allowed to eject into the spectrometer photoelectrons from
a thin lead foil 50 mgm. per cm.? in thickness. The momentum distribution
of the photoelectrons was measured by varying the focusing current through
the spectrometer’s lens coil. For detection of electrons, a bell-type Geiger—
Miiller counter was used with a mica window 4 mgm. per cm? thick.

The spectrometer was calibrated using the well known F-line of Thorium B.

The momentum corresponding to this conversion line has been accurately
determined (4, 11) and is

Hp = 1385.6 gauss-cm.

T_he thorium source was prepared by precipitation as a sulphide from a thorium
nitrate solution on a thin backing of mica. When used in the spectrometer

Y Manuscript received March 15, 1949.

Coniribution from the Department of Physics, University of British Columbia, Van-
couver, B.C.
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the conversion line was quite sharp and gave a calibration constant for the
spectrometer of 486.0 gauss-cm. per ampere.

Observations of photoelectron peaks indicate that the resolution of the

spectrometer, %}ip) , is 4% at half-peak intensity.

Results

Fig. 1 shows the curve obtained with the spectrometer, using the radium
source. The solid curve is the composite curve of photoelectron peaks and
Compton electron background, the latter arising from a brass absorber used
to eliminate all primary beta rays. The dotted curve represents the Compton
electrons alone, taken with lead radiator foil removed.
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FiG. 1. The gamma ray spectrum of Radium (B + C).

The values of the energies in Mev. assigned to each photoelectron peak are
the gamma-ray energies, calculated as the sum of the photoelectron energy
plus the shell binding energy of lead. All peaks, with one exception, were
assumed to be due to photoelectrons ejected from the K-shell, since this is
most probable. For these, the K-shell binding energy used was 0.088 Mev.
(taken from X-ray absorption limits (7) ). In the one exception, a smaller
peak following the 0.607 Mev. gamma ray was found to be 72 kv. more
energetic and so was identified as an L-shell peak of the same gamma ray.
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Table I compares the energies and relative intensities of the gamma rays
found in this investigation with those reported by Ellis and coworkers, and
by Latyshev. The relative intensities have been calculated on a basis of
peak height above background corrected for variation of photoelectric cross
section, using published curves (6).

TABLE I

Lines marked ““i.c.” denote internal conversion measurements,
Lines marked “‘p.e.” denote photoelectric measurements.
Lines marked “i.p.” denote internal pair measurements.

Ellis and coworkers Latyshev and coworkers Present investigation
Gamma-rayenergy,| Gamma-ray energy, Relative Gamma-ray Relative
Mev. Mev. intensity energy, Mev. intensity
0.0529 i.c.
0.2406 i.c.
0.2571 i.c.
0.2937 i.c. 0.291 *
0.3499 i.c. . 0.352 *
0.4260 p.e. 0.426 9
0.450 4
0.4980 p.e. 0.496 14
0.6067 1i.c. 0.606 i.c. 0.607 74
0.766 i.c. 0.766 i.c. 0.781 13
0.933 ic. 0.933 i.c.
1.11 ip.
1.120 ic. 1.120 ic. 1.12 9
1.21 ip. 23 24
1.238 ic. 1.234 ic.
1.379 ic. 1.370 i.c.
1.39 ip. 49 1.40 23
1.414 ic 1.414 ic.
1.52 ip. 29
1.62 i.p. 22 ‘
1.69 i.p. 17
1.75 ip. 100 1.77 100
1.761 ic. 1.761 i.c.
1.82 ip. 17
2.09 ip. 15
2.193 ic. 2.20 ip. +ic. 41 2.21 25
2.40 ip 21 2.40 *

* Not estimated.

The 2.40 Mev. gamma ray reported in this paper does not appear as a
photoelectron peak. It was assumed that a weak gamma ray must be
responsible for the Compton recoil electron distribution of the upper energy
end of the curve. Choosing the end point of this distribution by inspection
to be 2.14 Mev., the gamma-ray energy responsible can easily be shown to
be 2.40 Mev., with an uncertainty of the order of +39,.

As used in this investigation, the spectrometer is somewhat insensitive to
gamma rays of energy less than 0.250 Mev. because of the long electron path
with its attendant scattering and the relatively thick counter window and lead
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radiator foil. Hence the low energy rays reported by Ellis did not appear
here. In addition, conversion coefficients strongly affect the comparison of
results. For example, the 1.414 Mev. transition is known to be almost
completely converted and, as a result, it does not appear at all in our measure-
ments.

One faint peak from a 0.450 Mev. gamma ray was found which has not been
reported previously. Its intensity is so low that it is certainly near the limit
of detection of the spectrometer.

An inspection of the comparative results indicates a radium gamma-ray
spectrum along the Ellis pattern. Little evidence of the extra gamma rays
reported by Latyshev and coworkers was found. However, all photoelectron
peaks above 1 Mev. are relatively weak compared to the admittedly high
Compton background and it is possible that the latter may have masked the
missing lines.

Techniques are now being developed in this laboratory in an attempt to
reduce the Compton background, which if successful should increase the
sensitivity of the spectrometer to low intensity gamma rays. The authors
hope to be able to make a further report of this research in the near future.
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WAVE LENGTHS, EQUIVALENT WIDTHS, AND LINE PROFILES
IN THE SPECTRUM OF THE STAR H.D. 1900731

By C. S. BeEaLs AND MiIriaM S. BURLAND

Abstract

With the aid of long exposures (18 and 25 hr. respectively) the spectrum of
H.D. 190073 in the ordinary region has been photographed with dispersions of
7.3 to 15.2 A per mm. The resulting spectrograms revealed approximately
100 stellar lines not observed with single-prism dispersion as well as indicating
more clearly the structure of a number of complex line profiles. Wave lengths,
identifications, and equivalent widths are listed for all observed lines, and a
number of the more interesting line profiles are illustrated. The interpretation
of line profiles is discussed and it is pointed out that the presence of asymmetrical
hydrogen lines is an indication of a shell of relatively small diameter.

Introduction

The spectrum of the emission line star H.D. 190073 (o 1900 19% 58.=1,
8 1900 + 5° 28’ mag. 7.9 AQe) is, in a number of respects, unique in the sky
because of the peculiar character of its emission and absorption lines. Studies
of its spectral characteristics have been made by Merrill (6), Beals (2, 3) and
Struve and Swings (8). .

The spectrum is characterized by emission lines due to hydrogen, neutral
sodium, and ionized metals such as Call, Fell, Till, etc. A number of the
lines have a P Cygni character and in the case of hydrogen the line profiles
exhibit definite variability. The forms of the lines due to Call in this
spectrum are unusually intricate and complex, while H.D. 190073 is one of
the few stars that exhibit well marked emission due to neutral sodium.

In spite of the fact that the star has been studied by several investigators
and that a number of efforts have been made to work out detailed explanations
of a number of its unusual features, its spectrum remains a puzzle that in the
main has not been solved. The present study was undertaken with the hope
of making 'a worth while contribution to our knowledge of this spectrum by
investigating it with higher dispersion than had hitherto been employed.

The Observations

The spectrograms and microphotometer tracings on which this study is
based were secured by one of the authors (Beals) at the Dominion Astro-
physical Observatory at Victoria, B.C., before his transfer to Ottawa.

1 Manuscript received May 10, 1949.
Vol.2. No.4. Contributions from the Dominion Observatory. Published by permission
of the Director, Mines, Forests and Scientific Services Branch, Depariment of Mines and Resources,
Ottawa, Canada.
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Previous studies of the star at Victoria were made with single-prism dispersion
in the ordinary region and three prisms in the visible. The values of spectro-
graphic dispersions used in these earlier studies, as well as in the present work,
are given in Table I. Seventeen spectra were secured in all, four in the
visible A 5500-6700 and thirteen in the ordinary photographic region A 3850-
5000.

TABLE I
Dispersing Camera Symbol Dispersion, A/mm.

system focal length, cm. y ) 3933 \ 4340
I-Prism 96 IL 14.6 22.1
71 M 19.9 30.3
42 IS 33.5 50.8
I1-Prism 96 1IL 7.3 11.0
71 M 10.0 15.2

A 5875 A 6563

III-Prism 71 IIIM 34.5 46.0

A careful examination of the best of the single-prism spectrograms gave
indication of many faint narrow lines of an intensity close to the limit of
visibility, and there seemed reason to believe that studies with higher dis-
persion might well reveal many more lines. It also appeared probable that
increased dispersion would yield additional information regarding the peculiar
emission and absorption line profiles due to Call and hydrogen as well as
those of other atoms. The exposure time required to secure a IL single-prism
spectrogram of dispersion 22 A per mm. at H,, well exposed in the region of
A 3933, was approximately six hours. For a star of the declination of H.D.
190073 this represents an all night exposure and it was clear that several nights
would be required in order to secure good plates with the higher dispersion
given by two prisms. Some risks of failure are involved in such long exposures
and they are of course very prodigal of observing time but it was considered
that the importance of the problem warranted the attempt.

An exposure was accordingly begun on the night of July 23, 1946, and
continued through three nights including July 25. The total exposure was
17 hr. and 41 min. The long focus (96 cm.) camera was used with two prisms
and this combination gives a dispersion of 7 .3 A per mm. at X\ 3933 and
11.0 A per mm. at H,. The temperature of the spectrograph was maintained
at a uniform level by means of a thermostat. Some trouble was experienced
on one night owing to a sudden drastic rise in the outside temperature, but
it was found possible to exercise the necessary control by the use of a damp
sheet covering the spectrograph and bags of dry ice symmetrically distributed
about the spectrograph frame. The plateholders were firmly clamped into
place so that at the end of a night’s work it was possible to replace the dark



BEALS AND BURLAND: SPECTRUM OF THE STAR H.D. 190073 171

slide without jarring the plate. Suitably spaced exposures of the iron arc
were made on each night, and while the images of the iron lines on the plates
showed evidence of a certain amount of flexure at right angles to the dispersion,
the lines were of good definition and there was little evidence that temperature
or flexure effects had seriously interfered with the purity of the spectrum.

The star spectrum was of a good density in the region of A 3968-\ 4500
and many fine metallic lines were clearly visible. In the region of the K line
(A 3933), however, the exposure was weak and it was decided to make another
exposure of longer duration using a camera of shorter focal length (71 cm.)
in the hope of getting adequate exposures at the bottoms of the very strong
H and K lines of Call. The second exposure was begun on August 6 and
continued through August 9 with a total exposure time of 24 hr., 56 min.
The result was a plate beautifully exposed in the H and K region and well
usable throughout the entire range A\ 3896-A 4600. Illustrations of the
spectra are shown in Plate .

The present paper contains information on wave lengths, identifications,
and line intensities from the two-prism spectrograms described above, as well
as from a number of earlier single-prism plates of comparable quality but
smaller dispersion.

Wave Length Measurements

For the determination of wave length, both direct micrometer measures of
the plates as well as microphotometer tracings were used. The tracings were
made on the Victoria microphotometer (1) and were of X100 magnification.
Each tracing had superimposed upon it a record of both sets of iron comparison
lines in addition to the star spectrum. The measurement of the tracings for
wave length was carried out on a small micrometer machine specially designed
for this purpose and loaned to the writers by the Dominion Astrophysicist,
Dr. J. A. Pearce. The character of the machine is illustrated in Plate II.
The motion of the tracing is governed by the rotation of a precision roller
with a micrometer head on one end, and the accuracy with which the position
of a line of the star or comparison spectrum can be read is 0.2 mm. on the
tracing, corresponding to 0.002 mm. on the plate. While this may not look
like extreme precision, since plate settings can be made to 0.0005 mm., it may
be pointed out that settings on the tracings can be repeated with greater
consistency than on the plates and the over-all accuracy is probably about
the same. The advantage of the use of both methods is that it helps to
eliminate spurious lines, while for the numerous peculiar line profiles in the
spectrum of H.D. 190073 the part of the line involved in the setting is more
definitely known when it is seen on a microphotometer tracing. In forming
means, equal weight was given to measures of plates and tracings and in
general the agreement between the two types of measurements was good.

In the reduction of the measures and the computation of wave lengths the
ordinary Hartmann formula for prismatic dispersion was used in conjunction
with correction curves derived from the iron comparison lines. Since the
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radial velocity of the star is not large and since it is impossible to be certain
that such line displacements as occur are not due to motions in the star’s
atmosphere, the wave lengths are published without correction for velocity
effects other than that of the earth’s motion. The intrinsic motion of the
star and any Doppler effects within its atmosphere are therefore contained in
the wave lengths of Table II.

" When the list of wave lengths from the two high-dispersion plates was
completed, it was compared with an earlier list derived from four single-prism
plates by Beals. As might be expected there were some discrepancies and a
very careful line by line comparison was made not only between the one-and
two-prism plates, but between the corresponding tracings as well. It was
found that in some instances lines that appeared as single on the one-prism
plates were actually of multiple character when observed with the higher
dispersion. Some lines of definitely spurious character were eliminated and
it was found that on the larger dispersion plates there were recorded an
additional 100 lines that did not appear on the single-prism spectrograms.

Identification of Lines

For the identification of lines, main reliance was placed on Mrs. Moore-
Sitterly’s New Table of Multiplets (7) although much initial labor was saved
by consulting Wyse's (9) list of wave lengths in the spectrum of & Cygni.

A study of Table II indicates that, apart from the Balmer series of hydrogen,
all the identifications suggested for the wave lengths of H.D. 190073 are lines
of neutral and singlyv ionized metals. Apart from the Call doublet, which is
a very conspicuous feature of the spectrum, ionized iron and titanium are
responsible for the strongest emission lines. It was at first considered that
Fel appeared in absorption only, but as will be mentioned later, most such
lines are now believed to be composite, consisting of both emission and absorp-
tion. It will be noted that there are very few of the stellar lines for which
there is a single unambiguous identification, the majority being blends of
several components.

Equivalent Widths

The plates on which the stellar spectrograms were made were all calibrated
with the aid of a rapidly rotating step sector (100 r.p.s.) placed in front of the
slit of a calibrating spectrograph.

For the measurements of intensity the microphotometer tracings were
transformed into true graphs of intensity with the aid of the Victoria intensi-
tometer, which has been previously described (5). The equivalent widths of
the lines were determined with the aid of a planimeter, the results being
expressed both in angstrom units and in displacement in kilometers per second.
Since the spectrum is known to be variable, a complete treatment of the
subject of line intensities would involve separate values for each date. Actually
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in most cases the variations are small and it is considered that a table of mean

values of intensity is the only practicable way of treating the data at the
present time.

In view of the complex character of most of the emission lines, it is necessary -
to consider a number of the actual profiles in order to make clear the signi-
ficance of the values given in the table. This has been done in Figs. 1 to 4 in
which a variety of different types of profiles are shown. It is necessary to
mention that no correction has been made for the distortions produced by
the finite resolving power of the spectrograph.

For profiles where the absorption and emission components are clearly
separated there is little ambiguity as to the significance of the values of
equivalent width given in Table II. Even for the very complex lines of Call
the two displaced absorption components are well separated, and while there
is undoubtedly some overlapping the general indication of intensity given by
the integration of the area under the continuous spectrum is quite clear. A
considerable number of the emission lines of this star, however, have absorption
components directly superimposed upon the emission, as for example the Fell
line X 4233 of Fig. 1. The number of lines exhibiting these characteristics is
very much greater on spectrograms of high dispersion. Many wave lengths
that appeared to be pure absorption or pure emission when observed with
single-prism dispersion are clearly a combination of the two when seen on two-
prism plates. In particular, it is interesting to record that the lines of Fel
which were first thought to be pure absorption are now definitely seen to have
weak emission wings as shown in Fig. 1. It seems quite possible in fact that
all the lines in the spectrum if observed with sufficient dispersion and contrast
would display a composite character.

Profiles of the general character of the complex lines of Fig. 1 are sufficiently
indicated in Table II by the fact that the same wave length is associated with
both absorption and emission components. In this connection, the wave
lengths A3933.70 Call, N4045.78 Fel, and A4233.23 Fell may be quoted.
The tabular value of equivalent width for the absorption is obtained by
integrating the area included between the reconstructed emission profile and
the line indicating the absorption, the result being divided by the mean
ordinate of the top of the emission profile to reduce it to the continuous
spectrum (See Fig. 1). The emission intensity is derived by simply integrating
the area of the reconstructed emission profile. It should be clearly understood
that equivalent widths derived in this way are of limited application and serve
only as a general indication of the relative intensity of line components.
Complete line profiles will be required for a detailed discussion of the interpre-
tation of the observations.

Numerical Data
Table 11, in which all numerical data are listed, consists of nine columns

as follows. Column 1 contains the adopted wave lengths in angstroms of all
lines measured in the spectrum. In Columns 2 and 3 the wave lengths as
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H.D. 190073, July 23-25. 1946.
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derived from one and two-prism plates are compared. Colvmn 4 gives the
type of the line, A indicating absorption and E, emission. Columns 5 and 6
give the equivalent width first in angstrom units and then in velocity units
of kilometers per second. The last three columns, Nos. 7, 8§, and 9, are
concerned with identification and give, respectively, the laboratory wave
length of the line, the observed laboratory intensity, and the atom with which
it is associated. In a few instances where the line has not been observed in
the laboratorv the symbol © indicates that it has been observed in the solar
spectrum.
TABLE 11

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073

Adopted Wave Wave EW EW
wave length, length, Type P A Identification
length 1-prism 2-prism A km. /sec.
3849.90 49.90 — A 0.09 7.2 | 3849.97 (40) Fel
49.76 (3) VII
3853.88 53.88 — A 0.07 5.3 | 3853.72 (10m) TiI
3856.10 56.10 — A 0.17 12.9 | 3856.07 (3) NII
56.16 (1) Al
56.02 (8) SilI
3862.59 62.59 — A 0.10 7.5 | 3862.59 (6) Sill
3863.92 63.92 — A 0.05 3.9 | 3863.95 (1) Fell
3865.36 65.36 — A 0.10 7.9 | 3865.53 (30) Fel
3867.04 67.04 — A 0.07 5.7 | 3867.22 (7) Fel
3872.63 72.63 — A 0.09 7.1 | 3872.62 (60) GdII?
72.50 (60) Fel
3877.77 77.77 — A 0.15 11.5 | 3877.59 (an Til
78.02 (60) Fel
3878.38 78.38 — A — — 3878.58 (100r) Fel
3896.60 — 96.60 A — — 3896.53 (10) Zrl
3900.76 00.76 — E 0.29 22.0 | 3900.51 (10) ZrI
3903.00 02.92 03.04 A 0.07 5.7 |3902.92 (50) CrI
02.95 (20) Fel
3905.63 05.65 05.62 A 0.15 11.8 | 3905.66 Fel**
05.64 (25) Crll
05.53 (100) Sil
3906.53 06.53 — A — — 3906.48 (8) Fel
3912.92 12.85 12.96 E 0.07 5.6 | 3912.89 24) VI
12.98 5) Nil
3913.47 — 13.47 A 0.04 3.3 13913.46 (60) Till

** Predicted.



176 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.
TABLE I1—Continued
WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Continued
Adopted Wave Wave
wa%e length, length, Type E.XV., kn]%\/;‘slgc Identification

length 1-prism 2-prism - : .

3913.89 13.82 13.93 E 0.06 4.4 | 3913.64 (4) Fel

3014.44 — 14.44 A 0.06 4.7 | 3914.48 (2) Fell

3916.41 16.21 16.51 A 0.08 6.0 | 3916.24 (25) CrI
16.48 (200) TmlI

3918.56 18.60 18.53 A 0.07 5.3 | 3918.64 (6) Fel
18.58 (©) Fel

3920.20 20.16 20.22 A 0.04 3.4 | 3920.26 (20r) Fel

3922.94 22.88 22.96 A 0.05 4.0 | 3922.91 (25R) Fel

3926.04 — 26.04 A 0.04 3.2 | 3925.95 (6) Fel

3927.94 — 27.94 A 0.06 4.8 | 3927.92 (30R) Fel

3929.41 29.36 29.43 A 1.22 93.4 | 3933.66 Call*K

3931.36 31.29 31.38 A 0.73 56.0 | 3933.66 Call*K

E 1.11 81.6

3933.70 33.63 33.72 {A 0.93 70.6 }3933.66 (400R) CallK

3935.96 35.99 35.95 A 0.07 5.2 | 3935.94 (6) Fell
35.96 (30) Col

3938.32 38.40 38.28 A 0.07 5.2 | 3938.29 (2) Fell
38.40 0) Mgl

3944.02 43.97 44.03 A 0.09 7.0 | 3944.01 (10R) AlI
43.83 Fell
43.89 (100) Cell
43.86 Mnll

3945.29 45.16 45.32 A 0.03 2.0 | 3945.12 (4) Fel
45.21 Fell**
45.33 (15) Col
45.50 ) Crl

3947.52 47.76 47.39 A 0.06 4.5 | 3947.39 (1) Fel
47.77 (40) TiI
47.30 (10) OI

3955.62 — 55.62 A 0.01 1.0 | 3955.77 (O®) Fel

3956.72 56.63 56.76 A 0.11 8.1 | 3956.68 (12) Fel
56.46 (9) Fel

3961.63 — 61.63 A 0.05 3.8 ] 3961.52 (10R) Al

39641.29 64.16 64.33 A 0.84 63.6 | 3968.47 Call*H

3966.17 66.11 66.18 A 0.47 35.7 | 3968.47 Call*H

* Displaced calcium line.
** Predicted.
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TABLE I1I—Continued
WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Continued
Adopted Wave Wave EW EW
wave length, length, Type Eu A Identification
length 1-prism 2-prism A km. /sec.
E 1.06 80.4
3968.56 68.55 68.56 {A 0.58 44.0 }3968.47 (350R) CallH
A 10.37 | 782.7 | 3970.07 Het
3981.95 82.31 81.77 0.04 2.8 | 3981.78 (7) Fel
82.48 (30) Til
3984.00 83.89 - 84.03 A 0.05 4.0 | 3983.96 (10) Fel
83.83 (©) Fel
83.91 (100) Crl
3986.63 86.45 86.68 A 0.04 3.1 | 3986.40 (2) Mnl
3987.32 87.32 — A 0.05 3.8 | 3987.46 (2) Mnl
3997.42 97.30 97.48 A 0.06 4.6 | 3997.39 (15) Fel
3998.06 98.06 A 0.03 2.2 | 3998.05 (10) Fel
4002.40 02.48 02.35 A 0.07 5.4 | 4002.66 (1) Fel
02.55 (3) Fell
02.47 (9n) Til
4003.02 03.02 A 0.05 3.9 | 4003.33 (25) CrIl
4005.18 05.24 05.14 A 0.06 4.4 | 4005.25 (25) Fel
4005.86 — 05.86 A 0.04 2.8 | 4005.71 (800) VII
4012.45 12.42 12.45 A 0.10 7.1 4012.49 (20) Crl
12.47 (1) Fell
4014.55 14.48 14.57 A 0.04 3.2 | 4014.53 (10) Fel
14.67 (10) CrI
14.49 (5) Sclil
4015.51 — 15.51 0.02 1.8 | 4015.50 (1) Nill
4017.25 17.25 — A 0.03 2.5 | 4017.27 (1) CII
17.29 (15n) VII
4021.94 —_ 21.94 A 0.04 2.8 4021.87 (12) Fel
4023.37 23.26 23.40 A 0.03 1.9 | 4023.39 (600) VII
4024.60 124.78 24.56 A 0.07 5.1 | 4024.55 (5) Fell
24.74 (6n) Fel
4025.14 — 25.14 A 0.04 2.8 4025.14 2y Till
25.11 (3) Nil
4028.34 28.29 28.35 AA 0.05 4.0 | 4028.33 {7y Till

t Broad underlying hydrogen line.
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TABLE 11— Continued

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN

THE SPECTRUM OF H.D. 190073—Continued

Adopted Wave Wave . .
wal::re length, length, Type E'E’" k E‘Ze‘ c Identification
length 1-prism 2-prism : .
4029.64 — 29.64 A 0.03 2.1 |4029.64 (P) Till
29.64 (3n) Fel
4030.62 30.68 30.60 A 0.07 4.9 | 4030.76 (200R) MnI
30.50  (6) Fel
30.51 (25n) Til
4032.96 32.88 32.98 A 0.05 4.0 | 4033.07 (150R) Mnl
32.95  (3) Fell
4034. 52 — 34.52 A 0.04 3.2 | 4034 49 (100R) Mnl
4035.67 35.63 35.68 A 0.05 3.9 | 4035.63 (400) VII
35.54  (8) Col
35.73 (15) Mnl
4044.11 44.11 — A 0 03 1.9 | 4044.14 (8R) KI
E 0.12 8.6 [14045.82 (60r) Fel
4045.78 | 46.04 | 45.72 {A 9-12 | 8.6 } 5o 02 (60 Tel
46.199 (3) Crl
4048.87 48.97 48.84 A 0.05 4.0 |4048.83  (3) Fell
| 48.76 (15) Mnl
4051.96 52.07 51.93 A 0.05 3.4 |4051.92 (2) Fel
51.97 (12) CrlI
4053.88 53.95 53.86 A 0.08 6.1 | 4053.82 §1) Fel
53.81  (3) Till
4057.47 57.40 57.48 A 0.06 4.4 |4057.36 (2) Fel
57.35  (2) Nil
57.50 (5n) Mgl
4060.14 — 60.14 A 0.01 1.0 | 4060.26 (20) TiI
4062 .01 61.69 62.17 A 0.02 1.3 | 4061.79 (1) Fell
61.77 Crll
62.22  (60) Cell
4063.53 63.44 | 63.55 {f\_ 36| &8 }4063.60 (45) Fel
4064.50 — 64.50 A 0.01 0.9 |4064.35 (1) Till
64.58 (300) SmlII
4065.06 — 65.06 A 0.04 2.7 | 4065.07 (100) VII
4067.01 67.14 66.98 A 0.07 5.0 | 4066.98  (6) Fel
67.05  (3) Nill
67.28  (4) Fel
4067.98 — 67.98 A 0.03 1.9 | 4067.98 (8n) Fel
4070.80 — 70.80 A 0.04 3.0 |4070.77 (5n) Fel
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TABLE 11—Continued

‘WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN

THE SPECTRUM OF H.D. 190073—Continued

* Emission component of kydrogen line.

t Broad underlying hydrogen line.

Adopted Wave Wave EW EW
wave length, length, Ty I S Mt A Identification
length 1-prism 2-prism pe A |km./sec.
E 0.08 5.6 [\4071.74 (40) Fel
4071.77 71.68 | 71.82 {A 0o | 55 il e Ee
4073.62 — 73.62 A 0.01 1.0 | 4073.76 (4n) Fel
73.76 (1500) GdlII
4076.62 76.56 76.64 | A 0.05 3.4 | 4076.64 (8n) Fel
76.50 (1) Fel
4077.73 — 7713 | A 0.03 2.4 | 4077.71 (400r) SrlI
4083.61 — 83.61 A 0.02 1.4 |4083.55 (1) Fel
83.58 (100) SmllI
4101.93 01.99 | 01.92 {E 9-52 | 31.9 }4101.74 Hs*
A |12.50 |913.2 | 4101.74 Hst
4110.41 — 10.41 A 0.03 2.3 | 4110.38 (60) Cell
4118.62 — 18.62 A 0.05 3.4 | 4118.55 (15) Fel
4122.65 22.55 22.67 A 0.05 3.7 | 4122.6¢4 (4) Fell
22.52 (&) Fel
4128.08 28.11 28.07 A 0.16 | 11.4 |4128.05 (8) Sill
4130.93 30900 | 30.94 | A 0.14 9.8 | 4130.88 (10) Sill
4132.12 32.11 32.12 A 0.09 6.2 | 4132.06 (25) Fel
32.16 (&) Col
4134.63 34.57 34.64 | A 0.04 3.0 | 4134.68 (12) Fel
3472 (30) KII
4136.69 36.80 36.63 A 0.04 | 2.6 |4136.51 (1) Fel
4143 .67 43.58 43.69 A 0.08 5.9 | 4143.42 (15) Fel
43.87 (30) Fel
43.76 (2) Hel
4145.86 — 45.86 A 0.04 | 3.2 | 414577 (25) CrlI
4147.18 — 47.18 A 0.03 2.1 | 4147.3¢ (@) Fel
E 0.13 9.4
4149.27 — 49.27 {A 343 22 }4149.37 (5n) Fel
4153.95 54.19 53.89 A 0.07 5.0 | 4153.82 (25) Crl
53.91 (10n) Fel
4154.75 — 54.75 A 0.07 4.9 |4154.50 (12) Fel
5486 (2) Til
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TABLE 1I—Continued

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN

THE SPECTRUM OF H.D. 190073— Continued

Adopted Wave Wave . .
wave length, length, Type E}\N ! krE'\}Z; c Identification
length 1-prism 2-prism ' .
4156.81 — 56.81 {E 308 | 25 [useso (n Fer
4161.66 — 61.66 A 0.03 1.9 | 4161.80 (30) SrII
E 0.12 8.9 \4163.64 (40) Till
4163.65 - 63.65 {A 0.06 | 4.6 } 63.68 (1) Fel
4167.30 | 67.28 | 67.30 A 0.08 54| 49736 gigng Mel
. n g
4171.94 | 71.99 71.92 A 0.05 3.8 | 41t.90 (3(23 T
. e
4173.48 — 73.48 {f.i 9.0t | 47 }4173.45 (8) Fell
4175.55 — 75.55 A 0.06 | 4.2 |4175.64 (10) Fel
4176.58 — 76.58 | A 0.02 1.4 | 4176.57 (7n) Fel
4177.75 — 77.75 {E o8| U3 }4177.70 Fell
4178.85 — 78.85 | A 0.02 1.2 | 4178.86  (8) Fell
4181.83 — 81.83 0.03 2.5 | 4181.76 (15) Fel
4184.35 | 84.01 84.51 A 0.06 4.4 |4184.22 (1) Fel
4186.16 — 8.16 | A 0.02 1.4 | 418612 883 T
4187.19 87.19 | A 0.04 | 3.2 | 4508 (2(0; Fel
.2 4 o
87.40 A 0.07 | 5.2
4187.86 87.86 | A 0.06 | 4.4 |4187.80 (20) Fel
4191.21 o1 33 {91.21 A 0.03 SRR DR
4191.57 ’ 91.57 A 0.04 2.6 4131.44% E15g Fel
1.56  (10) VI
4195.58 — 95.58 | A 0.03 2.4 |4195.62  (3) Fel
4196.96 — 96.96 {E 9.93 2.4 }4197.10 (®) Fel
9833 | o {98.33 A 0.07 5.0 | 419831 (200 Fel
4199.15 ' 99.15 A 0.07 5.3 |4199.10 (20) Fel
4200.65 — 00.65 {E o9 It }4200.75 6) Til
4202.01 01.99 | 02.02 A 0.08 5.5 | 4202.03 (323% Fel
: ) Al
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TABLE II—Continued

‘WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Coniinued

4200.79 — 09.79 | A 0.07 | 5.2 |4209.76 (15) CrI
09.86 (20 VI
4210.41 — 1041 | A 0.08 | 5.6 |4210.35 (15) Fel
4215.58 — 15.58 | A 0.04 | 2.8 |4215.52 (300r) SrII
4216.60 — | 1660 | E 0.05 | 3.7
219.41 | 19.40 | 19.41 | A 0.04 | 2.6 |4219.51 (2 VI
19,36 (12) Fel
4221.09 — 21.09 E 0.02 1.4 |
4222.24 — 22.24 | A 0.04 | 2.7 |4222.22 (12) Fel
4223.08 — 23.08 | A 0.00 | 0.9 |4223.0¢4 (5 NI
4224.82 | 2473 | 24.87 | A 0.05 | 3.4 |4224.85 (20) Crll
24.80 (5) Til
4226.53 | 26.52 | 26.53 {E o1 &1 }‘ugg:zg (500(% Cal
4227.31 — 27.31 | A 0.02 | 1.4 |4227.43 (30) Fel
422826 | — 282 | (8 | 3% 131
asas | ssas | s | B | 38| 43 RE @ n
4235.93 | 35.77 | 35.97 | A 0.10 | 7.1 |4235.94 (25) Fel
4238.85 — 38.85 | A 0.06 | 4.4 |4238.82 (10n) Fel.
38.96 (35) Cil
4242.46 — 246 | A | 0.06 | 4.5 2938 GO Crl
4246.92 | 47.01 | 46.90 {E 0:33 | 22 |jeass.s3 (100) Seln
4250.17 50.17 | A 0.06 | 4.4 |4250.12 (25) Fel
4250.80 50.35 .{so.so A 8282 57 | a2s0.10 (25) Fel
4251.77 - st | E 0.02 | 1.6 |4251.77 (2n) TiI
4252.68 — 5268 | A 0.05 | 3.2 |4252.62 (10) CrlI
4254.39 — 5439 | A 0.02 | 1.2 | 4254.35(1000R) Crl
4256.23 — 56.23 | A | 0.02 | 1.4 |4256.21. (3) Fel
4258.13 — 58.13 | A 0.12 | 8.4 |4258.16 (3) Fell
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TABLE 1I—Continued

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Continued

Adopted Wave Wave EW. EW. .
wave length, length, Type . A Identification
length 1-prism 2-prism A km. /sec.
4260.46 | 60.40 | 60.47 | A 0.09 | 6.6 |4260.48 (3 Fel
. n
4261.24 — 61.24 | E 0.02 1.2 | 4261.35 (25 CiI
4261.92 | 61.93 | 61.92 | A 0.05 | 3.8 |4261.92 (20) CrlI
4271.58 | 71.52 | 7160 | A 0.0 | 6.1 |4271.65 ggg Fel
4273.32 — 73.32 | A 0.03 | 2.0 |4213.32 E:% Fell
9. < 1
4275.53 — 7553 | A 0.0¢ | 2.9 |4275.57 (30) CrlI
4282.25 — 82.25 | A 0.05 | 3.6 |4282.41 (12) Fel
4284.20 — 84.20 | A 0.05 | 3.8 |4284.21 (20) CrlI
4287.96 — 87.96 | A 0.05 | 3.6 |4287.89 (2) Till
4290.75 — 9.75 | E 0.12 | 8.6
E 0.17 | 12.0
4292.36 | 92.23 | 92.42 {A g-11 1 12.9 }4292.29 (1) Fel
E 0.17 | 12.2 .
4204.15 — 94.15 {A 9.4 2.2 }4294.10 (40) Till
4206.52 — 9%.52 | A 0.06 | 4.2 |4296.57 (6) Fell
429785 — 97.85 | A 0.04 | 2.6 |4297.74 (30) CrI
4299.13 | 98.80 | 99.21 | A 0.06 | 4.2 | 429865 §4(5)g Tl
) 15 T
1299.71 9%9.71 | E — — [ 4300.05 (60) Till
299.72  (20) Crl
E 0.25 | 17.7 ,
4300.53 | 00.55 | 00.53 {A R A }4300.57 (50) Til
4303.78 | 03.77 | 0378 | E 0.05
4305.61 05.40 | o05.6¢ | A 0.04 4305.46 ((33 Eel
05,72 (10) Scll
4306.23 — 06.23 | E 0.03 | 2.4
1307.32 — 07.32 | E 0.03 | 2.4
. E 0.22 | 15.2 [\4307.90 (40) Till
4307.8¢ 07.84 {A 011 | 72 } 07.901 (35 Fel
4308.53 — 08.53 | E 0.07 | 5.0 |4308.51 (2) TiI
4313.55 — 13.55 | E 0.05 | 3.2 [4313.30 (2) VII

** Predicted.
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TABLE 1I—Continued
WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Continued
Adopted Wave Wave EW E
wave length, length, Type fe W, Identification

length 1-prism | 2-prism P km. /sec.

4314.19 — 14.19 | A 0.03 | 2.0 |4314.08 (%2; Selt
. e

4315.14 — 15.14 | A 0.01 4315.00 (10) Fel

4316.84 — 16.8¢ | A 0.03 4316.81 (1) TilI

4319.98 — 19.98 {E 902 | 18 }4320.36 (1) Fel

4320.98 — 2098 | A 0.05 | 3.3 |4320.14 (s(o; Sell
) 1) T

4336.75 — 36.75 | A 0.00 | 6.5 |4340.47 H,*

4338.86 - 38.86 | A 0.26 | 17.9 | 4340.47 H,*

4340.58 — 40.58 {E 118 108 }4340.47 H,t

A |13.30 |924.7 | 4340.47 H,t

sstee | osira | ostss | {BO| 0%% | 35 [Jwsire @) el

4357.48 — 57.48 | A 0.03 2.0 | 435157 (1(%3 Eell
. T

4367.90 67.90 | A 0.08 | 5.8 |14367.91 (2) Fel

68.01 A 0.06%| 4.4

4369.66 69.66 | A 008 | 5.6 |4369.61 - Fell
. n 1

4375.32 — 75.32 | E 0.07 | 4.9 |4375.33 (30) CrI

E 0.42 | 28.5 |\4384.64 (8) Mgll

4384.62 - 84.62 {A 0.16 | 10.8 } 84.13 (@7 Fe

4386.01 85.92 | 86.06 | E 0.06 | 4.2

4386.90 — ss.00 | (E | 0:08 | 4} [jessess o) T

4388.93 — 88.93 | A 0.18 | 12.1 |4389.12 Vil

4390.71 9.66 | 90.72 | A 0.14 | 9.4 |4390.58 (10) MglI

4394.69 vegs | [0 | E

4395.20 ' 95.29 {E 958 | 281 }4395.03 (60) Till

4404.81 — 04.81 {E 9.15 1 102 }4404.75 (30) Fel

* Displaced hydrogen line.

t Emission component of hydrogen line.
1 Broad underlying hydrogen line.
** Single prism observations.
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TABLE II—Continued

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Continued

Adopted Wave Wave . .
waF\)re length, . | length, Type E.}iV., kg“};.é c Identification
length 1-prism 2-prism .
4415.31 — 15.31 A 0.06 | 4.3 |4415.12 (20) Fel
4116.40 16.66 16.27 E 0.10 | 6.8
4422 .08 — 208 | A 0.05 | 3.7 |4421.95 (1) TiII
4434.02 — 32.02 | A 0.00 | 6.4 |4433.99  (8) Mqll
4443 .40 43.40 | E
4443.92 | 43.87 | 43.93 {E .33 | 2.2 }4443 .80 (50) Till
4455.02 | 5467 | 55.19 | A 0.07 #435.26 (égg Eell
. a
4468.69 68.60 68.71 {E o-a% | 282 }4463.49 (50) Till
4476.20 — 76.20 | A 0.03 | 2.2 |4476.08 (4) Fel
4481.36 | 81.26 | 81.38 | A 0.42 | 27.9 | 4481.33 (100) MgII
81.13 (100) Mgll
4188.05 | 88.05 — A 0.08 | 5.1 |4488.05 (30) Crl
4501.55 | 01.33 | 01.61 | E 0.38 | 25.4 |4501.27 (40) TiIl
a508.62 | 08.27 | 08.70 | E 0.24 | 16.1 |4508.28  (8) Fell
4515.55 15.58 15.53 E 0.18 | 12.0 |4515.3¢ (1) Fell
E 0.45 | 30.0
1522.52 22.37 22.56 { E 0-43 29 }4522 63 (9) Fell
E 0.26 | 17.3
4534.13 33.57 31.27 {A 9.2¢ 73 }4534.17 (2) Fell
E 0.5¢ | 35.3 '
4549.95 49.83 49.98 {A 3% | %3 }4549.62 (60n) Till
4556.29 | 55.45 56.71 E 0.31 | 20.7 |4556.76 (&) VII
4559.36 — 59.36 E 0.11 7.4
4561.10 | 63.65 | 64.21 E 0.21 | 14.0 |4563.76 (30) Till
4572.29 | 72.24 | 72.31 {E 0oe | BT }4571.97 (50n) Till
E 0.65 | 42.4
4584.21 83.84 | 84.30 {A. 563 | 124 }4583.83 (11) Fell
4703.01 03.01 — A — — | 4702.98 Mgl
02.98 Mgl
02.99 (40) Magl
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TABLE I1—Concluded

WAVE LENGTHS, INTENSITIES, AND IDENTIFICATIONS OF LINES IN
THE SPECTRUM OF H.D. 190073—Concluded

Adopted 1Wav§ IWa\trﬁ EW EW
wave ength, ength, Type EU s Identification
length l-prism | 2-prism A [km./sec.
4857.27 57.27 —_ A 0.14 8.7 | 4861.33 Hg*
4860.75 60.75 — E 3.09 190.5 | 4861.33 Hgt
A 10.44 | 644.0 | 4861.33 Hgi
4920.08 20.08 — A 0.12 7.1
E 1.14 69.3
w7y | 79 | — | & 55| 83 eesez ) Fen

* Displaced kydrogen line.
1 Emission component of hydrogen line.
t Broad underlying hydrogen line.

Line Profiles

The increased resolving power afforded by two prisms has revealed addi-
tional detail in the line profiles and has made it possible to clarify a number
of points that were formerly uncertain. One such matter concerns the
relative intensities of the central reversals appearing in the emission com-
ponents of the H and K lines of Call. Struve and Swings (8), on the basis
of relatively low dispersion, had suggested that the central reversal of the
H line was abnormally weak relative to that of K and indeed there seemed
some doubt as to whether the H absorption was present at all on their plates.
From this they concluded that the reversal at H was affected by the broad
hydrogen absorption and therefore arose in a low level in the stellar
atmosphere.

Profiles of both the H and K lines of calcium from the two-prism plates
are shown in Fig. 2. From thisillustration it will be seen that the absorption in
the normal position of Call H is relatively conspicuous. It is difficult to
arrive at a reliable estimate of the intensity of the line since this depends upon
assumptions as to the form of the undistorted emission. However, on the
basis of the reconstruction shown by the broken lines of Fig. 2, the equivalent
widths of K and H are 71 km. per sec. and 44 km. per sec., while the central
intensities are 0.29 and 0.50 respectively, with excellent agreement between
the two high-dispersion plates. It would thus appear that these absorption
features for H and K stand in normal relationship to one another and the
intensity data are not inconsistent with an origin of this absorption in the
outer envelope of the star.
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An interesting aspect of the Call lines is the fact that the more displaced
component of the two P Cygni absorption features is approximately twice
the width of its companion. The structure shown in the bottom of the wider
component appears to be real and it would be interesting to see whether it is
variable. Unfortunately one of our high-dispersion plates was too weak to
record detail in the bottom of this very strong line. The additional structure
shown on the violet emission wing of the H line of calcium as well as the
unsymmetrical character of this line is possibly a consequence of blending
with the weak P Cygni line of hydrogen which is superimposed on the broad
H, absorption.

It will be further noted that the maximum between the two strong displaced
absorption lines approaches very close to the continuous spectrum for K and
the wing of the hydrogen profile for H. The question thus arises as to whether, if
still higher dispersion were used, this maximum might not have a central inten-
sity greater than that of the continuous spectrum. This consideration, together
with others already advanced in connection with a suggested explanation of
the hydrogen line profiles of the star M.W.C. 374 (4), raises the question as to
whether a quite different reconstruction of the emission profile than that
shown by the heavy dotted lines in Fig. 2 may not give a clearer picture of the
emitting envelope. In view of the great strength of the displaced absorption
lines, it seems reasonable to suppose that the envelope emits in these wave
lengths also and that the emission may have been suppressed by strong
absorption. If this is the case, then the reconstructed emission profile would
be markedly unsymmetrical as shown by the fine dotted lines of Fig. 2. Such
asymmetry could arise as a consequence of occultation by the star’s disk of
that part of the envelope having the largest velocity of recession, and if this is
the correct explanation then the conclusion follows that the diameter of the
emitting envelope does not greatly exceed that of the central star.

Similar considerations may apply in connection with the lines of hydrogen.
Profiles of H, for the two high-dispersion plates are shown in Fig. 3. The
difference in character between these two profiles clearly indicates the
variable character of the spectrum. For the plate taken on July 23-25, 1946,
there are two displaced absorption lines which are similar as regards displace-
ment with the corresponding features of Call although their relative intensities
are quite different. On the plate of Aug. 6-9, 1946, only one displaced line
definitely appears. Both profiles, however, exhibit a clearly marked asymmetry
about the normal position, the extension to the violet being much greater
than that to the red. Again, as for Call, this appears most readily explicable
in terms of occultation by the star’s disk and again an envelope of relatively
small dimensions is suggested.

Reference has already been made to the line profiles of Fel and Fell in
connection with the discussion of equivalent widths. The central reversals
shown by these and other lines represent possibly the most significant single
feature of this remarkable spectrum. It is interesting to note that the metallic
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F16. 3. Profiles of H, on different dates. Of special interest is the umsymmetrical
character of the emission profile and the evidence of variability in the spectrum.

lines in the less refrangible region of the spectrum to the red of A 4400 no

longer show evidence of reversal and this is attributed to insufficient resolving
power.

The profiles of the D lines of sodium are shown as pure emission lines in
Fig. 4 as observed with three-prism dispersion of 34.5 A per mm. It would
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F16. 4. Sodium emission line profiles.  The dispersion of 34.5 A per mm. is insufficient
to indicate whether or not these profiles are of complex siructure.
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be well worth while for any observatory with sufficiently powerful equipment
to examine these lines with high dispersion (say 10 A per mm.) to see whether
they share the feature of central reversal with other metallic lines.

The only really strong line in the spectrum which shows no clear evidence
of complexity on our plates is MgII A\ 4481. A profile of this line is shown in
Fig. 1 and it is seen to be a strong narrow absorption feature in no way differing
in appearance from the same line in many normal stellar spectra. It is worth
recording that there are several other emission line stars including H.D. 51480
and H.D. 45910 in which the MgII line also appears as pure absorption.

Conclusion

Apart from the addition of many new wave lengths and identifications to
the known spectrum of H.D. 190073 the most important result of the present
study is to be found in the clearer delineation of line profiles which makes
possible a new approach to the question of interpretation.

The problem of the relative size of shell and envelope for an emission line
star is a difficult one and in relatively few cases is a definitive answer possible.
For the line H, in both high-dispersion plates the asymmetrical character of
the emission profile appears to be beyond question and its interpretation in
terms of an envelope of small size reasonably probable. The writers believe
that this evidence supersedes the previous suggestion by Beals (2, 3) that the
central absorption takes place in an envelope many times the diameter of the
star and the criticism of this earlier interpretation by Struve and Swings (8)
must now be regarded as valid.

While uncertainty still exists as to the part of the stellar envelope where
the central absorption originates, absorption data on the H and K calcium line
profiles are no longer inconsistent with an origin in the outer layers of the
envelope. In this connection, it may be noted that evidence of strong absorp-
tion appears in the relatively intense hydrogen emission lines Hg and H, (3),
and it is clearly easier to attribute minima in such strong emission lines to
absorption in an outer layer than in a layer deep in the star’s atmosphere.

From the point of view of interpretation the most difficult feature of the
spectrum is still the peculiar nature of the profiles associated with Call. It
was at first thought that the form of these lines was unique among stellar
spectra but recent investigations have shown that this is not the case. The
data of this paper indicate that the lines of hydrogen in H.D. 190073 show
similar characteristics although the relative intensities of components are
quite different. Double, displaced absorption has been observed on a number
of occasions in the hydrogen lines of H.D. 45910 as well as other stars. Such
profiles are, however, always of a variable character such as could be associated
with temporary detached shells.

No great theoretical difficulty attaches to the explanation of such complex
lines if it be assumed that they are associated with temporary nova-like shells.
Among observed novae many complexities of this type are known and have
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been explained on the basis of separate absorbing and emitting media moving
independently of one another. For a permanent envelope the explanation is
more difficult. A formal interpretation in terms of acceleration and subse-
quent deceleration of atoms within the envelope under conditions of dynamical
equilibrium has been presented by Beals (2, 3). Such an explanation has con-
siderable flexibility in accounting for the observed phenomena but so far the
physical mechanism producing the accelerations is obscure. Whether the
relatively complicated shell structure postulated by a theory of this general
character can be shown to have a valid physical basis remains to be seen, but
until some other explanation is forthcoming it would appear that the most
promising line of approach to the problem of these complex line profiles is to
be found in a study of the forces responsible for the radial motions of atoms
ejected from the star.
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DESIGN OF GRID IONIZATION CHAMBERS!

By O. Bunemanw,? T. E. CransHAW,® AND J. A. HARVEY?

Abstract

Conformal representation theory is applied to a grid ionization chamber
having plane parallel electrodes to give formulas useful in design. Expressions
are obtained for the inefficiency of grid shielding of the electron collector, the
spread of pulse size caused by the induced effect of positive ions, and the pro-
portion of electrons collected by the grid. The theory was verified by experi-
ment. The width of the polonium a-particle line at half-maximum was reduced
to 50 kev. or about 1% of the energy by the use of a suitable grid and operating
voltages. The corresponding standard deviation from all causes was 22 kev.,
made up of 2 kev. resulting from induced effect of positive ions, about 17 kev.
from noise in the amplifier, and 14 kev. from straggling of ionization, thickness
of source, and other effects. The spread caused by positive ions can therefore
be almost completely eliminated by a grid.

Introduction

Many experimenters have used the number of ion pairs produced in the
track of a charged particle in a gas filled ionization chamber to indicate the
initial energy of the particle. The simplest chamber contains two plane
parallel electrodes with an electrostatic field applied between them; that is,
a high voltage electrode, and a collecting electrode that is connected to a
suitable amplifier with a high resistance to ground. When an ionizing
particle spends its energy in the gas between the electrodes the ions are collected
and a pulse is fed to the amplifier. The rise time of this pulse depends on
the orientation of the track in the chamber and the mobility of the com-
ponents of the ionization, and its decay on the time constant of the capacity
and leak resistance of the collecting electrode. This decay is usually arranged
to be very long, and a short time constant later in the amplifier determines
the output pulse duration. While this is frequently required to be short, the
short time constant must be made about 10 times longer than the rise time.
This condition is necessary to prevent the variation in rise time due to different
track orientations from affecting the output pulse amplitude.

To permit the use of a fast amplifier by speeding up the rate of rise it is
necessary first to use as a filling a gas that does not form negative ions by
electron attachment, e.g., argon. The negative component of ionization then
travels to the collector entirely as electrons, which have a high mobility.
However the positive ions, which have a mobility less by a factor of about 1000,
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induce a charge on the collector of the opposite sign. The potential of the
collector will rise rapidly, as the electrons are collected, to an intermediate
value given by the collected charge minus the induced charge divided by the
capacity, and then rise slowly as the positive ions are removed, to the full
potential. The induced charge depends on the orientation of the track in the
chamber. If the induction effect of the positive ions can be eliminated the
collector will attain its final potential immediately the electrons are collected.

The use of a grid to screen the electron-collecting electrode from the effect
of the positive ions was suggested by O. R. Frisch (4). In such a three-
electrode chamber the electron pulses are nearly proportional to the ionization
in the tracks. The pulse consists of a rapid rise of the order of 1 usec., and a
fall determined as before. These fast pulses are more easily amplified linearly
than those from a two-electrode chamber. A band width can be chosen
that is more suitable for reducing the noise level, eliminating microphonics,
increasing the permissible counting rate, and decreasing the building up of
small background pulses. It is desirable to screen the collecting electrode
as effectively as possible and at the same time to avoid the collection of
electrons by the screening grid.

The present paper contains a theoretical and experimental study with the
purpose of selecting a suitable grid and the proper operating voltages on the
electrodes. The success of the arrangement is finally appraised by measuring
the “line width” obtainable using a thin a-particle source.

Theoretical Analysis
" (a) Preliminary Statement

A grid, G, shown in Fig. 1, is placed in front of the electron-collecting plate P
to shield it from fields induced by the positive charges created at Q in the
region 4 to G by ionization of a particle. It is convenient to define the electric
field as the positive gradient of the potential, with the positive direction of the
lines of force accordingly in the direction followed by electrons.

The efficiency of the grid shielding is measured by the extent to which the
charge induced on P, or the number of lines per unit area ending there, Ep,
is independent of the field Eq. We define

dE
o = (E’é , for Vs — Vg = constant, (1)

as the “inefficiency”’ of the grid, and calculate it as a function of the two geome-
trical ratios 7/d and p/d (Fig. 1). The results are shown by Equation (14)
and Fig. 3. The charge induced at P by a unit charge created at Q is then
calculated in terms of ¢ and the distances 4Q and AG (Equation (15)).

The proportion of electrons collected by the plate is roughly equal to the
proportion of lines that by-pass the grid, as electrons diffuse along the lines of
force at the pressures prevailing in an ionization chamber. (This was an
initial assumption and is justified by the experimental work.) This proportion
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is calculated in terms of the grid geometry and potentials (Fig. 4), and con-
ditions are derived for which all the lines by-pass the grid (Equations (21)
and (23)).

(b) General Method

For the purpose of calculation it is convenient to replace the grid by a
fictitious conducting wall of thickness ¢ held at a potential V§ that differs
from Vg by an amount AV depending on Eq and Ep and the grid geometry
(see lower part of Fig. 1).
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Fi16. 1. Field (upper) and potential (lower) in grid tonization chamber. Positive tons
and electrons at Q are produced near the cathode A by c-particles. A grid G of parallel wires
shields the electron collector P from induced effect of the positive ions.

To calculate £, AV, the stagnation points (in the hydrodynamical sense),
and numbers of lines, conformal representation theory is used (5). The
number of lines passing between the z-axis and a general point in the x-y
plane is denoted by U, the potential by V, and an analytic function of z =
x + 4y is constructed to form the complex quantity W = U + 4V. The
grid wires are simulated by line charges and line dipoles placed along their
axes. Nonuniformity of the field is neglected at P and Q. This assumption
is permissible when their distances from the grid exceed the pitch of the grid
wires.

(¢) Line Charges Induced in Grid Wires

Eq lines per unit area arrive at the grid, and Ep lines per unit area leave it.
Hence AE = Ep — Eq lines arise from unit area of grid or (AE)d lines from
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a unit length of each wire, implying a line charge density of (AE)d/4m units.
The complex potential function associated with unit line charge is 27 log z,
but to represent the array of line charges producing a field periodic in y the
function sinh 7z/d must be used as argument of the logarithm in place of z.
Now the equipotentials derived from the transformation

W = 2ilog sinh%z 2)

are approximately circular in the vicinity of 2 = 0, +1d, %2 id, etc., and the
mean value of the potential around an exact circle of radius 7 (the wire radius)
Tr

is 2 log 7 Hence the complex potential

AE . .
Wi = o7 di (log smh%z — log %) 3)

takes account of the line charges induced in the wires when the grid is at
zero potential. For large positive and negative x the potential is given
approximately by

_AE _ 4, 27 2|2 /d
Ve = T(|x| 7l_log 7 ) + 0(e ). C))

The deviations from uniformity in the field are therefore small even when
|x| is of the same magnitude as d.

(d) Line Dipoles Induced in Grid Wires

A uniform field E induces a dipole of intensity 3$E7? at the center of a cylin-
drical conductor of radius 7. It is reasonable to expect that the dipoles
induced in the grid wires have the intensity $E7?, where E = (Ep + Eq)/2
is the mean of the distant fields on the two sides of the grid.

The complex potential function for line dipoles of unit strength, one at
each wire position and all orientated in the x direction, is the derivative with
respect to z of the unit line-charge function, i.e., 2 Z(w/d) coth wz/d. In
accordance with our expectation, we use as a trial function

Wp = — Er%(w/d) coth wz/d, &)
and show that when combined with the potential function representing the
mean field, viz., =

Wg = iEsz, (6)
it yields |z] = r as zero equipotential. Neglecting terms of order 73,

Wy + W = iB (z -;—2) — — 2Frsin ¢, )

which is real as required. (The angle ¢ is measured from the x-axis.)
Similarly |2 + nid| = 7 for » = 1, 2, . . . can be shown to be zero equi-
potentials.
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(e) Complete Potential Function

The combination
W = iVe+ Wy + Wp + Wg (8)

makes [z| = 7, |2 &+ nid| = r equipotentials with V = V¢, and therefore
satisfies conditions at the grid. It also yields correct values Ep and Eq for
the field at large positive and negative values of x. The function W yields

: V = Ve + IAE) + Ep(x — $2) )
an
V = Ve + UAE) + Eq(x + 3%) (10)
for large positive and negative values of x respectively. In Equations (9)
and (10) i
I =5-(&p* — log p), (11
d .
to=o-p = pr, (12)
and )
wr
p=—F" (13)

More exact analysis reveals additional even powers of p in the formulas
for 7 and ¢, beginning with

T (2N _1/(d ) ) i
288 (qu) pt  and 12 <2ﬂ. p* respectively.

These terms enter when, in order to make the equipotentials at the wires
more nearly circular, quadrupoles are considered. The ratio //d is plotted
as a function of /d in Fig. 2.
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F1G. 2. Curve of 1/d as a funciion of r/d, which is convenient for calculating the in-
efficiency 7 of a grid.
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(f) Inefficiency of Shielding
The inefficiency ¢ can be obtained by differentiating the relation
Ve — Ve = pEp + I(AE) = (p + )Ep — lEq = constant,

giving dEp l d a
= = 2. 14
J (27rr) (14)

i, " T1~ Imp°

Curves of constant ¢ are shown in Fig. 3. It is seen that ¢ can be made
small_and the grid efficient either by choosing a grid-to-collector distance
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large compared to the pitch or by choosing the wire radius comparable to
the pitch. It will be seen later that the second alternative is inadmissible
(Equation (23) ).

(g) Charge Induced at P by Charge Created at Q
From Fig. 1

Ve — Va4 = mE4 -+ QEQ - Z(AE)
mEs + (¢ + )Eq — [Ep = constant.
mdE4 + (¢ + 1)dEq — IdEp = 0,

which with the relation

Therefore

) dEp = 0dE,q,
vields charge induced at P _ dEp
charge created at Q@  d(Es — Eg)
om —Q

S TIA=9~ "I (15)
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(k) Fraction of Lines Intercepted by Grid

The real part U of the function W can be used to determine the number of
lines leaving Q that are intercepted by the grid. On the grid wire where |z| =

7 we obtain d _
U = —¢(AE) 7w 2Er sin ¢. (16)

The stagnation points (5, p. 108), i.e., the points on the circumference where
lines cease to enter and instead leave the grid, occur where U is stationary,

. AU
Le., a—(—-b = 0.
Therefore
cos¢ = —BE) 4 _ _ (AE), an
2E 2mr 2pE

The number of lines collected by each wire from the field Eq is given by the
difference of U between the two solutions of (17) going via ¢ = #. This
difference is

AU = 4Er |sin ¢| — 2 |7 — ¢| (AE)i

= 4Fy \/ { - (gf) - 2(AE) 2 cos™ (;f) (18)

The number of lines collected by unit area of the grid is AU/d, and the
ratio between this and Egq represents the grid loss A:

AU EP—E<\/E + E 2 Ep — Eg 1
)\ = —_ £r T L — — —1 L_._Q = }.
Eod -wEq 3 (Ep — Eq p) 1 — cos (Ep + Eq p) (19)

The proportion of lines that end on the collector rather than the grid,
1 — ), is plotted as a function of Ep/Eq for three values of p in Fig. 4 over
the range where the square root and the inverse cosine are real, viz.,

1+p,
I—»p

l—0p
1_{_p< P

The ends of the interval correspond to the conditions where the stagnation
points unite and slip off the wires in the direction of the weaker field. For

(20)

Er _1+0p
Eq>1_p (21)

all lines by-pass the grid, and 1 — A = 1. For

Ep 1-—p
Q<1+P

all of the balance between Eq and Ep is collected by the grid,

Eys — Ep
'——E'Q——- and 1 A= EQ

(22)

A =
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Since V4 differs from V¢, Ep/Eg is not strictly proportional to the grid-
plate potential difference for fixed V¢ — Va. Deviations from proportionality
are of the order of o. In particular zero grid-collector potential difference
corresponds to Ep/Eq = ¢. The origin must be shifted to the right by an
amount o in Fig. 4 if the abscissa is to become a more accurate measure of the
grid-collector potential difference (broken line).
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F16. 4. _Fraction of lines from cathode that end on eleciron collector is plotied against the
ﬁeld/m)tiu Ep/Eq. The origin must be shifted by o if (Ve — Ve)/p is used for Ep. (p =
2wr/d).

() Condition on Potential Differences for Zero Grid Interception

Condition (21) applies when all lines by-pass the grid. If this condition is
satisfied in the absence of positive charge at Q, then it will certainly be satisfied
in the presence of such charge. Hence a sufficient condition on V4, Vp, and
Ve can be derived on the assumption that there is no charge at Q. Substitu-
tion for Ep and Eq then gives the condition:

Ve — Ve, p+ pp+ 2ip. 23
VG-VAZa—-ap—-le @3

This must be balanced against the condition that o (or }/p) should be small for
efficient shielding (Equation (14) ).

Experimental Investigation

An experimental investigation was undertaken to test the main results from
the theoretical analysis and to indicate what lower limit in width of an
a-particle line might be realized in practice.

(a) Ionization Chamber

The ionization chamber consisted of two parallel plates, 10 cm. square and
about 6 cm. apart, mounted on insulators inside a cylindrical vessel. The
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gas was argon, usually at a pressure of 3 atm. A grid of parallel wires could
be mounted 1.43 or 0.67 cm. in front of the collector. Two grids were tested;
one consisted of No. 38 copper wires 0.20 cm. apart, and the other of No. 36
copper wires 0.091 cm. apart. A negative potential of 1200 v. was applied
to the cathode, which produced an adequate field between the electrodes for
electron collection.

Sources of a-particles were made by evaporating a solution of polonium
210 on gold foils. The source, covered by a collimator consisting of % in. holes
in a 1/32 in. aluminum sheet, was placed against the cathode. Without the
collimator the distribution of pulse sizes was not symmetrical about the
maximum and had a tail on the low energy side. This distortion is attributed
to a-particles that had traveled approximately in the plane of the source and
lost energy in irregularities in the source or in the backing foil before being
scattered into the gas.

The electronic equipment for the measurement of pulse size has been
described (1). The ionization pulses at the collector were fed into an amplifier
designed for low noise and high stability of gain and then into a cutoff
amplifier that subtracted a predetermined voltage and amplified the remainder.
The output pulses were electronically sorted into groups according to height
by a pulse analyzer (3). In this way the ‘line”’ containing the pulse heights
could be expanded to show its shape and thereby to vield quantitative informa-
tion on width at half-maximum or alternatively on the standard deviation
from the mean.

(b) Collection of Electrons by the Grid

The first point considered was the possible collection of electrons by the
grid. This is undesirable for two reasons. (1) The pulse size and the signal-
to-noise ratio would be reduced. (2) The fraction of electrons collected
might depend somewhat on the track orientation, and thus an additional
cause of spread might enter.

Fig. 4 shows the fraction of lines from the cathode which by-pass the grid
and end on the collecting electrode. If the electrons diffuse along the lines
of force these relations also give the fractions of charge reaching the collecting
electrode. Fig. 5 shows two curves of observed pulse size plotted against the
ratio of the fields on the two sides of the grid. Figs. 4 and 5 are in good
agreement, particularly at the upper end. For this region the field lines are
nearly straight in the chamber. For very low potential difference between
grid and collector the field lines have considerable curvature, and agreement is
not as good. The pulses are larger than those calculated; this suggests that
electrons slip off the field lines and reach the collector. The intercept for zero
potential difference between grid and collector is greater than o. It is seen
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in Fig. 5 that a voltage can be chosen for the grid at which it does not collect
electrons. The chamber is ordinarily operated under this condition.

o

PULSE SIZE

o L0 2.0 3.0
B/ S I
Vo-Vy P
F16. 5.  Observed pulse size, indicating fraction of electrons reaching the collector, is plotted
H . g (Grids Nos. 2and 3). The two points marked by crosses were calcu~
lated from theory.

(¢) Spread of Pulse Size
Table I and Fig. 6 show the results of a typical run with polonium a-particles.
The distribution of pulses from a signal generator is included. The distribu-

tion of the a-particle pulses is approximately Gaussian having a standard
deviation s;. Five causes of spread may be noted: (1) thickness of source

against

TABLE 1
PULSE DISTRIBUTIONS FOR (-PARTICLES AND ARTIFICIAL SIGNALS
Pgﬁ:iﬁgla{%'ger a-particles, counts | Artificial pulses, counts
1 0 —
2 2 —_
3 2 —
4 2 _
5 4 —
6 4 —
7 8 —
8 8 —
9 8 —
10 10 2
11 20 10
12 48 96
13 64 158
14 116 162
15 124 66
16 116 20
17 48 -—
18 14 —
19 2 —
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material, (2) straggling of ionization, (3) variation of rise time of the electron
pulses, (4) noise of the amplifier, and (5) induced effect of positive ions, as
described in the introduction. The last item will be referred to as spread

140
120 m

o< PULSES
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: Eiul
| P ENR
T T LT

4 6

100

NO. OF GOUNTS

18 20

8 10 12 14 16
CHANNEL. NO. ON PULSE ANALYZER
5.24 5.30 5.36

S.i2 S.18 3
APPROX. ENERGY IN MEV.

F1G. 6. Typical distributions of pulse sizes for polonium a-particles and artificial pulses
(Grid No. 1). One channel spacing on pulse analyszer is equal to 15 kev.

caused by the chamber. The observed standard deviation s; is assumed to
be associated with the separate standard deviations s, si, S», S5, and s, from
the above causes respectively by the formula:

si=VsE+ s+ s+ i+ sk,
In the present experiments s;, s; and s, always occur together, while s, can

be obtained by using artificial pulses. It is intended to compare the values
of 5. obtained from measurements with the various grids with the theory.

(d) Spread of Pulse Size Due to Chamber

The distribution of pulse size will be examined, the effect of orientation of
the a-particle track being taken into account. Noting that the induced
effect of the positive ions depends on the first power of m (Equation (15) ),
the idea of center of ionization may be introduced (similar to center of mass in
mechanics). The effective range R, measured from the source of the a-particle
to the center of ionization in the track, is evaluated from the Bragg curve for
a single polonium a-particle. The perpendicular distance from the center of
ionization to the cathode may be taken as the value of m.

The centers of ionization possess a distribution of m's for a point source of
a-particles at O in Fig. 7, without a collimator, having limits zero and R.
If N a-particles are emitted isotropically, the number making angles between
0 and 8 + 40 with the normal is

2wrNR2sin 640 N . Ndm
——— = —5sin 0df = — -
4T R? 2 2R
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Thus, the distribution of m’s is rectangular (extending from m = 0 tom = R),
giving a similar distribution of pulse sizes. The maximum pulse size is that
for which 7 = 0 and the minimum is that for which m = R. Intheabsenceofa

A

Fi1G. 7. Source at point O emits a-particles of effective range R measured from O to centers
of ionization in tracks.

grid the fractional width of the pulse distribution is equal to R/(separation of
electrodes). Fig. 8 shows pulse distributions observed without a grid. The

CURVE I NO COLLIMATOR
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FiG. 8. Observed distribuiions of a-particle pulses in ionization chamber without a grid.
é;fparatzon of electrodes was 5.9 cm. Argon pressure was 2 atm. Effect of collimator is
shown.

effective range R was calculated to be 1.15 cm. in argon at 2 atm., and the
separation of electrodes was 5.9 cm. Thus the expected width of the pulse
distribution of polpniuni a-particles without a collimator is 15—19‘5 X 5.30

Mev. = 1.0 Mev,, in fair agreement with that observed (Curve I, Fig. 8).
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When a collimator is used the distribution of pulse size is changed, as shown
in Fig. 8. The collimator cuts off the largest pulses, which must come from
the tracks making small angles with the cathode, since the induced effect of
the positive ions is least for these tracks. The width at 60.79 of the
maximum is reduced by the factor 950/530 = 1.8. The calculated reduction
is about 2.5. Since neither distribution is Gaussian, the first being rect-
angular, and the second nearly triangular, the exact value chosen for the effect
of the collimator is rather arbitrary. The standard deviation when the

collimator is present is about ?12- (530) kev. This may be related to the energy

5.30 Mev. of the polonium a-particle as follows:

R 1

ﬁf) 5300 kev. = 3 (530) kev.,

where f is the collimator factor. Using R = 1.15 cm. it is found that f = 2.0.
It will be seen later that with a good grid shielding the collector the spread
due to the chamber is not as large as other spreads. Therefore the distribution
of pulse size with a spread due only to the chamber may be assumed Gaussian,

and the ccllimator factor 2.0 carried over into the corresponding standard
deviation.

Standard deviation = ;—(

(e) Shielding by the Grid

The standard deviation of a pulse distribution was estimated by three
methods (6, pp. 134-153). (1) The width of the peak was measured at
60.7% of the maximum. (2) The mean square deviation was obtained from
the histogram and Sheppard’s correction applied. (3) An ogive plot, such
as shown in Fig. 9, was used. The last method appeared most reliable. For

595
o /
9¢l X
94 t;\>/ //
90|

[ yd

£ 7

5 80

3 7 3‘? £

] Q° / o /‘

g 5o v >

. A5

s SL | &2
3 ks

w

o 20

< /]

z 10 AL

2 s VA

g 4 L
2

-9
|4

105 S 25 B3S 4.5 155 165 175
CHANNEL NO. ON PULSE ANALYZER

F16. 9;  Ogive plot for esiimating standard deviation of a pulse distribution. Standard
deviation is half of number of channels between intersections at dotted lines.



204 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.

the data in Table I the standard deviations are 1.5 and 1.1 channel widths of
the pulse analyzer respectively for the a-particles and artificial pulses.

Table IT summarizes the experimental results for four different grid arrange-
ments. The inefficiencies o were calculated from Equation (14). The
standard deviations are the averages of five determinations in each case.
The small variations in s, observed for the different experimental arrange-
ments are in approximate agreement with the expected effects of changing
the capacity of the chamber.

TABLE II
STANDARD DEVIATIONS IN PULSE DISTRIBUTIONS

sy = standard deviation for a-particle pulses
s» = standard deviation for artificial pulses
1 channel spacing = 13 kev.

3 2 —
Grid No. g X 103 s1, channels 2, channels ‘\c/lfalnn efsm Vst = &, kev-
1 8.73 1.42 1.08 0.92 13.8
2 18.5 1.66 1.25 1.09 16.4
3 '38.3 1.65 1.05 1.27 19.1
4 78.4 1.74 1.10 1.35 20.2
4a 78.4 2.40 1.10 2.13 32.0

Grid No. 1: r =6.35 X 10¢cm.,d = 0.00l cm.,p = .43 cm., AG = 4.49 em., R = 0.77
cm. (argon at 3 atm. pressure).

Grid No. 2: r=6.35 X 1073¢cm.,d = 0.091 cm., p = 0.67 cm., AG = 4.93 cm., R =0.77 ¢m.

Grid No. 3: r = 5.34 X 1073 cm. (wire coated with Aguadag), d = 0.20 cm., p = 1.43 cm.,
AG = 4.499 ¢m., R = 0.77 ¢cm.

Grid No. 4: r =5.34 X 107 cm.,d = 0.20 cm., p = 0.67 cm., AG = 4.93 cm., R=0.77 ¢m.
Grid No. 4a: same as No. 4 except that R = 1.15 cm. in argon at 2 atm. pressure.
For the a-particle pulses
a=Vsg+sis+E+s+,

and for the artificial pulses

S2=‘\/§,.
Vi-sd=VSt+sg+s£+ .

The squares of the standard deviations s,, s;, and s,, caused by the thickness
of the source, straggling of ionization, and variations in rise time, should form
an approximately constant quantity, independent of the grid. The standard
deviation s, caused by the chamber is expected to be

_ oR
% = e T I = o) 2S00 kev. = 7 X 5300 kev.

Therefore
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from Equation (15) and the effect of the collimator. Owing to the finite
extent of the electrodes and the proximity of the wall of the surrounding
vessel one might expect s. to be merely proportional to this expression.
Although the constant of proportionality turned out to be approximately
unity, at first proportionality but not equality was assumed. The measured
quantities 4/s} — s3 given in Table II were set equal to vz + bt The
best values of the parameters ¢ and &, assumed to be constants, were obtained
by the method of least squares, with the following result:

Va =Vs? F 52 + 52 = 14.3 kev.
V% = 6030 kev.

and

Table IIT shows that a satisfactory fit of all experimental data was obtained.
The predicted shielding by the grid is verified, as shown by /5 = 6030 kev.
being approximately equal to the expected 5300 kev. or alternatively by the
agreement of Columns 5 and 6. The discrepancy involves f directly, which
is difficult to estimate owing to the asymmetry of the pulse distribution, as
pointed out above.

TABLE III

STANDARD DEVIATIONS CAUSED BY CHAMBER

(I::Irid n X 104 Vs — 53 kev. | VS22 4+ 2+ s kev. | sq kev. (least | 7 X 5300 kev.
o

(observed) (least squares) squares) (theory)
1 3.74 13.8 14.5 2.2 2.0
2 7.19 16.4 15.0 4.3 3.8
3 16.25 19.1 17.3 9.8 8.6
4 30.3 20.2 23.2 18.3 16.1
4a 45.3 32.0 30.8 27.3 24.0

The following consideration shows that the standard deviation s, is relatively
small. This cause of spread in pulse size is the variation in electron collection
times due to different orientations of the tracks of the o-particles. The band
width of the amplifier used was defined by the usual two time constants of
smoothing and differentiation, which were adjusted to be 5 and 50 usec.
respectively. The collection time is not known with certainty, but a rough
measurement was made by decreasing the time constants of the amplifier to
1 and 10 usec. There was no appreciable drop in pulse amplitude, which
indicates a collection time of about 1 usec. With time constants of 5 and
50 usec. a variation in collection time between zero and 2 usec. would intro-
duce a fotal spread of only 4 kev., which is much smaller than the spreads
introduced by source thickness and ionization straggling.

(f) Limitations on Standard Deviations

The standard deviation from all causes on the pulse distribution of polonium
a-particles was found to be as low as 22 kev. when a suitable grid was placed
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in front of the electron collector. The corresponding width of the line at half-
maximum was 50 kev. or about 19, of the energy of the polonium a-particle.
The standard deviation caused by the induced effect of the positive ions was
found to be as low as 2 kev. when a carefully designed grid was used to shield
the collector. This cause of spread is now negligible, and further decrease in
line width can be effected only by attention to other causes.

Through the use of artificial pulses the standard deviation caused by noise
in the head amplifier was found to be about 17 kev. With existing tubes not
much improvement can be expected here. The standard deviation caused by
thickness of source, straggling of ionization, and variations in rise time of the
pulses was 14 kev. From Fano's theory (2) an estimate of the standard
deviation caused by straggling of ionization is about 8 kev. With the best
conditions an over-all standard deviation of about 18 kev. may perhaps be
attained. This corresponds to a width of 45 kev. at half-maximum for the
polonium a-particle line.
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PERMEABILITY .STUDIES

IV. SURFACE AREA MEASUREMENTS OF ZINC OXIDE AND
POTASSIUM CHLORIDE POWDERS!

By J. C. ARNELL

Abstract

The use of the modified Kozeny equation for the measurement of the specific
surfaces of fine powders has been extended to include a number of standard zinc
oxides and a sample of potassium chloride. The specific surfaces of the zinc
oxides had been measured by 10 other methods, and the data are included for
comparison. Comparative low temperature adsorption data for the potassium
chloride are also given. Satisfactory agreement with other methods was found.

Introduction

In several papers published within the past three years (1, 2, 3, 7), a method
has been discussed for the determination of the specific surface of very fine
powders by gas-permeability methods. This method depends on the use of
a modified Kozeny equation, which contains an additional term to correct
for ‘slip’. This equation has been found to be of the greatest use in the form:

_ Arép € pm,gP 8 [2R,T ]
C=iisa= 9 [ns,u — T3z |- ®

where G = rate of gas flow in grams per second,
A = cross-sectional area of the bed in square centimeters,
k = pressure head in centimeters of mercury,

€ = volume of pore space per unit volume (porosity),

p1 = p/P = density of the gas at unit pressure,
%k = Kozeny's constant, which is approximately equal to 5,
L = length of the bed in centimeters,

S, = specific surface of the powder in square centimeters per cubic
centimeter,

1 Manuscript received July 8, 1949.

Contribution from the Defence Research Chemical Laboratories, Ottawa, Canada. Also
issued as D.R.C.L. Report No. 32.
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pry = density of mercury in grams per cubic centimeter,

g = acceleration due to gravity in centimeters per second per second,
P = (p) + $:)/2 = mean pressure in centimeters of mercury,
7 = viscosity of the gas in poises,

R, = gas constant,
T = absolute temperature,
M = molecular weight of the gas,
& = variable factor, having a value of approximately 0.9, and
ko = shape factor, whose value generally lies between 2 and 3 (5).

This equation has been tested against the data obtained from the flow of
air through beds of finely ground quartz, inorganic pigment powders, and
carbon blacks, and found to give values for the surface areas that showed
good agreement with the values obtained by the use of other methods.

In this paper, the method has been applied to four samples of zinc oxide
supplied by the New Jersey Zinc Company (of Pa.), Palmerton, Pennsylvania,
U.S.A. About 15 years ago these samples were set aside for use in particle
size investigations and their surface areas have been measured by many
different methods in the intervening years. It was therefore of great interest
to compare the results given by Equation (1) with the previous data.

Apparatus and Technique

The apparatus used for measuring the air flow through the different beds
of zinc oxide has been described in detail in a previous paper in this series (2).
The air flow through a bed of powder was measured at five different mean
pressures, which were approximately 20, 30, 40, 50, and 65 cm. of mercury.
The mass flows were then plotted against the corresponding mean pressures
and the equation of the resultant straight line determined for each bed.
These equations had the form:

G=BP+C. )

The specific surface was then calculated in two different ways. In the first
method, the slope of the line, B, was equated to the first term on the right-
hand side of Equation (1), which is equivalent to the original Kozeny equation,
and in the second method, the intercept, C, was equated to the pressure
independent term of the modified equation.

Experimental Results

The specific surfaces were calculated by the two methods from the data
obtained on four beds of each sample of zinc oxide. The experimental results
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are listed in Table I, together with the porosities of the beds calculated using
a zinc oxide density of 5.67 (4). The areas in square meters per gram have
been calculated by dividing the specific surface by the density and are also
included for comparison.

TABLE I

SURFACE AREAS OF ZINC OXIDE POWDERS

Specific surface, m? /cc.
Sample Porosity

Slope (B) Intercept (C)
Kadox Black Label-15 0.698 38.9 47.9
F1601 0.660 43.0 45.2
0.706 50.9 43.6
0.695 46.4 40.8
44.8 44 .4

7.9 m?/gm. 7.8 m?/gm
XX Red-72 0.647 36.0 37.0
K1602 0.630 33.8 339
0.578 29.7 34.9
0.617 38.1 39.1
34.4 36.2

6.1 m?/gm. 6.4 m?/gm
XX Red-78 0.569 16.4 15.5
G1603 0.557 15.0 ©14.3
0.570 16.3 16.2
0.536 16.6 16.6
16.1 15.7

2.8 m?/gm. 2.8 m?/gm
Reheated Superfine 0.458 3.6 4.0
KH 1604 0.432 4.3 5.0
0.424 3.7 4.2
0.468 3.7 3.8
3.9 4.3

0.6 m?/gm. 0.7¢ m?/gm.

In addition to the above work, the specific surface of a sample of potassium
chloride was measured by this method. The details of the preparation of the
sample and the low temperature adsorption data have been published else-
where (10). In brief, the sample was prepared by atomizing a solution of
potassium chloride and collecting the resulting aerosol electrostatically. Thg:
experimental results are listed in Table II, together with the BET surface
areas determined from low temperature adsorption isotherms (8).
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TABLE II
SURFACE AREA OF FINELY DIVIDED POTASSIUM CHLORIDE
Permeability method Specific surface, m?/cc.

Porosity Slope (B) Intercept (C)

0.481 4.1, 4.0

0.473 4.0, 4.0;5

0.471 3.5, 3.5

3.8 3.8
1.9 m?*/gm. 1.9 m?/gm.

Low temperature adsorption method (BET) (after Keenan)

Surface area, m?/gm.

ad
83° K. 84° K. | 85° K. 90° K.
Nitrogen — 2.19 2.21 2.21
Argon 2.83 — 2.92 2.79
Oxygen — — 2.76 2.63
Discussion

Through the kindness of Dr. C. E. Barnett of the New Jersey Zinc Com-
pany, the following table (Table III) summarizing all the surface area data
obtained with the zinc oxide samples was made available for inclusion here.

Some of these data have been published previously (6, 8, 9), but much of
itisnew. The sedimentation results were measured by A. E. Jacobsen of the
National Lead Company, Titanium Pigments Division. The electron micro-
scope, turbidimetric, and infrared transmission measurements were made by
the New Jersey Zinc Company, while the air permeability data using the single
Kozeny equation were obtained by both the New Jersey Zinc Company and
the National Bureau of Standards, Washington.

In general the results from Equation (1) are in fair agreement with those
obtained from liquid permeability measurements; this indicates that the
modified Kozeny equation adequately compensates for the ‘slip’ that occurs
with gas flow through beds of very fine powders. These results also agree
reasonably well with the gas adsorption data. Some of the other methods
have been known in general to give low values for the surface area, and this
is borne out here. With the larger particles, as in KH 1604, much better
agreement is obtained between methods, owing probably to such factors as
the virtual disappearance of the ‘slip’ factor.

The data on the potassium chloride sample are included as another example
of the satisfactorv agreement between the surface area measurements obtained
by low temperature gas adsorption and air permeability corrected for slip.
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TABLE III
SURFACE AREAS OF ZINC OXIDE PIGMENTS USING DIFFERENT METHODS
Permeability
- . Infra-
Light |Electron| Liquid . Air Gas | Dark .
micro- | micro- |adsorp- Se':g:’::’ adsorp-| field Tuﬂ:ldb red
scope scope tion Liquid|Kozeny|Equation| tion count meter t‘_m. "~
mission
equa- 1)
tion |Table II
Kadox Black Label-15
F-1601
d1 0.15 | 0.10 —_ —_ —_ —_ — — —_ 0.18 —_—
ds 0.28 0.18 0.20 0.30 0.12 0.26 0.14 0.11 —_— — —_
S,m?/gm.| 3.8 6.0 5.4 3.5 8.9 4.1 7.8 9.5 —_ - —
D 0.21 0.14 _ —_ —_ _ —_ _ 0.14 — —
N X 1010 (2042 — —_ —_ — — — — 7257 — —
0.27
ds 0.37 — — — — — — —_ —_ —_ 0.3 4}
XX Red-72
K-1602
d1 0.19 | 0.12 — — — — — —_ —_— 0.23 _—
ds 0.34 0.23 0.25 0.37 0.15 0.32 0.17 0.12 _— _
S,m?/gm.| 3.1 4.6 4.3 2.9 7.2 3.3 6.2 8.8 — — —
D 0.25| 0.15 —_ —_ — — — —_ 0.16] — —_
N X 1010 1139 — —_ — — — — — 4200 — —
ds 0.42 _ —_ —_ _ _ —_ —_ —_— _ 0.44
XX Red-78
G-1603
a1 0.30 0.25 _— f— — _ —_— _ — 0.36 —_
ds 0.79 | 0.48 | 0.56 | 0.76 |o0.25 {g'g 0.3 | 027 — | — | —
S, m¥/gm.| 1.3 2.2 1.9 1.4 4.3 NBS-1.7| 2.8 3.9 — — —
NJZ-1.7
D 0.49 0.35 —_ et —_ —_ _— —_ 0.26 —— —
N X 10t | 153 —_ —_ — — —_— —_ — |1076 —_ —
ds 1.1 — —_ _ — —_ —_ —_ —_ — 0.54
Reheated Superfine
KH-1604
a 1.0 — _ — — — — — — - -
ds 1.9 —_ 5.3 2.1 1.25 1.63 1.5 1.61 — —_ —_
S, m?/gm. 0.6 —_ 0.2 0.5 0.85§ 0.65| 0.71 0.66 —_ —_ —_
D 1.4 —_ _ —_ _ —_ —_— — 0.82 —_ —_—
N X 10 6.6 — — —_ — — —_ —_ 32 — —_
de 2.2 —_ —_ —_ —_ —_ - —_— — —_— i

NoTE: di = average diameter (Znd/Zn) in microns,

ds = mean volume-surface diameter (Znd?/Znd?) in microns,
S = surface area in square meters per gram,
D = mean volume diameter (3NZndS/Zn) in microns,

N = number of particles per gram and given by N = 1/uD3, where p = specific
gravity,
ds = weight mean diameter (Znd*/Znd’) in microns.
NBS — National Bureau of Standards.
NJZ - New Jersey Zinc.
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THE SPECTRUM OF ATOMIC OXYGEN IN A HIGH
CURRENT A-C. DISCHARGE!

By W. PETRIE, ‘P. A. MonNaGHAN,? P. A. DoLan?®

Abstract

The atomic oxygen spectrum has been produced in an a-c. discharge of current
densities between 50 m.a. per cm? and 1.3 amp. per cm?, and lines arising from
the lower permitted levels of the atom are present in this spectrum. In view of
the fact that the discharge is excited chiefly by electron collisions, and also that
the aurora appears to be the result of collisional processes, the auroral spectrum
should be examined carefully to determine whether or not these same permitted
atomic oxygen lines are present. .

Introduction

There is some doubt regarding the appearance of atomic oxygen lines in
the auroral spectrum. A number of lines that originate from the lower levels
of the atom fall in the near infrared, and this region of the auroral spectrum
has not been too well resolved. Since N% bands are features of the spectrum,
evidently sufficient energy is available to populate the lower levels of the
oxygen atom. There is much evidence that the auroral radiations are the
result of collisional processes, and it seemed worthwhile to examine the
spectrum of oxygen in an a-c. discharge in which the mechanism of excitation
is chiefly electron collision. If lines from the lower levels of the oxygen atom
are present, we might expect these same lines to appear in the auroral spectrum.
Discharge spectra of oxygen have been studied by a number of workers includ-
ing Frerichs (1), Hopfield (2), and Kvifte and Vegard (3). These spectra,
however, only partially answer our question. Several of the lines in which
we are interested are listed in the measures of Frerichs (1) and Kvifte and
Vegard (3), but the former spectra are chiefly of the ionized oxygen atom, and
those studied by Kvifte and Vegard (3) do not cover the spectral region in
which a number of the lower level lines fall.

Description of the Apparatus

The discharge tube was 69 cm. long with an inside diameter of 1.4 cm.,
and the tube was surrounded with a water jacket of diameter 2.5 cm. The
ends of the tube were flared out to 6 cm. diameter, and disk-shaped aluminum
electrodes 12 cm. in diameter and 0.9 cm. thick were waxed to each end.
A 1.4 cm. diameter hole was drilled through one electrode and a quartz
window waxed to the outside, thus sealing the discharge chamber. In order
to cool the ends of the tube and the electrodes during operation of the discharge,
both electrodes were milled in radially to a distance of 2.5 cm. and made

1 Manuscript received May 7, 1949. .
Coniribution from the Depariment of Physics, University of Saskatchewan, Suskatoon,
Sask.
2 Now with the Dept. of Mines and Resources.
3 Now attending the University of Britisk Columbia.
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waterproof by means of a rubber ring attached to the periphery. Inlet and
outlet water cocks were attached to each electrode. The discharge chamber
was evacuated by means of a rotary oil pump, and the discharge operated
from a power supply that is rated at 2 kva. Two prism spectrographs were
used to photograph the spectra, one a medium quartz Hilger instrument, and
the other a spectrograph constructed in the Physics Shop at the University of
Saskatchewan.

One liter of high purity oxygen was purchased from the Matheson Company
of New Jersey, and a supply was also obtained by heating a flask containing
potassium permanganate.

Discussion of the Spectra

A number of spectra were photographed in the region 3500 to 9000
angstroms, after the discharge tube had been flushed several times with the
pure oxygen. A variety of voltages and currents were used, but the majority
of the spectra were photographed when the discharge current density was
around 50 m.a. per cm® The pressure was not measured, but was estimated
to be several millimeters of mercury.

It is not our purpose to give a complete discussion of the spectra; in fact,
the dispersion is too low for a careful analysis. However, we wish to point
out that lines from the lower levels of the oxygen atom are certainly present
in these spectra, as well as a few weak lines from singly ionized atoms.

It is worthwhile to compute the theoretical intensities of the low level lines if
these are to be searched for in the auroral spectrum. The intensity of a spectral
line from a source in thermodynamic equilibrium may be expressed in several
ways. In terms of the Einstein transition coefficient the intensity of a spectral
lineis I = N A hv, where N is the number of atoms in the upper level from
which the line arises, and 4 is the Einstein transition coefficient appropriate
to the level involved. The intensity of a spectral line may also be expressed

444
in the form I = _6;45723_v J—(\; [(a|P|b)]?, where w is the statistical weight of the
level from which the transition arises. This expression is similar to the one
that gives the radiation from the classical oscillator, except for the factors
w and [(a|P|d)]?; the latter is the square of the average electric moment for

the levels involved. This factor is an integral involving wave functions and
ea? . .
may be reduced to a product =1 sp?, where a is the radius of the first

Bohr orbit, [ is the larger of the initial or final values of the orbital quantum
number of the “jumping electron’ associated with the two electron con-
figurations involved in the transition, s is the theoretical line strength, and
p is the radial quantum integral, i.e., p = [ Rn Ra» r* d r, where R,; and
R,v are the radial wave functions associated with the two electron con-
figurations. Since we are dealing with the radiation from a source in thermo-
dynamic equilibrium, the number of atoms in any level in terms of the
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number in the ground level is expressed by the Boltzmann relation, i.e.,
1) . .
N = N, o e*/*7, where N, is the number of atoms in the ground level,

wo is the statistical weight of the ground level, and x the excitation potential
of the level from which the transition arises. In these expressions, 7, ¢, e, 4,
k, and T have their usual meanings.

Then
_ _64mvt Ny _ypn 0,
I =NAhy = 3wl yy g 1)

The calculation of p requires a knowledge of the radial wave functions.
Slater (6) has shown how to obtain approximate hydrogenlike tadial wave
functions, and Menzel and Aller (4) have shown how to use these functions
in the calculation of p. Using the Slater method, the integral for p becomes

il R I d

T+ na + 2)1. ) )
e

In this formula Z is the atomic number, ¢; and ¢, are the screening
constants for the two electron configurations involved in the transition, and
ny and m are the effective quantum numbers of the “jumping electron’ in
each electron configuration. The quantities ¢ and # are formed from the
information given in Slater's paper. We have computed p values from
Equation (2), and the results are given in Table I.

TABLE I
THEORETICAL OXYGEN LINE INTENSITIES

‘Transition J’ J IS Xn s 1 P I M.I.T
2$%35(550) — 2p33p(5P) 2 3 7772 10.69 7.1 1 6 1.0 1.0
2p335(3S0) — 2p33p(3P) 1 2 8446 10.94 5.0 1 6 0.24 2.0
2p33p(5P) — 2p345(5S%) 3 2 11300 11.79 7.1 1 4.7 0.006 —
2p33p(3P) ~ 2p%s(3S0) 2 1 13163 11.88 5.0 1 4,7 0.002 —
2p33p(8P) — 2$334(8D0) 3 4 9266 12.03 54.0 2 5.8 0.015 0.03
2583p(3P) — 2p%34(3DY) 2 3 7987 12.04 4.2 2 5.8 0.002 0.05
2p%35(8S0) — 2p34p(5P) 2 3 3947 12.23 7.1 1 4.7 0.10 0.3
2$335(350) — 2p34p(3P) 1 2 4368 12.30 5.0 1 4.7 0.04 1.0
2533p(3P) — 2p33s5(3D0) 2 3 7995 12.54 4.2 1 6 0.003 0.05
2H83H(3P) — 24855(550) 3 2 6456 12.61 7.1 1 2.9 0.002 0.5
2p33p(3P) — 2p355(350) 2 1 7254 12.64 5.0 1 2.9 0.0008 0.015
2p33p(5P) — 2p365(55Y) 3 2 5437 12.96 7.1 1 2.4 0.0009 0.2

The method of obtaining the theoretical line strength s has been discussed
by Petrie (5). Using Equation (1) the intensities of the lines arising from
the lower permitted levels of the oxygen atom have been computed and are



216 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.

listed in Table I, along with other relevant data. Only the strongest line in
each multiplet is given. The intensity of the line A 7772 which arises from
the lowest excited permitted level is arbitrarily made unity, and the other
intensities are in terms of the intensity of this line. This manner of expressing

the intensities eliminates the necessity of including the constant factor
641t N,

b e?a?. An explanation of Table I follows.
38 o

Column 1. The electron configurations and terms from which the line arises.
The configuration of lower energy is written first.
2. The J values of the two levels from which the line arises.
3. The wave length of the line, in angstroms.

The excitation potential in electron volts of the upper level
involved in the production of the line.

5. The theoretical line strength s.

6. The I value of the “jumping electron” associated with each
transition.

7. The p values for each transition.
The calculated line intensity.

9. Intensities listed in the M.LT. wave length tables. The

intensities in Columns 7 and 8 are in terms of the intensity of the
line A 7772.

Concluding Remarks

All the lines listed in Table I in the region 3500 to 9000 angstroms appear
in our spectra. Hence, a careful search should be made of the auroral spectrum
to determine whether or not these same lines are present. Vegard (7) has
listed the line A 4368 as being present in the auroral spectrum. Unless there
is something very strange about the excitation mechanism that operates in
the upper atmosphere, other lines listed in Table I should be features of this
spectrum. It is hoped that a new auroral spectrograph constructed at the
University of Saskatchewan will settle the question of the appearance or non-
appearance of these oxygen lines. It is not expected that the intensities of
the oxygen lines in discharge spectra or in the auroral spectrum will agree
exactly with the theoretical intensities that have been calculated. In dis-
charge tubes and in the upper atmosphere there are departures from thermal
equilibrium. Nevertheless, the theoretical intensities will be a useful guide
when searching for these lines in the auroral spectrum.
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DIELECTRIC PROPERTIES OF SOME ANIMAL TISSUES AT
METER AND CENTIMETER WAVE LENGTHS!

By E. R. Lairp anD K. FERGUsON

Abstract

Measurements have been made of the dielectric constant and the absorption
coefficient of some animal tissues at A 1.72 m. by the Drude~Cooledge method,
and at A 9.5 cm. and N 3.2 cm. by the reflection with change of phase method
as developed by von Hippel. The dielectric constant of beef fat changed from
about 9.5 at { 1.72 m. to 3.5 at A 3.2 cm., that of bone remained about
constant between 6.5 and 7, that of beef bone marrow was reduced from 20
to 3.7, and that of frog muscle from 135 to 35. The absorption coefficient
increased from 0.026 to 0.79 per cm. for fat, from 0.0028 to 0.56 for bone,
from 0.028 to 0.9 for bone marrow, and from 0.08 to between 5 and 6 for frog
muscle in the same range. Uncertainties of measurement and variation between
samples are in general large. The dielectric constant found for muscle at
N 1.72 cm. is higher than a value given by Osswald at A 3 m.

Introduction

The work reported here was undertaken as part of a project, proposed
by Dr. R. C. Dearle, to examine the biological effects of electromagnetic radia-
tion of wave length less than 2 m. for possible clinical application. Relative
heating effects in the special case of the use of condenser fields had already
been studied, and McLennan and Burton (9, 10) had also examined this case
theoretically, and given the relation connecting conductivity, dielectric
constant, and frequency for optimum effect. Schereschewsky (13) made
some measurements on dielectric constant at about 2 m. and Osswald (11)
on both dielectric constant and conductivity of a number of animal tissues
at 3 m. At shorter wave lengths the direct use of radiation becomes
possible, and for this case also data on the dielectric constant and either
the conductivity or absorption coefficient are desirable. Such measurements
have now been made at wave lengths of approximately 1.72 m., 9.5 cm., and
3.2 cm. on muscle, fat, bone, and bone marrow. Some observations have
also been made on liver and on water, and especially at A 1.7 m. any appear-
ance of nonheating effects was noted.

I N172m Method and Equipment

A consideration of the material to be used, and simplicity of construction,
led to the choice of the Drude-Cooledge (5) method modified to suit present
equipment. This method has been used in more recent years by Slitis (14)
and found satisfactory for materials having an absorption index as high as
0.25. Its use has been criticized by Abadie (1) as unsatisfactory for highly
absorbing substances, and a study showed that at times corrections should
be made to the previously used formulae.

1 Manuscript received June 28, 1949.

Contribution from the Depariment of Physics, The University of Western Ontario, London,
Ont.  This work was supported in part by the Ontario Cancer Treatment and Research Foundation.
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The method uses a Lecher wire system, as in Fig. 1. B is a fixed bridge to
which a copper—constantan thermocouple is attached. B’ is a sliding bridge,
and at 4 is a glass container with sealed-in platinum electrodes for holding

TO
OSCILLATOR__ 7 T

- f / B A g

Fia. 1.

the materials to be used. The method of direct coupling to a lossy line from
the continuous wave oscillator was tried, and seemed satisfactory. The
bridge at B’ is adjusted for a maximum response of the galvanometer, %1, %2,
and the galvanometer deflection G, are measured, B is again adjusted with the
container removed, and the galvanometer deflection read, Gi. The logarith-
mic decrement of the circuit without the container, 8, and the constants of the
container-condenser, may be determined separately. From these data the
dielectric constant and absorption coefficient of the material may be found.

Theory shows, see appendix, that when the conductivity of the material
being tested is low, resonance occurs when

)) cot 0y + cot by = wCZ = WZ(C' + €Co),

where 6; = 2%, 6. = % , Z is the characteristic impedance of the line,

and C is the capacity across it at 4. Following Drude, one may put C equal
to C' + €Cy, where C’is the capacity due to the wires external to the container,
Co is the internal capacity with air as medium, and e is the dielectric constant
of the material being used.

The theory shows also that for low conductivity the index of absorption is

given by 4y _ CI + éCo ) 3
2 1 — k2 €Co cot B, + cot 8,
G 2 X %o
I:(l + COtzel) 'J_G—‘: - X (sinzlﬂl + sinzﬁg)]
4rnx_

The absorption coefficient 2« is N

The oscillator was an R.C.A.F. A.S.V. transmitter modified for continuous
wave transmission. [t was used at a frequency close to 175 Mec. per sec.,
and with constant voltage on the tube the output remained desirably constant.

The Lecher wires were of tinned copper 1.23 mm. diameter, centers 1.14
cm. apart. The sliding bridge B’ was a silver disk 2.4 cm. diameter, with
slots fitting closely over the Lecher wires, and could be held in position by
the backing of a heavier brass bridge. The positions of the bridges and the
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container were read either on a meter stick that could be laid for the purpose
on supports close to the wires, or by means of a cathetometer fixed to be used
horizontally at a distance of about 3 m. A correction was applied to the
observed position of the thermocouple bridge B. Its effective position was
taken to be at the distance A/2 from the resonance position of the bridge B’
when no container was present. /2 was taken as the distance between the
first and second resonance settings of B’, and could also be checked by a
frequency meter. The correction to the position of B varied between 0.1
and 0.5 cm. for different thermocouples. It will be noted that this cor-
rection assumes that the impedance of B’ is negligible.

The galvanometer zero was taken as that reading obtained when a short
was put across the Lecher wires at a distance A/4 from the bridge B. In this
case the impedance looking into the circuit tends to infinity, and the current
through the thermocouple bridge is a minimum. The use of this reading as
a galvanometer zero assumes that either there is no constant phase relation
between this bridge current and the additional current flowing when the
circuit is at resonance, or that they are about /2 apart in phase. The high
frequency resistance of the bridge was computed to be about 0.13 ohm, and
an estimate of the inductive reactance was 8 ohms. The additional current
flowing at resonance will be in phase with the voltage, so the assumption
mentioned appears justified. Values of this order for the bridge impedance
also account for the observed difference between the bridge position and what
has been called its effective position.

Equation (2) assumes that there is the same voltage at B when each of the
two maximum deflections is observed. An estimate of the change in admit-
tance at B gave in the extreme case 109,. The oscillator was connected to
the Lecher wire system through lossy cable as stated above. Some tests
were made on the effect of altering the point of connection, and it was found
to be negligible. However, in the case of muscle it was considered that
G1/Gs might be small by 10%,.

There was the further experimental source of error in obtaining G, owing to
changes in room temperature. The thermocouple bridge was protected by a
small mica jacket, and the second junction was in the shielded cable leading
to the galvanometer, but the heavy Lecher wires were unprotected, and at
times this caused great difficulty.

Equation (1) shows that for a constant value of wZ there should be a linear
relation between € and the sum of the cotangents, cot 6, + cot 6, . This was
initially tested by measuring x; and x» at resonance with the materials air,
benzene, ethyl ether, 509, acetone, and water in the container, and was found
to hold. The constants of the container finally used were found from observ-
ations in which air, benzene, ethyl ether, and water were the standards, and
the results were C, = 0.0315and C’ = 0.075 e.s.u. This container had an
internal diameter of 5 mm. The ends of the platinum leads were hammered
out to make plates about 3 mm. in diameter, and the tube wall was slightly
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expanded at this point so that they were separated by 5 mm. Fig. 2 shows
the general form. The logarithmic decrement was determined at intervals
from a resonance curve, and was found to remain substantially constant at

—

-/
Fic. 2.

0.0070 £ 0.0001. The breadth of the resonance curve at the second maxi-
mum was, within experimental error, double that at the first maximum;
this indicated that the damping due to the bridges was relatively negligible.
The computed value for a circuit of the given dimensions of copper is 0.0044,
for one of tin 0.0112.

These constants, 8, €/, and Cy, along with the observations on the test
material, suffice to determine € and x in many cases. For materials of
higher conductivity Equations (1) and (2) require correction terms that
depend on R, the resistance of the test material in the container-condenser
(see Equations (7), (8), and (10) of the Appendix). The value of R was
estimated from the value of « given by (2). This estimate was then used in
the complete formulae. As the maximum correction was not more than
5%, a second approximation was not deemed necessary.

II. N9.5cm. and N 3.2 cm.

The method used at these two wave lengths was essentially that described
by Roberts and von Hippel (12) and is indicated by the block diagram—TFig. 3.

FREQUENCY

METER
/ TO
GALVANOMETER

OSCILLATOR VARIABLE STANDING WD
ATTENUATOR DETECTOR

CELL

FiG. 3.

At N\ 9.5 cm. the source was a Sutton tube, and was connected to a coaxial
system. The cell had internal diameter 7 mm., the axis 2.94 mm., and was
rather inconveniently small. At A 3.2 cm. the source was a Shepard tube,
and it fed into service size wave guide. The right angle bend was provided
by a silver plated flexible piece of wave guide. In both cases the experiment-
consists in determining the depth d of the test material, the position of
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the minimum on the slotted line, the ratio Emin/Emax of the field, and the
frequency. Theory (L.C.) shows that

Eorin . 2T %o
tanh ¥sd . N Eumex Jtan =y
(3) 72d o _J m 1 - -Emin tanz—m@ ’
J-Emaz x

where 42 = @z + jB. is the propagation factor in the test medium, xo is the
distance of the first minimum from the boundary surface, and A is the wave
length in air in the coaxial, or in the wave guide. The real part of the dielec-
tric constant,

N

2 2
@ ¢ =5+ o (B — o,

where \. is the cutoff wave length for the wave guide, and is infinity for the
coaxial, and Ao is the wave length in free space corresponding to the given
frequency. The absorption coefficient for the coaxial is 2a.; for the wave
guide it is also approximately 2az, but the more accurate value is

BaNo
2o 20’
where
2 1( 'V 12 102 " )\()?’
(5) n? = 3(e + Ve’ + €”) and €' = afs;

Equation (3) is not directly solvable. If it is written in the form t—a—%g—”g
= X + jY, where X and Y are obtained from the data, then when ad is large,
so that tanh ad = 1, the left hand side becomes m , and

X —-Y

% =mmr e BT (et ryd

The value for (3; obtained is fairly accurate, but since X is small in this case
and could not be as accurately determined, this was not so good a procedure
for obtaining the absorption coefficient. When oud is small, so that tanh
od = asd, and a:d?® tan .d K Bod, Equation (3) approximates to

tan B.d _ X+X(Y+ﬁ“’)

B:d X G
P VR.A
*% = X(1 — Bud tan Bed) — 1
Tables giving ta?c % for values of x are available in N.D.R.C. Contract
OEMSsr—191, Report IX, and are very convenient. If necessary an assumed

lo% . .t
value for B—:— may be used in getting —aBIlzg—id, and a further approximation

made.
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For intermediate cases, and in general in the checking of the accuracy of the
solution, the forms

X = O’!zd sinh Zazd + Bgd sin Zﬁzd )
(a3d? + B2d?) (cosh 2aud + cos 203:d)
y = C€2d sin 262d —_ ﬁzd sinh Zagd

" (02d? + B2d?) (cosh 2aid + cos 2B.d)
given by Cripwell and Sutherland (6) were found convenient.

The standing wave ratio Emin/Emax could be determined to within 1%,.
The greatest experimental error lay in the determination of & for substances
that were neither solid nor fluid and that could not be shaped accurately.
The method used was to measure with a depth gauge the total depth of the
terminal cup, and the distance to the top of the material. In some cases a
piece of mica 0.02 mm. thick was placed on top of the sample material to
provide a more definite base for measurement, but if surface irregularities
are present, the mica position gives a maximum value of the depth. The
value of d is used not only directly in Equation (3), but indirectly in getting
%o . This quantity is found from observations on the position of the minimum
with the cup empty, X’, and with the test material in place, X”’. Then
%o = X" — d — X’. In the experiments at A 9.5 cm., individual readings
were made to 0.05 mm. In those at A 3.2 cm. the X' and X’ could be
measured to 0.01 or 0.02 mm., but the uncertainty in the value of 4 for the
materials used was of the order of 0.1 mm. or more, and this introduced
a large proportional error in %o in the observations with muscle. The first
minimum observable in the A 3.2 cm. set-up was six wave lengths from the
base of the cup, and any slight change in frequency made an observable change
in the readings X’ and X’. The frequency meter was read immediately
before and after the other observations; under good conditions the change
during a run was not more than 0.2 Mc. per sec.

In order to make observations on water at A 9.5 cm. a portion of the cup
was closed by a piece of polystyrene. This procedure might have improved
the accuracy of the determination of d at A 3.2 cm.

Results and Discussion

The results for muscle, fat, bone, bone marrow, and water at or near room
temperature are shown in Table I. The power absorption coefficient is, as
stated earlier, the same as the quantity commonly designated 2, and is
given in double nepers per centimeter. In all cases material designated as
beef was from refrigerated supply; frog muscle, rabbit fat, and cat bone
marrow were from freshly killed animals. A large number of samples of
muscle were used. The spread in values obtained includes errors in measure-
ment and real differences between the samples greater than the experimental
error. Especially at X\ 3.2 cm., these differences seemed to follow differences
in the amount of fluid in the sample. In a general way the two constants were
slightly higher for beef muscle than for frog, but the difference was not greater
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TABLE.I
Dielectric constant Absorption coefficient
Material
1.72 m. 9.5 em. 3.2 cm. 1.72 m. 9.5cm. 3.2cm,

Muscle

Beef 147 + 11 54 + 6 37.5 £ 4| 0.087 & 0.011 | 1.54 £ 0.14 5-7

Frog 135 = 4 34.5 £ 4 | 0.079 + 0.005 5-6
Fat

Beef 9.5 £ 2.2 | 3.44 * 0.05 | 3.5 = 0.3} 0.026 £ 0.005 | 0.15 + 0.02 | 0.79 £ 0.06

Rabbit 23 £ 1 0.036
Bone 6.6 £ 1 6.86 0.0028 0.56
Bone marrow

Beef 20.5 £ 1.5 3.7 £ 0.1 0.028 0.9 £ 0.1

Cat 52 0.068
Water 72 63 £ 2 0.0038 0.91 5-6

than the difference between individual samples of one kind. A few observa-
tions were made on liver at N 3.2 cm. The results lay within the range for
muscle. The experimental uncertainty in the determination of the absorption
coefficient of muscle at A 3.2 cm. was very large. The data suggested that
the absorption was slightly greater than that for water, but this is not certain.
The fat used was free from noticeable amounts of blood. The cffect of the
presence of this was marked, as shown by the results with one sample of rabbit
fat that was tested, with the note “‘much connective tissue, looks very bloody’’.
The € was 43, and the absorption coefficient 0.05, both much larger than the
values given in the table. Similar effects on the values obtained for bone
marrow were noted. ‘

Some observations were made on the effect of temperature on the values of
the constants for muscle and fatat A 1.72m. The dielectric constant increased
about one unit per 1°C. for both frog and beef muscle. The data on' the
absorption coefficient are less clear, but indicate an increase of 0.005 per
10° C. For fat no change was observed greater than the experimental error
for a rise of temperature of 10° C.

From a comparison of the results at different wave lengths, it is evident
that there is a larger proportional increase in the absorption by muscle than
by fat in going from A 1.72 m. to the microwave region. This means a large
increase in the relative heating of muscle in a radiation field, but at the same
time a reduction in penetration. Although there is large uncertainty in the
values given for the absorption coefficient, it is safe to say that at a depth of
2% mm. the intensity of radiation at wave length 3.2 cm. will be reduced to
one-quarter of its value at the surface, or that three-quarters of the energy
entering such a material will be absorbed in this layer. The reduction in
the dielectric constant is more marked for muscle, and this is important, as
the amount of reflection from a surface is thereby reduced. It may be noted
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that values for bone marrow are very similar to those for fat, except for the
dielectric constant at A 1.72 cm. The dielectric constant of bone appears

to change little over the range covered, but the absorption is much greater
at A 3.2 cm.

Table II shows some results reported by others on the dielectric constant
and absorption coefficient of comparable material. The values of 2¢ attri-

TABLE II

VALUES OF € AND 2¢¢ BY DIFFERENT OBSERVERS

Muscle Fat Bone marrow Bone
A € 2e € p2% € 2ce € 2a
Schereschewsky (13) [1.2~2.8m. 77.6 13.6
Osswald (11) 3m. 71 0.26 12 0.039 7.3 0.028
Authors 1.7 m. 148 0.09 9.5 | 0.026 20 0.028
135 0.08 23 9.036 52 0.068
Dakin and Works (7)| 10 cm. 62.6 | 1.48 A3 6.98 | 0.516
Authors 9.5 cm. 54 1.54 cm. 6.86 | 0.562

buted to Osswald have been computed from the values given by him for the
1207o

conductivity o from the relation 2a = The present values are

repeated for comparison. The differences are not greater than could be
attributed to differences in the material used except in the case of muscle
at A 1.72 cm. Partly because of this difference, the theory of the method
used was re-examined, and corrections were applied to the equations used by
earlier investigators as indicated. Sources of error other than those discussed
earlier, and in the appendix, have not suggested themselves. The error due
to the effect of the current in the thermocouple bridge when the circuit is not
in resonance has not lent itself to mathematical correction, and another method
for the observation of resonance would be preferable.

There were some cases observed at A 1.72 m. where the properties of muscle
seemed to change more than could be attributed to heating, and later a long
study was made on a variety of samples. The result showed that the earlier
observations were due to a slight change in the experimental conditions, and
no change in properties was found that could not be accounted for by the
heating of the material.

The measurements on water were not made with special care, but for com-
parison sake, and are included because of the general importance of this
medium. A review of data on water was given by Knerr (8) in 1937. Some
of the values that have appeared since then are given in Table III, together
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TABLE III

VALUES FOR WATER BY DIFFERENT OBSERVERS

A € 2c A € 2a
Slevogt (15) 246 cm. | 81 0.00167 || Abadie (2) 11 cm. 78 0.7
58.3 81 0.030 3 65 8.2
10.4 78.4 | 0.81
Baz (3) 9.35 77.5 | 0.91 Collie, Ritson and
2.8 66.7 | 9.8 Hasted (4) 10 77.4 0.93
Authors 172 0.0038
9.5 72 0.91 Roberts and von
3.2 63 5-6 Hippel (12) 6 77 1.9

with the values obtained with the equipment here. The values ascribed to
Abadie were taken from a graph, and, since no two of those quoted have used
the same form in stating results, these have been reduced as shown.

In general the data reported should give a fairly good estimate of the
relative amount of energy that would be absorbed by different layers of such
biological material if one knows the thickness and general composition. It
does not appear to the authors that it would be of much value to try to improve
on the measurements, because of such big differences in tissues of one type,
and because in the microwave region absorption by individual ingredients is so
masked by the strong absorption of water; on the other hand, similar measure-
ments of the properties of the separate ingredients might produce interesting
results.

Note

After this report was written, a note by T. S. England and N. A. Sharples
on “‘Dielectric Properties of the Human Body in the Microwave Region of
the Spectrum” appeared in Nature of March 26th. The results are given in
the form of data on « and 8 as obtained from the propagation factor in the
wave guide for a wave length 3.18 cm. Table IV shows their results and the
present ones at A 3.2 cm. for comparable material.

TABLE IV
. England and Sharples Authors
Material -
@ B a | B
Muscle 2.5 -2.7 11.6 — 11.7 2.5 -3.3 10.8 - 12.5
Fat 0.44 - 0.49 4.0 0.37 - 0.42 3.5- 4.2
Bone 0.56 5.4 0.29 - 0.30 5.0
Bone marrow 0.79 5.1 0.33 - 0.51 3.5 -3.7
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On the whole the results suggest that animal tissue, even when from refrigera-
tion, not frozen, has very much the same properties as the comparable human
tissue. It was realized that the samples of bone used here had air-dried for
several days, and this measurement has been repeated here with a fresh sample,
giving & = 0.48 8 = 5.4. It was possible to add a measurement on samples
of baby mice skin, and values of @ = 2.4 and 2.5 and of 8 = 11.1 and 13
were found, of the same order as those reported in Naiure.

It was noted that this skin was less than 1 mm. thick, and that there are
parts of the human body where the skin is thin, and to which the comment on
the absorption in skin would not apply. It has been suggested elsewhere that
a technique of irradiating a tissue for short intervals would avoid the undue
heating of general tissue, if it should appear that any particular frequency
has a desirable selective effect on some special ingredient.
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APPENDIX

The circuit as used at 1.7 m. was taken as equivalent to that in Fig. 4,
where B’ is a sliding bridge of zero impedance, and B a fixed bridge. At 4

F1aG. 4.

the impedance is composed of R C’ and Z tanh <x; in parallel, where Z

is the characteristic line 1mpedance, and v = « + jB is the propagation
constant. Using the value obtained thus as the terminal impedance of the
section B4, the input impedance at B is found,

1 + tanh vyx; (J% 4+ coth yx; + ijZl)
Zg = Z .

tanh vyx; + % + coth vx, + jwCZ,

If the effective P.D. across the line at B is constant, the mean square current
flowing in the line at B, and hence the thermocouple response in B, will be
proportional to A

Zz
Neglecting terms beyond the first order in o (@ > 4.1 X 10~%cm.™) one finds
6 U=

2

= U.

. 2
(1 4+ wCZ;cotb; — cot b cot 0:)% + ‘% cot?6; + Z%Z (si:;& + x:fg;cgel)
) 7 o ’
(C0t01 -+ COtBﬁ - COCZ) + (R + 51[126 + s1n20)

where 0, = Bx;, 6, = Bx:. In this expression for U, %y or 0y is the only
variable and the condition for a maximum may be found from g—g = 0.
Writing cot 6, + cot 0, — wCZ = 4, this yields

1 2 2 2
ot (41~ A LELED 2 4 4392 (g )

+ cot 0, (sz cot 6 —%
_20Z X2 oZ 1
R cot 6, (5111261 =+ sinzﬁg) - —.R— (1 + C0t201) (2302 cot G, — B) = 0.
In all cases met with, the coefficient of 4 in the second term is much less

than that in the first term, and may be neglected. Dividing through by
cot 6; one may then write

(7) Az —A. 1 + COt2 01

cot 4, —A=0,
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where
A= JZQ: Z;Z (sir?@l Si:zez) + %
(cot 0, + tan 01) (ng cot f — é) .
Since I—Tﬁ:—el < 2, and becomes infinite for x; = );, while A is always

small, <0.02 in the present experiments except for mﬁscle, where it may be as
much as 0. 2, the approximate solution of Equation (7) may be used,

_ _cot 6
4=-24 1+ cot?6,’
ductivity 4 may be put equal to zero. The equation

®) wCZ = cot 0; + cot 6, —

and except for materials of relatively high con-

yields the capacity C, and hence the dielectric constant.

To obtain an expressmn for the absorption index k, returning to Equation (6)
one has

72 2Z{ x xacot26
_ [1 4+ cot Bi(cot 6, — A)]? + 73 cot?6: + R (sin;ﬁl :in2021)
max = (Z _ax

1—2+ sin? 6, + s1n29) + 4

which for the case of no container present, R = «, A = 0 becomes

2\? 2\2

() - ()"
In the numerator the last term is always negligible in comparison with the
first, and. in both numerator and denominator the second term is small in

comparison with the first. Hence, if the maximum galvanometer deflections
are called G; and G

Z axp
R T S0, sm201 sm292 + A / ( sm201 sm262)

G _ 2,
Ge 0 1 + cot Oi(cot 6, —4) +§-—R2—-cot2 01/[1 ~+ cot B(cot ; — A)]
9) 5
oxy
2R " sin®h, + sm202 + D

?

) 1 + cot®6: + D,

where D, and D, are small corrections.
From general electromagnetic theory o = %:—i, and € = 1112(1 — k%),
where k is the index of absorption defined by Drude; also-l—é = 47Cy0,

where C, is the internal capacity of the empty container in e.s.u., it being
assumed that the electric field in the container has the same form in all cases.
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Hence
Z _ cot b1 + cot 6 — A 4wn’kCo
R @Ciarad 30A
_cot by +cot by — 4 21ceCo
o C' + €C, T’

where C' 4+ €C) is the total capacity of the container filled with the medium
of dielectric constant e.

Inserting this value of E in Equation (9) and rearranging, one finds

4IC _ C’ +E Co
(10) 1 - € Co cot 91 -+ COt 02 -_ A

2D
[(1 +ocot? b + Dz)\/_; N (sm2 0, ° sin® 02) —(S_E] ’

This gives &, and, except where #n*k is large, 4, D1, and D, may be omitted
as in Equation (2).
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A NEW HIGH LIGHT GATHERING POWER SPECTROGRAPH
FOR AURORAL STUDIES!

By W. PeTRIE

Abstract

The optics of the spectrograph consist of two f 2.5, 12 in. aircraft camera
lenses, and a 15,000 lines per inch plane grating with ruled surface 4 in. by 4 in.
The grating concentrates light in the second order spectrum; the dispersion in
this order for normal incidence is 22 A per mm. A few spectra were obtained
during the spring of 1949, and the results appear to be most promising. These
spectra include several interesting features, one of which is a strong radiation of
wave length 4320 A in the second order. This radiation is likely to be an intense
first order infrared feature.

Introduction

There is still great need for moderate dispersion spectrograms of the aurora
if we are to make full use of this phenomenon in interpreting physical condi-
tions in the upper atmosphere. Little is known regarding the near infrared
region of the spectrum, and it is especially important that we determine the
intensities of numerous faint features that have been attributed to atomic
oxygen and nitrogen in several stages of ionization. It is hoped that informa-
tion on these and other problems will be obtained with a new spectrograph
constructed at the University of Saskatchewan.

Description of the Instrument

Two aircraft camera units were purchased from U.S. War Assets. The
camera lenses, film holders, and camera back are all used in the spectrograph.
The lenses are 7-element, f 2.5, 12 in. focal length Ektar lenses manufactured
by the Eastman Kodak Co. One lens is used as collimator and covers a
section of the sky that subtends an angle of approximately 22° at the camera.
All inner air-glass surfaces in these lenses are coated with a nonreflecting
film that minimizes the loss of light by reflection and prevents the formation
of “ghost” images of appreciable intensity. According to the literature (1),
the focal plane shift for a lens of this type is approximately 0.01 mm. per.
1° C. change in temperature. The few observations made to date suggest
that thermostatic control of the instrument will not be necessary.

The dispersing element is a plane grating obtained from Johns Hopkins
University. The ruled surface is 4 in. by 4 in., there are 15,000 lines per in.,
and the light is concentrated in the second order spectrum. The grating and
camera lens produce a second order dispersion for normal incidence of 22 A
per mim. .

The spectrograph components are mounted on an aluminum base plate
and surrounded with a three ply plywood housing. The lid may be removed,

1 Manuscript received August 9, 1949,

" Contribution from the Department of Physics, University of Saskatchewan, Saskatoon,
Sask.



1232 CANADIAN JOURNAL OF RESEARCH. VOL. 27, SEC. A.

and a 5 in. by 10 in. opening is provided on one side for loading and removing
the plate holder. A 5 in. diameter circular section is cut out of an adjacent
side of the housing, so that the slit and mounting may be exposed to the night
sky. Both these openings can be covered from the outside by tin slides.
The interior of the housing is painted black, and suitable baffles are provided
to shield the optical components and the photographic plate from the regions
of the first and third order spectra which are not incident on the camera lens.

A shutter mounted behind the slit may be opened and closed at specified
times by the use of an electric time clock. This device makes possible the
operation of the spectrograph during an auroral display without the presence
of an operator.

In order that the instrument may readily be pomted at different reglons of
the sky, the spectrograph box is clamped to a stand in such a way that the
altitude of the instrument may be varied from 0° to 90°. The stand is fitted
with castors and sits on an 8 ft. by 8 ft. wooden platform on the roof of the
Physics Building. This arrangement enables the stand to be turned to any
direction. Figs. 1 and 2 illustrate the interior and mounting of the spectro-
graph.

Auroral Spectrograms Obtained with the Instrument

The spectrograph was used for the first time during the night of February
21, 1949. On this date, an intense auroral display was observed at Saskatoon -
(2). A four hour exposure yielded a spectrogram that showed 18 measurable
features, and a number of lines or bands too weak for wave length measure-
ment. Six other spectrograms were obtained between February 24 and April
1, but none of these were as dense as the first spectrogram secured on February
21. A list of the more intense lines and bands present in the strongest spectro-
gram is given in Table 1.

TABLE I

Wave length, I.A. Identification Wave length, [.A. Identification
3805 N., 2 P.G. 5577 OI,D, — 15,
3915 N., N.G. 5675 ?
4278 N, N.G. 5867 N., 1 P.G.
4320 ? ) 5993 N,, 1 P.G.
4652 N., N.G. 6300 Ol, 3Py — 1D,
4709 N2, N.G. ) 6364 Ol, 3Py — 1D,
4861 Hg 6563 " Heg
4992 ? 6676 ?
52025278 ? 6753 ?

The most interesting feature of these spectra is the appearance of a relatively
strong radiation at a wave length of 4320 A. This radiation is about as intense
as the nitrogen band at A 4709, and does not correspond to any line or band
given in Vegard’s tables (3) of auroral wave lengths. The writer is of the
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Fic. 1. The interior of the spectrograph.
FiG. 2. The mounting of the spectrograph.
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TFi1G. 3. («) The mercury arc spectrum photographed with the new instrument.
(h) Aurora, February 21, 1949. Exposure, four hours; slit, 1 mm.
(¢) Awrora, Muarch 1, 1949, Exposure, four hours; slit, 0.25 mm.
(d) Aurora, March 2, 1949. Exposure, 15 min.; slit, 0.25 mm.
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opinion that this feature of unknown origin belongs to the first order infrared
spectrum. It is our intention to obtain second order infrared auroral spectra
about which little is known.

It is well to note that the first two members of the hydrogen Balmer series
appear in the February 21 spectrogram. Also present are several features
about whose origin the writer is undecided. A stronger spectrogram is
needed before the identification of these features can be reasonably certain.
Fig. 3 is a reproduction of parts of several auroral spectrograms taken with the
new instrument.

The results obtained to date appear to be promising, and the instrument
will be used chiefly to secure infrared spectra of the aurora. This region of the
spectrum has not been examined in any detail and much remains to be done.
All future plates will be calibrated with a step sector disk so that line intensities
may be obtained.
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