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ABSTRACT 

The linear model is defined as the functional relationship between the 
response variable and the covariates. The basic linear regression models assume 
the response to be normally distributed but there are situations in which the 
assumption of normality is violated and in these situations it is necessary to fit the 
data by some alternative approach we have studied such situations and have 
extended the basic linear models to generalized linear models.  In generalized 
linear models we have studied the models where the response is from an 
exponential family of distributions in particular Gamma and Inverse Gaussian 
distributions.  Similar is the case with the linear mixed models when the response 
is non-normal we fit the models in such situations by the generalized linear mixed 
models. Further, we have studied different estimation methods of fitting 
generalized linear mixed models. The results of the estimation methods are 
compared in terms of average relative bias, average squared relative bias, average 
absolute bias and average squared deviation. Numerical results on the real 
horticultural data highlights estimation method which fits the data the best than 
other methods.   

Also the basic nonlinear mixed effects model is extended to allow 
heteroscedastic correlated within group errors. Library nlme() of R software is 
used to fit the extended nonlinear mixed effects model. It has been shown that the 
estimation and computational methods of simple nonlinear mixed effects models 
can be applied to the extended model and decomposition of variance, covariance 
structure of within group errors into two independent components: a variance 
structure and a correlation structure. For long term trend analysis we do not have 
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the exact information about the data distribution. In such situation the application 
of parametric models may not come up with the appropriate results .We have 
studied the nonparametric regression models for the long term trend analysis.  The 
numerical results on the real horticultural data has been compared on the basis of  
Finite Sample Corrected AIC (AICC), Root Mean Square Error (RMSE), Mean 
Absolute Percentage Error (MAPE), Mean Absolute Error (MAE), Max Absolute 
Percentage Error (MaxAPE), Max Absolute Error (MaxAE).      

The above discussed methods are illustrated practically with the utilization 
of SAS and R software. Various functions were developed to fit the extended 
generalized linear models and extended generalized linear mixed effects models 
viz GLMLG(), GLMLIG(), GLMMEST(), Relative Bias() and Absolute Bias(). 
The nlme() function of R software is used to fit the extended nonlinear mixed 
effects model through examples on the real data sets. The function developed in 
SAS software consist of number of SAS procedures viz PROC LOESS, PROC 
SPLINES, PROC PRINT. All these functions are run on the real horticultural data 
sets.  
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Chapter 1 

INTRODUCTION 

1.1 Linear Models 

Linear models play a central part in modern statistical methods. On the one 

hand, these models are able to approximate a large amount of metric data 

structures in their entire range of definition or at least piecewise. On the other 

hand, approaches such as the analysis of variance which model effects such as 

linear deviations from a total mean, have proved best their flexibility 

(Radhakrishna Rao and Toutenburg 1999). A model provides a theoretical 

framework for better understanding of a phenomenon of interest. Thus a model is 

a mathematical construct that we believe may represent the mechanism that 

generated the observations at hand. The postulated model may be an idealized 

oversimplification of the complex real-world situation, but in many such cases, 

empirical models provide useful approximations of the relationships among 

variables. These relationships may be either associative or causative. 

In simple linear models, one attempts to model the relationship between 

two variables, for example, yield and plant height, income and number of years of 

education, height and weight of people, length and width of envelopes, 

temperature and output of an industrial process, altitude and boiling point of 

water, or dose of a drug and response. For a linear relationship, we can use a 

model of the form  

     xy 10      (1.1.1) 

Where, 

y is the dependent or response variable  

x is the independent or predictor variable 

 is the error term in the model 
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 In this context, error does not mean mistake but is a statistical term 

representing random fluctuations, measurement errors, or the effect of factors 

outside of one’s control. The linearity of the model in (1.1.1) is an assumption. 

One typically adds other assumptions about the distribution of the error terms, 

independence of the observed values of y, and so on. Using observed values of 

xandy, we estimate0 and 1and make inferences such as confidence intervals and 

tests of hypothesis for 0 and 1. We may also use the estimated model to forecast 

or predict the value of yfor a particular value ofx, in which case a measure of 

predictive accuracy may also be of interest. 

The response y  is often influenced by more than one predictor variable. 

For example, the yield of a crop may depend on the amount of nitrogen, potash, 

and phosphate fertilizers used. These variables are controlled by the experimenter, 

but the yield may also depend on uncontrollable variables such as those associated 

with weather. A linear model relating the response y  to several predictors has the 

form 

   
  kk xxy ...110    (1.1.2) 

The parameters0, 1, …k are called regression coefficients. As in (1.1.1),  

provides for random variation in y not explained by the xvariables. This random 

variation may be due partly to other variables that affect y but are not known or 

not observed.  

The model in (1.1.2) is linear in the parameters; it is not necessarily 

linear in the x variables. Thus models such as 

  2423
2
121̀10 sin xxxxy  

are included in the designation linear model. 

Classical linear model and least squares began with the work of Gauss and 

Legendre (Stigler 1981) who applied the method to the astronomical data. Their 
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data were usually measurements of continuous quantities such as positions and 

magnitudes of the heavenly bodies and, at least in the astronomical investigation, 

the variability in the observations was largely the effect of measurement error. 

The normal, or Gaussian, distribution was viewed as a mathematical construct 

developed to describe the properties of such errors; later in nineteenth century 

same distribution was used to describe the variation between the individuals in as 

biological population in respect of the character such as height, an application 

quite different in kind from its use for describing measurement error, and leading 

to the numerous applications of linear models. Some continuous measurements 

encountered in practice have non-normal error distributions, and the class of 

generalized linear models has been introduced for the analysis of such data. 

Generalized linear models permit us to study patterns of systematic variation in 

much the same way as ordinary linear models are used to study the joint effect of 

treatments and covariates. Generalized Linear Model (GLM) include as special 

cases, linear models and analysis of variance models, logit and probit models for 

quantal responses, log-linear models and multinomial response models for counts 

and some commonly used models for survival data (McCullagh and Nelder 

1989).The basic principle behind the generalized linear model is that the 

systematic component of the linear model can be transformed to create an 

analytical framework that closely resembles the standard linear model but 

accommodates a wide variety of non-normal and non-interval measured outcome 

variables. The Gauss-Markov assumptions that underlie linear model theory 

require that the error component be distributed independently with mean zero and 

constant variance. If the outcome variable is drawn from a non-normal 

distribution, then these assumptions often cannot be met and serious errors of 

estimation efficiency occur, although the linear model is robust to mild deviations. 

Generalized linear models employ a “link function” which defines the relationship 

between the systematic component of the data and the outcome variable in such a 

way that asymptotic normality and consistency of variance are no longer 

required.Generalized linear models do not differ in any important way from 
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regular linear models in terms of the process of the model specification except that 

a link function is included to accommodate non-continuous and possibly bounded 

outcome variables(Gill 2000). Generalized linear models require uncorrelated 

cases. Time series and spatial problems can be accommodated but not without 

additional and sometimes complicated enhancements. Also, there can be only one 

error term specified in the model. While the distribution of this error term is no 

longer required to be asymptotically normal with constant variance (as in the 

linear model), approaches such as cell means models with “stacked” error terms 

are excluded in the basic framework. Finally, generalized linear models are 

inherently parametric in that the form of the likelihood function is completely 

defined by the researcher. Relaxation of this requirement through the use of 

smoothers leads to the more flexible but more complicated form referred to as 

generalized additive models (Hastie and Tibshirani 1990). 

Generalized linear models are an extension of classical linear models 

introduced by Nelder and Weddeburn in 1972.They showed that regression and 

analysis of variance methods could be applied to any response variable whose 

distribution belongs to the exponential family (Stroup and Kachman, 1994). The 

development of the theory of the generalized linear model is based upon the 

exponential family of distributions. Fisher (1934) developed the idea that many 

commonly applied probability mass functions and probability density functions 

are really just special cases of a more general classification he called the 

exponential family(Fisher 1934). The basic idea is to identify a general 

mathematical structure to the function in which uniformly labeled sub-functions 

characterize individual differences. The label “exponential family” comes from 

the convention that sub-functions are contained within the exponent component of 

the natural exponential function. This is not a rigid restriction as any sub-function 

that is not in the exponent can be placed there by substituting its natural 

logarithm. The primary payoff to re-parameterizing a common and familiar 

function into the exponential form is that the isolated sub-functions quite naturally 
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produce a small number of statistics which compactly summarize even large data 

sets without any loss of information. Specifically, the exponential family form 

readily yields sufficient statistics for the unknown parameters. A sufficient 

statistic for some parameter is one which contains all the information available in 

a given data set about the parameter(Gill 2000). Three components specify a 

generalized linear model: A random component identifies the response variable Y

and its probability distribution;a systematic component specifies explanatory 

variables used in a linearpredictor function; and a link function specifies the 

function of )(YE  that themodel equates to the systematic component. The random 

component of a GLM consists of a response variable Y with independent 

observations ),...,,( 21 Nyyy from a distribution in the natural exponential family. 

This family has probability density function or mass function of form  

  )](exp[)()();( iiiiii Qyybayf      (1.1.3) 

The value of the parameter i may vary for Ni ,...,2,1 depending on values of 

explanatory variables. The term )(Q  is called the naturalparameter. The 

systematic component of a GLM relates a vector ),...,,( 21 Nnnn  to the explanatory 

variables through a linear model. Let ijx denote the value of predictor 

),...,2,1( pjj   for subject i . Then 

    
j

ijji Nix ,...,1;  

This linear combination of explanatory variables is called the linear predictor. 

The third component of a GLM is a link function that connects the random and 

systematic components. Let .,...,1),( NiYE ii   The model links i  to i by 

)( ii g   , where the link function g is a monotonic, differentiable function. 

Thus, g links )( iYE  to explanatory variables through the formula 
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    
j

ijji Nixg ,...,1,)(   

The link function  )(g , called the identity link, has ii   . It specifies a 

linear model for the mean itself. This is the link function for ordinary regression 

with normally distributedY. The link function that transforms the mean to the 

natural parameter is called the canonical link. For it, and 
j

ijji xQ  )( . 

Usually the same link function is used for all observations. Then, the canonical 

link function is that function which transforms the mean to a canonical location 

parameter of the exponential dispersion family member. With the canonical link 

function, all unknown parameters of the linear structure have sufficient statistics if 

the response distribution is a member of the exponential dispersion family and the 

scale parameter is known. However, the link function is just an artifact to simplify 

the numerical methods of estimation when a model involves a linear part, that is, 

to allow the iterative weighted least squares (IWLS) algorithm to work. For 

strictly nonlinear regression models, it loses its meaning (Lindsey 1974).The 

canonical links for the common GLMs are shown below: 

Family     Link   Variance Function 

Normal           1 

Poisson     log      

Binomial    ))1/(log(     )1(    

Gamma     1     2  

Inverse Gaussian   2     
3  

The GLM approach is attractive because it (1) provides a general 

theoretical framework for many commonly encountered statistical models; (2) 

simplifies the implementation of these different models in statistical software, 

since essentially the same algorithm can be used for estimation, inference and 
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assessing model adequacy for all GLMs. In the GLM framework, it is customary 

to use a quantity known as deviance to formally assess model adequacy and to 

compare models. Deviance statistics are identical to those obtained using 

likelihood ratio test statistics.Deviance is an important idea associated with a 

fitted GLM. It can be used to test the fit of the link function and linear predictor to 

the data, or to test the significance of a particular predictor variable (or variables) 

in the model. Let ikY be the response observed on the thk replicate of the thi distinct 

combination of covariate values iipi nkxx ,...,1),,...,( 1  and kp ,...,1 . Here 





K

i
inn

1

 and nK  . K is the maximum number of parameters that we can 

estimate from these data. Let ][ iki YE . The model of interest specifies a 

distribution for ikY and 



p

j
ijiji xg

1

)(  where Kp  is the number of 

parameters to be estimated. In other words, this model constrains the means i to 

lie on the surface given by i .In the GLM setting we define the saturated model as 

the GLM with the same distribution and link function as the model of interest, but 

with iig  )( for Ki ,...,1 . In other words, the saturated model allows a 

different mean response ))(( 1
ii g    for each group of replicates, and hence 

has K parameters to be estimated. We will denote this vector of parameters  .we 

can think of the saturated model as having the most general possible mean 

structure for the data since the means i are unconstrained. The saturated model is 

also referred to as the full model or maximal model. Let );( yLS   and );( yL   be 

the likelihoods corresponding to the saturated and proposed model, respectively. 

We know that );();( yLyLS    since the model of interest is a special case of 

the saturated model. Comparing );( yLS  and );( yL  or equivalently log)( Sl

);( yLS  and );(log)( yLl    is one means of assessing how well our assumed 
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link function and form of the linear predictor fit the data. We define the deviance 

or likelihood ratio statistic, D  as 

    )],()([2
^^

 llD S      (1.1.4) 

Where 
^

 and 
^

  are the MLEs of the saturated and proposed model, respectively. 

If the proposed model describes the data nearly as well as the saturated model, 

then asymptotically  

    ,~ 2
pKD   

Where, K and p  are the number of parameters in the saturated and proposed 

models, respectively. If the proposed model is poor, D will be larger than 

predicted by the 2
pK  distribution. 

1.2  Non-parametric Regression  

Since linear models assume: 

 a linear relationship of y to the sx ' . 

 that the conditional distribution of y  is, except for its mean, everywhere 

the same, and that this distribution is a normal distribution. 

 that observations are sampled independently. 

These are strong assumptions, and there are many ways in which they can 

go wrong. For example: As is typically the case in time-series data, the errors may 

not be independent; the conditional variance of y (the ‘error variance’) may not be 

constant; the conditional distribution of y  may be very non-normal — heavy-

tailed or skewed. Nonparametric regression analysis relaxes the assumption of 

linearity, substituting the much weaker assumption of a smooth population 

regression function )(f . The cost of relaxing the assumption of linearity is much 

greater computation and, in some instances, a more difficult-to-understand result. 

The gain is potentially a more accurate estimate of the regression function. 
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Removing the nonparametric assumptions from the classical linear models we get 

the nonparametric regression model. The general nonparametric regression model 

is written as: 

   iii xfy  )(      (1.2.1) 

   iikii xxxf  ),...,,( 21  

Where, f is left unspecified. Moreover, the object of nonparametric regression is 

to estimate the regression function )(f  directly, rather than to estimate 

parameters. Compared to the linear model (1.1.1), the nonparametric regression 

model is more flexible.One has to choose an appropriate value of some smoothing 

parameters that typically control the smoothness of the estimator. Most methods 

of nonparametric regression implicitly assume that )(f  is a smooth, continuous 

function.Nonparametric simple regression is called scatter plot smoothing, 

because the method passes a smooth curve through the points in a scatter plot of 

y against x . Scatter plots are (or should be) omnipresent in statistical data analysis 

and presentation. Nonparametric regression are very flexible but their statistical 

precision decreases greatly if several explanatory variables are included in the 

model. The latter caveat has been appropriately termed the curse of 

dimensionality. Let nXXXX ,...,,, 21  be independent and identically distributed 

dR - valued random variables with uniformly distributed in the hypercube d]1,0[ . 

Denote the expected supremum-norm distance of X  to its nearest neighbor in 

nXX ,...,1 by ),( ndd , i.e., set 

   


  i
ni

XXEndd
,...,1

min),(    (1.2.2) 

Here 


x  is the supremum norm of a vector dTd Rxxx  ),...,( )()1(  defined by  

  )(

,...,1
max l

dl
xx


  

Therefore,  
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dnd

d
ndd

/1

1

)1(2
),( 


 .    (1.2.3) 

For dimension 10d or 20d  this lower bound do not approach to zero even if 

the sample size is very large. So for most values of x one only has data points 

),( ii YX available where iX is not close to x . Butat such data points )( iXm will, 

in general, not be close to )(xm  even for asmooth regression function. The only 

way to overcome the curse of dimensionality is to incorporate additional 

assumptions about the regression function besides the sample. This is implicitly 

done by nearly all multivariate estimation procedures, including projection 

pursuit, neural networks, radial basis function networks, trees, etc. 

The intention of variable selection is to choose an appropriate subset of 

variables, T
d

T
jrjr XXXXXX ),...,(),...,( 11  , from the set of all variables 

that could potentially enter the regression. Of course, the selection of the variables 

could be determined by the particular problem at hand, i.e, we choose the 

variables according to insights provided by some underlying economic theory. 

This approach, however, does not really solve the statistical side of our modeling 

process. The curse of dimensionality could lead us to keep the number of 

variables as low as possible. On the other hand, fewer variables could in turn 

reduce the explanatory power of the model. Thus, after having chosen a set of 

variables on theoretical grounds in a first step, we still do not know how many 

and, more importantly, which of these variables will lead to optimal regression 

results. Therefore, a variable selection method is needed that uses a statistical 

selection criterion. Vein (1994) has proposed to use the integrated square error 

(ISE) to measure the quality of a given subset of variables. In theory, a subset of 

variables is defined to be an optimal subset if it minimizes the integrated squared 

error 

))((min)( r
X

opt
r XISEXISE

r

  
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Where, XX r  .In practice, the ISE is replaced by its sample analog, the 

multivariate analog of the cross validation function. After the variables have been 

selected, the conditional expectation of Y  on rX is calculated by some kind of 

standard nonparametric multivariate regression technique such as the kernel 

estimator. The kernel estimate of a regression function takes the form 

  
















 








 


n

i n

i

n

i n

i
i

n

h

Xx
K

h

Xx
KY

xm

1

1
)(      (1.2.4) 

If the denominator is nonzero, and 0 otherwise. Here the bandwidth 0nh

depends only on the sample size n , and the function   ,0: dRK  is called a 

kernel. Usually )(xK is “large” if x  is “small”, therefore the kernel estimate 

again is a local averaging estimate. The essential idea behind local averaging is 

that, as long as the regression function is smooth, observations with x -values near 

a focal 0x are informative about )( 0xf . In local averaging we move a narrow class 

interval (called a window) continuously over the data, averaging the observations 

that fall in the window. We can calculate )(xf at a number of focal values of x , 

usually equally spread within the range of observed x -values, or at the (ordered) 

observations, )(),...,2(),1( nxxx . We can employ a window of fixed width w

centered on the focal value 0x , or can adjust the width of the window to include a 

constant number of observations, m . These are the m nearest neighbors of the 

focal value. Problems occur near the extremes of the sx' . For example, all of the 

nearest neighbors of )1(x are greater than or equal to )1(x , and the nearest 

neighbors of )2(x are almost surely the same as those of )1(x , producing an 

artificial flattening of the regression curve at the extreme left, called boundary 

bias. A similar flattening occurs at the extreme right, near )(nx . In addition to the 

obvious flattening of the regression curve at the left and right, local averages can 
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be rough, because )(ˆ xf tends to take small jumps as observations enter and exit 

the window. The kernel estimator (described shortly) produces a smoother 

result.Local averages are also subject to distortion when outliers fall in the 

window, a problem addressed by robust estimation. The optimality of a kernel 

estimate can be extended using a local polynomial kernel estimate. Similarly to 

the partitioning estimate, notice that the kernel estimate can be written as a 

solution of the following minimization problem: 

  )()(minarg)(
1

2
i

n

i
hi

c
n XxKcYxm

n
 



   (1.2.5) 

To generalize this, choose functions M ,...,0 on dR , and define the estimate by  

  



M

l
lln xxcxm

0

)()()(  , 

Where,  
 











n

i
ih

M

l
illi

cc
M XxKXcYxcxc

n

M 1

2

0),...,(
0 )()(minarg))(),...,((

0

  

The most popular example for estimates of this kind is the local 

polynomial kernel estimate, where the )(xl ‘s are monomial of the components 

of x . For simplicity we consider only 1d . Then ),,...,1,0()( Mlxx l
l  and 

the estimate nm  is defined by locally fitting polynomial to the data. If 0M , 

then nm is the standard kernel estimate. If 1M , then nm is the so called locally 

linear kernel estimate.  

Index models play an important role in econometric. An index is a 

summary of different variables into one number, e.g. the price index, the growth 

index, or the cost of living index. It is clear that by summarizing all the 

information contained in the variables dXX ,...,1  into one “single index” term we 

will greatly reduce the dimensionality of a problem. Models based on such an 

single index models of the following form: 
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    ,)()()|( XvgXmXYE     (1.2.6) 

Where, )(g is an unknown link function and )(v  an up to   specified index 

function. The estimation can be carried out in two steps. First, we estimate  . 

Then, using the index values for our observations, we can estimate g  by 

nonparametric regression. Note that estimating )(g  by regressing the Y  on 

)(Xv  is only a one-dimensional regression problem. In many applications a 

canonical partitioning of the explanatory variables exists. In particular, if there are 

categorical or discrete explanatory variables we may want to keep them separate 

from the other design variables. Note that only the continuous variables in the 

nonparametric part of the model cause the curse of dimensionality. 

Consequently, researchers have tried to develop models and estimators 

which offer more flexibility than standard parametric regression but overcome the 

curse of dimensionality by employing some form of dimension reduction. Such 

methods usually combine features of parametric and nonparametric techniques. 

As a consequence, they are usually referred to as semi-parametric methods. 

Nonparametric simple regression forms the basis, by extension, for nonparametric 

multiple regression, and directly supplies the building blocks for a particular kind 

of nonparametric multiple regression called additive regression. Nonparametric 

regression can be even used when the distribution of the data is not known (Fox 

2005). 

The nonparametric approach to estimating a regression curve has four 

main purposes. First, it provides a versatile method of exploring a general 

relationship between two variables. Second, it gives prediction of observations yet 

to be made without reference to a fixed parametric model. Third, it provides a tool 

for finding spurious observations by studying the influence of the isolated points. 

Fourth, it constitutes a flexible method of substituting for missing values or 

interpolating between adjacent X -values. The flexibility of the method is 
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extremely helpful in a preliminary and exploratory statistical analysis of the data 

set. If a prior model information about the regression curve is not available, the 

nonparametric analysis could help in suggesting simple parametric formulation of 

the regression relationship (Härdle and Linton 1994). 

1.3  Linear Mixed Effect Model 

The linear mixed model (LMM) is very flexible and capable of fitting a 

large variety of datasets. It is widely used for repeated measures data or 

longitudinal studies where data are grouped. The form of the LMM that we use is 

that of Laird and Ware (Laird and Ware 1982) which can be considered an 

extension of the classical linear model. The mixed model is well-known in 

statistics. Eisenhart identified three types of linear models: the fixed effects, 

random effects, and mixed model. The general form of the mixed model is 

eZuXY       (1.3.1) 

Where, 

 Y is the vector of observations, 

X is a matrix of known constants associated with the fixed effects, 

 is a vector of fixed effects, 

Z is a matrix of known constants associated with the random effects. 

u is a vector of random model effects, and 

e is a vector of random errors. 

The joint distribution of the random models effects and errors is 

   


































R

G
N

e

u

0

0
,

0

0
~  

Thus XyE )( and RZGZy  ')var( . For the purposes of connecting the 

mixed model and the generalized linear model, it is useful to note that the 
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conditional expectation of y , ZuXuyE  )/( , and the conditional variance is 

Ruy )/var( . Mixed models typically incorporate specific random effects that 

explain the additional between variations in the data not explained by the fixed 

part of the model. Fixed effects have levels that are of primary interest and would 

be used again if the experiment were repeated. Random effects have levels that 

are not of primary interest, but rather are thought of as a random selection from a 

much larger set of levels. Subject effects are almost always random effects, while 

treatment levels are almost always fixed effects. The mixed model may be used in 

a variety of applications. Split-plot models, models for multilocational 

experiments, quantitative genetics models, etc., are common application of mixed 

models. The main limitation of the mixed model is the requirement of normally 

distributed errors (Stroup and Kachman, 1994). The generalized linear mixed 

model drops this requirement. Generalized linear mixed models (or GLMMs) are 

an extension of linear mixed models to allow response variables from different 

distributions, such as binary responses. Alternatively, we could think of GLMMs 

as an extension of generalized linear models (e.g., logistic regression) to include 

both fixed and random effects (hence mixed models). A GLMM consists of the 

following components: 

1.  The random effects nUU ,...,1 , consider the following exponential family 

of distributions: 

    











 



 ,exp),,|( ij

ijijij

ijij yc
by

uyf ,   (1.3.2) 

Where ),...,( 1 ikiij uuu  are variates from normally distributed k -dimensional 

random vectors 

),0(~ DNUi  

 D isthe variance-covariance matrix and )(']|[ ijijiijij buUyE   . 
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 The variance of the observations, conditional on the random effects, is given by

2/12/1]|var[ iiiiij ARAuUy
ij

 . The diagonal matrix iA contains the variance 

functions of the model, which express the variance of a response ijY as a function 

of its mean ij . The matrix iR is the variance-covariance matrix for the random 

effects. 

2.  The linear mixed effects model is defined as: 

ZuXi    

for the fixed effects parameter vector T
p ),...(

`1   and random effects vector. 

Here T
ipi xxX ),....,( 1 and T

iki zzZ ),...,( 1 are both covariates. 

3.  A link function g , 

  
ijijg  )(  injni ,...,2,1;,...,2,1;     (1.3.3) 

completes the model. 

Most estimation methods for  and u of GLMMs rest on some form of 

likelihood principle, and numerical methods are needed in most cases to obtain the 

estimates. There are two types of numerical algorithms to solve for log-likelihood 

of (1.3.2) and (1.3.3). The first type is based on Taylor series and hence these 

algorithms are known as linearization methods. The series expansions give an 

approximate model based on pseudo-data, with fewer non-linear components. 

This computation of the linear approximation must be repeated several times until 

convergence is reached, according to some criterion. Schaben-berger and Gregoire 

gave several algorithms based on Taylor series for clustered data (Schabenberger 

and Gregoire 1996). These fitting techniques based on linearizations are usually 

doubly iterative. The GLMM is first approximated by a linear mixed model based 

on current values of the covariance parameter estimates. Then the resulting linear 

mixed model is fitted, forming an iterative process. At convergence, the new 
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parameter estimates are used to update the linearization, generating a new linear 

mixed model. The process stops when parameter estimates, for successive fits of 

the linear mixed model, change only within a specified tolerance. The second type 

of algorithm is based on integral approximations. The log-likelihood of the 

GLMM is first approximated before the numerical optimization. Various 

techniques exist to compute the approximation: Laplace and quadrature methods, 

Monte Carlo integration, and Markov chain Monte Carlo methods. The advantage 

of these integral approximation methods is that they give an actual objective 

function for the optimization step. This allows for likelihood ratio tests among 

nested models, and the computation of likelihood-based fit statistics. The 

estimation requires only a single iterative process. 

 Difference between LMMs and GLMMs is that the response variables can 

come from different distributions besides Gaussian. In addition, rather than 

modelling the responses directly, some link function is often applied, such as a log 

link. The interpretation of GLMMs is similar to GLMs; however, there is an 

added complexity because of the random effects. On the linearized matrix (after 

taking the link function), interpretation continues as usual. However, it is often 

easier to back transform the results to the original metric. For example, in a 

random effects logistic model, one might want to talk about the probability of an 

event given some specific values of the predictors. Likewise in a Poisson (count) 

model, one might want to talk about the expected count rather than the 

expected log count. These transformations complicate matters because they are 

nonlinear and so even random intercepts no longer play a strictly additive role and 

instead can have a multiplicative effect. For parameter estimation, because there 

are not closed form solutions for GLMMs, we must use some approximation. The 

generalized linear mixed model provides a unifying framework for linear models. 

Depending on one’s perspective, it allows the extension of generalized linear 

models to accommodate random effects, or it allows the extension of mixed model 

methods to accommodate non-normal errors. The generalized linear model, the 
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mixed model, and the traditional linear model are all special cases of the GLMM. 

Inference on the GLMM involves straightforward extension of methods used for 

generalized and mixed linear models. These methods can be used for models with 

correlated errors, non-scalar link functions, and in principle, can be extended to 

more general distributions for random model effects.  

1.4  Nonlinear Mixed Effects Models 

 The basic idea of nonlinear models is the same as that of linear models, 

namely to relate a response Y to a vector of predictor variables T
kxxX ),...,( 1 . 

Nonlinear model is characterized by the fact that the prediction equation depends 

nonlinearly on one or more unknown parameters. Whereas linear model is often 

used for building a purely empirical model, nonlinear model usually arises when 

there are physical reasons for believing that the relationship between the response 

and the predictors follows a particular functional form. A nonlinear model has the 

form  

iii xfy   ),( ni ,...,2,1;      (1.4.1) 

Where, the iY are responses, f is a known function of the covariate vector 

T
ikiii xxxx ),...,,( 21 , the parameter vector T

p ),...,,( 21    and i are random 

errors. The i are usually assumed to be uncorrelated with mean zero and constant 

variance. There are situations where in the nonlinear models either some, or all, of 

the predictor variables are fixed and random effects such models are known as 

nonlinear mixed effects models. The Non-linear Mixed Effect Model (NLMM) is 

a statistical approach that describes the expected trajectory (for example with a 

parametric nonlinear regression function defined by a mechanistic model), but 

also accounts for a correlation structure in the data by modeling the between and 

with-in subject variability using random effects. They can be regarded either as an 

extension of linear mixed-effects models in which the conditional expectation of 

the response given the random effects is allowed to be a nonlinear function of the 
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coefficients, or as an extension of nonlinear models for independent data(Bates, 

Bates and Watts 1988) in which random effects are incorporated in the 

coefficients to allow then to vary by group, thus inducing correlation within the 

groups. In the NLMM approach, we assume that the between subject differences 

are due to the variations in the mechanistic parameters over the population of 

subjects. The NLMM (also known as hierarchical nonlinear model) incorporates 

the mechanistic model, and the between and within variation in the statistical 

framework appropriate for describing the longitudinal data. Non-Linear Mixed 

Effects (NLME) models include both fixed effects, which are parameters 

associated with an entire population or with certain repeatable levels of 

experimental factors, and random effects, which are associated with individual 

experimental units drawn at random from a population. Random effects account 

for spatial and temporal correlation by defining the covariance structure of the 

model’s random components and by using this structure during parameter 

estimation. NLME models provide an efficient statistical method for explicitly 

modeling hierarchical stochastic structure. Growth models can be calibrated by 

predicting random components from tree- or plot-level covariates when a new 

subject is available and is not used in the fitting of the model by using the 

empirical best linear unbiased predictors (EBLUPs). 

 The nonlinear mixed-effects model for repeated measures proposed by 

Lindstrom and Bates can be thought of as a hierarchical model(Lindstrom and 

Bates 1990). At one level the jthobservation on the ithgroup is modeled as 

  ,),( ijijijij vfy     injMi ,...,1;,,...,1  (1.4.2) 

Where  

M is the number of groups,  

in is the number of observations on the ith groups,  

f is a general, real-valued, differentiable function of a group-specific 
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parameter  

Vector 
ij and covariate vector 

ijv , and 
ij is a normally distributed within-group 

error term. The function f is nonlinear in at least one component of the group-

specific parameter vector 
ij , which is modeled as  

  
iijijij bBA   , ),,0(~ Nbi                (1.4.3) 

Where  

 is a p -dimensional vector of fixed effects  

ib is a q -dimensional random effects vector associated with the ith group 

(not varyingwith j ) 

 is avariance-covariance matrix .  

The matrices 
ijA and 

ijB are of appropriate dimensions and depend on the 

group and possibly on the values of some covariates at the jthobservation. This 

model is a slight generalization of that described in Lindstrom and Bates (1990) in 

that 
ijA and 

ijB can depend on j . This generalization allows the incorporation of 

“time-varying” covariates in the fixed effects or the random effects for the model. 

It is assumed that observations corresponding to different groups are independent 

and that the within-group errors 
ij are independently distributed as ),0( 2N and 

independent of the ib . The assumption of independence and homoscedasticity for 

the within –group errors can be relaxed.  

 Because f can be any nonlinear function of 
ij , the representation of the 

group-specific coefficients 
ij could be chosen so that 

ijA  and 
ijB  are always 

simple incidence matrices. However, it is desirable to encapsulate as much 

modeling of the 
ij as possible in this second stage, as this simplifies the 
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calculation of the derivatives of the model function with respect to  and ib , used 

in the optimization algorithm.  

 We can write (1.4.2) and (1.4.3) in matrix form as  

   iiiii vfy   ),( ,  

   iiii bBA   ,     (1.4.4) 

for Mi ,...,1  where 
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,      (1.4.5) 

Different methods have been proposed to estimate the parameters in the NLME 

model. Some of the estimation methods are described below: 

1.4.1  Likelihood estimation  

 Because the random effects are unobserved quantities, maximum 

likelihood estimation in mixed-effects models is based on the marginal density of 

the responses y, which, for a model with Q levels of nesting, is calculated as: 

 ,),...,|(),,|(),...,,,|( 1
2

1
2 dbbpbypyp QQ     (1.4.6) 

 Where ),...,,,|( 1
2

Qyp  is the marginal density of ),,|(, 2bypy is 

the conditional density of y given the random effects b , and the marginal 
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distribution of b is ),...,|( 1 Qbp  . For the NLME model (1.4.2), expressing the 

random effects variance-covariance matrix in terms of the precision factor  , so 

that   T21  , provides the marginal density of y as 
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Where ]),,([),( iiiiii vbfbf   . 

 Because the model function f can be nonlinear in the random effects, the 

integral in (1.4.6) generally does not have a closed-form expression. To make the 

numerical optimization of the likelihood function a tractable problem, different 

approximations to (1.4.6) have been proposed. Some of these methods consist of 

taking a first-order Taylor expansion of the model function f  around the 

expected value of the random effects (Sheiner and Beal 1980);(Vonesh and Carter 

1992), or around the conditional (on  ) modes of the random effects (Linstorm 

and Bates, 1990). Gaussian quadrature rules have also been used (Davidian and 

Gallant 1992).    

 We describe three different methods for approximating the likelihood 

function in the NLME model. The first, proposed by Lindstorm and Bates (1990), 

approximates (1.4.7) by the likelihood of a linear mixed-effects model. We call 

this the LME approximation. It is the basis of the estimation algorithm currently 

implemented in the nlme function. The second method uses a Laplacian 

approximation to the likelihood function, and the last method uses an adaptive 

Gaussian quadrature rule to improve the Laplacian approximation. The LME, 

Laplacian, and adaptive Gaussian approximations have increasing degrees of 

accuracy, at the cost of increasing computational complexity.  

1.4.2  Lindstorm and Bates Algorithm 

 The estimation algorithm described by Lindstorm and Bates (1990) 
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alternates between two steps, a penalized nonlinear least squares (PNLS) step, and 

a linear mixed effects (LME) step, as described below. We initially consider the 

alternating algorithm for the single-level NLME model (1.4.2).  

 In the PNLS step, the current estimate of   (the precision factor) is held 

fixed, and the conditional modes of the random effects ib and the conditional 

estimates of the fixed effects  are obtained by minimizing a penalized nonlinear 

least squares objective function  
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),(      (1.4.8) 

 The LME step updates the estimate of  based on a first-order Taylor 

expansion of the model function f around the current estimates of  and the 

conditional modes of the random effects ib , which we will denote by )(ˆ w and 

)(ˆ w
ib , respectively. Letting  
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the approximate log-likelihood function used to estimate  is  
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Where 
Tw

i
Tw

i
i

ZZI )(1)( ˆˆ)(   . This log-likelihood is identical to that of a 

linear mixed-effects model in which the response vector is given by )(ˆ ww and the 

fixed and random –effects design matrices are given by )(ˆ wX and )(ˆ wZ , 

respectively.  

Lindstorm and Bates (1990) also proposed a restricted maximum likelihood 

estimation method for  , which consists of replacing the log-likelihood in the 
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LME step of the alternating algorithm by the log-restricted-likelihood  
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Note that, because )(ˆ w
iX depends on both )(ˆ w and )(ˆ w

ib , changes in either the fixed 

effects model or the random effects model imply changes in the penalty factor for 

the log-restricted-likelihood (1.4.11). Therefore, log-restricted-likelihoods from 

NLME models with different fixed or random effects models are not comparable.  

  The algorithm alternates between the PNLS and LME steps until a 

convergence criterion is met. Such alternating algorithms tend to be more efficient 

when the estimates of the variance-covariance components ( and 2 )are not 

highly corrected with the estimates of the fixed effects )( . Pinheiro in 1994 has 

shown that, in the linear mixed-effects model, the maximum likelihood estimates 

of  and 2 are asymptotically independent of the maximum likelihood estimates 

of . These results have not yet been extended to the nonlinear mixed-effects 

model (1.4.2)(Pinheiro and J.C.Bates 2000). 

 Lindstorm and Bates (1990) only use the LME step to update the estimate 

of  . However, the LME step also produces updated estimates of  and the 

conditional modes of ib . Thus, one can iterate LME steps by re-evaluating (1.4.9) 

and (1.4.10) or (1.4.11 for the log-restricted-likelihood)at the updated estimates of 

 and ib , as described in Wolfinger and O’connell (1993). Because the updated 

estimates correspond to the values obtained in the first iteration of a Gauss-

Newton algorithm for the PNLS step, iterated LME steps will converge to the 

same values as the alternating algorithm, though possibly not as quickly. 

 Wolfinger and O’connell (1993) also shows that, when a flat prior is 

assumed for  , the LME approximation to the log-restricted-likelihood (1.4.11) is 

equivalent to a Laplacian approximation (Tierney and Kadane 1986) to the 
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integral (1.4.6). The alternating algorithm and the LME approximation to the 

NLME log-likelihood can be extended to multilevel models. For example, for an 

NLME model with two levels of nesting, the PNLS step consists of minimizing 

the penalized nonlinear least-squares function 
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To obtain estimates for the fixed effects  and the conditional (on 1 and 2 ) 

modes of the random effects ib and 
ijb . 

Letting   
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The approximate log-likelihood function used to estimate 1 and 2 in the two-

level NLME models is  
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direct sum operator. The corresponding log-restricted-likelihood is  
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This formulation can be extended to multilevel NLME models with an arbitrary 

number of levels. 

 The alternating algorithm is the only estimation algorithm used in the nlme 

function. It is implemented for maximum likelihood and restricted maximum 

likelihood estimation in single and multilevel NLME models. 

1.4.3 Laplacian Approximation 

Laplacian approximation are used frequently in Bayesian inference to 

estimate marginal posterior densities and predictive distributions (Tierney and 

Kadane,1986; (Leonard, Hsu and Tsui 1989). These techniques can also be used 

for approximating the likelihood function in NLME models. 

 We consider initially the single-level NLME models. The integral that we 

want to estimate to obtain the marginal distribution of iy in (1.4.6) can be written 

as: 
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),(),,,( iiiiii bbfybyg   , the sum of which is the objective 

function for the PNLS step of the alternating algorithm defined in (1.4.7), Let 
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and consider a second-order Taylor expansion of g around ib̂  
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(The linear term in the expansion vanishes because 0)ˆ,,,('  ii byg  ) 

 The Laplacian approximation is defined as: 
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The Hessian 
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This approximation is similar to that used in the Gauss-Newton algorithm 

for nonlinear least squares and has the advantage of requiring only the first order 

partial derivatives of f with respect to the random effects. These are usually 

available as a by-product of the estimation of ib̂ , which is a penalized least 

squares problem, for which standard and reliable code is available.  
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The modified Laplacian approximation to the log-likelihood of the single-

level NLME model (1.4.2) is then given by 
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        (1.4.17) 

Because ib̂ does not depend on 2 , for given  and  the maximum likelihood 

estimate of 
2 (based upon LAl )is 
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We can profile LAl on 2 to reduce the dimension of the optimization problem, 

obtaining 
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If the model function f is linear in the random effects, then the modified 

Laplacian approximation is exact because the second-order Taylor expansion in 

(1.4.15) is exact when iiiii bZfbf )()(),(   . 

There does not yet seem to be a straightforward generalization of the 

concept of restricted maximum likelihood to NLME models. The difficulty is that 

restricted maximum likelihood depends heavily upon the linearity of the fixed 

effects in the model function, which does not occur in nonlinear models. 

Lindstrom and Bates (1990) circumvented that problem by using an 

approximation to the model function f in which the fixed effects, , occur linearly. 

This cannot be done for the Laplacian approximation,unless we consider yet 

another Taylor expansion of the model function, what would lead us back to 

something very similar to Lindstrom and Bates approach.  
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The Laplacian approximation generally gives more accurate estimates than 

the alternating algorithm, as it uses an expansion around the estimated random 

effects only, while the LME approximation in the alternating algorithm uses an 

expansion around the estimated fixed and random effects. Because it requires 

solving a different penalized nonlinear least squares problem for each group in the 

data and its objective function cannot be profiled on the fixed effects, the 

Laplacian approximation is more computationally intensive than the alternating 

algorithm. The algorithm for calculating the Laplacian approximation can be 

easily parallelized, because the individual PNLS problems are independently 

optimized.  

One of the important assumptions of the classical linear models is that the 

variance of each disturbance termet, conditional on the chosen values of the 

explanatory variables, is some constant equal to 2
t . This is the assumption of 

homoscedasticity, that is, equal variance.If the variance 2
t  of the errors in the 

nonlinear mixed effects modelis known to depend onxt, viz. 
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2
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Then the situation is termed as heteroscedasticity. Heteroscedasticity does 

not destroy the un-biasedness and consistency properties of OLS estimators, but 

they are no longer efficient, not even asymptotically. This is to be remedied using 

weighted least squares. And correlation between the members of series of 

observations is called auto-correlation. The classical linear model assumes that 

such auto-correlation does not exist in the disturbancesut. If such correlation does 

exist in the nonlinear mixed effects model then the errors are said to be auto–

correlated errors. The covariance ),( htt uuCov  of the time series depends only on 

the gap hand not on the position of t in time. In consequence, the variance-

covariance matrix n  of the disturbance vector
'

21 ),...,,( nuuuu  of order )1( n
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. We Will have banded structure with typical element )( jiij   , where )(h  is 

the auto covariance function of the process, viz. 

);,()( htt uuCovh  ,...2,1,0 h  

The appropriate estimator, were n  known, would be the generalized nonlinear 

least square estimator. 

The agricultural data present in categorical form is being analyzed by 

using the less precise techniques.In order to analyze the categorical data in a more 

precise way the present study entitled “Study on Varied Aspects of 

Linear/Nonlinear Models and their Application in Agriculture” shall be taken with 

the following objectives: 

To study the: 

 Extension of linear models allowing the response from exponential 

family of distributions. 

 Extension of linear mixed models allowing non-normal response.  

 Extension of basic nonlinear mixed effect model to incorporate the 

heteroscedasticity and within-group correlated errors 

 Non-parametric approach of linear regression model. 

 Development of functions on above procedure utilizing SAS and 

R-software. 

1.5  Data Sets 

1.5.1  Floricultural Data 

Floricultural data set comprises of three varieties of Tulip (Tulipa sp.) viz 

Hollandia, Carribean Parrot and Red Beauty on which four treatments 

Trichoderma. harzianum, T. viride, carbendazim and Gliocladium virenswere 

applied for the management of Fusarium oxysporum Schlecht f.sp.tulipae 
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andeach treatment was replicated three times. The dataset was taken from 

Division of Floriculture, SKUAST-K. The dataset named Tulipdata() in R 

Software.It consists of eight variables in total.Data set has 36 rows and 11 

columns. The first three columns corresponds to Variety, Treatment, Replication 

and rest are the variables observed. These variables were named EMER (days 

taken to sprouting of tulip bulbs), BUD, PHT (plant height of tulip), SLT (scalp 

length of tulip), DM (diameter of flower), LA (leaf area), DF (duration of flower), 

LP (leaves per plant).  

1.5.2  Pathological Data 

Data generated on the mortality of Venturia inequilis organism responsible 

for apple scab by Division of plant pathology. The trial was conducted at three 

different locations Shalimar (shalimar), Zakura (zakura), Kpunnil (kunnil). Four 

different chemicals myclobutanil (Mylobutanil), hexaconazole (Hexaconazole), 

fenarimol (Fenarimol) and defenaconazole (Defenaconazole) were used for the 

control of the disease,given at four different concentrations (.001, 0.01, 0.1, 

1.0ml). The dataset was named venturiadata()for analysis in R Software. It has 48 

rows and 4 columns. The column names are Location, Treat, Conc., Mortality.  

1.5.3  Horticultural Data 

Data of three Apple varieties (Gala Red Lum, Fuji Zehn Aztec, Golden 

Clone B) on yieldand trunk cross-sectional area, was collected from High Density 

Plantation at SKUAST-K Shalimar Campus. The data was named Applehpd()for 

analysis in R Software. The data has 33 rows and 3 columns. The column names 

are tree, tca(trunk cross sectional area), yield.  

 Another data set consists of long term data of apple (Malus domestica) 

from 1974-2015 on area, production and productivity trends.The data was 

collected from Directorate of Horticulture. And the data was named 

appleforecast()for analysis in SAS software. The data consists of 42 rows and 4 

columns. The column names are time, area, production and productivity.  
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Different graphical curves for the observed characters were obtained by 

using the R/SAS Software. This provides the full information on the distribution 

of the data.  

1.6  Utilization of R and SAS software in the study 

R Software is an integrated suite of software facilities for data 

manipulation, simulation, calculation and graphical display. It handles and 

analyzes data very effectively and it contains a suite of operators for calculations 

on array and matrices. In addition, it has the graphical capacities for sophisticated 

graphs and data displays. R Software is available in Windows and Machintosh 

versions, as well as in various flavors of Unix and Linx. 

The R project was started by Robert Gentlemen and Ross Ihaka from the 

Statistics Department in the University of Auckland in 1995. The software has 

quickly gained a widespread audience. It is currently maintained by the R core 

development team a hardworking, international group of volunteer developers.  

R Software is an interpreted language, not a compiled one, meaning that 

all commands typed on the keyboard are directly executed without requiring to 

build a complete program like in most computer languages (C, Fortran, 

Pascal,…).R’s syntax is very simple and intuitive. For instance, a linear regression 

can be done with the command lm(y~x) which means “fitting a linear model with 

y as response and x as predictor”. When R Software is running, variables, data, 

functions, results, etc, are stored in the active memory of the computer in the form 

of objects which have a name. The user can do actions on these objects with 

operators (arithmetic, logical, comparison,,..)and functions (which are themselves 

objects). The arguments in R Software can be objects (“data”, formulae, 

expressions…), some of which could be defined by default in the function; these 

default values may be modified by the user by specifying options. An R function 

may require no argument: either all arguments are defined by default(and their 

values can be modified with the options), or no argument has been defined in the 
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function. The functions available to the user are stored in a library localized on the 

disk in a directory called R_HOME/library (R_HOME is the directory where R 

Software is installed). This directory contains packages of functions, which are 

themselves structured in directories. The package named base is in a way the core 

of R Software and contains the basic functions of the language, particularly, for 

reading and manipulating data. Each package has a directory called R with a file 

named like the packages (for instance, for the package base, this is the file 

R_HOME/library/base/R/base). This file contains all the functions of the package. 

SAS is a sophisticated computer package containing many components. 

Originally the letters SAS stand for Statistical Analysis System. SAS software 

provides comprehensive statistical tools for a wide range of statistical analyses, 

including analysis of variance, categorical data analysis, cluster analysis, multiple 

imputation, multivariate analysis, nonparametric analysis, power and sample size 

computations, psychometric analysis, regression, survey data analysis, and 

survival analysis. SAS has been utilized in studies, like, nonlinear mixed models, 

generalized linear models, correspondence analysis, and robust regression. For 

over three decades, SAS software has been used by programmers, analysts and 

scientists to manipulate and analyze data. SAS (pronounced as sass) is used 

around the world in 110 countries at over 40000 sites by more than 4.5 million 

users. 

In both the software’s functions available for all practical purposes of data 

analysis and graphics. However, in some specific situations data analyst is forced 

to develop his own functions according to his requirements. Consequently, a few 

functions have been developed according to requirement of this study. A brief 

summary and detailed codes of these functions have been reported here. 

1.6.1  GLMLG (data) 

This is a function developed in R Software. It takes the argument data 

which pertains to the data set to be analyzed.Where the data represents the data or 
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data frame. It returns the Deviance Residuals, Coefficients, Null deviance, 

Residual deviance and AIC of Gamma distribution. The codes of the function are 

as follows: 

GLMLG=function (data) 

{ 

Tulipdata=read.table(“clipboard”,header=T) 

Names(Tulipdata) 

gmdl1<-glm(EMER~.^2,family=Gamma(link=log),Tulipdata) 

fit1= summary(gmdl1) 

gmdl2<-

glm(EMER~.^2,family=gaussian(link=identity),Tulipdata) 

fit2=summary(gmdl2) 

gmdl3<-glm(BUD~.^2,family=Gamma(link=log),Tulipdata) 

fit3=summary(gmdl3) 

gmdl4<-

glm(BUD~.^2,family=gaussian(link=identity),Tulipdata) 

fit4=summary(gmdl4) 

list(summaryStatisticsofgmdl=fit1,fit2,fit3,fit4)# 

gives the null deviance, residual deviance and AIC 

} 

1.6.2  GLMLIG (data) 

This function is also developed in R. It also takes the argument data which 

is to be analyzed. Itreturns the Deviance Residuals, Coefficients, Null deviance, 

Residual deviance and AIC of Inverse Gaussian distribution. The codes of the 

function are as follows: 
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>GLMLIG=function (data) 

{ 

Tulipdata=read.table(“clipboard”,header=T) 

Names(Tulipdata) 

gmdl5<-

glm(PHT~.^2,family=inverse.gaussian(link="identity"),Tu

lipdata) 

fit5= summary(gmdl5) 

gmdl6<-glm(EMER~.^2,family=gaussian(link=identity), 

Tulipdata) 

fit6=summary(gmdl6) 

gmdl7<-

glm(SLT~.^2,family=inverse.gaussian(link="identity"),Tu

lipdata) 

fit7=summary(gmdl7) 

gmdl8<-glm(BUD~.^2,family=gaussian(link=identity), 

Tulipdata) 

fit8=summary(gmdl8) 

list(summaryStatisticsofgmdl=fit5,fit6,fit7,fit8)# 

gives the null deviance, residual deviance and AIC 

} 

1.6.3  GLMMEST(data) 

This function which is also developed in R returns AIC, BIC, deviance, 

scaled residuals, random effects, fixed effects, correlation of fixed effects for 

different estimation methods. The codes of the function are as follows: 
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>GLMMEST(data) 

{ 

Venturiadata=read.table(“clipboard”,header=T 

names(Venturiadata) 

fitlmer=lmer(mortality~conc+treat+(1|location),data=Ven

turiadata,REML=FALSE) 

A=summary(fitlmer) 

fitglmer=glmer(mortality~conc+treat+(1|location),family

=poisson,data=Venturiadata) 

B=summary (fitglmer) 

fitglmmPQL=glmmPQL(mortality~conc+treat,random=~1|locat

ion,family=poisson,data=Venturiadata) 

C=summary(fitglmmPQL) 

glmmlassofit<-

glmmLasso(mortality~as.factor(conc)+as.factor(treat),rn

d=list(location=~1),family=poisson(link=log),data=data,

lambda=12,final.re=TRUE)  

D=summary(glmmlasso) 

List (summarystatisticsofA,B,C,D) 

} 

1.6.4  Relative Bias (est,act) 

This is another function developed in R software. It takes two augments 

viz., estimated value of a particular estimator and actual value for the variable of 

interest. It returns the average relative bias and average squared relative bias of all 

the estimators of all the four estimation methods of generalized linear mixed 

models. The codes of the function follows as: 
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Rb<-function(est,true) 

{ 

M<-length(est) 

Arb<-formatC((est-true/m),digit=2) 

Asrb<-formatC(sum((est-true)^2)/m),digit=2)) 

List(AverageRelativeBias=Arb,AverageSquaredRelativeBias

=Asrb) 

} 

1.6.5  Absolute Bias(est,act) 

This is another function developed in R software. It also takes two 

augments viz., estimated value of a particular estimator and actual value for the 

variable of interest. It returns the average absolute bias and average squared 

deviation of all the estimators for all the four estimation procedures of generalized 

linear mixed model. The codes of the function are as follows: 

AB<-function(est,true) 

{ 

M<-length(est) 

AAB<-formatC((est-true),digit=2) 

AASB<-formatC(sum((est-true)^2),digit=2) 

list(AverageAbsoluteBias=AAB,AverageSquaredDeviations=A

ASB) 

} 

Two functions were also developed in SAS to obtain the nonparametric 

estimate of a model. The function consists of number of statements in SAS, 

utilizing the SAS procedure PROC LOESS, PROC SPLINES, PROC PRINT. The 
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functions returns bandwidth, AICC, residual sum of squares, predicted values.  

The function nlme() of R Software is used for fitting of the extended linear 

mixed effects model. The codes of the function is as follows: 

>getInitial(yieldk~SSlogis(tca,Asym,xmid,scal)Applehpd) 

>nls(yieldkg~ SSlogis(tca, Asym, xmid, scal),apple) 

> fm1apple.lis <-nlsList(yieldkg ~ SSlogis(tca, Asym, 

xmid, scal) | tree,data = Applehpd) 

> fm1apple.nlme <- nlme(fm1apple.lis) 

> fm1apple.nlme 

>summary(fm1apple.nlme) 

> fm1apple.nls <- nls(yieldkg ~ logist(tca, Asym, xmid, 

scal),data = Applehpd, start = c(Asym =141.28, xmid 

=41.55, scal =14.33)) 

>summary(fm1apple.nls) 

>pairs(fm1apple.nlme) 

> fm2apple.nlme <- update(fm1apple.nlme, random = Asym 

~ 1) 

>anova(fm1apple.nlme, fm2apple.nlme) 

>plot(fm1apple.nlme) 

>qqnorm(fm2apple.nlme, abline = c(0,1)) 

>fm3apple.nlme<update(fm2apple.nlme,weights=varPower()) 

>summary(fm3apple.nlme) 

>intervals(fm3apple.nlme) 

>anova(fm2apple.nlme,fm3apple.nlme) 
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>Variogram(fm3apple.nlme,form=~tca) 

>plot(Variogram(fm3apple.nlme,form=~tca,maxDist=70)) 

>fm4apple.nlme<-

update(fm3apple.nlme,corr=corAR1(o.242)) 

>fm5apple.nlme<-

update(fm3apple.nlme,corr=corARMA(p=0,q=2)) 

>fm6apple.nlme<-

update(fm3apple.nlme,corr=corARMA(p=1,q=1)) 

>anova(fm4apple.nlme,fm5apple.nlme) 

>anova(fm4apple.nlme,fm6apple.nlme) 

>summary(fm6apple.nlme) 

>intervals(fm6apple.nlme) 

>plot(Variogram(fm6apple.nlme,form=~tca,maxDist=70)) 

1.7 Brief Resume of Work Done in India and Abroad 

Henderson et.al (1959) suggested the linear mixed model, which enabled 

to model correlation in the data.Harville and Mee (1984) proposed a mixed model 

procedure for analyzing ordered categorical data. Beitler and Landis (1985) 

proposed mixed model for categorical data from unbalanced designs which was 

directly analogous to a two-way ANOVA model for quantitative data. They 

showed an extension of the fitting constants method developed to estimate model 

variance components based on appropriate reductions in sums of squares. The 

resulting variance component estimators were incorporated into the covariance 

structure of a general linear models Wald statistic to test for treatment differences. 

Gilmour et al., (1985) suggested the analysis of binomial data by a generalized 

linear mixed models. McLeanet al.,(1991) suggested a unified approach to mixed 

linear models. 
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Nelder and Wedderburn (1972) proposed the iterative weighted linear 

regression technique can be used to obtain maximum likelihood estimates of the 

parameters with observations distributed according to some exponential family 

and systematic effects that can be made linear by a suitable transformation. A 

generalization of the analysis of variance is provided for these models using log-

likelihoods. The generalized linear models developed give a consistent way of 

linking together the systematic elements in a model with the ransom elements. 

Too often one meets complex systematic linear models only in connection with 

normal errors and probit analysis may be used but that seems to have little to do 

with the linear regression theory. The complementary set of probability 

distributions would be introduced in the usual way, including the use of 

transformations of data to attain desirable properties of the errors. The difficult 

problem of discussing how far transformations can produce both linearity and 

normality simultaneously now disappears because the models allow two different 

transformations to be used, one to induce the linearity of the systematic 

component and one to induce the desired distribution in the error component. The 

systematic use of log-likelihood-ratios (or, equivalently, differences in deviance) 

extends the ideas of analysis of variance to other distributions and produces an 

additive decomposition for the sequential fit of the model. To appreciate the 

simplicity that this can produce it is only necessary to look at the algebraic 

complexities arising from the attempts to analyze contingency tables by 

extensions of the Pearson Chi square approach. Jørgensen (1983) stated that the 

class of generalized linear models can be extended to allow for correlated 

observations, nonlinear models and error distributions not of the exponential 

family form. The extended class of models include a number of important 

examples, particularly of the composite transformational type. Large-sample 

inference and maximum likelihood estimation for the extended class of 

generalized linear models is obtained and the analysis of deviance is generalized 

to the extended class of models. Calculation of likelihood estimate for a general 

likelihood by Fisher’s scoring method and a related method is considered. Pierce 
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and Schafer (1986) estimated the residuals in generalized linear models. Liang 

and Zeger (1986) suggested the longitudinal data analysis using generalized linear 

models. Williams (1987) in his paper proposedthe one step approximation, 

derived by (Pregibon 1981), for the changes in the deviance of a generalized 

linear model when a single case is deleted from the data. Three process of model 

fitting are distinguished: (i) model selection, (ii) parameter estimation and (iii) 

prediction of future values. In distinguishing these three processes, it is not 

assumed that an analysis consists of the successive application of each just once. 

Models that are selected to fit the data are usually chosen from a particular class 

and, if the model fitting process is to be useful, this class must be broadly relevant 

to the kind of data under study. An important characteristic of generalized linear 

models is that they assume independent (or at least uncorrelated) observations. 

More generally, the observations may be independent in blocks of fixed known 

sizes. This assumption of independence is characteristic of the linear models of 

classical regression analysis, and is carried over without modification to the wider 

class of generalized linear models. Having selected a particular model, it is 

required to estimate the parameters and to assess the precision of the estimates. In 

the case of generalized linear models, estimation proceeds by defining a measure 

of goodness of fit between the observed data and the fitted values generated by the 

model. The parameter estimates are the values that minimize the goodness of fit 

criterion. To be useful, predicted quantities need to be accompanied by measures 

of precision. These are ordinarily calculated on the assumption that the set-up that 

produced the data remains constant, and that the model used in the analysis is 

substantially correct. For an account of prediction as a unifying idea connecting 

the analysis of covariance and various kinds of standardization see (Lane and 

Nelder 1982).This approximation suggests a particular set of residuals which can 

be used, not only to identify outliers and examine distributional assumptions, but 

also to calculate measures of the influence of single cases on various inferences 

that can be drawn from the fitted model using likelihood ratio statistics 

(McCullagh and Nelder, 1989). Zeger and Karim (1991) in their article described 
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that the generalized linear random effects model in a Bayesian framework and use 

a Monte Carlo method, the Gibbs sampler, can overcome thenumerical integration 

of random effects to evaluate likelihoods. The resulting algorithm is flexible to 

easily accommodate to the changes in the number of random effects and in their 

assumed distribution when warranted. Lee and Nelder (1996) described 

hierarchical generalized linear models, which allows random effects to be not 

normal distributed. Cai and Tsai (1999)proposed the concept of diagnostics for 

non-linearity in generalized linear models. Deyet al.,(2000) introduced a Bayesian 

perspective ofgeneralized linear models. 

Altman (1992) has presented kernel and nearest-neighbor regression 

estimators for the nonparametric regression. These are the local versions of 

univariate location estimators, and so they can readily be introduced to beginning 

students and consulting clients who are familiar with such summaries as the 

sample mean and median.Livanis et al. (2009) have re-examined the use of the 

primal production function framework using nonparametric regression techniques. 

Specifically, in this paper they have demonstrated how a nonparametric regression 

based on a kernel density estimator can be used to estimate a production function 

using data on corn production from Illinois and Indiana. Nonparametric results 

have been compared to common parametric specifications using the Nadaraya-

Watson kernel regression estimator. The parametric and nonparametric forms 

have also been compared in terms of describing the true technology of the firm by 

obtaining measures of the elasticity of scale and the marginal physical product 

through nonparametric estimation of the gradient of the production surface. 

Finally, the elasticities of substitution have been compared between both 

parametric and nonparametric representations. Charytanowicz et al.(2015) have 

proposed a method for determining the soil pore size distribution, constituting the 

subject of the presented investigations. A research study has been conducted using 

image analysis algorithms, and in turn, nonparametric statistical techniques. The 

purpose of this investigation is to discover the relationship between the pore size 
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and volume of the corresponding pores. They have presented the algorithm which 

is based on the theory of statistical kernel estimators. This frees it of assumptions 

in regard to the form of regression function. The approach is claimed to be 

universal, and can be successfully applied for many tasks in data mining, where 

arbitrary assumptions concerning the form of regression function are not 

recommended. Shenoy et al.(2015) developed a method for building 

nonparametric stochastic models of multivariate distributions from large data sets. 

The motivation is stochastic optimization based on time series forecasting models. 

The proposed non-parametric stochastic modeling approach is based on multiple 

quantile regressions with inter-quantile smoothing. The models are built using 

ADMM optimization approach scalable to large datasets. As an application 

example, the paper considers forecasting of the loads in the electrical power grid. 

The forecasted load is used for the electricity procurement in the day-ahead power 

market. The stochastic optimization trades the costs of advance and spot 

procurements of the electricity. This problem is currently important because the 

random variability in the grid power load increases with integration of renewable 

generation. 

 Breslow and Clayton (1993) suggested that PQL tends to underestimate 

somewhat the variance components and (in absolute values) fixed effects when 

applied to clustered binary data, but the situation improves rapidly for binomial 

observations having denominators greater than one. Groll and Tutz 

(2014)presented an approach for fitting of the generalized linear mixed models 

includes an L1-penalty term that enforces variable selection and shrinkage 

simultaneously. A gradient ascent algorithm has been proposed that allows to 

maximize the penalized log-likelihood yielding models with reduced complexity. 

In contrast to common procedures the utility of the present approach is that it can 

be used in high-dimensional settings where a large number of potentially 

influential explanatory variables is available. The method has been investigated in 

simulation studies and illustrated by use of real data sets.Wolfinger and 
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O'connell(1993) introduced a psedo-likelihood approach for generalized linear 

mixed model. Stroup and Kachman (1994) an overview of the methodology for 

generalized mixed linear models. Relevant background, estimating equations, and 

general approaches to interval estimation and hypothesis testing was presented. 

Breslow and Lin (1995) derived general expressions for the asymptotic biases in 

three approximate estimators of regression coefficients and variance component, 

for small values of the variance component, in generalised linear mixed models 

with canonical link function and a single source of extraneous 

variation.McCulloch (1997) suggested the maximum likelihood algorithm for 

generalized linear mixed models. Booth and Hobert (1998, 1999) gave the concept 

of standard errors of prediction in generalized linear models and proposed two 

new implementations of the EM algorithm for maximum likelihood fitting of 

generalized linear mixed models. Both methods used random (independent and 

identically distributed) sampling to construct Monte Carlo approximations at the 

E-step. One approach involved generating random samples from the exact 

conditional distribution of the random effects by rejection sampling, using the 

marginal distribution as a candidate. The second method used a multivariate t 

importance sampling approximation. In many applications the two methods were 

complementary. Monte Carlo approximation using random samples allowed the 

Monte Carlo error at each iteration to be assessed by using standard central limit 

theory combined with Taylor series methods. Specifically, a sandwich variance 

estimate was constructed for the maximizer at each approximate E-step. This 

suggested a rule for automatically increasing the Monte Carlo sample size after 

iterations in which the true EM step was swamped by Monte Carlo error. Rabe-

Hesketh et al.(2002) proposed adaptive quadrature for multilevel models. It has 

been showed that adaptive quadrature works well in problems where ordinary 

quadrature fails. Furthermore, even when ordinary quadrature works, adaptive 

quadrature is often computationally more efficient since it requires fewer 

quadrature points to achieve the same precision. 
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Chenet al. (2002) proposed a Monte Carlo EM algorithm using a rejection 

sampling scheme to estimate the fixed parameters of the linear predictor, variance 

components and the semi nonparametric density. Sinha (2004)developed a 

technique for finding robust maximum likelihood (RML) estimates of the model 

parameters in GLMM’s, which appears to be useful in down weighting the 

influential data points when estimating the parameters. The asymptotic properties 

of the robust estimators were investigated under some regularity conditions. Small 

simulations were carried out to study the behaviour of the robust estimates in the 

presence of outliers, and these estimates were also compared to the ordinary 

classical estimates. To avoid the computational problems involving high-

dimensional integrals, the author proposed a robust Monte Carlo Newton—

Raphson (RMCNR) algorithm for fitting GLMM’s. Lele, Nadeem and Schmuland 

(2012) used data cloning, a simple computational method that exploits advances 

in Bayesian computation, in particular the Markov Chain Monte Carlo method, to 

obtain maximum likelihood estimators of the parameters in these models. This 

method also led to a simple estimator of the asymptotic variance of the maximum 

likelihood estimator. A frequenist method was suggested to obtain prediction 

intervals for random effects. Data cloning in the GLMM context by analyzing the 

Logistic–Normal model for over-dispersed binary data, and the Poisson–Normal 

model for repeated and spatial counts data was used. Normal–Normal and Binary–

Normal mixture models were considered to show how data cloning can be used to 

study estimability of various parameter. Stroup (2012) introduced the modern 

concepts, methods and applications of generalized linear mixed models. Hu et 

al.(2015) presented a predictive algorithm which can analyze the network 

performance in various network conditions and traffic patterns. The said approach 

is based on the best predictive generalized linear mixed model (GLMM). The 

parameters of the best predictive GLMM are estimated by minimizing the mean 

squared prediction error (MSPE). To expedite the parameter learning with the big 

data collected through the network, the said algorithm introduced regularization, 

LASSO, and an innovative bootstrap. The merits of this approach validated 
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through data and simulation are that (1) the highest prediction accuracy even 

under a model misspecification; and (2) the least computation time compared to 

the Estimation-oriented GLMM with LASSO and Stepwise Selection GLMM. A 

major computational advantage of the proposed method is that, unlike some of the 

current approaches, this method does not require the EM (Expectation-

Maximization algorithm) procedure. 

Pitt (2003) presented a Generalized Linear Model of disability income 

claim termination rates based on the data from 1980 to 1998. The model was 

simplified and was intended to demonstrate the possibilities of using such an 

approach in the preparation of “standard” tables. Furthermore, a full scale GLM of 

incidence rates using the 1995 to 1998 data was presented. All available 

characteristics present in the data were included.The significance of the individual 

characteristics showed the variation in the model according to the characteristics. 

Jiao and Chen (2004)used generalized linear models in production model and 

sequential population analysis to assess the stock of the Atlantic cod. And it was 

recommend that generalized linear models should be used to identify the 

appropriate error structure in modeling fish population dynamics.Decker (2012) 

proposed an attempt to improve upon the traditional Berquist-Sherman Method by 

using a generalized linear model of case reserves as the basis for restating case 

reserves at earlier evaluations rather than using average case reserves as the basis. 

 Xu(2014) autocorrelation in the repeated-measures data, developed one-

level and nested two-level nonlinear mixed effects (NLME) models, constructed 

on the selected base model; the NLME models incorporated random effects of the 

tree and plot. The best random-effects combinations for the NLME models were 

identified by Akaike’s information criterion, Bayesian information criterion and 2 

logarithm likelihood. Heteroscedasticity was reduced with two residual variance 

functions, a power function and an exponential function. The autocorrelation was 

addressed with three residual autocorrelation structures: a first-order 

autoregressive structure [AR(1)], a combination of first-order autoregressive and 
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moving average structures [ARMA(1,1)] and a compound symmetry structure 

(CS). (Archontoulis and Miguez 2015) have proposed steps in fitting nonlinear 

models as described by a flow diagram and discussed each step separately 

providing examples and updates on procedures used. The following steps have 

been considered: (i) choose candidate models, (ii) set starting values, (iii) fit 

models, (iv) check convergence and parameter estimates, (v) find the “best” 

model among competing models, (vi) check model assumptions (residual 

analysis), and (vii) calculate statistical descriptors and confidence intervals. The 

associated feedback mechanisms are also addressed (i.e., model variance 

homogeneity). In particular, we emphasize the first step (choose candidate 

models) by providing an extensive library of nonlinear functions (77 equations 

with the associated parameter meanings) and examples of typical applications in 

agriculture.  

Ngo (2016) introduced generalized linear models using a systematic 

approach to adapting linear model methods on non-normal data. It also applied 

different statistical tests to assess the goodness fit and identify potential problems 

occurring in the model. Tanget al.(2016) have introduced a new Bayesian 

hierarchical generalized linear models, called spike-and-slab LASSO GLMs, for 

prognostic prediction and detection of associated genes using large-scale 

molecular data. The proposed model employs a spike-and-slab mixture double-

exponential prior for coefficients that can induce weak shrinkage on large 

coefficients, and strong shrinkage on irrelevant coefficients. They have developed 

a fast and stable algorithm to fit large-scale hierarchal GLMs by incorporating 

expectation-maximization (EM) steps into the fast cyclic coordinate descent 

algorithm. The proposed approach integrates nice features of two popular 

methods, i.e., penalized LASSO and Bayesian spike-and-slab variable selection. 

The performance of the proposed method have been assessed via extensive 

simulation studies. The results have shown that the proposed approach can 

provide not only more accurate estimates of the parameters, but also better 
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prediction. They have demonstrated the proposed procedure on two cancer data 

sets: a well-known breast cancer data set consisting of 295 tumors, and expression 

data of 4919 genes; and the ovarian cancer data set from TCGA with 362 tumors, 

and expression data of 5336 genes. Their analyses showed that the proposed 

procedure can generate powerful models for predicting outcomes and detecting 

associated genes. The methods have been implemented in a freely available R 

package BhGLM. 

 Adjakossa and Nuel (2017)in their paper have focused onthe selection of 

fixed effects along with the estimation of fixed effects, random effects and 

variance components in the linear mixed-effects model. They have introduced a 

selection procedure based on an adaptive ridge (AR) penalty of the profiled 

likelihood, where the covariance matrix of the random effects is Cholesky 

factorized. This selection procedure is intended to both low and high-dimensional 

settings where the number of fixed effects is allowed to grow exponentially with 

the total sample size, yielding technical difficulties due to the non-convex 

optimization problem induced by L0 penalties. Through extensive simulation 

studies, the procedure have been compared to the LASSO selection and appears to 

enjoy the model selection consistency as well as the estimation 

consistency.Schelldorfer, Meier and Bühlmann (2014) proposed l1 penalized 

algorithm for fitting high-dimensional generalized linear mixed models 

(GLMMs). GLMMs can be viewed as an extension of generalized linear models 

for clustered observations. Our LASSO-type approach for GLMMs should be 

mainly used as variable screening method to reduce the number of variables 

below the sample size. They have suggested a refitting by maximum likelihood 

based on the selected variables only. This is an effective correction to overcome 

problems stemming from the variable screening procedure that are more severe 

with GLMMs than for generalized linear models. They have illustrated the 

performance of our algorithm on simulated as well as on real data examples. 

Freund and Schapire (1996)introduced a new “boosting” algorithm called 
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AdaBoost which, theoretically, can be used to significantly reduce the error of any 

learning algorithm that consistently generates classifiers whose performance is a 

little better than random guessing. They also introduced the related notion of a 

“pseudo-loss” which is a method for forcing a learning algorithm of multi-label 

concepts to concentrate on the labels that are hardest to discriminate. They further 

described experiments carried out to assess how well AdaBoost with and without 

pseudo-loss, performs on real learning problems. They have performed two sets of 

experiments. The first set compared boosting to Breiman’s “bagging” method 

when used to aggregate various classifiers (including decision trees and single 

attribute-value tests). They also compared the performance of the two methods on 

a collection of machine-learning benchmarks. In the second set of experiments, 

they studied in more detail the performance of boosting using a nearest-neighbor 

classifier on an OCR problem. 
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PRELIMINARY SUMMARY OF THE DATA 

The graphical and the numerical summary of the data provides a 

comprehensive study of the data. One can be able to know the distribution of the 

data. R functions and Excel are used for the accomplishment of meeting this 

requirement.  

2.1 Summary features of the data  

 The summary of the data mainly consists of two aspects: 

 2.1.1  Numerical summary 

 2.1.2  Graphical summary 

2.1.1  Numerical summary 

Numerical summary consists of summary features of the characters 

(variables) of the horticultural/floricultural/pathological data. The main features of 

the numerical summary mainly discussed are minimum, maximum, mean, standard 

deviation, coefficient of variation, skewness, kurtosis, simple growth rate, 

compound growth rate. These summary features are obtained for all the variables of 

the floricultural/horticultural/pathological datasets. The features are calculated from 

Excell and other by making use of the function R software packages.  

The Numerical summary of the floricultural dataset discussed in Section 

1.5.1 is as follows: 

Table 2.1: Numerical summary of floricultural data set 

 BUD EMER PHT SLT DM LA DF LP 
Maximum 119.78 141.28 46.50 34.50 2.50 4.00 38.45 38.45 
Minimum 110.45 138.16 34.00 21.50 1.00 1.50 34.00 34.00 
Mean 114.17 139.54 41.25 30.04 1.68 3.03 36.28 36.28 
SD 3.001 0.836 4.564 4.104 0.433 0.572 1.059 1.059 
CV  0.026 0.005 0.110 0.136 0.257 0.189 0.029 0.029 
Skewness 0.658 0.587 -0.623 -0.756 0.037 -0.234 0.161 0.161 
Kurtosis -1.23 -0.349 -1.374 -1.147 -0.594 0.271 -0.566 -0.566 

 

The summary features of the variables for the pathological data discussed 
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in Section 1.5.2 is 

Table 2.2: Numerical summary of pathological data set 

Mortality 

Maximum 28 SD 8.462579 Kurtosis -1.29736 

Minimum 0 CV 0.674757   

Mean 12.54167 Skewness 0.109122   

 

The summary features of the variables for the horticultural data discussed 

in Section 1.5.3 is: 

Table2.3: Numerical summary of horticultural data sets 

 Yield(kg) TCA 

Maximum 144.913 74 

Minimum 1.593 4 

Mean 65.88527273 39 

SD 44.14194232 22.47915701 

CV 0.669981932 0.576388641 

Skewness 0.040746608 1.47731E-17 

Kurtosis -1.227071701 -1.220817204 
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Area (‘000 hectare) Production (‘000 MT) 
Productivity (MT per 

hectare) 

Maximum 171.00 Maximum 1966.42 Maximum 13.07 

Minimum 46.19 Minimum 190.45 Minimum 4.12 

Mean 90.57 Mean 8.77 Mean 9.40 

SD 36.69 SD 4.30 SD 1.67 

CV (%) 4.05 CV(%) 4.91 CV (%) 1.78 

Skewness 0.86 Skewness 0.81 Skewness -0.82 

Kurtosis -0.40 Kurtosis 0.19 Kurtosis 1.64 

SGAR (%) 2.50 SGAR(%) 9.32 SGAR (%) 1.94 

CGAR(%) 0.03 CGAR(%) 0.06 CGAR (%) 0.02 

 

2.1.2  Graphical summary  

A graphical summary of the data provides a visual picture of the data. 

Boxplot() 

Boxplot()is meant for comprehensive presentation of data. It shows centre as 

well as spread of a distribution. Thus, variability can be depicted along with point 

of centrality. A line box is placed at the median value. The width of the box is 

equal to inter quartile range IQR, which is the difference between the third and 

first quartile. The width of the box shows the variability present within the 

character. Wiskers, are lines on both sides of the box that extend the edge of the 

box to either sides of the extreme value or to a distance of 1.5IQR from the 

median whichever is less, (e.g., Khan and Mir(2005)). Box plot of data is obtained 

by using boxplot()function available in R. Argument to this function is data 

object whose box plot is required. The general format of the function is 
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Boxplot(data) 

To generate various box plots the commands are: 

>boxplot(Tulipdata$EMER,data=Tulipdata,ylab=”Days taken 

to sprouting of tulip bulbs”) 

>boxplot(Tulipdata$BUD, data=Tulipdata,ylab=”Time of 

Budding”) 

>boxplot(Tulipdata$PHT,data=Tulipdata,ylab=”Plant 

height of tulip”) 

>boxplot(Tulipdata$SLT,data=Tulipdata,ylab=”Scalp 

length of tulip”) 

>boxplot(venturiadata$mortality,data=venturiadata,ylab=

‘‘mortality”) 

>boxplot(Applehpd$Yield,data=Applehpd,ylab=”Yield”) 

>boxplot(Applehpd$TCA,data=Applehpd,ylab=”TCA”) 

>boxplot(appleforecast$Area,data=appleforecast,ylab=”Ar

ea”) 

>boxplot(appleforecast$production,data=appleforecast,yl

ab=”Production”) 

>boxplot(appleforecast$productivity,data=appleforecast,

ylab=”Productivity”) 
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Fig 2.1: Box plot of floricultural data set 

 

 

Fig. 2.2: Box plot of pathological data set 
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Fig. 2.3: Box plot of horticultural data set 

 

Fig. 2.4: Box plot of area and production of apple 

 

   Fig. 2.5: Box plot of productivity of apple 

Similarly, to get box plot for the Yield, Trunk Cross-Sectional Area of apple the 

commands are: 

>boxplot(Yieldkg~tca,data=Applehpd,ylad=”Yieldin 

Kg”,xlab=”Trunk Cross-Sectional Area”) 
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Fig 2.6: Box plot of yield at each trunk cross-sectional area 

 

Quantile-Quantile plot (QQ-plot) 

The quantile quantile plot is a plot of one set of quantiles against another 

set of quantile. There are two main forms of QQ-plot these are qqnorm and 

qqline. The most frequently used form i.e., qqnorm checks whether data set 

comes from a particular normal distribution. In this type of plot one set of 

quantiles consists of the ordered set of data values and other set of quantiles are 

from normal distribution. If the points in the plot cluster along the straight line the 
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data set probably has the normal distribution. The second form i.e., qqline fits a 

line through a normal qqplot to check the distribution shape. The general form 

of these functions is  

>qqnorm(data) 

>qqline(data) 

To get qqnorm and qqline for different characters of 

all the datasets we have 

>qqnorm(venturiadata$mortality) 

>qqline(venturiadata$mortality) 

>qqnorm(Applehpd$Yield) 

>qqline(Applehpd$Yield) 

>qqnorm(Applehpd$TCA) 

>qqline(Applehpd$TCA) 

>qqnorm(appleforecast$Area) 

>qqline(appleforecast$Area) 

>qqnorm(appleforecast$Production) 

>qqline(appleforecast$Production) 

>qqnorm(appleforecast$Productivity) 

>qqline(appleforecast$Productivity) 
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Fig. 2.7: Quantile quantile plot of pathological data set 

 

Fig. 2.8: Quantile quantile plot of horticultural data set 
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 Fig. 2.9: Quantile quantile plot of area and production of apple 

 

Fig. 2.10: Quantile quantileplot of productivity of apple 
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Chapter-3 

EXTENSION OF LINEAR MODELS ALLOWING THE 
RESPONSE FROM AN EXPONENTIAL FAMILY OF 

DISTRIBUTIONS 

 A GLM is defined by specifying three components. The response should 

be a member of the exponential family distribution, a linear predictor that involves 

the regressor variables or covariates and the link function describes how the mean 

of the response and a linear combination of the predictors are related. 

 In a GLM the distribution of Y is from the exponential family of 

distributions which take the general form: 

  










 ),(
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)()(
exp),|( 


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 yc

a

by
yf    (3.1) 

The is called the canonical parameter and represents the location while 

  is called the dispersion parameter and represents the scale. The most commonly 

used examples are: 

1. Normal or Gaussian: 

The density function for the Normal distribution is given by  
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So we can write 2/)(,)(,, 22   ba and 

2/))2log(/(),( 2   yyc  

2. Poisson: 

The density function for the Poisson distribution is given as 
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  !/),|( yeyf y   

   )!loglogexp( yy    

So we write )exp()(,1)(,1),log(   ba  and !log),( yyc   

3. Binomial: 

The density function for the Binomial distribution is given as 
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So we write )exp1log()1log()(,
1

log 



 


 nnb  and  
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n
yc log),(   

4)Gamma  

The density of the gamma distribution can be given as  

  0;
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1
)( 1 


  yeyyf y


 

Where v  describes the shape and   describes the scale of the distribution. 

However, for the purposes of a GLM, it is convenient to reparameterize by putting 


  to get: 
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Now, )(YE and vYEvYVar /)(/)( 22   . The dispersion parameter is 

1 . The gamma distribution can arise in various ways. The sum of 

independent and identically distributed exponential random variables with rate   

has a gamma distribution. The 
2  distribution is a special case of the gamma 

where 2/1 and 2/dfv  . The canonical parameter is /1 , so the canonical 

link is  /1 . However, we typically remove the minus (which is fine 

provided we take account of this in any derivations) and just use the inverse link. 

We also have )log()/1log()(  b . 

The utility of the gamma GLM arises in two different ways. Certainly, if 

we believe the response to have a gamma distribution, the model is clearly 

applicable. However, the model can also be useful in other situations where we 

may be willing to speculate on the relationship between the mean and the variance 

of the response but are not sure about the distribution. Indeed, it is possible to 

grasp the mean to variance relationship from graphical displays with relatively 

small datasets, while assertions about the response distribution would require a lot 

more data. Similar is the case with the agricultural datasets. The gamma 

distribution is merely used in the agriculture to model the different agricultural 

situations. 

There are three common choices of link function: 

I. The canonical link is 
1  . Since   , the link does not 

guarantee 0  which could cause problems and might require 

restrictions on   or on the range of possible predictor values. On the other 

hand the reciprocal link has some advantages. The Michaelis-Menten 

model has: 
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which can be represented after some re-expression as: 

1

0

0

1

)(
1 


 






x

 

As x increases, 01 /  , which means that the mean  will be 

bounded. The inverse link can be useful in such situations where we know 

the mean response to be bounded. 

II. The log link,  log ,should be used when the effect of the predictors is 

suspected to be multiplicative on the mean. When the variance is small, 

this approach is similar to a Gaussian model with a logged response. 

III. The linear link,   , is useful for modelling sums of squares or variance 

components which are2
. This is a special case of the gamma.  

5)Inverse Gaussian 

The density of an inverse Gaussian random variable, ),(~ IGY  is: 

  0,,];2/)(exp[)2/(),|( 222/13   yyyyyf  

The mean is  and the variance is  /3
. The canonical link is

2/1   and the 

variance function is 
3)(  V .  

The inverse Gaussian has been applied in the modeling of lifetime distributions 

with non-monotone failure rates and in the first passage times of Brownian 

motions with drift but it is rarely used for the agricultural setups. 

The exponential family distributions have mean and variance: 
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The mean is a function of  only while the variance is a product of functions of 

the location and the scale. )('' b is called the variance function and describes how 

the variance relates to the mean. 

3.1  Link Function 

Let us suppose we may express the effect of the predictors on the response 

through a linear predictor: 

   T
pp xxx  ...110                 (3.1.1) 

The link function, g ,describes how the mean response, )(YE , is linked 

to the covariates through the linear predictor: 

)( g  

In principle, any monotone continuous and differentiable function will do, 

but there are some convenient and common choices for the standard GLMs. In the 

Gaussian linear model, the identity link,   is the obvious selection, but 

another choice would give    )(1 Txgy . This does not correspond directly to 

a transform on the response:   Txyg )( . In a GLM, the link function is 

assumed known whereas in a single index model, g is estimated. For the Poisson 

GLM, the mean  must be positive so   will not work conveniently since 

can be negative. The standard choice is 
 e so that  log which ensures

0 . The canonical link has g such that   )(g , the canonical parameter 

of the exponential family distribution.  

3.2 Estimation and Computational Method 

The parameters,  , of a GLM can be estimated using maximum 

likelihood. The likelihood function of (3.1) is given as  

   )),|(log()|,(  yfyl 
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          (3.2.1) 

 

The first derivative of the log likelihood function with respect to the 

parameter of interest is the score function. The scale parameter,  , for the time 

being is treated as the nuisance parameter. The score function for (3.2.1) thus 

obtained is  

          (3.2.2) 

 

Equating ),|( yl  to zero and solving for the parameters of interest gives 

the maximum likelihood estimate, ̂ . Sometimes we can maximize this 

analytically and find an exact solution for the MLE but the Gaussian GLM is the 

only common case where this is possible. Typically, we must use numerical 

optimization. By applying the Newton-Raphson method with Fisher scoring, 

McCullagh and Nelder (1989) show that the optimization is equivalent to 

iteratively reweighted least squares (IRWLS). All statistical software uses some 

iterative root-finding method to find maximum likelihood estimates; the 

advantage of iterative weighted least squares is that it finds these estimates for any 

generalized linear model specification based on an exponential family (Green 

1984). This technique is carried out in three parts i.e., first is the simple root 

finding, next is the weighted regression and finally the iterating algorithm.  

3.2.1 Newton-Raphson and Root Finding 

The maximum likelihood estimate is obtained by Newton-Raphson which 

is the most famous and widely used technique and is based on Newton’s method 

of finding the roots for polynomial equations. Newton’s method is based on a 

Taylor series expansion. Suppose 1x is a point such that 0)( 1 xf . This a root of 

the function, ()f , in the sense that it provides a solution to the polynomial 
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expressed by the function. Since it is difficult to work with the full length of the 

Taylor series expansion so we use some subset of the terms as  

  )(')()(0 0010 xfxxxf  (3.2.3) 

This is referred to as the Gauss-Newton method because it is based on the 

Newton’s algorithm but leads to a least square solution in multivariate problems. 

Newton’s method rearranges (3.2.3) to produce at the (j+1)th step,  
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xx   

So that continuously improved estimates are produced until )( )1( jxf is 

sufficiently close to zero. The Newton-Raphson algorithm when to mode finding 

in a statistical setting adapts (3.2.3)in order to find the root of the score function 

(the first derivative of the log likelihood) (3.2.2). Treating the score function 

(3.2.2) as the function of analysis from the Taylor expansion, the iterative 

estimates are produced by  
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  (3.2.4) 

Generalizing (3.2.4) by allowing multiple coefficients where the goal is to 

estimate a k-dimensional ̂ . The updated multivariate likelihood equation is 

provided by 

  

1

)()()()1( )|(
'

)|(





















 ylyl jjjj 





  (3.2.5) 

Sometimes it becomes difficult to calculate the Hessian matrix, 

)|(' |)(

2

yl
H

j


 in such situation it is replaced by its expectation with regard 

to , ))|('/( )(2 ylEA i  . This modification is called Fisher scoring 

(1925). At each step of the Newton-Raphson algorithm, a system of equations 
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determined by the multivariate normal equations must be solved which are of the 

form:  

)|()( )(

)(

)()1( ylA j
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
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3.2.2 Weighted Least Squares  

The standard technique for compensating for non-constant error variance 

(heterosedasticity) is to insert a diagonal matrix of weights,  , into the 

calculation of an estimate in the estimation of a linear regression coefficients such 

that the heterosedasticty is mitigated. The  matrix is created by taking the error 

variance of the thi case (estimated or known), iv , and assigning the inverse to the 

thi diagonal: 
i

ii v
1  (large error variances are reduced by multiplication of the 

reciprocal). The weighted least squares estimator gives the best linear unbiased 

estimate (BLUE) of the coefficient estimator in presence of heterosedasticity.  

3.2.3 Iterative Weighted Least Squares 

Sometimes the individual variances used to make the reciprocal diagonal 

values for  are unknown and cannot be estimated easily, but it is known that 

these individual variances are the function of the mean of the outcome variances: 

])[( ii YEfv  . Thus, if the expected value of the outcome variable, ][ iYE , and 

the form of the relation function, ()f , are known then this is a very 

straightforward estimation procedure. Unfortunately, even if the variance 

structures are dependent on the mean function, it is relatively rare to know the 

exact form of the dependences.Iteratively estimating the weights is the solution to 

such problems, the estimates are improved on each cycle using the mean function. 

So the algorithm iteratively estimates these quantities using progressively 

improving weights. This proceeds as follows: 
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I. Assign starting values to the weights, generally equal to one 1/1 )1( iv  

and construct the diagonal matrix  guarding against division by zero. 

II. Estimate   using weighted least squares with the current weights. The 

thj estimate is YXXX jjj )('1)(')( )(ˆ    

III. Update the weights using the new estimated mean vector 

)(/1 )1(
j

j
i VARv   

IV. Repeat steps 2 and 3 until convergence (i.e., )1()( ˆˆ  jj XX  is sufficiently 

close to zero). 

Under very general conditions, satisfied by the exponential family of 

distributions, the iterative weighted least squares procedure provides the mode of 

the likelihood function, thus producing the maximum likelihood estimate of the 

unknown coefficient vector, ̂ . Furthermore, the matrix produced by
12 )'(ˆ XX  

converges in probability to the variance matrix of̂ as desired.Since we have an 

explicit link function identified in a generalized linear model, the form of the 

multivariate normal equation is modified to include this embedded transformation. 
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When considering the choice of model for some data, we should define the range 

of possibilities. The null model is the smallest model we will entertain while the 

full or saturated model is the most complex. The null model represents the 

situation where there is no relation between the predictors and the response. 

Usually this means we fit a common mean  for all y , that is, one parameter only.  

3.3 Model Selection 

Akaike information criteria is used for the selection of an appropriate 

distribution.Akaike information criteria is given by  



 

69 

  pLpAIC 2)(log2       (3.3.1) 

The AIC criterion, which is minus twice the maximized likelihood plus 

twice the number of parameters, has often been used as a way to choose between 

models. Smaller values are preferred. However, when computing a likelihood 

function, it is common practice to discard parts that are not functions of the 

parameters. This has no consequence when models with same distribution for the 

response are compared since the parts discarded will be equal.For responses with 

different distributions, it is essential that all parts of the likelihood be retained. 

In the saturated model, the data is explained exactly. Typically, we need to 

use nparameters for n data points. This can often be achieved by fitting a 

sufficiently high-orderpolynomial or by treating the numerical values of 

quantitative predictors as codes,thereby changing them into qualitative predictors. 

If enough interactions are included, themodel will be saturated. This model tells 

us no more than the data itself and is usuallyuninformative.A statistical model 

describes how we partition the data into systematic structure andrandom variation. 

The null model represents one extreme where the data is representedentirely as 

random variation, while the saturated or full model represents the data asbeing 

entirely systematic.The full model does give us a measure of how well any model 

could possibly fit andso we might consider the difference between the log-

likelihood for the full model, )|,( yyl  and that for the model under consideration,

)|,ˆ( yl   expressed as a likelihoodratio statistic: 

))|,ˆ()|,((2 ylyyl    

Provided that the observations are independent and for an exponential family 

distribution,when ii wa /)(   , this simplifies to: 

 
i

iiiiii bbyw  /))ˆ()
~

()ˆ~
((2                 (3.3.2) 
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Where,
~

 is the estimate under the full (saturated) model and ̂ is the estimate 

underthe model of interest. The above can be written simply as  /)ˆ,( yD where

)ˆ,( yD iscalled the deviance and  /)ˆ,( yD is called the scaled deviance. 

Deviances for thecommon GLMs are given as: 

GLM    Deviance 

Gaussian    
i

iiy 2)ˆ(     

Poisson    
i

iiiii yyy )]ˆ()ˆ/log([2      

Binomial   )])ˆ/()log(()()ˆ/log([2 
i

iiiiii mymymyy    

Gamma   ]ˆ/)ˆ()ˆ/log([2   yy
i

  

Inverse Gaussian   
i

iiii yy )/()ˆ( 22     

Pearson’s 2 statistic  



i i

ii

V

y

)ˆ(

)ˆ( 2
2




  

Where )ˆ()ˆ(  VarV  is an alternative measure of discrepancy that is sometimes 

used in place of the deviance. There are two main types of hypothesis test we shall 

employ. The goodness of fit test simply asks whether the current model fits the 

data. The other type of test compares two nested models where the smaller model 

represents a linear restriction on the parameters of the larger model. The goodness 

of fit test can be viewed as model comparison test if we identify the smaller model 

with the model of interest and the larger model with thefull or saturated model. 

For the goodness of fit test, we use the fact that, under certain conditions, 

provided the model is correct, the scaled Deviance and the Pearson’s 2 statistic 

are both asymptotically 2 with degrees of freedom equal to the number of 

identifiable parameters. For GLMs such as the Gaussian, we usually do not know 
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the value of the dispersion parameter , and so this test cannot be used. For 

comparing a larger model, W , to a smaller nested model,  ,the difference in the 

scaled deviances, WDD   is asymptotically 2 with degrees of freedom equal to 

the difference in the number of identifiable parameters in the two models. For the 

Gaussian model and other models where the dispersion  is usually not known, 

this test cannot be directly used. However, if we insert an estimate of we may 

compute an F-statistic of the form: 




ˆ

)/()( WW dfdfDD 
 

Where )/(ˆ 2 pn   is a good estimate of the dispersion. For the Gaussian 

model, WW dfRSS /ˆ   and the resulting F-statistic has an exact F distribution for 

the null. For other GLMs with free dispersion parameters, the statistic is only 

approximately F distributed. For every GLM except the Gaussian, an approximate 

null distribution must be used whose accuracy may be in doubt particularly for 

smaller samples. However, the approximation is better when comparing models 

than for the goodness of fit statistic.  

 Residuals represent the difference between the data and the model and are 

essential to explore the adequacy of the model. In the Gaussian case, the residuals 

are  ˆˆ  y . These are called response residuals for GLMs, but since the 

variance of the response is not constant for most GLMs, some modification is 

necessary. We would likeresiduals for GLMs to be defined such that they can be 

used in a similar way as in the Gaussian linear model.The Pearson residual is 

comparable to the standardized residuals used for linear models and is defined as: 

)ˆ(

ˆ





V

y
rP


  
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where, )('')(  bV  . These are just a rescaling of ̂y .Notice that  22 Pr  

and hence the name. Pearson residuals can be skewed for non-normal responses. 

The deviance residuals are defined by analogy to Pearson residuals. The Pearson 

residual was Pr such that  22 Pr so we set the deviance residual as Dr such that

  iD dDeviancer 2 . 

Thus: 

  iD dysignr )ˆ(   

3.3.1 Quasi likelihood 

Computation of ̂ and standard errors is often not enough and some form 

of inference is required. To compute a deviance, we need a likelihood and to 

compute a likelihood we need a distribution. At this point, we need a suitable 

substitute for a likelihood that can be computed without assuming a distribution.  

Let iY have a mean i and variance )( iV  . We assume that iY are independent. 

We define a score, iU : 
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These properties are shared by the derivative of the log-likelihood, l  . This 

suggests that we can use U in place of l  . So we define: 
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



i

iy

i
i dt

tV

ty
Q



 )(
 

The intent is that Q should behave like the log-likelihood. We then define 

the log quasi-likelihood for all n observations as: 





n

i
iQQ

1

 

The usual asymptotic properties expected of maximum likelihood 

estimators also hold for quasi-likelihood based estimators as may be seen in 

(McCullagh 1983) notice that the quasi-likelihood depends directly only on the 

variance function and that the choice of distribution also determines only the 

variance function. So the choice of variance function is associated with the 

random structure of the model while the link function determines the relationship 

with the systematic part of the model.  

For the variance functions associated with the members of the exponential 

family distribution, the quasi-likelihood corresponds exactly to the log-likelihood. 

However, there is an advantage to using the quasi-likelihood approach for models 

with variance functions corresponding to the binomial and Poisson distribution. 

The regular GLMs assume 1 whereas the corresponding quasi-binomial and 

quasi-Poisson GLMs allow the dispersion  to be a free parameter which is useful 

in modeling over-dispersion. One curious possibility is that some choices of )(V

may not correspond to a known, or even any, distribution.  

̂ is obtained by maximizing Q . Everything proceeds as in the standard 

GLMs except for the estimation of  since the likelihood approach is not reliable 

here. We recommend:  

pn

X




2

̂  
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Although quasi-likelihood estimators are attractive because they require 

fewer assumptions, they are generally less efficient than the corresponding regular 

likelihood based estimator. So if you have information about the distribution, you 

are advised to use it.  

The inferential procedures are similar to those for standard GLMs. Recall 

that the regular deviance for a model is formed from the difference in log-

likelihoods for the model and the saturated model: 

   
i

iiii yylylyD ))|()|ˆ((2)ˆ,(   

So by analogy the quasi-deviance is Q2 because the contribution from the 

saturated model is zero. The  cancels, so the quasi-deviance is just: 





i y

i
i

i

dt
tV

ty
Q



)(
2  

3.4 Model diagnostics 

We may divide diagnostic methods into two types. Some methods are 

designed to detect single cases or small groups of cases that do not fit the pattern 

of the rest of the data. Outlier detection is an example of this. Other methods are 

designed to check the assumptions of the model. These methods can be 

subdivided into those that check the structural form of the model, such as the 

choice and transformation of the predictors, and those that check the stochastic 

part of the model, such as the nature of the variance about the mean response. 

Here, we focus on methods for checking the assumptions of the model. For linear 

models, the plot of residuals against fitted values is probably the single most 

valuable graphic. For GLMs, we must decide on the appropriate scale for the 

fitted values. Usually, it is better to plot the linear predictors̂  rather than the 

predicted responses ̂ . 
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The binomial, Gaussian and Poisson GLMs are by far the most commonly 

used, but there are a number of less popular GLMs which are useful for particular 

types of data. The gamma and inverse Gaussian are intended for continuous, 

skewed responses. We will study these distributions and show how these 

distributions can be fitted on the agricultural data.  

When dealing with the agricultural data it is common practice to fit the 

data sets by the linear regression models or by simply applying some design of 

experiment. The data is seldom checked for the normality. We have collected one 

such data set in which the data was not normal in its variables. We have applied 

generalized linear model based on Gamma and Inverse Gaussian distributions, on 

suchagricultural dataset. We have checked Akaike Information Criteria (AIC) for 

four different distributions i.e., Gamma, Inverse Gaussian, Normal and 

Multinomial distributions to evaluate which distribution fits our data set best. AIC 

provided the evidence that the data was not normal and instead of correcting the 

data for normality we proceed as such and fit the data by generalized linear model 

approach. Further, since these models are not nested so one may point out that 

AIC is not an appropriate approach for this reason we have used the deviance 

approach for comparison purpose.  

3.5 Numerical illustration  

The Floricultural data set consists of three varieties of Tulip (Tulipa sp.) viz 

Hollandia, Carribean Parrot and Red Beauty on which four treatments Trichoderma. 

harzianum, T. viride, carbendazim and Gliocladium virenswere applied for the 

management of Fusarium oxysporum Schlecht f.sp.tulipaeApt each treatment was 

replicated three times. Eight different parameters were taken into consideration and 

these parameters were EMER (days taken to sprouting of tulip bulbs), BUD, PHT 

(plant height of tulip), SLT (scalp length of tulip), DM (Diameter of Flower), LA 

(leaf area), DF (Duration of Flower), LP (leaves per plant). 
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Table 3.1:AIC value of different distributions for various variables 

Distribution Link Bud Emer PHT SLT DM LA DF LP 

Gamma Log 106.56 105.58 268.32 204.49 106.31 114.74 157.12 170.53 

Inverse 
Gaussian 

Identity 108.6 107.18 264.16 197.25 109.47 114.34 156.31 169.1 

Normal Identity 109.62 110.15 271.44 199.92 98.49 106.93 157.69 170.15 

Multinomial 
Cumulative

Logit 
1368 1560 622.16 648.04 186 269.35 1224 1128 

Table 3.1 gives the AIC values of different distributions with different link 

functions. AIC value for Gamma and Inverse Gaussian is minimum for most of 

the Variables.However, when computing a likelihood, it is common practice to 

discard parts that are not functions of the parameters. This has no consequence 

when models with same distribution for the response are compared since the parts 

discarded will be equal.For responses with different distributions, it is essential 

that all parts of the likelihood be retained.Thus, we have obtained the null 

deviance and residual deviance of normal, gamma and inverse Gaussian 

distributions. And the distributions are compared on the basis of the deviance 

values. 

Table 3.2: AIC and deviance for Gamma and Inverse Gaussian distributions 

 
EMER BUD 

Null 
deviance 

Residual 
deviance 

AIC 
Null 

deviance 
Residual 
deviance 

AIC 

Gamma 0.0239 0.00018 
 

105.58 
 

0.00125 0.00016 
 

106.56 
 

Normal 315.311 2.3956 110.15 24.4707 3.1195 109.62 

 PHT SLT 

 
Null 

deviance 
Residual 
deviance 

AIC 
Null 

deviance 
Residual 
deviance 

AIC 

Inverse 
Gaussian 

0.0113 0.0003 
 

264.16 
 

0.0248 0.0003 
 

197.25 
 

Normal 729.250 20.306 271.44 589.6875 6.7917 199.92 

Table 3.2 gives the null deviance and the residual deviance of the Gamma 

and Inverse Gaussian distributions in comparison with the Normal distribution. 

We note that the null deviance and Residual Deviance are minimum for Gamma 

and Inverse Gaussian as compared to the Normal distribution. Comparison of 

fitted Gamma and Inverse Gaussian generalized linear models for some of the 
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variables with Normal generalized linear models and are given in Table 

3.3,3.4,3.5,3.6. 

A comparison of the generalized linear model based on Gamma 

distribution and Normal distribution for the Emergence variable is given in the 

Table 3.3.Further, we obtain the dispersion parameter for Normal GLM taken to 

be 0.1996361 and for Gamma GLM taken to be 1.534627e-05.  

Table 3.4 gives the comparison of the generalized linear model based on 

the Gamma and Normal distributions for the Bud variable. Further, the Dispersion 

parameter for Normal GLM is taken to be 0.2599542 and for Gamma GLM taken 

to be 1.331048e-05.  

Table 3.3:Comparison of fitted Gamma GLM and Inverse Gaussian GLM 
       for emergence  

EMER 

Coefficients 
 

Gamma Normal 
Estimate t value Estimate t value 

(Std.Error) Pr(>|t|) (Std.Error) Pr(>|t|) 

(Intercept) 
4.715413 1474.225 111.6497 306.044 
±(0.0032) < 2e-16 *** ±(0.3648) < 2e-16 *** 

VARIETYV2 
0.049096 12.533 5.6192 12.576 

±(0.003917) 2.98e-08 *** ±(0.4468) 2.86e-08 *** 

VARIETYV3 
0.008582 2.191 0.9617 2.152 

±(0.003917) 0.0489* ±(0.4468) 0.0524. 

TREATT2 
-0.01055 -2.555 -1.1722 -2.489 

±(0.004129) 0.0252* ±(0.471) 0.0285 * 

TREATT3 
-0.00165 -0.4 -0.1733 -0.368 

±(0.004129) 0.696 ±(0.471) 0.7193 

TREATT4 
0.002933 0.71 0.3367 0.715 

±(0.004129) 0.4911 ±(0.471) 0.4884 

REPLICATR2 
-0.00208 -0.53 -0.2183 -0.489 

±(0.003917) 0.6058 ±(0.4468) 0.6339 

REPLICATR3 
0.008166 2.085 0.9192 2.057 

±(0.003917) 0.0591. ±(0.4468) 0.0621. 

VARIETYV2:TREATT2 
0.007829 1.731 0.8667 1.68 

±(0.004523) 0.1091 ±(0.5159) 0.1188 

VARIETYV3:TREATT2 
0.005495 1.215 0.61 1.182 

±(0.004523) 0.2478 ±(0.5159) 0.26 

VARIETYV2:TREATT3 
0.008519 1.883 0.9833 1.906 

±(0.004523) 0.0841. ±(0.5159) 0.0809. 

VARIETYV3:TREATT3 
0.002759 0.61 0.3067 0.594 

±(0.004523) 0.5532 ±(0.5159) 0.5633 

VARIETYV2:TREATT4 
-0.00476 -1.052 -0.5467 -1.06 

±(0.004523) 0.3133 ±(0.5159) 0.3102 

VARIETYV3:TREATT4 
-0.00104 -0.229 -0.1133 -0.22 

±(0.004523) 0.8224 ±(0.5159) 0.8298 

*** highly significant, * significant 
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Table 3.4: Comparison of fitted Gamma GLM and Normal GLM for bud 

 BUD 

Coefficients 

Gamma Normal 

Estimate 
(Std.Error) 

t value 
Pr(>|t|) 

Estimate 

(Std.Error) 

t value 
Pr(>|t|) 

(Intercept) 
4.9292792 
±(0.0030) 

1654.749 

< 2e-16 *** 

138.275 
±(0.4163) 

332.157 
<2e-16*** 

VARIETYV2 
0.0143561 
±(0.0036) 

3.935 
0.00198 ** 

2.00333 
±(0.5098) 

3.929 
0.002** 

VARIETYV3 
0.0032348 
±(0.0036) 

0.887 
0.39269 

0.44917 
±(0.5098) 

0.881 
0.3956 

TREATT2 
0.0066581 
±(0.0038) 

1.731 
0.109 

0.92889 
±(0.5374) 

1.728 
0.1095 

TREATT3 
0.001152 
±(0.0038) 

0.3 
0.76965 

0.16222 
±(0.5374) 

0.302 
0.7679 

TREATT4 
0.00820 

±(0.00384) 

2.133 
0.05425. 

1.14556 
±(0.5374) 

2.132 
0.0544. 

REPLICATR2 
0.0024652 
±(0.0036) 

0.676 
0.51205 

0.34417 
±(0.5098) 

0.675 
0.5125 

REPLICATR3 
0.003326 
±(0.0036) 

0.912 
0.37991 

0.46833 
±(0.5098) 

0.919 
0.3764 

VARIETYV2:TREATT2 
-0.0051033 
±(0.0042) 

-1.211 
0.24906 

-0.71 
±(0.5887) 

-1.206 
0.2511 

VARIETYV3:TREATT2 
-0.0046534 
±(0.0042) 

-1.105 
0.29099 

-0.64667 
±(0.5887) 

-1.098 
0.2936 

VARIETYV2:TREATT3 
0.0020241 
±(0.0042) 

0.48 
0.63953 

0.28667 
±(0.5887) 

0.487 
0.6351 

VARIETYV3:TREATT3 
0.0004093 
±(0.0042) 

0.097 
0.9242 

0.05667 
±(0.5887) 

0.096 
0.9249 

VARIETYV2:TREATT4 
-0.0030368 
±(0.0042) 

-0.721 
0.48481 

-0.42 
±(0.5887) 

-0.713 
0.4892 

 

VARIETYV3:TREATT4 

-0.0017025 
±(0.0042) 

-0.404 
0.69322 

-0.23667 
±(0.5887) 

-0.402 
0.6948 

*** highly significant, ** moderately significant  
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Similarly, we can obtain for the rest of the variables for which the Gamma 

distribution comes out to be the best fit. 

Table 3.5: Comparison of fitted Inverse Gaussian GLM and Normal 
GLM for plant height of tulip 

PHT 

  Inverse Gaussian Normal 

 Coefficients 
Estimate 

(Std.Error) 
t value 
Pr(>|t|) 

Estimate 
(Std.Error) 

t value 
Pr(>|t|) 

(Intercept) 
43.396002 
±(1.06671) 

37.845 
7.45e-14*** 

43.6 
±(1.062) 

41.048 
2.83e-14*** 

VARIETYV2 
-8.800894 
±(1.00394) 

-6.963 
1.51e-05*** 

-8.75 
±(1.301) 

-6.727 
2.11e-05*** 

VARIETYV3 
0.512883 

±(1.077021) 
0.347 
0.1344 

0.4583 
±(1.301) 

0.352 
0.7307 

TREATT2 
1.577131 

±(1.003133) 
1.071 

0.0054** 
1.278 

±(1.371) 
0.932 
0.3698 

TREATT3 
1.335991 

±(1.016243) 
0.911 
0.3801 

0.7778 
±(1.371) 

0.567 
0.581 

TREATT4 
1.077929 

±(1.232142) 
0.737 

0.0352* 
1.056 

±(1.371) 
0.77 

0.4563 

REPLICATR2 
0.799654 

±(1.014294) 
0.582 
0.5714 

0.7083 
±(1.301) 

0.545 
0.5961 

REPLICATR3 
-0.004129 

±(1.025796) 
-0.003 
0.9976 

-0.5 
±(1.301) 

-0.384 
0.7074 

VARIETYV2:TREATT2 
-0.466416 

±(1.067413) 
-0.318 
0.7561 

-0.5 
±(1.502) 

-0.333 
0.745 

VARIETYV3:TREATT2 
-0.886513 

±(1.020643) 
-0.515 
0.6158 

-0.8333 
±(1.502) 

-0.555 
0.5892 

VARIETYV2:TREATT3 
1.038911 

±(1.054181) 
0.714 

0.0586. 
1.167 

±(1.502) 
0.777 
0.4524 

VARIETYV3:TREATT3 
-0.150103 

±(1.001288) 
-0.088 
0.1311 

-1.345e-14 
±(1.502) 

0.000 
1.000 

VARIETYV2:TREATT4 
-0.636558 

±(1.053066) 
-0.438 
0.4691 

-0.6667 
±(1.502) 

-0.444 
0.6651 

VARIETYV3:TREATT4 
0.437391 

±(1.027096) 
0.253 
0.8044 

0.5 
±(1.502) 

0.333 
0.745 

*** highly significant, ** moderately significant, * significant  
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Table 3.5 gives the fitted generalized linear model based on the Inverse 

Gaussian and Normal distributions for the PHT variable. We also obtain the 

dispersion parameter for Normal GLM taken to be 1.69213 and for Inverse 

Gaussian GLM taken to be 2.526654e-05. Since SLT variable also had the 

minimum null deviance and minimum residual deviance for Inverse Gaussian 

distribution so we have fitted the generalized linear model based on the Inverse 

Gaussian distribution for the SLT variable as well.  

Table 3.6: Comparison of fitted Inverse Gaussian GLM and Normal 
GLM for scalp length of tulip 

SLT 
  Inverse Gaussian Normal 

 Coefficients 
Estimate 

(Std.Error) 
t value 
Pr(>|t|) 

Estimate 
(Std.Error) 

t value 
Pr(>|t|) 

(Intercept) 
32.0758 

±(0.0046) 
47.549 

4.90e-15*** 
32.2361 
±(0.614) 

52.48 
1.51e-15*** 

VARIETYV2 
-6.2064 

±(0.0362) 
-8.431 

2.19e-06*** 
-6.25 

±(0.752) 
-8.308 

2.55e-06*** 

VARIETYV3 
1.5276 

±(0.0799) 
1.736 

0.10813 
1.5417 

±(0.752) 
2.049 

0.06296. 

TREATT2 
0.2548 

±(0.0531) 
0.299 

0.02031* 
0.1667 

±(0.793) 
0.21 

0.83706 

TREATT3 
-0.3596 

±(0.0554) 
-0.42 

0.0816 
-0.4444 
±(0.793) 

-0.56 
0.58548 

TREATT4 
0.3192 

±(0.0505) 
0.375 

0.01402* 
-0.1667 
±(0.793) 

-0.21 
0.83706 

REPLICATR2 
0.563 

±(0.0804) 
0.7 

0.49713 
0.25 

±(0.7523) 
0.332 

0.74539 

REPLICATR3 
-0.2425 

±(0.0986) 
-0.304 

0.76663 
-0.4583 

±(0.7523) 
-0.609 

0.55373 

VARIETYV2:TREATT2 
-1.49 

±(0.0412) 
-1.771 

0.10188 
-1.5 

±(0.8687) 
-1.727 

0.10984 

VARIETYV3:TREATT2 
-0.5051 

±(1.0104) 
-0.5 

0.62615 
-0.5 

±(0.8687) 
-0.576 

0.57554 

VARIETYV2:TREATT3 
-0.339 

±(0.0574) 
-0.395 

0.69952 
-0.3333 

±(0.8687) 
-0.384 
0.7079 

VARIETYV3:TREATT3 
-0.3084 

±(1.0202) 
-0.302 
0.0676 

-0.3333 
±(1.8687) 

-0.384 
0.7079 

VARIETYV2:TREATT4 
-2.7189 

±(0.0362) 
-3.251 

0.00694** 
-2.6667 

±(0.8687) 
-3.07 

0.00972** 

VARIETYV3:TREATT4 
-0.3057 
±(1.017) 

-0.301 
0.06885 

-0.3333 
±(1.8687) 

-0.384 
0.7079 

*** highly significant, ** moderately significant, * significant  
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Table 3.6 gives the comparison of the generalized linear model based on 

the Inverse Gaussian distribution and Normal distribution. And the dispersion 

parameter for Normal GLM taken to be 0.5659722 and for Inverse Gaussian GLM 

taken to be 2.187822e-05. Similarly, we can obtain it for rest of the variables for 

which the Inverse Gaussian distribution comes out to be the best fit. 

We see that the maximum values for Gamma GLM and Inverse Gaussian 

GLM are statistically significant. On the basis of being statistically significant we 

may infer that the models are the best fits. But these models are not nested and 

have different distributions for the response, which makes direct comparison 

problematic.So we will take a look at their dispersion parameters for all the fitted 

models we see that every time the dispersion parameter for normal GLM has 

higher value then the gamma GLM and Inverse Gaussian GLM which will result 

in higher kurtosis of normal GLM in comparison to the Gamma GLM and Inverse 

Gaussian GLM i.e, the models with non-normal response should be fitted by the 

Generalized linear models. Further, when our data is non-normal correcting the 

data may result in the loss of information. Thus generalized linear model approach 

is the most suited approach for such datasets.  
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Chapter- 4 

EXTENSION OF LINEAR MIXED MODELS ALLOWING 
NON-NORMAL RESPONSE 

4.1 Generalized Linear Mixed Models 

Generalized linear models that contain random effects in addition to the 

fixed effects are known as generalized linear mixed models (GLMMs). The 

generalized linear mixed model (GLMM) relates the conditional mean for the 
thj

cluster to the fixed and random effects as follows: 

  )()|( 1
jjjjn ZXgyE

j
       (4.1.1)  

Where 
jny is the vector of responses at the 

thj cluster, g is a differentiable 

monotonic link function, 
j is the linear predictor given by 

jjjjj XZX , 

is the )( pn j  matrix of fixed effects model terms associated with the 
thj  cluster, 

 is the corresponding )1( p vector of fixed effects regression coefficients, 
j is 

the )1( q vector of random factor levels associated with the 
thj cluster. There are 

jn observations in the 
thj cluster for a total of 




m

j
jnn

1

observations. The 

conditional response, |y , is assumed to have an exponential family member 

distribution. Each of the q random effects are assumed normally distributed with 

mean zero. The variance-covariance matrix of the vector of random effects in the

thj  cluster is denoted 
jD . The 

jD is typically taken to be the same for each 

cluster. The conditional mean given by 

  )()()|( 11  ZXggyE  
    (4.1.2) 

The variance-covariance matrix of the vector of conditional responses is 

Sy )|var(  , where 
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  )()( 2/12/1  RAAS        (4.1.3) 

With )(A being the diagonal matrix that contains the variance functions 

associated with the assumed probability distribution of the response. The variance 

functions are evaluated at the linear predictor, . R is the user specified 

correlation matrix, which is common to all clusters. 

 The major difference between generalized linear mixed models 

(GLMMs)and generalized linear models (GLMs) is the presence of the random 

effects in the GLMMs. When we use GLMMs, the data consists of clusters (e.g., 

patients, whole plots) and the levels of the random effects correspond to the 

clusters. We can use GLMMs to model both the conditional and marginal means. 

GLMMs have the added advantage of explicitly modeling variance components. 

In GLMs the data are not structured into clusters and the observations are assumed 

independent of one another. In GLMMs, we assume that the conditional response 

(i.e., the response conditioned on a fixed setting of the random effects) follows a 

probability distribution that is part of the exponential family. For GLMs, however, 

weassume that the unconditional response,y, follows an exponential 

familymember distribution. 

4.2 Estimation and Computational Method 

When the random effects and the data are normal, and we have an identity 

link, we have the standard linear mixed model 

    ZXy       (4.2.1) 

The marginal distribution of y  is easily obtained by taking the expectation 

and variance operators through the model, producing XyE )( and 

SZDZy  ')var( . We know that )',(~ SZDZXNy  since a linear combination 

of normal variables is also normal. For GLMMs, however, we assume a non-

normalconditional response, |y , and normal random effects. In these cases, 

obtaining the marginal distribution of y is a more challenging task. 
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Maximum likelihood Estimation (MLE) is widely used to obtain 

parameter estimates in GLMM. Using this method, maximum likelihood 

estimators are obtained by maximizing the likelihood function. Maximum 

likelihood estimation requires exact information about data distribution. In other 

words, the maximum likelihood estimate must be based on a full likelihood 

function. However, this method of estimation often involves high-dimensional 

integrals in which analytical solutions for these integrals are often hard to be 

obtained, particularly if the response variable is not normally distributed. To solve 

this problem, numerical approximation methods are inevitable.In general, the 

approximation method for parameter estimation in GLMM consists of: (a) 

simplification of problem analytically (using Laplace approximation to integrate 

the likelihood function), such as Penalized Quasi Likelihood (Breslow and 

Clayton ,1993) and Hierarchical Generalized Linear models or HGLM (Lee and 

Nelder 1996)(b) computer intensive methods, such as Monte Carlo EM algorithm 

(Boothet al. 1999), Markov Chain Monte Carlo or MCMC (Zegeret al. 1991)and 

Gauss-Hermite quadrature or GHQ(Pan and Thompson 2003). The Laplace 

approximation approximates the integrand, PQL approximates the data and AGQ 

approximates theintegral.The penalized quasi-likelihood method (PQL) of 

Breslow and Clayton (Breslow and Clayton 1993) estimates generalized linear 

mixed models using the Laplace approximation via ignoring one term of the 

approximation. Though arrived at through different expansions, the PQL and the 

pseudo-likelihood methods produce identical parameter estimates since the 

objective functions minimized by the two methods differ only by a constant 

(Capanuet al.,2013).  

4.2.1 Penalized quasi-likelihood Parameter Estimation 

Maximum likelihood estimation requires exact information about data 

distribution. In other words, the maximum likelihood estimate must be based on a 

full likelihood function. If we only have knowledge about means or the 

relationship between means and variances then we employ quasi likelihood 
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methods in the estimation. Since the requirement (input) for this method is weaker 

than the full likelihood method then the quasi likelihood method is robust toward 

misspecification models. In GLMM, the estimation of variance components is an 

interest. If the exact distribution of data is unknown, then estimation of variance 

component is carried out using quasi-likelihood methods in which a penalty term 

on random effect is imposed. This is known as the Penalized Quasi-Likelihood 

(PQL) method. The purpose of adding penalty is to avoid some arbitrary values of 

random effect and to force the random effect approximate to zero (McCullogh and  

Searle 2008). The Laplace approximation to the data is usually implemented in 

PQL. In GLMM, the mean for miyi ,...,2,1,  conditioned on random effects 

)',...,,( 21 mbbbb   is )''()|( bzxhbyE iii   Approximation for vector response 

data iy is given by 

  iiiiiiii bzxhbyEy   )()|( ''   (4.2.2) 

Where:  is a fixed vector parameter, ix and iz are known vector, )(h is an inverse 

of link function )(g ,and bzxg iiii
'')(   . 

 A Taylor expansion for the data iy (4.2.2) about current ̂ and b̂ is 

iiiiii

iiiiiiiiii

zVxV

zbzxhxbzxhbzxhy









)ˆ()ˆ()ˆ(ˆ(

)ˆ()ˆˆ()ˆ()ˆˆ()ˆˆ(

'''

''''''''''

 (4.2.3) 

Equation (4.2.3) can also be written as 

  
*

1* ˆˆ)ˆ(ˆ

iiii

iiiiiii

bzx

bzxyVy







 

     (4.2.4) 

Where *
iy is known as a pseudo-response. The model fitting is done iteratively 

between updating pseudo-response and fitting linear mixed model(LMM). In 

other words, model fitting GLMM by using PQL methods is in fact fitting LMM 

to pseudo-response *
iy . 
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The iterative algorithm for model fitting is as follows: (i) Set values for 

and variance component . Calculate empirical Bayes estimator for ib  and 

pseudo-response *
iY , (ii) Based on pseudo-response *

iY fit the model and update 

 and  accordingly. Repeat these two steps until convergence is achieved.  

 Conditional variance for iy given the random effects b is  

  )()()|var( '
iii vaby       (4.2.5) 

Where:  is a dispersion parameter, )(ia is a known function which is often 

specified equal to ii ww ;/ is a weight which its value is specified and )(v is a 

known variance function. 

 The parameter estimation using PQL method also can be explained 

through derivation of the quasi-likelihood function. For a response variable 

'
21 ),...,,( nyyyy   in which nyyy ,..., 21 are independent and ),0(~ GNb , then the 

quasi-likelihood function is defined by  

  dbbGbdGL
n

i
iQ  














1

1'2/1

2

1

2

1
exp    (4.2.6) 

Where 
i

y
i

i
i ddu

uva

uy
d

i

i

;
)()(

2






is also called (quasi) deviance. 

 By using Laplace approximation, logarithm ofLQ, which is denoted by LQ, 

is given by: 

  )
~

()
~

(log
2

1
log

2

1 '' bqbqGclQ      (4.2.7) 

Where c does not depend on parameter, 



n

i
i bGbdbq

1

1' )(
2

1
)( and b

~
is a value 

which minimize )(bq Specifically, b is a solution for 0)( bq . It means : 
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  


 



n

i
i

iii

ii z
gva

y
bG

1
'

1 0
)()()( 


    (4.2.8) 

Where bzx iii
''   . The second derivative for )(bq is  

  


 
n

i iii

ii r
gva

zz
Gbq

1
2'

'
1''

)()(
)(


    (4.2.9) 

Where r is a residual with its expected value is zero. If the denominator at 

formula () is denoted by 1
iw and the residual r is ignored, then the approximation 

for )('' bq is given by  

1''' )(  GWZZbq    (4.2.10) 

Where Z is a matrix which has element '
iz at thi row and ),...,( 1 nwwdiagW  , 

where iw is an iteration weight GLM. By combining (4.2.9) and (4.2.10), the 

approximation for logarithm of quasi-likelihood function is given by: 

)
~

'
~~

||(log
2

1 1

1

' bGbdWZGZIcl
n

i
iQ





    (4.2.11) 

Where id
~

is id with  is replaced with b
~

. 

 A further approximation for logarithm of quasi-likelihood function could 

be obtained by assuming the GLM weights are not constant but they are functions 

of mean. The first term of the bracket (4.2.11) depends on  only through W , so 

that the term could be ignored. Therefore, the approximation for logarithm of 

quasi-likelihood function is given by  









 




n

i
iPQ bGbdcl

1

1~
'

~~

2

1
    (4.2.12) 

 Formula (4.2.12) is a penalized quasi-likelihood (PQL) where b
~

is a 

value which minimized )(bq . It means, if   is given, then b
~

will maximize 
PQl . 
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Because b
~

depends on  , then it could be written as )(
~~

bb  . For a fixed  , 

consider ̂ as a value that maximize PQl . As a result, ̂ and b
~

maximize  









 




n

i
iPQ bGbdbl

1

1'
2

1
),(    (4.2.13) 

Where 







 




n

i
iPQ bGbdbl

1

1'
2

1
),( is a function of  and b with )ˆ(

~~
bb  . 

The standard method for maximizing (4.2.13) requires solving a nonlinear 

equation system, 0/  PQl and 0/  blPQ , or it is equivalent to the solution 

for formula (4.2.14) and (4.2.15) as follows: 

0
)(')()(

)(

1

1 






n

i iii

iii bG
gva

xy




     (4.2.14) 




 
n

i iii

iii bG
gva

zy

1

1 0
)(')()(

)(




    (4.2.15) 

In practice, random effects involved in GLMM are often large enough, so 

that solutions of (4.2.14) and (4.2.15) will be of high-dimensional space. In other 

words, it is necessary to determine solutions simultaneously from a large number 

of nonlinear systems. Standard procedure to solve this problem, such as Newton-

Raphson, is inefficient and its convergence is very slow when the dimension of 

the solution is high. Jiang developed a nonlinear Gauss-Seidel algorithm to solve 

(4.2.14) and (4.2.15). Jiang showed that the algorithm convergence globally in 

virtually all typical situations of GLMM. On the other hand, Breslow and Clayton 

proposed an iterative procedure to solve (4.2.14) and (4.2.15) by modifying Fisher 

scoring algorithm which was developed by Green. 

 An interesting feature of Breslow and Clayton method is that it exploits a 

close correspondence with the mixed model equation developed by Henderson et 

al.(1959). First,defineaworkingvector niyy i ,...,2,1);~(~  ,where
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))(('~
iiiii ygy   and where i and i are evaluated at the current 

estimators of  and b . Then, the solution for (4.2.14) and (4.2.15) based on 

Fisher scoring can be found as the iterative solution to the equation system as 

follows,  

 




WXZ

WXX

'

'





 WZZG

WZX

'

'
1 









b


= y

WZ

WX ~
'

'








  (4.2.16) 

Because W depends on  and b , we must update W for each iteration 

step. Equivalently, solution (4.2.16) could also be given as follows: 

 
)~('

~')'
1

111





XyVGZb

yVXXVX








    (4.2.17) 

Where: '1 ZGZWV   , assuming that 1W  exist. For a large data sets, inverse 

of V may be not simple computationally, unless V  has a certain special structure, 

such as block diagonal. 

 According to Jiang, PQL estimators are inconsistent. In other words, the 

bias due to approximation will not be zero. If Laplace approximation is used, the 

reduction bias will be larder as the order of approximation getting large. The PQL 

method has computation advantages since it is usually easy to carry out except in 

the case higher order approximation. Moreover the PQL results usually work well 

when the variance components are small. This is because the Laplace 

approximation becomes accurate when the variance components are close to zero. 

4.2.2  Laplace approximation  

 In GLMM, the conditional distribution of response variable Y for 
thj  unit 

within thi cluster with the random effect ib is assumed independent and follows 

exponential family distributions: 

    ),()(exp)|( 1  ijijijijii ycybyf   (4.2.18) 
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Where: )()|( ijiijij hbYE   is a conditional mean and iijijij bzx ''   is a 

linear predictor. The probability density function of random effects ib  is denoted 

by )( ibf and it is assumed that 0)( ib and ),0(~;)var( GiidNbGb ii  . 

Therefore, in GLMM it is necessary to specify )|( iij byf and )( ibf . Based on the 

specification of )|( iij byf and )( ibf , the marginal density of )(, ijyfY is given by: 

i

n

j iiijij bdbfbyfyf i

 


1
)()|()(     (4.2.19) 

Where in is a sample size for thi cluster. In Linear Mixed Model (LMM), an 

analytical or closed form solution for integral (4.2.19) could be obtained since the 

marginal density )( ijyf  is a normal density. In general, it is not easy to compute 

)( ijyf because )()|( iiij bfbyf can be a complex function and the integrals are of 

high dimension. Therefore approximation methods are required to solve the 

integral.  

 In GLMM, the construction of likelihood function is based on the marginal 

density )( ijyf . Suppose there are m clusters and the number of units for each 

cluster is mini ,...,2,1;  . then, the likelihood function for m clusters are obtained 

as follows : 





m

i
ijyfL

1

)()(  

    


m

i

n

j iiiij

i dbbfbyf
1 1

)()|(   (4.2.20) 

And the Laplace approximation can be used to approximate the integral by re-

written the integral term on (4.2.20) as : 

   

in

j iiiij dbbfbyf
1

)()|(   



 

91 

   

 






dbedbe

dbbfbyf

bgbfbyf )()()|(log

)()|(
   (4.2.21) 

Where )()|(log)( bfbyfbg   

We aim to choose b̂ so that )(bg  is maximized by fulfilling the necessary and 

sufficient conditions 0)(' bg and 0)ˆ('' bg . The second order Taylor expansion 

around b̂ for )(bg is given by: 

  )ˆ('')ˆ(
2

1
)ˆ(')ˆ()ˆ()(~)( 2 bgbbbgbbbgbgbg   

    )ˆ('')ˆ(
2

1
)ˆ( 2 bgbbbg     (4.2.22) 

It can be seen that )(~ bge is proportional to the normal density ),( 2
LL  ;where

bL
ˆ and 

)ˆ(''

12

bg
L  . 

Then, the Laplace approximation for the likelihood )(L is given by: 

  dbedbeL bgbg )(~)()(  
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(4.2.23) 

It can also be stated that 

  
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bconstbg
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
 .  

Here, ),(| 2
LLNyYB  . This approximation performs better for larger cluster 

in . Moreover, the accuracy of this approximation increases if higher order of 
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Taylor expansion is used. However, this approximation is less accurate if the 

variance of random effects is large.  

4.2.3 LASSO Method 

Let ity denote observation t in cluster iTtnii ,...,2,1;,...,2,1,  , collected 

in ),...,( 1 iiTi
T
i yyy  . Let ),...,,1( 1 itpit

T
it xxx  be the covariate vector associated 

with fixed effects and ),...,( 1 itqit
T
it zzz  be the covariate vector associated with 

random effects. It is assumed that the observations ity are conditionally 

independent with mean ),,|( ititiitit zxbyE  and variance )()|var( itiit vby  , 

where )(v is a known variance function and  is a scale parameter. The GLMM 

considered here is of the form  

  rand
it

par
iti

T
it

T
itit bzxg  )(    (4.2.24) 

Where, g is a monotonic and continuously differentiable link function, 

 T
it

par
it x is a linear parametric term with parameter vector ),...,,( 10 p

T  

including intercept and i
T
it

rand
it bz contains the cluster-specific random effects 

),0(~ QNbi , with qq covariance matrix Q . An alternative form that we also 

use is  

  rand
it

par
itititit h   0);(  

Where 
1 gh is the inverse link function. 

Model (4.2.24) can be expressed in the matrix notation by collecting observations 

within one cluster, and the model takes the form 

    iiii bZXg   )( , 

Where, ),...,( 1 iTii
T
i xxX  denotes the design matrix of the thi  cluster and 

),...,( 1 iTii
T
i zzZ  . For all observations one obtains 
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  ZbXg  )( , 

with ],...,[ 1
T
n

TT XXX  and block diagonal matrix ),...,( 1 nZZblockdiagZ  . For 

the random effects vector ),..,( 1
T
n

TT bbb  one has a normal distribution with block-

diagonal covariance matrix ),...,( QQdiagQb  . 

For GLMM it is assumed that the conditional density of ity , given explanatory 

variables and the random effect ib , is of exponential family type 
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

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))((
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
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iitit yc

ky
bxyf  

Where )( itit   denotes the natural parameter, )( itk  is a specific function 

corresponding to the type of exponential family, )(c the log normalization 

constant and  the dispersion parameter (Fahrmeir and Tutz 2013). 

One of the popular methods discussed above to maximize GLMMs is 

penalized quasi-likelihood (PQL), which has been suggested by Breslow and 

Clayton(1993), Lin and Breslow (1996) and Breslow and Lin (1995). Typically 

the covariance matrix )(Q  of the random effects ib depends on an unknown 

parameter vector  . In penalization-based concepts the joint likelihood- function 

is specified by the parameter vector of the covariance structure  together with the 

dispersion parameter , which are collected in ),,( TT   and parameter vector 

),( TTT b  . The corresponding log likelihood is  

    



n

i
iii dbbpyfl

1

),(),|(log),(    (4.2.25) 

Where, ),( ibp denotes the density of the random effects. Breslow and Clayton 

(1993) derived the approximation 
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1

1

2
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 (4.2.26) 

Where the penalty term bQbT 1)(  is due to the approximation based on the 

Laplace method.  

PQL usually works within the profile likelihood concept. It is distinguished 

between the estimation of  , given the plugged-in estimate ̂ , resulting in the 

profile-likelihood )ˆ,( appl ,and the estimation of  . 

The log-likelihood (4.2.25) is expanded to include the penalty term 


p

i
i

1

||  . 

Approximation along the lines of Breslow and Clayton (1993) yields the 

penalized log-likelihood  

  
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
p

i
i

apppenpen llbl
1

||),(),(),,(   (4.2.27) 

For given ̂ the optimization problem reduces to  
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(4.2.28) 

We will use a full gradient algorithm that is based on the algorithm of Geoman 

given by Goeman (2010). Here the penalty term from the optimization problem of 

equation (4.2.25) is replaced by 


p

i
i

1

||  , where 0i is chosen for unpenalized 

parameters.The penalty used in (4.2.27) and (4.2.28) can be seen as a partially 

penalized approach if the whole parameter vector ),( TTT b  is considered.  

So, for the LASSO approach an algorithm is obtained for maximizing the 

penalized log-likelihood ),( penl from equation (4.2.28). In contrast to the 

approaches of Shevade and Keerthi(Shevade and Keerthi 2003), Kim and Kim 

(Kim and Kim 2004) and Genkin et al.(Genkin, Lewis and Madigan 2007), where 
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only a single component is updated at a time, it follows the gradient of the 

likelihood from a given starting value of  and uses the full gradient at each step. 

Similar to Goeman (2010) the algorithm can automatically switch to a Fisher 

scoring procedure when it gets close to the optimum and therefore avoids the 

tendency to slow convergence which is typical for gradient ascent algorithms. An 

additional step is needed to estimate the variance-covariance components Q of the 

random effects. The algorithm is carried out in the following steps as: 

1. Initialization  

Compute starting values )0()0()0( ˆ,ˆ,ˆ  b and set )0()0()0( ˆˆˆ bZX   . 

2. Iteration 

For ,...2,1l until convergence: 

a) Calculation of the log-likelihood gradient for given 
)1(ˆ l  

  with   /)()( appls derive: 
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b) Calculation of the directional second derivative 
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Let ],[: ZXA  and ),...,,0,...,0( 11  QQdaigk be a block-

diagonal penalty matrix with a diagonal of 1p zeros 

corresponding to the fixed effects and then n times the matrix 
1Q . 

Then the Fisher matrix is given in closed form as 

,)()( KAWAF Tpen   with
TDDW )()()()( 1   and

)|cov()(,/)()(  yhD  .The directional second 

derivative is given for every and every direction vector 

nspv  1 by: 

   vFvvl penT
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c) Optimum of Taylor approximation 

Based on the Taylor approximation used in Goeman (2010), we 
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 denoting the 2L norm.  
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  Where )(ˆ l
NR denotes the Fisher scoring estimate. 
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  e) Computational of variance-covariance components 

 Estimates )(ˆ lQ are obtained as approximate EM-type estimate or 

by alternativemethods yielding the update )(l . If necessary the 

whole vector 
)(ˆ l is completed by an estimate of the dispersion 

parameter. 

3. Re-estimation 

In a final step a model that includes only the variables corresponding to 

non-zero parameters of ̂ is fitted. A simple Fisher scoring, resulting in 

the final estimates Q̂,̂ is used. 

4.3 Statistical Inference on Regression Coefficients and Variance 
Components 

 An appropriate test on the variance component associated with a particular 

random effect determines if that effect belongs in the model, which in turn allows 

the analysts to reduce the covariance matrix. One can compare two covariance 

structures through a REML pseudo-likelihood ratio test (LRT).In SAS 9.2, the 

REML pseudo-likelihood ratio test for comparing two covariance structures uses 

the COVTEST statement in SAS PROC GLIMMIX. This approach fits the full 

model, which is the model with the most complex covariance structure of interest, 

and then takes the pseudo-data from the last iteration to calculate the associated 

REML pseudo-likelihood value. Let R
FULLl denote this restricted log-pseudo 

likelihood value. The procedure then uses the same pseudo-data to fit the reduced 

model and computes the corresponding pseudo-likelihood. Let 
R
REDl  denote this 

restricted log-pseudo-likelihood value. The appropriate likelihoodratio test 

statistic, ̂ , is  

   R
RED

R
FULL ll ̂      (4.3.1) 



 

98 

Once again, the distribution of this test statistic depends on whether any of 

the parameters fall on the boundary of the variance parameter space as defined by 

Self and Liang in 1987(Self and Liang 1987) andVerbeke and Molenberghs in  

2007(Molenberghs and Verbeke 2007).The tests used to compare covariance 

structures for GLMMs are conducted with the full fixed effects vector,  . 

4.4 Comparison of the Estimation Methods 

The above estimation procedures are compared on the basis of average 

relative bias, average squared relative bias, average absolute bias and average 

squared deviation. Suppose iact denotes the actual value of the ith unit, and iest  is 

any estimate of miacti ,...1;   then  

• Average relative bias  
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We have used Generalized linear mixed models (GLMMs) to model 

correlated and clustered mortality responses of the Venturia inequilis organism 

responsible for apple scab. Various estimation methods of GLMM have been 



 

99 

proposed ranging from numerical integration techniques (for example (Booth and 

Hobert, 1999)) over “joint maximization methods” (Breslow and Clayton, 1993; 

(Schall 1991), in which parameters and random effects are estimated 

simultaneously, to fully Bayesian approaches (Fahrmeir and Lang 2001). 

Overviews on thecurrent methods are found in McCulloch and Searle (2008). We 

have used some of these estimation methods in our study.But it was found that 

due to the heavy computational problems in GLMMs modeling usually is 

restricted to few predictor variables. When many predictors are available, 

estimates become unstable. Therefore, it is important to note that procedures to 

select the relevant variables are important in modelling. Classical approaches to 

the selection of predictors are based on test statistics with the usual stability 

problems of forward-backward algorithms, which are due to the inherent 

discreteness of the method (for example (Breiman 1996). A more timely approach 

to variable selection is based on boosting methods, which haveoriginally been 

developed within the machine learning community as a method to 

improveclassification. A first breakthrough was the AdaBoost algorithm. Breiman 

considered the AdaBoost algorithm as a gradient descent optimization 

technique(Breiman 1998) and Friedman extended boosting methods to include 

regressionproblems(Friedman 2001). B¨uhlmann and Yu showed how to fit 

smoothing splines by boosting baselearners and introduced the concept of 

componentwise boosting, which may be exploited toselect predictors(Bühlmann 

and Yu 2003). For linear mixed models the incorporationof random effects has 

been considered (Tutz and Reithinger 2007), first attempts to fitunivariate 

GLMMs were proposed by Tutz and Groll (Tutz and Groll 2010).An alternative 

approach to variable selection that has received much attention is based 

onpenalized regression techniques. The LASSO proposed by Tibshirani has 

become a verypopular approach to regression that uses an L1-penalty on the 

regression coefficients. This hasthe effect that all coefficients are shrunken 

towards zero and some are set exactly to zero(Tibshirani 1996). 
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4.5 Numerical Illustration 

Data generated on the mortality of Venturia inequilis organism responsible 

for apple scab as discussed in chapter-1 Section 1.5.2. The data is fitted by 

different estimation procedures to evaluate which fits the data best. The fitted 

generalized linear mixed model by the maximum likelihood estimation method is 

shown in Table 4.1. 

 

Table 4.1: Generalized Linear mixed model by maximum likelihood 
estimation method 

Random effects: 

 Groups            Name                  Variance  Std.Dev.  

Location                    (Intercept)                   4.546e-18 2.132e-09 

 Residual                            1.363e+01         3.691e+00 

Number of obs: 48, groups:location, 3 

 

Fixed effects: 

            Estimate           Std.Error            t-value              p value 

(Intercept) 4.2917                1.4097        3.044            0.034 

concC2 12.1667 1.5070 8.073          <2e-16 *** 

concC3 17.3333   1.5070        11.502            <2e-16 *** 

concC4 0.6667               1.5070        0.442                  0.680 

treatT2  1.6667               1.5070        1.106                  0.534 

treatT3  -0.6667 1.5070       -0.442                 0.786 

treatT4  1.8333               1.5070        1.217                  0.309 

*** highly significant 
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Table 4.1gives the fixed and random effects of the variables when we fit 

the linear mixed model on the given data where the response is non-normal. It can 

be seen from the fixed effects table that most of the parameters are insignificant 

and also the estimates have larger estimated values. This indicates that the 

estimation method used could poorly estimate the effects. In order to improve the 

estimate values we have used another method of estimation that is the Laplace 

Approximation method. The fitted generalized linear mixed model by Laplace 

Approximation method is shown in table 4.2. 

Table 4.2:Generalized Linear mixed model by Laplace Approximation 

Fixed effects: 

 Estimate Std. Error z value Pr(>|z|) 

(Intercept) 1.55130 0.14848 10.448 <2e-16 *** 

concC2 1.23353 0.14670 8.409 <2e-16 *** 

concC3 1.49664 0.14282 10.479 <2e-16 *** 

concC4 0.12516 0.17712 0.707 0.480 

treatT2 0.13177 0.11496 1.146 0.252 

treatT3 -0.05799 0.12044 -0.481 0.630 

treatT4 0.14404 0.11463 1.257 0.209 

*** highly significant 

Table 4.2 gives the values of random effects, fixed effects and correlation 

values of the variables when the fit generalized linear model by Laplace 

Approximation method. The p-value for fixed effects indicates that by the 

application of this method the concentration parameter has improved. The 

standard error has also decreased in comparison to the values when we had fitted 

the generalized linear mixed model by the maximum likelihood estimation 

method. We further look for better estimation procedure which can given more 

improved results then the above two methods. For this reason we have fitted the 
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generalized linearmixed model by another estimation procedure i.e., the penalized 

quasi likelihood method. Table 4.3 shows the fitted generalized linear mixed 

model by the penalized quasi likelihood estimation method.  

 

Table 4.3: Generalized linear mixed model by Penalized quasi likelihood 

Random effects: 

  (Intercept)                               Residual 

StdDev:  7.431224e-06                               1.349411 

Fixed effects  

 Value Std.Error t-value p-value 

(Intercept) 1.5513019 0.0167980 7.155516 0.0000 

concC2 1.2335316 0.0141926 5.758984 0.0000 

concC3 1.4966424 0.1085291 7.177139 0.0000 

concC4 0.1251631 0.0586114 0.483982 0.6311 

treatT2 0.1317693 0.1678448 0.785066 0.4372 

treatT3 -0.057987 0.1758453 -0.329763 0.7433 

treatT4 0.1440394 0.1673661 0.860625 0.3947 

Table 4.3gives the values of the generalized linear mixed model when 

fitted by the penalized quasi likelihood estimation method. From the fixed effects 

table as can be seen clearly that there is larger difference in the values of the 

parameters from those fitted by the Laplace Approximation. Now, we have fitted 

the generalized linear mixed model by the LASSO method of estimation on the 

agricultural data in order to see whether it makes any difference to the fixed and 

the random effects fitted by the other methods of estimation as shown above. 

Table 4.4 shows the fitted generalized linear mixed model by the LASSO method 

of estimation.  
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Table 4.4: Generalized linear mixed model by LASSO method 

Random Effect 

Groups                  Name                            Std.Dev.  

location                       (Intercept)                                 0.046917 

Fixed Effects: 

 Estimate StdErr z.value p.value 

(Intercept) 1.551112 0.056953 27.2349 <2e-16 *** 

as.factor(conc)C2 1.233532 0.093567 13.1834 <2e-16 *** 

as.factor(conc)C3 1.496642 0.124445 12.0265 <2e-16 *** 

as.factor(conc)C4 0.125163 0.198492 0.6306 0.0583. 

as.factor(treat)T2 0.131769 0.091989 3.4324 0.0220* 

as.factor(treat)T3 -0.05798 0.107680 -0.5385 0.5402 

as.factor(treat)T4 0.144039 0.143584 4.0032 0.0158* 

*** highly significant; * significant 

Table 4.3 gives the random effects, fixed effects and correlation values 

when the data is fitted by the LASSO method of estimation of generalized linear 

mixed model. We can clearly see that the parameter values show drastic changes 

when fitted by this method of estimation. It is clear that LASSO method of 

estimation is the best estimation procedure for fitting the agricultural data which 

includes both the fixed and random effects with non-normal response. In 

supportof the above study we further compare the above methods on the basis of 

the values of Average Relative Bias, Average Squared Relative Bias, Average 

Absolute Bias and Average Squared Deviation. The values of Average Relative 

Bias, Average Squared Relative Bias, Average Absolute Bias and Average 

Squared Deviation are based on the estimated values that we obtained for the 

above parameters by the different estimation methods.  



 

104 

Table 4.5: Comparison of estimation methods using four different criteria 

Estimation  ARB  ASRB  AAB   ASD 

MLE 

LA 

PQL 

LM 

 0.589  0.198  13.67  20.32 

 0.376  0.092  5.34  12.56 

 0.478  0.182  7.45  9.34 

 0.132  0.081  4.90  3.90 

MLE=Maximum Likelihood Estimation, LA=Laplace Approximation, PQL=Penalized Quasi Likelihood, 

LM=Lasso Method, ARB=Average Relative Bias, ASRB=Average Squared Relative Bias, AAB=Average 

Absolute Bias, ASD= Average Squared Deviation 

Table 4.5gives the values of the different criteria for the four estimation 

methods and on looking keenly on the table the value of Average Relative Bias, 

Average Squared Relative Bias, Average Absolute Bias and Average Squared 

Deviation is minimum for LASSO method and this can be inferred that LASSO 

method of estimation of generalized linear mixed models is the best estimation 

method for the such type of the data with non-normal response. 
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Chapter-5 

EXTENSION OF BASIC NONLINEAR MIXED EFFECT 
MODEL TO INCORPORATE THE HETEROSCEDASTICITY 

AND WITHIN-GROUP CORRELATED ERRORS 

Nonlinear mixed-effects models extend linear mixed-effects models by 

allowing the regression function to depend nonlinearly on fixed and random 

effects. Because of its greater flexibility, an NLME model is generally more 

interpretable and parsimonious than a competitor empirical LME model based, 

say, on a polynomial function. Also, the predictions obtained from an NLME 

model extend more reliably outside the observed range of the data. The greater 

flexibility of NLME models does not come without cost, however. Because the 

random effects are allowed to enter the model nonlinearly, the marginal likelihood 

function, obtained by integrating the joint density of the response and the random 

effects with respect to the random effects, does not have a closed-form expression, 

as in the LME model. As a consequence, an approximate likelihood function 

needs to be used for the estimation of parameters, leading to more 

computationally intensive estimation algorithms and to less reliable inference 

results. 

An important practical difference between NLME and LME models is that 

the former require starting estimates for the fixed-effects coefficients. 

Determining reasonable starting estimates for the parameters in a nonlinear model 

is somewhat of an art, although some general recommendations are available 

(Bates and Watts 1988). There are far more similarities than differences between 

LME and NLME models. Both models are used with grouped data and serve the 

same purpose: to describe a response variable as a function of covariates, taking 

into account the correlation among observations in the same group. Random 

effects are used to represent within-group dependence in both LME and NLME 

models, and the assumptions about the random effects and the within-group errors 

are identical in the two models.  

Nonlinear mixed-effects models are mixed-effects models in which some, 
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or all, of the fixed and random effects occur nonlinearly in the model function. 

They can be regarded either as an extension of linear mixed-effects models in 

which the conditional expectation of the response given the random effects is 

allowed to be a nonlinear function of the coefficients, or as an extension of 

nonlinear regression models for independent data (Bates and Watts, 1988) in 

which random effects are incorporated in the coefficients to allow then to vary by 

group, thus inducing correlation within the groups.  

5.1  Single-Level of Grouping 

 By far the most common application of NLME models is for repeated 

measures data—in particular, longitudinal data. The nonlinear mixed-effects 

model for repeated measures proposed by Lindstrom and Bates can be thought of 

as a hierarchical model(Lindstrom et al., 1990). At one level the jth observation 

on the ith group is modeled as 

,),( ijijijij vfy   injMi ,...,1;,,...,1   (5.1.1) 

Where M is the number of groups, in is the number of observations on the ith

groups, f is a general, real-valued, differentiable function of a group-specific 

parameter vector ij and covariate vector ijv , and ij is a normally distributed 

within-group error term. The function f is nonlinear in at least one component of 

the group-specific parameter vector ij , which is modeled as  

  iijijij bBA   , ),,0(~ Nbi    (5.1.2) 

Where  is a p -dimensional vector of fixed effects and ib is a q -dimensional 

random effects vector associated with the ith group (not varying with j with 

variance-covariance matrix  . The matrices ijA and ijB are of appropriate 

dimensions and depend on the group and possibly on the values of some 

covariates at the jth observation. This model is a slight generalization of that 

described in Lindstrom and Bates (1990) in that ijA and ijB can depend on j . 
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This generalization allows the incorporation of “time-varying” covariates in the 

fixed effects or the random effects for the model. It is assumed that observations 

corresponding to different groups are independent and that the within-group errors 

ij are independently distributed as ),0( 2N and independent of the ib . The 

assumption of independence and homoscedasticity for the within –group errors 

can be relaxed, as in 3.4.  

 Because f can be any nonlinear function of ij , the representation of the 

group-specific coefficients ij could be chosen so that ijA  and ijB  are always 

simple incidence matrices. However, it is desirable to encapsulate as much 

modeling of the ij as possible in this second stage, as this simplifies the 

calculation of the derivatives of the model function with respect to  and ib , used 

in the optimization algorithm.  

 We can write (5.1.1) and (5.1.2) in matrix form as  

   iiiii vfy   ),( ,  

   iiii bBA   ,     (5.1.3) 
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5.2  Multilevel NLME Models 

The single-level NLME model (5.1.1) can be extended to data grouped 

according to multiple, nested factors by modifying the model for the random 

effects in (5.1.2). For example, the multilevel version of the Lindstrom and Bates 

(1990) model for two levels of nesting is written as a two-stage model in which 

the first stage expresses the response ijky for the kthobservation on the jth

second-level group of the ith first-level group as  

ijiijkijkijkijk nkMjMivfy ,...,1;,,...,1;,,...,1;),(   , (5.2.1) 

Where M is the number of first-level groups, iM is the number of second-level 

groups within the ith first-level group, ijn is the number of observations on the 

jth second-level group of the ithfirst-level group, and ijk is a normally distributed 

within-group error term. As in the single-level model, f is a general, real-valued, 

differentiable function of a group-specific parameter vector ijk and a covariate 

vector ijkv . It is nonlinear in at least one component of ij . The second stage of the 

model expresses ij as  

  
),0(~),,0(~ 21 



NbijNb

bBbBA

i

ijijkiijkijkijk 
    (5.2.2) 

As in the single-level model (5.1.2),  is a p -dimensional vector of fixed effects, 

with design matrix ijkA , which may incorporate time varying covariates. The first-

level random effects ib  are independently distributed 1q dimensional vectors with 

variance-covariance matrix 1 . The second-level random effects ijb are 2q -

dimensional independently distributed vectors with variance-covariance matrix 

2 , assumed to be independent of the first-level random effects. The random 
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effects design matrices jkiB , and ijkB depend on first and second level groups and 

possibly on the values of some covariates at the thk  observation. The within-

group errors ijk are independently distributed as ),0( 2N and are independent of 

the random effects. The assumption of independence and homoscedasticity for the 

within-group errors can be relaxed, 

 We can express (5.2.1) and (5.2.2) in matrix form as 
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For ,,...2,1;,...,2,1 iMjMi  where 
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Extensions of the NLME model to more than two levels of nesting are 

straightforward. For example, with three levels of nesting the second-stage model 

for the group-specific coefficients is 
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In this chapter we extend the basic nonlinear mixed effects model to allow 

heteroscedastic correlated within group errors. We describe how the nlme() 

function is used to fit the extended nonlinear mixed effects model and illustrate its 

various capabilities through examples. We also show the estimation of the simple 

nonlinear mixed effects models can be applied to the extended model and 

decomposition of variance, covariance structure of within group errors into two 

independent components: a variance structure and a correlation.  

5.3  General formulation of Extended Nonlinear Mixed Effects model 

 The basic single-level NLME model (5.1.3) assumes that the within-group 

errors i  are independent ),0( 2IN  random vectors. The extended single-level 

NLME model relaxes this assumption by allowing heteroscedastic and correlated 

within-group errors, being expressed for Mi ,...,1 as 
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iii
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NNb
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vfy
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



      (5.3.1) 

 Where, i are positive-definite matrices parameterized by a fixed, 

generally small, set of parameters . As in the basic NLME model, the within-

group errors i are assumed to be independent for different i and to be 

independent of the random effects ib .The 2 is factored out of the i for 

computational reasons (it can then be eliminated from the profiled likelihood 

function).  

 Similarly, the extended two-level NLME model generalizes the basic two-

level NLME model (5.2.3) described by letting  
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iijij MjMiN ,...,1;,...,1,);,0(~ 2  , 

Where ij are positive-definite matrices parameterized by a fixed vector. This 

readily generalizes to a multilevel model with Q levels of random effects.  

5.3.1 Estimation and computational methods  

 The estimation procedure of the nonlinear mixed effects model is 

described in this section. Because i is positive-definite, it admits an invertible 

square-root 2/1
i (Thisted, 1988), with inverse 2/1i , such that  

  2/12/
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      (5.3.2) 

And noting that  

    ),0(,0~ 22/12/22/* INN ii
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i
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ii    ,  

Thus, the model (5.3.1) can be written as  
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That is, *
iy is described by a basic Nonlinear mixed effects model.  



 

112 

 Since, the differential of the linear transformation i
T

ii yy 2/*  is simply 

iii dydy
2/1* 

 , the log-likelihood function corresponding to the extended 

Nonlinear mixed effectsmodel (5.3.1) is expressed as  
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The log-likelihood function )|,,,( *2 yl   corresponds to a basic NLME model 

with model function *
if . 

5.3.1.1Alternating Algorithm 

 The PNLS step of the alternating algorithm for the extended NLME model 

consists of minimizing, over   and ,,...,2,1, Mibi  the penalized nonlinear least-

square function 
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 The derivative matrices and working vector used in the Gauss-Newton 

algorithm for the PNLS step and also in the LME step are defined as 
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Where, 

)*(ˆ w
iX is the response vector 
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)(ˆ w
iZ is the fixed effects design matrix 

)*(ˆ w
iw is the random effects design matrix 

 The LME approximation to the log-likelihood function of the extended 

single-level NLME model is  

i
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Which has the same form as the log-likelihood of the extended single-level LME 

model. The log-restricted-likelihood for the extended NLME model is similarly 

defined. 

5.3.2 Laplacian and Adaptive Gaussian Approximations  

For the extended single-level NLME model, the objective function which 

is minimized to produce the conditional modes ib̂ used in the Laplacian and 

adaptive Gaussian approximations is  
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The modified Laplacian approximation to the log-likelihood of the 

extended single-level NLME model is then given by: 
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And the adaptive Gaussian approximation is given by  
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 In order to keep the optimization problem feasible, an “iteratively 

reweighted” scheme is used to approximate the variance function. The fixed and 

random effects used in the variance function are replaced by their current 

estimates and held fixed during the log-likelihood optimization. New estimates for 

the fixed and random effects are then produced and the procedure is repeated until 

convergence. In the case of alternating algorithm, the estimates for the fixed and 

random effects obtained in the PNLS step are used to calculate the variance 

function weights in the LME step. If the variance function does not depend on 

either the fixed effects or the random effects, then no approximation is necessary.  

The R function nls uses a Gauss-Newton algorithm to determine the 

nonlinearleast squares estimates of the parameters in a nonlinear regression 

model.  

5.4 Variance function for modeling heterocedasticity 

Variance functions are used to model the variance structure of the within 

group errors using covariates.They have been studied in detail in the context of 

nonlinear mixed effects models by Davidian and Giltinan(Davidian and Giltinan 

1995). Following Davidian and Giltinan (1995) we define the general variance 

function model for the within group errors in the extended single level nonlinear 

mixed effects model (4.1.3) as: 

 iijijiij njMivgbe ,...,2,1;,...,2,1);,,()|var( 22     (5.4.1) 
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Where ijiijij vbyE ],|[ is a vector of variance covariates,  is a vector of 

variance parameters and )(g is the variance function, assumed continuous in  . 

For example, if the within group variability is believed to increase with same 

power of absolute value of a covariate ijv , we can write the variance model as : 

 22 )()|var( ijiij vbe   

The variance function in this case is yxyxg ||),(  and the covariate ijv can 

be the expected value ij . The variance function formulation (5.4.1) is very 

flexible and inductive, because it allows the within group variance to depend on 

the fixed effects  , and the random effects ib , through the expected values ij . 

However as discussed in Davidian and Giltinan (1995), it poses some theoretical 

and computational difficulties as the within group errors and the random effects 

can no longer assumed to be independent. Under the assumption that 0]|[ iij beE

, it is easy to verify that ))|(var()var( iijij beEe  , so that the dependence on the 

unobserved random effects can be avoided by integrating them out of the variance 

mode. Because the variance function of g is generally non-linear in ijb integrating 

the random effects out of the variance model (5.4.1) does not lead to a 

computationally feasible optimization procedure. Instead we proceed as in 

Davidian and Gillinan (1995) and use an approximate variance model in which 

the expected value iju are replaced by their BLUPs 

 i
T
ij

T
ijij bzx ˆˆ    

Where ijx and ijz denotes, respectively the thj row of iX and iZ , thus 

 iijijij njMivgeV ,...,2,1;,...,2,1);,,ˆ()( 22      (5.4.2) 

Under this approximation, the within group error are assumed independent 

of the random effects as in (4.1.3) and the results in section 5.3.1 can still be used. 
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Note that if the conditional variance model (5.4.1) does not depend on ij , (5.4.2) 

gives the exact marginal variance and no approximation is required.  

When the conditional variance model (5.4.1) depends on ij , the 

optimization algorithm follows an “iteratively reweighted” scheme, for given 

)()()( ,, ttt  , the corresponding BLUP’s )(ˆ t
ij can be obtained and held fixed while 

the objective function is optimized to produce new estimates )1()1()1( ,,  ttt 

which in turn give updated BLUP’s )1(ˆ t
ij with the process iterating until 

convergence. The resulting estimates approximate the (restricted) maximum 

likelihood estimates. When the variance model does not involve ij the likelihood 

can be directly optimized producing the exact (restricted) maximum likelihood 

estimates. 

5.5  Decomposing the within group variance covariance structure 

The i matrices can always be decomposed into a product of simpler matrices: 

 iiii VCV       (5.5.1) 

Where, iV is diagonal and iC is a correlation matrix, that is a positive definite 

matrix with all diagonal elements equal to one. The matrix iV in (5.5.1) is not 

uniquely defined, as we multiply any number of its rows by -1 and still get the 

same decomposition. To ensure uniqueness, we require that all the diagonal 

elements of iV be positive. It is easy to verify that: 

 22 ][)var( ijij ve  , and  

 jkijkij ceecor ][),(   

So that iV describes that variance and iC describes the correlation of the within 

group errors ie . This decomposition of i into variance structure component and a 

correlation structure component is convenient both theoretically and 
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computationally. It allows us to model and develop codes for the two structures 

separately and to combine them into a flexible family of models for the within 

group variance covariance.  

5.6 Fitting of Nonlinear Mixed Effects Model 

 The nlme function of R-software includes several optional arguments. 

The model argument is required and consists of either a two-sided formula 

specifying the nonlinear model to be fitted, or an nlsList object. Any R 

nonlinear formula can be used, giving the function considerable flexibility. As 

with the nls fits, there is an advantage of encapsulating the model expression in 

an R function when fitting an nlme model, in that it allows analytic derivatives of 

the model function to be passed to nlme and used in the optimization algorithm. 

The R function derive can be used to createmodel functions that return the 

value of the model and its derivatives as a gradient attribute. If the value 

returned by the model function does not have a gradient attribute, numerical 

derivatives are used in the optimization. The arguments fixed and random are 

formulas, or lists of formulas, defining the structures of the fixed and random 

effects in the model. Each parameter in the model will usually have an associated 

fixed effect, but it may, or may not, have an associated random effect. Because the 

nlme model assumes that all random effects have expected value zero, the 

inclusion of a random effect without a corresponding fixed effect would be 

unusual. Any covariate defined in the fixed and random formulas can, 

alternatively, be directly incorporated in the model formula. However, declaring 

the covariates in fixed and random allows for more efficient calculation of 

derivatives and is useful for update methods.  

 Data names a data frame in which any variables used in 

model,fixed, random, and groups are to be evaluated. Thegroups 

argument is a one-sided formula, or an R expression, which when evaluated in 

data, returns a factor with the group label of each observation. The 



 

118 

startargument provides a list, or a vector, of starting values for the iterative 

algorithm. Table 5.1 lists the most important methods for class nlme.  

 

Table 5.1: Mainnlme methods 

ACF empirical autocorrelation function of within-group 
residuals 

Anova likelihood ratio or Wald-type tests 

augPred predictions augmented with observed values 

coef estimated coefficients for different levels of grouping  

fitted fitted values for different levels of grouping 

fixef fixed-effects estimates 

intervals confidence intervals on model parameters 

loglik log-likelihood at convergence   

pairs scatter-plot matrix of coefficients or random effects 

plot diagnostic Trellis plots 

predict predictions for different levels of grouping 

print brief information about the fit 

qqnorm normal probability plots 

ranef random-effects estimates 

resid residuals for different levels of grouping 

summary more detailed information about the fit 

update update the lme fit 

Variogram semivariogram of within-group residuals 

 

We illustrate the use of these methods through the use of the data of 

Applehpd data as discussed in chapter-1.We can now use the nlme method to 

display the results and to assess the quality of the fit. We first fit a model using the 

nlme()function of R-software where we assume homoscedasticity i.e., we fit a 

homoscedastic nonlinear mixed effects model. The results obtained are given in 

Table 5.2. 
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Table 5.2: Summary of the results of the fixed effects obtained by fitting 
Homocedastic Nonlinear mixed effects model 

  Value  Std.Error t-value  p-value 

Asym  139.14164 9.666241 14.3946000.000 

Xmid  40.79059 2.289960 17.812790        0.000 

scal  13.92837 1.288380 10.810760        0.000 

Table 5.2 provides the values of different fixed effects along with their 

standard error, t-value and p-value.From the table it is clear that all the three 

parameters have a significant role in the yield.  

Table 5.3: 95% confidence intervals for fixed effects 

  lower  estimate  upper 

Asym  124.23299 140.54153  156.85007 

xmid  37.36638 41.34033  45.31428 

scal  11.67813 14.17846  16.67878 

Table 5.4: 95% confidence intervals for random effects 

    lower  estimate upper 

sd(Asym)   2.667605 7.347657 20.2384 

Within-group standard error 5.373930 6.921892 8.915744 

 Table 5.3 and 5.4 provides the approximate 95% confidence intervals for 

the fixed and random effects of the homosedastic mixed effects model. It is clear 

from the above table that the within group standard error has a larger value of 6.92 

with an interval of 5.37-8.91. 
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Fig. 5.1: Plot of standardized residuals versus fitted values for the 
homoscedastic fitted model 

From the above Fig. 5.1 there is clear indication of the within-group 

heterosedasticity because the fitted values are bounded away from zero. So we use 

the varPower (varPower() function of nlme() library of R) variance function 

to model the heterosedasticity.  

5.6.1  Variance function in nlme 

The nlme library of R-software provides a set of classes of variance 

functions, the varfunc classes, that can be used to specify the within group 

variance models in the extended nonlinear mixed effects model. Table 5.1 lists the 

standard varfunc classes induced in the nlme library. The varfunc 

constructors have the same name as their corresponding class. 
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Table 5.5: Standard var-Func classes 

VarFixed Fixed variance 

VarIdent Different variance per stratum 

VarPower Power of covariance 

VarExp Exponential of covariates 

VarConstPower Constant plus power of covariates 

VarCanb Combination of variance function 

 

The two main arguments for most of the varFunc constructors are value 

and form. The first specifies the value of the variance parameter   and the 

second is a one-sided formula specifying the variance covariate V and optionally a 

stratification variable for the variance parameters- different parameters are used 

for each level of stratified variable.  

5.6.2 Using variance function with nlme() 

The above mentioned variance functions can be used in the nlme() 

functions using the weights argument. By default, weights=NULL, 

corresponding to a homoscedastic variance model for the within group errors. 

Variance models can be specified in weights either as a one-sided formula, in 

which case it is passed as the single argument to the varFixed constructors, or 

as a varFunc object, created using the standard constructors given in 5.5.1. To 

illustrate the use variance function in nlme we continue with the Applehpd dataset 

in which the presence of heterosceadsticity can be seen so we next fit the 

heteroscedastic nonlinear mixed effects model. The fitted heteroscedastic 

nonlinear mixed effects model is given in Table 5.6. 
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Table 5.6: Summary of results of the fixed effects obtained by fitting 
Heterosedastic Nonlinear mixed effects model 

  Value  Std.Error t-value               p-value 

Asym  116.97947 5.484656 21.328500         0.000 

xmid  33.99852 1.506414 22.569170         0.000 

scal  9.26038 0.631472 14.664730         0.000 

Table 5.6 provides the values of different fixed effects along with the 

standard error, t-value and p-value. From the table it is clear that there is 

significant increase in parameters associated with yield. 

 

Table 5.7: 95% confidence intervals for fixed effects 

   lower  estimate  upper 

Asym   106.267502 116.979473  127.69144 

xmid   31.056378 33.998525  36.94067 

scal   8.027059 9.260375  10.49369 

 

Table 5.8: 95% confidence intervals for random effects 

    lower  estimate     upper 

sd(Asym)   1.2434          3.4566                 7.5677 

Within-group standard error 1.6758          2.65434     4.5456 

 

As can be seen from the table above that the within group error assumes a 

smaller value of 2.65 with a 95% interval of 1.67-4.55. 
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Fig. 5.2: Plot of standardized residuals versus fitted values for the 
VarPower (heteroscedastic) fitted model 

We can test the significance of the variance parameter in the varPower 

model using the anova method which as expected strongly rejects the assumption 

of homosedasticity. The results obtained are given in the Table 5.8. 

 

Table 5.9: Empirical comparison of the fitted models i.e Homosedastic 
nonlinear mixedeffects model and Heterosedastic nonlinear 
mixed effects model 

 Model               AIC              BIC            logLik    L.Ratio         p-value 

Homocedastic238.0995 247.0785 113.0497   

Heterosedastic236.0881 243.5707 110.044          10.011         0.00152 

 

Thus, it can be concluded from the above table that the heterosedastic 

model is the better fit since AIC/BIC is lowest also the likelihood ratio test is 

significant which supports our conclusion.  
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5.6.3  Correlation structure for modeling dependence 

Correlation structures are used to model dependence among observations. 

In case of the Nonlinear mixed effects models, correlation structures are used to 

model dependence among the within groups errors. Historically correlation 

structures have been developed for two main classes of data: time series data and 

spatial data. To establish a general framework for correlation structures, we 

assume that the within-group errors ije  are associated will position vector ij . The 

correlation structures used in this chapter are assumed to be isotropic (Cressie 

1993); i.e. the correlation between two within group errors ', ijij ee  are assumed to 

depend on the corresponding position vector ', ijij  onlythrough same distance 

between them say )',( ijijd   andnot on the particular values they assume. The 

general within group correlation structure for single level grouping for Mi ,...,1  

and inj ,...,1  can be expressed as 

  ]),',([)',(  ijijijij dheeCor      (5.6.1) 

Where   is vector of correlation parameters and )(h  is a correlation function 

taking values between -1 and 1 assumed continuous in   and such that 1),0( h

, that is if two observations have identical position vectors, they are the same 

observations and therefore have correlation 1. 

5.6.4 Spatial correlation structures  

 These were originally proposed to model dependence in data indexed by 

continuous two dimensional position vectors, such as geostatistical data, lattice 

data and point patterns. Here we consider only isotropic spatial correlation 

structures which can be given as continuous function of same distance between 

position vectors that are easily generalized to any finite number of position 

dimensions. The basic reference for spatial correlation structure used will be the 

mixed effects models(Diggleet al., 1994). 
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 For simplicity of notations we denote by xe  the observations taken at 

position
T

rxxx ),...,( 1 . Any distance metric may be used with isotropic spatial 

correlation structures, the most common being the Euclidean distance which in 

our case can be defined as : 

   


r

1i

2
iiyxE )y(x)e,(ed  

Other popular choices are Manhattan or L1 distance 

  



r

i
iiyxMan yxd

1

||),(   

and maximum distance 

  ||,...,1max),(max iiiyx yxrd   

 Spatial correlation structures can generally be represented by their 

semivariogram, instead of their correlation function (Cressie 1993). The 

semivariogram of an isotropic spatial correlation structure with a distance function 

)(d can be defined as: 

  2
yxyxyx )e(eE

2

1
)e(evar

2

1
λ)),e,(e(dλ    (5.6.2) 

with the last equality following from 0)()(  yx eEeE . The within group errors 

can be standardized to have unit variance, without changing their correlation 

structure. So without loss of generality, we assume that xex 1)var( . In this 

case (.) will depend only on the correlation parameters  and it is easy to verify 

that : 

  ),(1),(  shs   
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 It follows from 1),0( h that 0),0(  . The standardized residuals 

ij

ijij

ij

yy
r

̂

)ˆ( 
 with )var(2

ijij e , are the primary quantities used for estimating 

the semivariogram. The classical estimator of the semivariogram (Matheron 

1962)can be expressed as  

                                 )jri(rij
(s) 2N

1
= (s)γ̂

2M

1i )p,(pd ijij

 


  (5.6.3) 

where )( sN  denotes the number of residual pairs at a distance s of each other. 

Because  (s)γ̂ uses the squared differences between residual pairs, it can be quite 

sensitive to outliers. Furthermore, because each residual ijr  appears in 1in  

squared differences in (5.6.3), a single outlier can affect the estimation of the 

semivariogram at several distances. A robust estimator of the semivariogram 

proposed by Cressie and Hawkins(Cressie and Hawkins 1980), uses the square-

root differences to reduce the influence of outliers.  

 )(/494.0457.0||
)(2

1
)(ˆ

4

2/1' sNrr
sN

s ijij 









   (5.6.4) 

5.6.5 Correlation structures in nlme 

 The nlme library of R-software provides a set of classes of correlation 

structures, the corstruct() classes, which can be used to specify within-group 

correlation models in the extended nonlinear mixed effects model (Table 5.10) 

lists the standard corstruct classes in the nlme() library. The corstructure 

constructors have the same names as other corresponding classes.  
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Table 5.10:Standard construct classes 

Corcompsymm  Compound summary 
Corsymm  General  
Cor ARI Autoregressive of order 1 
Cor ARM Autoregressive moving average  
Cor Exp Exponential  
Cor Gaus Guassian  
Cor Lin Linear  
Cor ratio  Rational  
Cor sphare Spherical  

 The two main arguments to most of the construct constructors are 

value and form. The first specified the values of the correlation parameters and 

the second is a one sided formula specifying the position vector and optionally a 

grouping variable for the data-observations in different groups are assumed 

independent.The argument fixed available in all construct constructors may be 

used to specify fixed correlation structures, wherecoefficient are not allowed to 

change during the numerical optimization in the modeling functions. If fixed = 

true the coefficients in the structure are fixed otherwise not. Default is fixed = 

FALSE. Several methods are available for each corstruct class, including 

initialize which initializes position vector and grouping variables, and 

cormatrix, which extracts the within-group correlation matrix.  

5.6.6 Using correlation structure with nlme  

 Correlation structures can be specified in nlme through the correlation 

argument. By default correlation =NULL corresponding to uncorrelated 

within group errors. Correlation structures can be specified as corstruct 

objects, created using the standard constructor. In this section we will describe the 

use of correlation models in nlme() through the analysis of examples of grouped 

data with correlated within group errors. While assessing the adequacy of a 

correlation model, it is often useful to consider diagnose plots of the normalized 

residuals, if the within group variance covariance model is correct, the normalized 
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residuals should be approximately distributed as independent N (0, 1) random 

vectors. 

 We revisit the Applehpd data set discussed in chapter one to illustrate the 

use of corStruct classes in nlme in combination with variance functions. The 

corStruct classes representing spatial correlation structures are corExp, corGaus, 

corLin, corRatio and corSpher. The augment form is one sided formula specifying 

a position vector and optionally, a grouping variable. The coordinates of the 

position vector must be numeric variables, but are otherwise unrestricted. The 

augment metricis a character string specifying a metric to be used for calculating 

the between pairs distances. Possible values include “Euclidean”, “maximum” and 

“manhattan” corresponding to the metrics. 

 The Variogram method for the nlme() class estimates the sample 

semivariogram from the residuals of the nlme() object. The augments resType 

and robust control, respectively, are used to decide what type of the 

residuals should be used(“pearson” or “response”) and whether the robust 

algorithm () or the classical algorithm () should be used to estimate 

the semivariogram. The defaults are resType=”pearson” and 

robust=False, so that classical estimates of the semivariogram are obtained 

from the standardized residuals. The augment form is a one-sided formula 

specifying the position vector to be used for the semivariogram calculations. The 

results obtained by using the varCorr() model are summarized in the Table 5.11. 
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Table 5.11:  Variogram of the data obtained at different distances for 
different pairs of observations 

Variogram         Distance        No. of pairs 

0.4921405    7     30 

1.1092445    14     27 

1.5519567   21     24 

1.4869038   28     21 

1.0774536   35     18 

0.7486675   42     15 

0.6162776   49     12 

0.6793361   56     9 

1.2092667   63     6 

2.4403386    70     3 

 The columns in the table returned by Variogram represent, respectively, 

the sample semivariogram, the distances, and the number of residual pairs used in 

the estimation. Because of the imbalance in the tca measurements, the number of 

the residual pairs used at each distance varies considerably, making some 

semivariogram estimates more reliable than the others.In general, the number of 

residual pairs used in the semivariogram estimation decreases with distance, 

making the values at large distances unreliable. We can control the maximum 

distance for which semivariogram estimates should be calculated using the 

argument maxDist(). A graphical representation of the sample semivariogram 

is obtained with the plot method for class Variogram is reported in Fig. 5.3 below. 
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Fig. 5.3: Sample semivariogram estimates corresponding to the 
standardized residuals of the fitted varPower model 

 As can be seen from Fig. 5.3, a loess smoother is to enhance the 

visualization ofsemivariogram patterns. The semivariogram seems to increase 

with distance up to 25 and then decreases at 50 and then again goes up at 53. The 

empirical ACF is used to investigate the correlation at different lags. The ACF 

method can also be used with nlme objects. 
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5.12: The empirical ACF at different lags 

  Lag         ACF 

  0   1.00000000 

  1   0.24204168 

  2   -0.28284766 

  3   -0.42792059 

  4   -0.46384734 

  5   -0.05096052 

  6   0.33300306 

  7   0.57722063 

  8   0.13677655 

  9   -0.22742765 

  10   -1.02560784 

Because they are based on fewer residual pairs, empirical autocorrelations at 

larger lags are less reliable. We can control the number of lags calculated in ACF 

using the maxLag argument. We use it in the plot of empirical ACF, displayed in 

figure 5.4.  

 

Fig 5.4: Empirical autocorrelation function corresponding to the 

standardized residuals of the fitted objects 
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 The figure 5.4 shows that only the lag-1 autocorrelation is significant at 

the 5% level, but the lag-2 is significant. This suggests two different candidate 

correlation structures for modeling the within-group error covariance structure: 

)1(AR and )2(MA . The two correlation models are not nested, but can be 

compared using the information criteria provided by the anova method, AIC and 

BIC. The empirical lag-1 autocorrelation is used as a starting value for the 

corAR1 coefficient. The results obtained by the anova method is summarized in 

table 5.13. 

Table 5.13: Empirical comparison of the fitted Autoregressive of order 1 

model and Autoregressive moving average (0,1) model 

Models                         AIC   BIC logLik    L.Ratio test         p-value 

Autoregressive 231.60 242.07-108.80 

of order 1 

Autoregressive           229.28  240.26  -107.642.312                   0.1283 

moving Average(0,1) 

 

The )1(AR model uses one fewer parameter than the )2(MA model to give a larger 

log-likelihood and hence is the preferred model by both AIC and BIC.  

An alternative, “intermediate model between the )1(AR and )2(MA correlation 

structures is the )1,1(ARMA model. This structure has an exponentially decaying 

ACF for lags 2 , but allows greater flexibility in the lag-1 autocorrelation. 

Because the )1(AR model is nested within the )1,1(ARMA model, they can be 

compared by anova method. The results are summarized in table 5.14. 

 

 



 

133 

Table 5.14: Empirical comparison of the fitted Autoregressive of order 1 

model and Autoregressive moving average (1,1) model 

Models                          AIC    BIC      logLik    L.Ratio test         p-value 

Autoregressive  231.60    242.07   -108.80 

of order (1)      

Autoregressive             224.28    235.26  -105.64        4.201           0.0318 

Moving Average(1,1) 

 

The )1,1(ARMA gives a significantly better representation of the within-group 

correlation, as indicated by the small p-value for the likelihood ratio test. So we 

use )1,1(ARMA  model for the within-group errors, and the results obtained are 

summarized in table 5.15. 

Table 5.15: Summary of results of the fixed effects obtained by fitting 
)1,1(ARMA  model  

                    Value          Std.Error          t-value           p-value 

Asym          134.93           8.83                 15.28           0.000 

xmid            39.57             2.59                15.24                   0.000 

scal              12.35             1.38                 8.97                    0.000 

 

Table 5.15 provides the values of different fixed effects along with their standard 

error, t-value and p-value. We assess the variability in )1,1(ARMA model with the 

intervals method. The 95% confidence intervals for the variance components are 

obtained as: 
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Table 5.16: 95% confidence intervals for fixed effects 

                        lower                estimate               upper 

Asym            117.68                 134.93                152.18 

xmid              34.50                    39.57                 44.64 

scal                9.68                      12.34                  15.04 

Table 5.17: 95% confidence intervals for random effects 

                                                          lower           estimate         upper 

sd(Asym)                                          2.566             4.877            9.444 

Within-group standard error              0.0243           0.044            0.354 

Correlation structure range                0.486              0.544          0.947 

As can be seen from both the tables, the confidence interval is bounded away from 

zero, suggesting that the )1,1(ARMA  model produced a significantly better fit.  

 When an lme object includes a corStruct object, we can further assess the 

adequacy of the correlation model with the plot method. In this case, instead of a 

loess smoother,the fitted semivariogram corresponding to the corStruct object is 

displayed in the plot.   
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Fig 5.5: Sample semivariogram estimates corresponding to the 
standardized residuals of the fitted Autoregressive Moving 
Averages (1,1)  

 A loess smoother is added to the plot to enhance the visualization of 

patterns in the semivariogram. The robust semivariogram estimator is used to 

reduce the influence of an outlying value at distance 1 on the loess smoother. The 

sample semivariogram estimates in Fig 5.5 appear to vary randomly around y=1 

line, suggesting that the normalized residuals are approximately uncorrelated and  

hence the )1,1(ARMA model is adequate model.  
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Chapter 6 

NON-PARAMETRIC APPROACH OF LINEAR REGRESSION 
MODEL 

 The classical approach of estimating a regression function is called a 

parametric regression estimation. In a parametric regression model it is assumed 

that the structure of the regression function is known and depends only on finitely 

many parameters, and the data is used to estimate the (unknown) values of these 

parameters. In linear regression it is assumed that the regression function is a 

linear combination of the components of .,.,),...,( )()1( eixxx Td  

  



d

i

dTdi
i

d Rxxxaaxxm
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0

)()1( )),...,((),...,(
                (6.1)

 

for some unknown Raa d ,...,0 . Then data is used to estimate these parameters, 

e.g., by the principle of least squares method, where the coefficients daa ,...,0 of 

the linear function are used such that it best fits the given data: 
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 (6.2)

 

Here 
)(i

jX denotes the thi component of jX and )(minarg xfz Dx is the 

abbreviation for Dz )(min)( xfzf Dx . And finally the estimate is defined by  

  



d

i

dTdi
in Rxxxaaxm

1

)()1()(
0 )),...,((ˆˆ)(ˆ

   (6.3)
 

 Parametric estimates usually depend only on a few parameters, thereby 

making them suitable for small sample sizes n , if the parametric model is 

appropriately chosen. Furthermore, they can be easily interpreted. In a linear 

model (when )( xm is a linear function) for instance, the absolute value of the 



 

137 

coefficient iâ indicates how much change in the value of thi component of X

influences the value of Y , and the sign of iâ describes the nature of influence.  

 However, the parametric estimates have a big drawback. Regardless of the 

data, a parametric estimate does not approximately fit the regression function 

better than the best function which has the assumed parametric structure. This 

inflexibility concerning the structure of the regression function is avoided by so-

called nonparametric regression estimates. The nonparametric approach is to 

choose f from some smooth family of functions. Thus the range of potential fits 

to the data is much larger than the parametric approach. We do need to make 

some assumptions about f that it has some degree of smoothness and continuity, 

but these restrictions are far less limiting than the parametric way.  

 Smoothing is the term for relatively simple nonparametric regression; 

when it is apparent that the values of data or the distribution of data are being 

“ironed out”, the procedure is called smoothing. The establishment of the field of 

smoothing originates with the fact that techniques categorized as smoothing are 

beneficial data analysis methods when considered in isolation, and the historical 

circumstance that the evolution of smoothing has become integrated into the 

development of non-parametric regression, which forms a significant realm within 

the field of statistical analysis. Smoothing should not, however, be defined as 

simple nonparametric regression because parametric regression is also used for 

smoothing. Hence, smoothing is divided into that by parametric regression and 

that by nonparametric regression in the strict sense.  

 The relationships among these terms are drawn as a Venn diagram in fig 

6.1, which shows that nonparametric regression is involved in both regression 

equation estimation and probability density function estimation.  
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Fig. 6.1: Venn Diagram of the relationship between parametric 
regression and nonparametric regression  

 

6.1  General formulation of Nonparametric regression model 

 The nonparametric regression model can be written as  

  iii XmY  )(
      (6.1.1)

 

Where )( iii XmY  satisfies 0)|( ii XE  . Thus, iY can be considered as the 

sum of the value of the regression function at iX and some error i , where the 

expected value of the error is zero. This motivates the construction of the 

estimates by local averaging, i.e., estimation of )(xm by the average of those iY  

where iX is “close” to x . Such an estimate can be written as 

  i

n

i
inn YxWxm .)()(

1
,




      (6.1.2)

 

Where the weights  ),...,,()( 1,, ninin XXxWxW depend on nXX ,...,1 . Usually 

the weights are nonnegative and )(, xW in is “small” if iX is “far” from x . 

Estimation of 

regression function  

Parametric 
regression  

 Smoothing 

 Nonparametric 
regression 

Estimation of 
probability density 
function  

Estimation of 
nonparameteric 
probability 
density function 
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An example of such an estimate is the partitioning estimate. Here one chooses a 

finite or countably infinite partition ,...},{ 2,1, nnn AA  of d consisting of Borel 

sets 
d

jnA , and defines, for jnAx , , the estimate by averaging sYi ' with the 

corresponding sXi ' in jnA , , i.e., 
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Where AI denotes the indicator function of set A , so  
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Here and in the following we use the convention 0
0

0
 . 

 The second example of a local averaging estimate is the Nadaraya-Watson 

kernel estimate. Let dK : be a function called the kernel function, and 

let 0h be a bandwidth. The kernel estimate is defined by  
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So  
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If one uses the so called naïve kernel (or window kernel) }1{
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i.e., one estimates )(xm by averaging sYi ' such that the distance between iX and x

is not greater than h .  

For more general dK : one uses a weighted average of the iY , where the 

weight of iY (i.e., the influence of iY on the value of the estimate at x ) depends on 

the distance between iX and x (Györfiet al., 2006). 

6.2  Estimation and computational method  

6.2.1  Kernel estimators 

 In its simplest form the kernel estimators is just a moving average 

estimator. The estimate of m called )(ˆ xmh is  
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K is a kernel where   1K . The moving average kernel is rectangular, but 

smoother kernels can give better results, h is called the bandwidth, window width 

or smoothing parameter. It controls the smoothness of the fitted curve. 

If the sx ' are spaced very unevenly, then this estimator can give poor results. This 

problem is somewhat ameliorated by the Nadaraya-Watson estimator 
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 This estimator simply modifies the moving average estimator so that it is a 

true weighted average where the weights for each Y  will sum to one.  

It is worth understanding the basic asymptotic of kernel estimators. The optimal 

choice of h gives: 

  )())(ˆ)(()( 5/42  nOxmxmExMSE h  

 MSE stands for mean squared error and this decreases at a rate 

proportional to 5/4n with the sample size. Compare this to the typical parametric 

estimator where )()( 1 nOxMSE , but this only holds when the parametric model 

is correct. So the kernel estimator is less efficient. Indeed, the relative difference 

between the MSEs becomes substantial as the sample size increases. However, if 

the parametric model is incorrect, the MSE will be )1(O and the fit will not 

improve past a certain point even with unlimited data. The advantage of the 

nonparametric approach is the protection against model specification error. 

Without assuming much stronger restrictions on m , nonparametric estimators 

cannot do better than )( 5/4nO . 

 The implementation of a kernel estimator requires two choices: the kernel 

and the smoothing parameter. For the choice of kernel, smoothness and 

compactness are desirable. We prefer smoothness to ensure that the resulting 

estimator is smooth. We also prefer a compact kernel because this ensures that 

only data, local to the point at which m is estimated, is used in the fit. This means 

that the Gaussian kernel is less desirable, because although it is light in the tails, it 

is not zero, meaning in principle that the contribution of every point to the fit must 

be computed. The optimal choice under some standard assumptions is the 

Epanechnikov kernel. 
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 This kernel has the advantage of some smoothness, compactness and rapid 

computation. This latter feature is important for larger datasets, particularly when 

re-sampling techniques like bootstrap are being used. Even so, any sensible choice 

of kernel will produce acceptable results, so the choice is not crucially important.  

 The choice of smoothing parameter h is critical to the performance of the 

estimator and far more important than the choice of kernel. If the smoothing 

parameter is too small, the estimator will be too rough; but if it is too large, 

important features will be smoothed out. 

6.2.2  Splines  

 The model is iii XmY  )( , so the spirit of least squares, we might 

choose m̂ to minimize the   21 ))(( iin
xmyMSE . The solution is ii yxm )(ˆ . 

Suppose we choose m̂ to minimize a modified least squares criterion: 

    dxxmhxfY iin

221 )](''[))((
      (6.2.4)

 

Where 0h is the smoothing parameter and  dxxm 2)](''[ is a roughness penalty. 

WhenM is rough, the penalty is large, but when m is smooth, the penalty is small. 

Thus the two parts of the criterion balance fit against smoothness. This is the 

smoothing spline fit. 

 For this choice of roughness penalty, the solution is of a particular form: 

m̂ is a cubic spline. This means that m̂ is a piecewise cubic polynomial in each 

interval )1,( ii xx (assuming that the sxi ' are stored). It has the property that 

'ˆ,ˆ mm and ''m̂ are continuous. Given that we know the form of the solution, the 

estimation is reduced to the parametric problem of estimating the coefficients of 

the polynomials. This can be done in a numerically efficient way.  

 Other choices of roughness penalty can be considered, where penalties on 

higher-order derivatives lead to fitswith more continuous derivatives. We can 
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also use weights by inserting them in the sum of squares part of the criterion. This 

feature is useful when smoothing splines are means to an end for some larger 

procedure that requires weighing. A robust version can be developed by 

modifying the sum of squares criterion to: 

  dxxmhxfy ii
2)](''[))((

                            (6.2.5)
 

Where xx )( is one possible choice. 

 The other class of splines is the regression splines. Regression splines 

differ from smoothing splines in the following way: For regression splines, the 

knots of the B-splines used for the basis are typically much smaller in number 

than the sample size. The number of knots chosen controls the amount of 

smoothing. For smoothing splines, the observed unique x values are the knots and 

h is used to control the smoothing. It is arguable whether the regression spline 

method is parametric or nonparametric, because once the knots are chosen, a 

parametric family has been specified with a finite number of parameters. It is the 

freedom to choose the number of knots that make the method nonparametric. One 

of the desirable characteristics of a nonparametric regression estimator is that it 

should be consistent for smooth functions. This can be achieved for regression 

splines if the number of knots is allowed to increase at an appropriate rate with the 

sample size. 

6.2.3 Lowess  

 The Lowess procedure implements a nonparametric method for estimating 

regression surfaces pioneered by Cleveland, Devlin and Grosse (Cleveland, 

Devlin and Grosse 1988), Cleveland and Grosse (Cleveland and Grosse 1991), 

and Cleveland, Grosse and Shyu (Cleveland, Grosse and Shyu 1992). The Lowess 

procedure allows great flexibility because no assumptions about the parametric 

form of the regression surface are needed. The Lowess procedure is suitable when 

there are outliers in the data and a robust fitting method is necessary. Lowess is an 

acronym for locally weighted scatterplot smoother. 
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Assume that for ni ,...,1 , the thi measurement iy of the response y and the 

corresponding measurement ix of the vector x of p predictorsare related by 

  iii xgy  )(
      (6.2.6) 

Where g is the regression function and i is a random error. The idea of local 

regression is that near 0xx  , the regression function )(xg can be locally 

approximated by the value of a function in some specified parametric class. Such 

a local approximation is obtained by fitting a regression surface to the data points 

within a chosen neighborhood of the point 0x .  

 In the Lowess method, weighted least squares is used to fit linear or 

quadratic functions of the predictors at the centers of neighborhoods. The radius 

of each neighborhood is chosen so that the neighborhood contains a specified 

percentage of the data points. The fraction of the data, called the smoothing 

parameter, in each local neighborhood controls the smoothness of the estimated 

surface. Data points in a given local neighborhood are weighted by a smooth 

decreasing function of their distance from the center of the neighborhood. The 

computational method is explained as: 

Step 1: Defining the window width 

The first step is to define the window width m , that encloses the closest 

neighbours to each data observation (the window half-width is labelled h ). 

We call this focal X . 

Step 2: Weighting the data 

We then choose a weight function to give greatest weight to observations 

that are closest to the focal X observation. In practice, the tricube weight 

function is usually used.Let hXXZ ii /)( 0 , which is the scaled 

distance between the predictor value for the thi observation and the focal X

. 
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 Here ih is the half-width of the window centered on iX .Notice that 

observations more than h  (the half-window or bandwidth of the local 

regression) away from the focal X receive a weight of 0.  

Step 3: Locally weighted least squares 

A polynomial regression using weighted least squares (using the tricube 

weights) is then applied to the focal X observation, using only the 

nearestneighbour observations to minimize the weighted residual sum of 

squares. Typically a local linear regression or a local quadratic regression 

is used, but higher order polynomials are also possible. 

  i
p

ipiii xxBxxBxxBAY  )(...)()( 0
2

0201  

From this regression, we then calculate the fitted value for the focal X  

value and plot it on the scatterplot.  

Step 4: The Nonparametric Curve 

Steps 1-3 are carried out for each observation in the data. There is a 

separate local regression for each value of X .  

 A fitted value from these regressions for each focal X is plotted on the 

scatterplot.The fitted values are connected, producing the local polynomial 

nonparametric regression curve.  

 The growth rates of agricultural crops are mostly estimated by the linear 

regression models. However, it might be the case that these models may not fit the 

data well. Under such conditions it becomes essential to apply nonparametric 

regression, which is based on fewer assumptions. In last few years, nonparametric 

regression technique for functional estimation has become increasingly popular as 

a tool for data analysis.To study the nonparametric regression of trends and 

growth rates, long term data for last 42 years pertaining to the area, production 



 

146 

and productivity of apple is taken. To find out the path of the production process 

different parametric trend models are also fitted.Among the fitted models, the best 

model is selected on the basis of their goodness of fit (R2) value and significance 

of the coefficients. Further, the values of Finite Sample Corrected AIC (AICC), 

Root Mean Square Error (RMSE), Mean Absolute Percentage Error (MAPE), 

Mean Absolute Error (MAE), Max Absolute Percentage Error (MaxAPE), Max 

Absolute Error (MaxAE) are calculated for the area, production and productivity 

trends under nonparametric regression and parametric regression approaches. 

• Finite Sample Corrected AIC 

 
2

)1(2)],(log[2),(
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  Then on the basis of these values the parametric and nonparametric 

regression approaches are compared and the approach with minimum values of 
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AICc, RMSE, MAPE, MAE, MaxAPE and MaxAE is selected as the best fit for 

the long term trends. 

6.3  Numerical illustration 

 The parametric models fitted here are the quadratic model or second 

degree polynomial model 2
210 tbtbbYt  and the cubic model or the third 

degree polynomial model 3
3

2
210 tbtbtbbYt  . The dependent variable Y  is 

area, production and productivity and independent variable X  is the time points 

(years). The fitted models are shown in the table 6.1. 

Table 6.1: Trends in area, production and productivity of apple in 
Jammu and Kashmir 

 R2 
Constant 

b0 

b1 

 

b2 

 

b3 

 

RMSE 

 

MAPE 

 

MAE 

 

MaxAPE 

 

MaxAE 

 

Area 0.92 345.9 3.092 -0.024 0.041 11.09 2.89 4.09 5.83 32.56 

Production 0.91 37.32 -1.980 0.436 0.002 17.45 4.90 19.45 6.21 51.34 

Productivity 0.90 645.33 14.98 -0.432  76.90 6.34 34.78 17.98 91.34 

Area in ‘000 hectares, Production in ‘000 metric tons, Productivity in metric ton per hectare 

 

 The value of b2for area is negative which indicates that area under apple 

cultivation decreased in the middle part of the cultivation period and the value of 

b1and b2being positive clearly indicates that there was an increase in the 

cultivation area. Further, the negative value of b1for production is an indication of 

the decrease in the production during the initial period of the study and the 

positive values of b2&b3indicates an increase in the production. 

 The predicted values for Area, production and Productivity obtained by 

nonparametric regression models and are shown in the Table 6.2  

 

 

Table 6.2: Predicted values of Area, production and Productivity of Apple 
in Jammu and Kashmir 

Lowess Spline 
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Area 
(‘000hec) 

Production 
(‘000MT) 

Productivity 
(MT per hec) 

Area 
(‘000hec) 

Production 
(‘000MT) 

Productivity 
(MT per hec) 

45.568 308.116 6.33712 45.68266 287.2517 6.273 
47.197 334.191 6.64209 47.16725 318.7057 6.63 
48.901 360.266 6.94705 48.74917 349.9367 6.9818 
50.68 385.505 7.23333 50.54234 380.7536 7.3242 
52.56 410.744 7.51962 52.63166 410.9015 7.6521 

55.041 435.982 7.8059 55.00611 440.0733 7.9601 
57.404 460.421 8.07419 57.45991 468.0222 8.2448 
59.559 484.859 8.34249 59.56775 494.5811 8.5048 
61.251 509.297 8.61079 61.21571 519.7028 8.7401 
62.356 533.735 8.84956 62.53253 543.3313 8.9495 
63.453 558.173 9.08833 63.68769 565.2982 9.1294 
64.679 580.164 9.19719 64.7942 585.5523 9.2772 
65.842 602.156 9.30606 65.85267 604.2626 9.394 
66.888 624.147 9.41492 66.76057 621.9593 9.4861 
67.737 646.139 9.48595 67.54911 639.358 9.5623 
68.459 668.13 9.55697 68.37756 656.9153 9.6264 
69.48 688.002 9.58398 69.4504 675.0344 9.6811 

70.968 707.874 9.61099 70.93599 694.0998 9.7289 
72.921 727.745 9.638 72.86528 714.4357 9.7717 
75.258 747.617 9.65621 75.07868 736.2788 9.8106 
77.689 767.488 9.67441 77.39878 759.9386 9.8477 
79.946 795.199 9.73411 79.66308 785.6379 9.884 
82.121 822.91 9.79381 81.80116 813.5134 9.9191 
84.187 850.62 9.85352 83.86907 843.7533 9.9529 
86.246 888.566 9.90056 86.02191 876.6189 9.9863 
88.664 926.512 9.94761 88.39281 912.3287 10.0198 
91.609 964.458 9.99466 91.16757 951.1022 10.0545 
95.012 1012.729 10.04879 94.48858 992.9133 10.0894 
98.902 1061 10.10293 98.35757 1037.592 10.1228 
103.277 1109.271 10.15707 102.7509 1084.883 10.1533 
108.226 1157.542 10.1852 107.7095 1134.453 10.1796 
113.837 1205.813 10.21333 113.3316 1185.896 10.2008 
119.873 1255.705 10.19789 119.6613 1238.73 10.2158 
126.023 1305.596 10.18245 126.542 1292.397 10.2241 
132.965 1355.488 10.16701 133.7363 1346.308 10.2251 
141.107 1405.38 10.1621 141.1204 1399.893 10.2184 
148.241 1455.272 10.1572 148.443 1452.555 10.2028 
154.045 1506.627 10.14936 154.8748 1503.812 10.1782 
157.469 1557.982 10.14153 159.171 1553.919 10.149 
160.438 1609.337 10.13369 161.7802 1603.617 10.1204 
163.016 1660.692 10.11562 163.3824 1653.437 10.095 
165.222 1712.048 10.09755 164.4919 1703.698 10.0737 

 

 The fitted nonparametric models for Area under cultivation is shown in 

Table 6.3.  
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Table 6.3: Trends in area of Apple in Jammu and Kashmir using non-
parametric regression 

 Loess Splines 

Bandwidth 0.23 0.74 

R2 0.987 0.996 

AICc 1.77 1.02 

RMSE 3.03 2.21 

MAPE 1.33 1.22 

MAE 1.35 1.14 

MaxAPE 9.91 8.43 

MaxAE 16.95 14.13 

 

 Trend analysis of area using nonparametric regression is presented in the 

table6.3. In Table 6.3 the value of R2 is 0.987 for Loess. The AICc, RMSE, 

MAPE, MAE, MaxAPE and MaxAE values comes out be small for nonparametric 

regression for the area under apple cultivation in Jammu and Kashmir.According 

to the state’s horticulture department, around 1.5 million tonnes of apples 

areproduced in Kashmir annually. The production of apples in the state is growing 

every year as a result the percentageshare of Jammu & Kashmir in national 

production has also been increasing steadily; it has increased from, 63.5% 

inFY2006 to 77.2% in FY2010. The apple production in the year 2004-05 was 

10933.33 MT and in year it reached to1852.41 in the year 2010-11 (Sheikh and 

Tripathi, 2013). The area under the apple cultivation has increased over the years 

of study and is shown in Fig. 6.2.  
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obs_area=observed area, pred_area=predicted area 

Fig. 6.2: Observed and expected trends of area under apple cultivation 
using spline in Jammu and Kashmir 

 

Fig. 6.3: Fits with specified smooths for area of apple production 
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 The values of area are initially fitted at the smoothing parameters in order 

to obtain the best fit of the data points we obtain the graph of the data points in the 

neighborhood of the smoothing parameters and look for the curve which covers 

all the points of the data. The one which covers maximum points is the best fit of 

the data points. In fig 6.3 the smooth curve fits are obtained for area in the 

neighborhood of smoothing parameters i.e., at 0.10, 0.23, 0.40 and 0.50. It is 

observed that the best fit is obtained at smooth=0.23. 

 The fitted nonparametric regression models for production are shown in 

Table 6.4.  

 

Table 6.4: Trends in production of Apple in Jammu and Kashmir using 
non-parametric regression 

 Loess Splines 

Bandwidth 0.66 0.165 

R2 0.985 0.998 

AICc 0.25 0.10 

RMSE 1.35 1.04 

MAPE 11.73 10.89 

MAE 9.15 8.63 

MaxAPE 6.18 5.08 

MaxAE 4.80 4.03 

 

 In Table 6.4 the values for AICc,RMSE, MAPE, MAE, MaxAPE and 

MaxAE for production of apple in Jammu and Kashmir is minimum obtained by 

using the nonparametric regression models as compared to the fitted parametric 

model as shown in the Table 6.1.  
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 According to the state’s horticulture department, around 1.5 million tonnes 

of apples areproduced in Kashmir annually. The production of apples in the state 

is growing every year as a result the percentageshare of Jammu & Kashmir in 

national production has also been increasing steadily; it has increased from, 63.5% 

inFY2006 to 77.2% in FY2010. The apple production in the year 2004-05 was 

10933.33 MT and in year it reached to1852.41 in the year 2010-11 (Sheikh and 

Tripathi,2013). The increasing trend in the production over the years of study is 

shown in the Fig. 6.4.  

obs_prdtn=observed production, pre_prdtn=predicted production
 

Fig. 6.4: Observed and expected trends of production of apple using splines  

 It can be observed that upto 2014-15 there is sharp increase in production 

and productivity. However, a decline in production and productivity can also be 

observed during the year 2015-16 is observed which is due to the floods that 

occurred during the said year (Islam and Shrivastava, 2017).  
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Fig. 6.5: Fits with specified smooths for production of apple 

 In Fig. 6.5 smooth fits for production are plotted in the neighborhood of 

the smoothing parameter at 0.10, 0.25, 0.45 and 0.65 and it is observed that the 

best fit obtained for smooth=0.45. 

Table 6.5: Trends in productivity of Apple in Jammu and Kashmir using 
non-parametric regression 

 Loess Splines 

Bandwidth 0.53 0.49 

R2 0.988 0.997 

AICc 1.69 1.12 

RMSE 1.22 0.99 

MAPE 10.12 9.11 

MAE 2.84 0.84 

MaxAPE 5.37 2.13 

MaxAE 6.08 3.16 
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 Even values of RMSE, MAE, MAPE, MaxAE and MaxAPE for 

productivity of Jammu and Kashmir for non-parametric regression has observed 

lower values than the parametric regression. This is clear indication of the 

superiority of these techniques over the parametric models.These models perform 

very well in visualizing the past trends where the parametric models fails to. The 

increasing trend in the productivity over the years of study is shown in the fig 6.6.  

 

 

obs_prdty=observed productivity, pre_prdty=predicted productivity 

Fig. 6.6: Observed and expected trends of productivity of apple using spline 

 Fig. 6.6 provides the fits for productivity in the neighborhood of the 

smoothing parameters i.e., at smooths equal to 0.15, 0.25, 0.40 and 0.54. The best 

fit is observed to be at the smooth=0.54. 
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Fig. 6.7: Fits with specified smooths for productivity of apple 

 It is observed that there is dramatic increase in the area under apple 

cultivation and in the production as well as productivity. In order to maintain the 

trend more and more land is to be brought under the apple cultivation. Parametric 

regression usually utilized in studying the trend seems not to perform better than 

the nonparametric regression. And thus nonparametric regression is the best fit for 

the trend analysis of the apple production of Jammu and Kashmir.  
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Chapter-7 

SUMMARY AND CONCLUSION 

 Often there are situations in which the distribution of the agricultural data 

is not normal and comes from an exponential family of distribution or it is 

sometimes the case that the distribution is unknown. The data sets are corrected 

for normality and are analysed by the classical linear regression model approaches 

or by applying any of the designs from the design of experiments. There are 

approaches or techniques available which are seldom or are not at all used in the 

agricultural setups. We have worked out some of the techniques for such datasets. 

 The whole thesis is divided into seven chapters. The chapter-1 gives the 

overview of the exponential family of distributions, generalized linear models, 

generalized linear mixed models, link functions associated with them, nonlinear 

mixed models, heteroscedasticity and within group correlation in the nonlinear 

mixed effects modeland nonparametric regression. This chapter also provides the 

codes of the functions developed in SAS/R software that were used in the study 

for the ease of implementation, brief resume of the literature is also provided in 

this chapter. 

 The Chapter-2 includes the preliminary summary of the data used in the 

overall study. This chapter further includes the numerical and the graphical 

summary of the data used. This chapter gives an idea of the distribution of the 

data which has been used in the overall thesis. This chapter also includes the 

codes of the functions that have been developed.  

 The Chapter-3 contains the overall information of the generalized linear 

models and the deviance approach of model selection.AIC selection criterion is 

used to check the distribution of a real floricultural data set. Further the deviance 

of the data is also obtained for the dataset. The generalized linear model is fitted 

on the non-normal horticultural data whose response follows an exponential 

family of distribution. In particular response which follows Gamma and Inverse 
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Gaussian distributions are studied.Further the fitted generalized linear models are 

compared with the linear regression (with the response following the normal 

distribution). It is concluded that the generalized linear models fits the 

horticultural data best when the data comes from an exponential family of 

distributions. 

 In Chapter-4 the generalized linear mixed model is fitted by four different 

estimation methods viz. Maximum Likelihood Method, Penalized Quasi 

Likelihood, Laplace Approximation and LASSO Method. This is shown by the 

numerical illustration of the horticultural data. The four estimation methods are 

compared by average relative bias, average squared relative bias, average absolute 

bias and average squared deviation. And the estimation method with minimum 

values is preferred.It has been found that average relative bias, average squared 

relative bias, average absolute bias and average squared deviation is considered to 

be the best fit for the generalized linear mixed models.It was observed that the 

LASSO method of estimation had minimum values for average relative bias, 

average squared relative bias, average absolute bias and average squared 

deviation. Thus, the LASSO method of estimation is considered to be better fit 

than the other estimation methods for fitting the generalized linear mixed models. 

 In Chapter-5 the nonlinear mixed effects model is extended to include 

heteroscedastic, correlated within group errors. The estimation and the 

computational method can be extended when the heteroscedastic and correlated 

within group errors situation exists in the nonlinear mixed effects models. The 

chapter includes several classes of variance functions to characterise 

heteroscedasticity and several classes of correlation structures to represent serial 

and spatial correlation are introduced and it is shown that how the latter two can 

be combined to flexibly model the within-group variance-covariance structure. 

The nlme() function R software is used to fit the extended nonlinear mixed effects 

model and describe a suite of S classes and methods to implement variance 

functions (varFunc) and correlation structures (corStruct). Any of these classes or 
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others defined by users can be used in nlme to fit the extended nonlinear mixed 

effects model.  

 In the Chapter-6 of the thesis nonparametric regression approach is 

introduced to be used for the long term trend analysis.The nonparametric 

regression approach is applied on the long term horticultural data set. The data is 

fitted by the parametric as well as the nonparametric regression approaches. And 

both the approaches are compared on the basis of Finite Sample Corrected AIC 

(AICC), Root Mean Square Error (RMSE), Mean Absolute Percentage Error 

(MAPE), Mean Absolute Error (MAE), Max Absolute Percentage Error 

(MaxAPE), Max Absolute Error (MaxAE). The regression approach with 

minimum values for Finite Sample Corrected AIC (AICC), Root Mean Square 

Error (RMSE), Mean Absolute Percentage Error (MAPE), Mean Absolute Error 

(MAE), Max Absolute Percentage Error (MaxAPE), Max Absolute Error 

(MaxAE) is selected as the best fit for the long term trend analysis. It is found that 

the nonparametric approach is the best fit for the long term trend analysis or when 

some past information is provided.  
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