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Chapter 1 | INTRODUCTION

W—m

The origin of ﬂuid mechanics lies in the history of human use of
wind, river, ponds and ocean for the practical advantages of
tranéportation, ifrigation, potable water supply etc. The field of fluid
mechanics is so vast that it has manifold interests for engineers,
scientists, industrialiéts and mafhematicians. These interests arise in
va‘rious Branches of engineering: water-v;/orks, engines, power-plants,
aircraft technology, transportation of sediments, action of waves on
beaches and harbours, seepage etc.

The field of non-Newtonian fluid has gained new importance in
engineering techniques, their applications in mathematical as well as
‘physical foundations due to growing industrial demands on high
polymers, paints, pléstics, new alloys and synthetic fibers for textiles
etc. These materials have much more complicated structure than other’
si‘mple materials of daily use and give rise to new physical situations to
be explainea; Most of such situations arising in process industry will be
concernec.i with deformation or | flow of materials when they are
subjected to stresses.

For engineering perspective, viscous effects can be very important
since their existence accounts for a loss of efficiency of a driver or
system. This is the stuff of precise practical design and analysis. The
test goes on to consider some aspects of multidimensional inviscid fluid

flow that will give us an opportunity to see how a flow field is analyzed
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in detail and introduce us to the concept employed in computational
fluid dynaﬁics. The role of Mathematics is to give mathematical
foundations to the physical flows occurring in general., in bounded
regions, in pipes and channels, over bodies with different geometrical
configurations, in corﬂpressors and turbines. A number of them are
ﬁterested in plasma physics and magnetd-hydrodynamics because of
their applications in astronautics and in power generations.

The vector algebra and calculus are role-model and act as a
shorthand in describing the three dimensional flow of fluid. The vector
calculus is utilized in deriving the differential and integral expression
for the conservation of mass, momentum and energy. The derivation will
help us to understand the physical meaning of the terms utilized in the
conservation laws and are included for our information.

One of the most successful, fascinating and useful applications of
mathemati¢s has been in the study of motion of fluids. The subject of
Fluid Dynamics has made tremendous advances since Euler gave his,
famous equations of fluid flow for perfect (non-viscous incompressible
and compressible) fluids in 1755. The perfect fluids are characterized by
the gssumptions that for them the stress tensor is a linear function of
the rate of strain tensor and the stress vector on a plane surface in
contact with a fluid is normal to the surface. |

The ideal ﬂuid theory, however, led to the conclusion that when a
solid moves through a fluid at rest at infinity it experiences no drag._

This was a contradiction with observations {(D’Alembert’s Paradox). To



explain drag, the concept of a viscous Newtonian fluid was introduced.
Navier in 1821 and Stokes in 1845 obtained the equations of motion for
these ﬂuidé independently and formed different consideration.

A great break-through came in 1904 when Prandtl proposed his
assumptior;s- that when viscous fluid flows past a surface, the viscous
effect is aominant in a thin layer (called boundary layer) near the
surface and outside thin layer, the flow may be regarded as that of ideal
fluid. The Boundary layer theory had tremendous achievements to its
credit and transformed Fluid Dynamics into a discipline of great
engineering importance.

About forty years ago some phenomena were observed which could
not be explained on the basis of viscous fluid theory. When the
.assumptions. of this theory were examined, it was considered feasible to
relax the 'assumptions of linearity between stress and the rate of strain
tensors. More general non-linear relations between stress and rate of
strain were postulated. It immediately led to the development of the
theory of non- Newtonian fluid flows.

The classical theory of rational mechanics of deformable media is
due to Newton 'who suggested the hypothesis, that “The resistance
which arises from the lack of slipperiness of the parts of liquid is
proportional to the velocity with which the parts of the liquid are

separated from one another.” For Newton’s concept of the internal

stresses which arises in the flow the stress tensor Tij is related to what

has been variously named rate of strain, rate of deformation, velocity



Strain or flow tensor d'i.i by the rheological equation of a Newtonian
fluid, namely, the Newton- Cauchy-Poisson Law.

. _— ’ m N
Tij = p(‘iij+2|,tdij+7tdn§ij - (1.1)

| Y
Where dij"i(“i,ﬁ“j,i)'

. 2 :
p is the pressure, p and A (= --3£) being material constants, also termed

as coefficients of viscosity and aij is kronecker delta tensor. The fluids

satisfying the relation (1.1), are called Newtonian fluids e.g. honey,
glycerin aﬁd certain thick oils. For incompressible fluids the relation

(1.1) becomes

g =-—p2‘>ij +2|.Ldij --- (1.2)

Though certain phenomenon like strain-friétion, form drag
sepai‘ation, secondary flow etc, are successfully explained by the
classical theory, but it is inadequate to explain the rheological
properties of certain materials like paints, slurries, ceramics, melts,
polﬁr-iso-‘r;u.tylene solutions in mineralb oils or in tetralin, ‘poly-
methylmqfhécrylate solution etc. Certain phenomenon like anamolous
. viscosity, the Weissenberg effect, Merrington effect and the spinnability
effect observed in these fluids could not be explained by the solution of
Navier-Stokes equations‘ and therefore a basic Search into the

foundations of fluid dynamics had to be undertaken.



In c_:laséical fluid dynamics any mathematical 'approach to a
physical situation is based on these equations, viz.
1. 'Equation of Céntinuity

9p ( i)

—+(pu |,;=0 - (1.3
2t \P i (1.3)

where u' and p are respectively the velocity vector and density of the
fluid. For incompressible fluids and for steady flow, this equation
reduces to

" —(1.4)

2. Equation of Motion:

5ui m m |
p 37 + u ui,m = F, i+’Ci, m ---(1.5)

where F is the impressed force per unit mass of the fluid and rim the

stress tensor. The momentum equation for no extraneous force is simply -

'6u.
i m . .m
p[ FYal ui,m}—ri’m --- (1.6)

3. Rheological Equation of State or Constitutive Equation.

s The constitutive equation for a non- Newtonian second- order fluid is
'Cij =—p8ij-+2p1dij +2}J.2€ij +4}u3cij , ---(1.7)
where

d..#-l—(u. .+u. .)’
I 2\ L] )1



e..é}—(a. .+a. .)+um,.u .
I 2 1,] Js1 1 m,])
\)4
c..=dBd .
ij i mj

‘where p is an indeterminate hydrostatic pressure, By By and W, are the

coefficient of Newtonian viscosity, elastico-viscosity and cross-viscosity
respectively. -
¢ The constitutive equation of Walters liquid (Model B} is
ik '
¢ =-pg. +0.
- ik ik
. --- (1.8)

_ ik o ik
Oy = 21]06 2koe ,

where © ik is the stress tensor, p is the isotropic pressure, 84 the
metric

- . . i 1 . l. .

tensor of fixed coordinate system x , v! the velocity vector, € ik in the

contravariant form is

It is the convected derivative of the deformation rate tensor elk

defined

1 v
by eik =—2-(vi,k +Vk,i)

"Here, 7 0 is the limiting viscosity at small rate of shear that is given by

T]O .—.-. Igo N(T)d‘t



Ko = Jo° WD) dt

N(t) being the relaxation spectrum as introduced by Walters. This

idéalized model is a valid approximation of Walters liquid (Model)B'

taking very short meinories into account so that terms involving
j8° 1P N(t)dt, n > 2

have been neglected.

The equation (1.3) expresses a definite physical fact based on the

hypothesis of mechanics of continuous media and can be given up only

if we are prepared to do away with the great simplifying idealization of
thf: contihuous fluid. Similarly-the equati.ons of the motion (1.5) and
(1.6) are l-')a'sed on Newton’s laws of motions which continue to be the
basis of ali cc;ntinuum mechanics except the relativistic mechanics. The
constitutive equation (1.7) and (1.8) expressing linear relationship
betweer; stress and rate-of-strain tensofs is a mere postulate .and the
main effect of such assumption is that the mathematics of problem is
greaﬂy simplified.

On the basis of large amount of data which could not be explained
on the basis of linear assumption, it is felt that linearity is too drastic
an assﬁn}ption and one should éxplore mathematically the
cohsequer'iceé of a more general functional relationship then that for a
Newtonian F1u1d The availability of high speed computers have

rendered possible the solution of non-linear equations involved. This



development has led to the growth of subject matter of non-linear
n ~
mechanism. -

Noﬁ-linearity in the equation (1.1} has been attempted in a

number of ways. The first generalization consisted in taking A and p is

-

occurring in this equation as functions of three invariant of strain-rate

tensor dij.,Non- linearity in stress-strain-rate law is thus introduced

through the material constants. Other generalizations were obtained by
including terms corresponding to elastic and plastic properties of the
rﬁaterials and micro-rotational inertia and micro-relational effects.
These different generalizations‘ gave rise to the study of fluids called
plastics, ‘pseudo—plastic, Bingham plastics, dilatant materials, non-
Newtonian fluids including the rheopectic and thixotropic fluids. All
t11¢se fluids along with their constitutive equations are treated in details
and given in references Seth (1954), Eirich (1956), Prager (1961}, Seegar
(1965) Bhatnagar (1961, 1967), Eringen (1962, 1966], Fredﬁckson
[196;}], and Harris (1977).

The investigation is an attempt to study certain flow problems of
vi§90-e1a§tic fluids such as seéond-orde; fluid and Walters liquid B
using corﬁp_uter oriented numerical techniques.

The ,. se;ction-4.1 is concerned with the visco-elastic fluid
characterized by Walters liquid (Model B) in the annulus of tw§ porous
coéxial circular cylinders when both the boundaries are rotating withl
different angular velocities at a high injection in inner cylinder and high

suction in outer cylinder. The governing differential equations and
' |



pboundary conditions are replaced by difference equations in unknown
variables by using finite-difference approximations for the derivatives,\y.
The numerical solution of the flow of visco-elastic fluid has been
obtained by using Gauss-Elimination technique. The velocity function
for different values of the parameter has been tabulated and shown
graphically.

B The‘ 'section—4.2 deals with the study of non-Newtonian
incompregsible second- order fluid between two inﬁnife porous rotating
-discs by finite difference scheme for small and large values of Reynolds
numbers. It is assumed that the rate of suction of fluid at one disc is
different from the rate .of injection of fluid at the other disc. The
governing differential equations and boundary conditions are replaced
by difference equatiohs in unknown variables by using finite difference
approximations. The difference equations thus obtained are solved by
itéfative methods. The velociﬁy components in transverse and axial
» direction héWe been investigateci in detail and shown graphically.

The’section~4.3 covers the study of unsteady flow of a viscous
incompressible fluid filling the space between two parallel infinitely long
rectangular (two dimehsional) and two parallel circular plates
axisymmetric), which is of pﬁncipal interest of many scientific and
engineering applicatibns. The numerical solution of unsteady squeezing
of viscous ﬁuid between two plates occurs is obtained by using finite

difference scheme.



The section-4.4 is Jdevoted to the study of the numerical solution of
the ﬂo;i/ of a visco-elastic fluid between coaxial rotating porous disks
with unifox_‘m suctioﬁ or uniform injection for small as well as large
values of Reynolds numbers. The difference equations are solved by
u;;ihg Néwton—Raphson iterative method. The behavior of velocity
corhponents have been investigated in detail in regions of recirculation
and_no-circulation for the cases of radial outflow and inflow, shown

graphically and discussed in detail.

10
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Ciiaptei‘ 2 REVIEW OF LITERATURE

: _

The fluid flow through the porous boundaries is of great
importance both in technological as well as biophysical fields, example of
which is soil mechanics, hydrology, petroleum indﬁstry, transpiration
coolix;g and gaseous diffusion technology, cooling of rocket, food
preservation, cosmetic industry, blood flow and artificial dialysis. In
resent years the problems of fluid flow past porous media or in channels
w1th mass' transfer, heat transfer have gained more importance because
of §aried .apI.)Iications, e.g. I. V. fluid containers made of PVC are
commonly used these days. Water from inside permeates out thus
increasing the concentration of drug inside and sometimes becomes
hazardous to life. Thus the study relating to suction or injection is very -
important. The early researchers considered the blood to be a Newtonian.
fluid but being the sﬁspension of cells, it behaves as a non- Newtonian
fluid at low shear rates in small arteries.

‘ A large number of theoretical in§estigations dealing with the
study of incompressible laminar flow with either suction or injectioﬂ
have appeared during the last few decades.

Rivli’n (1956), Coleman and Noll (1960) and Markovitz (1957)
have studied elementary ﬂow problems (steady as well as unsteady in
nature} for non- Newtonian fluids. Parallel- plate torsional flows have
been investigated by Coleman and Markovitz (1964), Coleman and Noll

- {1960) and Markovitz (1957) and cone and plate torsional motion have
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peen considered by Markovitz and Williamson (1957) and Markovitz and
Brown (1962). Some evidences favouring the Weissenberg effects etc. are
given by Roberts (1954) ahd Jobling and Roberts (1958).

Oldroyd, Strawbridge and Toms (1951} have shown that the
rheological behaviouf of dilute solution of highly poly}nerized methyl-
methacrylate in an organic liquid in a simple shearing motion can be
reijr'esentéd, to a first approximation, at sufficiently small rates of shear
by the stres's-strain law proposed by Jeffreys (1926).

Coieman and Noll (1961), Crimnale, Ericksen and Filbey (1958)
and Markovitz (1957) considered that the most general type of fluid is -
characterizéd by three functions of the rate of shear. |

Berman (1956), Seller (1955) and Yuan (1956) have studied the
two dimensional steady state flow in a rectangular channel with porous
walls.

Nanda {1957) has obtained exact solution of the Navier- Stokeé
equation and energy equation for the case of steady state flow of the”
fluid through an annulus with porous walls, the inner wall is moving
with a constant velocity parallel to fhe axis while the other is at rest.

Berman f1958) considered the steady state laminar flow of
incompressible fluid in an annulus with porous walls.

Ting (1963) has taken positive values of the coefficient of elastico-
viscosity but later it was confirmed by Markovitz and Brown (1962) and

Coleman and Markovitz {1964) that it should be taken negative.



Terrili (1965) has considered the slow laminar flow of viscous
liquid with suction at one wall and blowing at the other wall. Terrﬂl
(1964, 1965) obtained series solutions for small Reynolds numbers. lafge
positive Reynolds numbers corresponding to suction and large negative
Resr_nolds numbers corresponding to large blowing. Terrill (1982) also
' fouﬁd the exact solution for a flow in a i)orous pipe.

Sharma (1966) has reconsidered this problem for an

13

incompressible second order fluid. Kumar (1987) studied the same

problem by the use of shooting method.

Kumar (1987) used the finite element Galerkin’s method as well
as the finite difference method to discuss the flow of non- Newtonian
second order fluid through a converging or diverging channels when
there is suction at one wall and equal blowing at the other.

The viscous flows past a circular cylinder and like problems are

studied by many fesearchers. Datta (1961) has solved the problem of

steady motion of an idealized viscoelastic liquid through an annulus ‘

between coaxial circular cylinders and between two parallel boufndaries
an_dl flow of a non-Newtonian fluid through- an annulus with porous
walls.

Kapuf and Mallic (1960) and Sinha and Chaudhary (1966) have
discussed the steady‘stute laminar flow of a viscous incompressible fluid

between two coaxial porous cylinders rotating with constant angular

velocity.



Sharma (1966) has extended the problems considered by Misra
(1963) and Datta (1961) for a second order fluid.

Gupta and Singh (1975) have considered the steady problems of
porous cylinder where both the cylinders are rotating with different
velocities about the.common axis and the cylinders are in rélative motion
along the axis and the ﬁsco—elasﬁc fluid which is a second- order fluid is
allowed to flow in the anaulus under constant axial pressure gradient in
which the. suction and injection are small.

Gupta and Gupta (1976) considered the unsteady flow of a fluid
through the annular‘ space between two porous coaxial cylinders.

Kumar (1987) invéstigated the steady motion of a second order
fluid when it flows in tke first instance past a porous circular cylinder
with éuction or injectio;l and secondly through the annulus between two
coaxial right circular cylinders with suction and injection considered by
Sharma (1966).

Ku.m.ar (1987) investigated the effect of suction and injection for
the flow of a ;s,econd-order fluid when both the discs rotate by applyimg
shooting method. The boundary value problem is treated as initia(l value
problem and Runge—Kutta method is applied to get the results at
boundaries.

" Sharma and Kumar (1986) and Sharma, Kumar and Arora (1986)
studied the flow rof é second order fluid past a circular cylinder with

suction or injection on its walls by using Finite Element method.

14
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Sha;'rna (1992) deals with the steady flow of the effects .of a
transverse magnetic field on the flow of a slightly elastico-viscous liquid
contained between two co-axial cylinders in relative rotation. It is
assumed that there is suction on one of the cylinders accompanied by
injection on the other. The analysis brings out the effects of magnetjc
field and its'interaction with suction/injection.

Choudhary and Das (2002) considered the steady flow of visco-
elastic fluid in the annulus of two porous coaxial cylinders, rotating with
different uniform angular velocities, together with the translatory motion
of inr}er cylinder along the axis of rotation. The analytical expression for
toroidal and axial component has been obtained using series solution for
small values of suction parameter. »l

The problem of forced flow of a fluid between two rotating discs
has importance in chemical and mechanical engineering. The study has
immense practical utility especially when the fluid is non- Newtonian.
Flows induced by rotating disks are of considerable fundamental interest,
because of the richness of the physical phenomenon they encompa;‘.s.
These flows have technical applications in many areas, such as ;otating '
mach'inery, lubrication, viscometry and crystal growth processes. The
flow of a classical viscous fluid between a pair of infinite coaxial rotating
digks has been studied by several authors due to its both theoretical and
practical .in'_ceré;st and that the problem offers the possibility on exact

solution to the Navier- Stokes equations.



Karman [192'1] was the first to give the solution to the
Navier- Stokes equation for the flow of a Newtonian fluid in the
vicinity of an iﬁfinitely large rotating disk. A number of approaches
have been tried to investigate the rheological behavior of the so-called
viscoelastilc fluids i.e. fluids which when sheared demonstrate elas:tic
properties besides viscous ones. The computation of flow of
viscoelastic .ﬂuids has been on the leading edge of research in non-
Newtonian fluid mech\vanics during last few years. The constitutive
equation of even the simplest of viscoelastic fluids , such as the
second order fluids are such that the momentum equations give rise
toboundary value problems in which the order of the system of
differential 'equations is greater than the number of boundary
conditions. A large number of theoretical investigations dealing with
the steady incompressible laminar flow with either injection or
suction have appeared during the last few decades.

_ Von Karman (1921) has discussed the flow of viscous
incompressible fluid under the influence of rotating disc which was’\
later investigated by Cochraﬁ (1930).

Foll_owing Von Karman (1921), Batchelor {1951) studied the

problem of steady flow of Newtonian fluid between two coaxial parallel

inﬁnite.rot.ating disks, later it was solved by Stewartson (1953).

Stuart (1954) and Mithal (1961) have considered the effects of

‘uniform high suction on the steady flow of viscous Rienier — Rivlin and

second order fluids respectively due to rotating disc. They obtained

16
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" the solutions'by expanding the velocity — components in descending
power of suction parameter.

Nanda (1960) has studied the effects of uniform suction on the
revolving flow of a viscous liquid over the stationary disc and obtaingc\i
that the presence of suction‘introduces an axial inflow at infinity and
the sa;lme increases with an increase in suction. —

Several different numerical procedures have been proposed in
the literature during last yearé. Srivastava (1961) considered the
study flow of a particular type of non- Newtonian fluid between a pair
of rotating’ di;c,cs for small value of Reynolds numbers using regular
perturbation procedure.

Bhatnagar (196 1) studied the flow between torsrionally
oscillating infinite plane disks in the presence of uniform magnetic
field ﬁormal to the disks.-Bhatnagar (1962) studied a particular type
of non-Newtonian fluid for the unsteady flow only for small value of
Reynolds numbers.

La;n'ce and Rogers (1962) have discussed the flow betweeﬁ
two rotatir_llg discs.

Bhatnagar and Rajeswari (1962) discussed the secondary flow
induced in a particular class of non- Newtonian fluid between two
parallel infinite oscﬂlaﬁﬂg planes again only for small value of

Reynolds numbers.



éﬂvgstava (1964) has studied the flow and also the heat
transfer in the flow of a éecond order fluid between two disks one\ﬂ
rotating and other at rest. |

Pasha and Gluptar (1967) have considered the effects of
injection at the statioﬁary disc (without heat transfer] in the problem
solved by Srivastava (1964).

Sarrr;a- (1967) has considered the flow of a sec;)nd order fluid
for the cae*;e when both the disks rotate.

The problem of the flow between a rotating /and a stationary
disc has bef;*n independently solved by Mellor et. al. ‘(1968) under the
assumption of similarity solutions.

Narayan and Rudraiah (1972) and Wilson (1978) studied the
same problem but they applied suction either on the stationary disc
or 'on the rotating disc.

Gaur (1972) also considered the flow of a viscous
incompres'sible fluid hetween two infinite porous rotating discs under
the assumption that the rate of injection of the fluid at one disc is
equal to the rate of suction of the fluid at the other.

- Nguyen, Ribault and Florent (1975) obtained the multiple
solution for the flow between coaxial disks. Roberts and Shipman
(1975) have computed the flow between rotating and the stationary
disks. Kubicek, Holodniok and Hlavacek (1976) calculated the ﬂo§v
between two goaxial disks by differentiation with respect to an actual

parameter.

13



y
" Hossain and Rahman (1984) studied the problem of the flow

of a viscous incompressible fluid between two infinite porous rotating

discs under the assumption that the rate of injection of the fluid at

one-disc is equal to the rate of suction of the fluid at the other in

presence of transverse magnetic field.
The flow of a viscous incompressible fluid contained between

two parallel disks which at time t are spaced a distance

h(1 — at) % apart has been studied by Hamza and MacDonald (1984),

wheré hand o™ denote a representative length and time.

El-Mistikawy (1991) investigated the flow of fluid between the
two rotating disks in the presenée of weak magnetic field.

| Chz;lu_dhary and Das (1997) studied the flow and heat transfer

of an inco?npfessible second order fluid between two infinite porous
rotating discs of infinite radius where the suction Reynolds number
is zissumed small.

The unsteady MHD flow near a rotating porous disk with
uniform suction or injection has been studied by Attia (1988).

Ibrahim [2004$ considered the steady flow of viscoelastic ﬂuid
between the two rotating disks for small value of Reynolds numbers
by. 'using. regular perturbation method. The problem under
consid’eratio‘n' presents several difficulties from the viewpoint of

application of numerical analysis, especially for high value of

Reynolds numbers.

\



The flow of a viscous‘ incompressible fluid betyween two
parallel infinitely long rectangular (two dimensional) and two parallel
circuiar platés (axisymmetric) ié of principal interest of many
scientific and engineering applications. Such flow situations have
recently received special attention as a result of increasing practical
interest in the design of thrust bearing, radial diffusers and
lubrications. In unsteady loading the problem of unsteady squeezing
of viscous fluid between two plates occurs. Chandrashekharan and
Ramanaiah (1983) and Jackson énd Symmons (1965} investigated
thc.a éffect 6f inertia on the bearing characteristics.

By t.he use of mathematical modeling, large class of nonlinear
ordinary differential equations are listed systematically by Sachdev

(1991, 1997) and valuable hints for their analysis have been given by

him.

s
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Chapter 3 | MATERIALS AND METHODS

ﬁz—/—'

There are a lot of ways in which the word ‘luid’ has been usedm
science. Fluid includes pretty much everything that’s not a solid i.e. it
inélﬁdes both liquids and gases. Fluids are categorized into two types:
ideal and real. The ideal fluids have zero compressibility and zero
viscosity and are characterized by the assumption that the stress-tensor
is a linear function' of rate-of-strain and is normal to the surface. But
real fluids have the property of viscosity. A fluid is called Newtonian fluid

if it follows the Newton’s law of viscosity:

T = u[ d; ] , Where --- (3.1)

Tis shear stress, pis viscosity of fluid and & is shear rate or velocity
: y

grddieht.

The fluids for which the relation (3.1) does not hold, are called
non-Newtonian fluids. These are complex mixtures e.g. slurries, pastes,
gels and polymer squtioné etc.

"The fluids haviny elastic properties besides viscosity are called
visco-elastic fluids. |

In the present study we have taken two types of visco-elastic fluids
na}ﬁely, second-order fluids and Walters liquid (Model B} have been

considered. These fluids are described in the sequel. These fluids occur
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with wide variety and have importance in chemical and mechanical

\\
industries as well as in biological system.
e Classification of Fluid:
Fluid
l pressi
Compressible ‘ Incompressible
| ! |
~ Ideal or Perfect Real
| (Frictionless) | ‘ |
Polar Non-polar
| . I ] I
Micro-Polar Di-Polar Noxlm—Newtonian Newtonian
Visco-inellastic ViSco-elsttic Time Dethndent
|
| | | | ]
Power Bingham Prandtl Reiner Rheopectic Thixotropic
law  Plastic" Rivlin
r | |
Oldroyd Maxwells Riviin Ericksen
|
Elastico-,viscousl Second-order Walters I.l,iquid

3.1 Second-order Fluid:

An incompressible simple fluid is an incompressible simple
material if it possesses the property that all local states with the mass
density are intrinsically equivalent in response. For a given history g(s),

a retarded history gc(s) can be defined as:

g,()=2(G),0<s<w - (3.2)

where c is retardation factor & ¢ < 1. Taking into consideration, this

definition of retarded history and assuming that the stress is more
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sensitive fo recent deformation than to deformations which occurred in
the .distan;c‘past, Coleman and Noli (1960) proved that the t?wory of the
sizﬁple ﬂuids .yields the theory of perfect fluids for ¢—0 and yield;\the.
theory of Newtonian fiuids as the next approximation.

The theory of Newtonian fluids gives a correction to the theory of
perfect fluids which is complete within terms of order one in c¢. If we
vneglet.:t all the terms of order greater than two in c, then the simple fluid
is called an incompressible second-order fluid. The constitutive equation
is given by fela_tion (I.7 ).

3.2 Walters liquid (Model B'):
Thé consti,futive equation of Walters liquid is given by the relation (1.8).

Navier-Stokes Equations of Motion for viscous compressible fluid

in Cartesian co-ordinates are:

Du_ o % 0f [au 2o ], 08f [au ovl| of [ow ou
p—ﬁ—t-—-pr 6x+6xtu{28x 3(V.q)}—+ay[u{ay+ax}]+aztp{6x+3ZH

Dv_ .. & ol [[ov 2 o] Jov_aw]] o [a ov
th—PBy +ay_“{zay 3(V’q)}_+az|:u{8z+6y}j|+5x_u{6y+8xH

- (3.3)

where q=ui+vj+zk and B=Bxi+By j+BZk are the velocity of the fluid at

P(x,y,z) at any time t and external body force at Pper unit mass
respectively. p is the density and p is coefficient of viscosity of the fluid.

The equation of motion for a Walters’s B’ fluid in vector form:
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p[%+ (\l._v_)z] =-VP + novﬁz—Ko[%vzw 2(V. VvV - V'*’(z.y_)y.] ,
(v.v)=0 34
where V being the velocity.

3.3 Numerical Methods:

The numerical techniques which are used to solve the highly non-

linear differential equations have been described as follows:

3.3.1 Tayior series for the function of several variables:
If f is the function of variables /xl,xz ........ xn then expansion of the

function f is given by

f{x1+Axl,x2+Ax2+ ............ xn+Axn)=f(x1,x2 ........ xn)
' 2 2
+-a%—Axl+gif—Ax2+ ........ E_if—AXn +% —a—%(Axl)z +...—q—fz—(/_\.xn)2
1 72 n axl 3Xn
2, 2,
2 ‘6 f Ax, AX +....+2Ji—Ax AX  +.....
ox. - 1772 ox  .Ox n-1""n
1772 : n-1"n

---(3.5)
3‘.3.2 Finite-Difference Method:

The fmite-differenc¢ method for the solution of a two point
boundary value problem consists in replacing the derivatives occurring
in the differential equation by means of their finite difference
approximati‘ons and tﬁen solving the resulting linear system of equations
by a standard procedure.

Exp-andin.g y(x + h) in Taylor series, we have
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X
’ L2 3
SR = 00 +hy'(9 + oy () + Sy +- === === - (3
y'(x) = yx + h}i.— yx) %y"(x)
Y = yix + h})l —Y® , om) — (3.7)
‘ : |
which is forward difference approximation for y'(x) .
Similarly,
| h? b3
'y(x - h) = y(X) - hy'(x) +_-—2—-y"(x) - —6—y’"(x) tm—————— --- (3.8)
yeo = X YED o - (3.9)

h

which is the backward difference approximation for y'(x) .

A central difference approximation for y'(x) can be given by subtracting
equation (3.8) by equation (3.6).

(x+h)-y(x—-h)

2
+O(h
oh (h*®)

y(x) =

It is a better approximation to y'(x)than either equation (3.7) or
equation (3.9) as the order of error involved in computation of higher
order.
Again adding equatioﬁ (3.6) and equation (3.8), we get approximation for
y'(x) .

o = 26 -2yl(‘x2> HY0HB) 00 2

--- (3.10)
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In a similar manner, it is possible to derive finite difference

approximation to higher derivative as ~—

yr()= Y& 20)=3y(x -h)+ 3y(x)-y(x+b) | O[hzj

- (311
h? &40

gV (x)= y(x - 2h)— 4y(x - h)+ 6y(x)— 4y(x + h) + y(x + 2h)

2 + O(hzj --- (3.12)

y'(x)= ylx-2h)-3yx 'h)+10y(x)—1:2y(x +h)+5y(x +21j)e y(x+3h) o(h3]

- (2.13)

333 Diséretization‘ of Equation: | |

Th-e'two pbint boundary value problem is given by
y'(x) +£x) y'(x) + g)y(x) =1(x) ,

with boundary condition y(x,)=a, yx,)=b.
We divide the range [XO, an into n equal subintervals of width h so that

X, =X +ih, 1=1, 2. .. ,

0

The corresponding values of y at these points are denoted by

y(x i) =y;= y(x o™ ih), 1= 0,1....... ey N

Values of y"(x) and y"(x) at the points x = X, can be written as

e Y T Yo 2

Yi® 7 + Ot “)
o Vi1~ WY 2
y, = +O(h )
1 h2

satisfying the differential equation at point x = X, we get



yithivivey;=g

Yiet Z¥itYior o Yier Vior,
h2 i 2h 1”1

where Yy, =y(x), & =g(X), etc. :
Multiplying through by n? and simplifying, we obtain

h ' 2 h 2
(1 _Ef‘i]yi—l + (—2+gih )yi_+ (1 +§fi)yi +1= rih

Yo =& -yn=b.

- (3.14)

To estimate the error in the numerical solution, we define the local

truncation error, T, by

Y. —2y.+Y. Y.,  —Y.
_| i+l 1 Ti=1_ i+l i1 s
‘“[ T2 | yi}’fi[ 20 yi]

- hz( iV+2f m]‘i‘O(h 4) 3.15
T T

Thus, the finite difference approximation defined by equation (3.14) has
second order accuracy for functions with continuous fourth derivatives

on lxo, xn). Further, it follows that © — 0 as h—0, implying that greater

accuracy in the result can be achieved by using a smaller value of h. In
such a case more computational efforts would be required since the

number of equations becomes larger.

3.3.4 Newton- Raphson Method:

Let a be an approximate root of f{x) =0 and let a, =a +h be the correct .

1

root so thaf f(al) =fla+h)=0
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Expanding f(a + h) by Taylor’s series and neglecting the second and
higher derivatives,

“ fa) +hfla) =0

L@
fa) .

A better approximation than a is therefore given by 2y, where

a, =a-— i(i)_
L. ()
successive approximation are given by 85585,8,, coeene. a i1 where

f(an)
a- =a -~
n+1 n f'(an)

which is the Newton-Raphson Formula.
The inherent error in the Newton- Raphson method:
If ais i’n »aiaproximate value of a root of f(x) =0and h is the necessary
co;'fection',’ so that fla +h) =0
. >
f(‘a)+hf’(a)+—2——f”(a+6h)=0, 0<_6<1 - (3.17)
In Newton-Raphson method we neglect the term involving h 2 and got an

approxinfate value hi from the equation
f(a) + h]f'(a) =0, ‘ - (3.18)
Subtracting equation (3.17) from equation (3.18)

2
(h -h)f(@) + %——f”(a +0h) =0,
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N "_ h
-h2 .f_(_a;‘-_e__)_ - (319)

h-h,)=
(t-hy) 21 (a)
Now éince h is the true value, it is plain that h-h; is the error in h.

3.3.5 Gauss- Elimination Method:

In .the Gauss method of ;solving simultaneous linear equations,
the unknéwn are eliminated. successively by solving some equa:tion for
one unkno.wn' in terms of all the others; then substituting this value for
the same unknown in all the remaining equations, thereby eliminating

' the unknown from the set. The process is repeated on the new set of
equations, thus eliminating another unknown; and so on until the
systéfn is reduced to a single equation in one unknown.

The equation which expresses one unknown explicitly in terms of all
the others called pivotal equatio'né. After one unknown has been found,
the -rema‘i;ﬁr.lg unknowns are found by back substitution into the pivotal
equations.'

Errors in the solution when the coefficients and constant terms are
subject to error:

In system of linear equétions occurring in applied mathematics the
coefficient and the constant terms are often subject to errors due to
rounding or to unc;,ertainties in experimental data. The solutions

obtained from such systems will therefore be inaccurate to some extent.

3.3.6 Factorization method:

This method is based on the fact that a square matrix A can be

factorized into LU-decomposition where L is unit lower triangular matrix
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and U is upper triangular matrix, if all the principal minors of A are non-;

singular,

a

We consider, for definition, the linear system

a

11

ie. if

=0,

a
11

a

I 21

a
12

a
22

a ‘a
11

¢O:a a

21
a a
31

--------------------------------------------

--------

which can be written in the form

Let

where

and'

. AX=B
A=LU,
[ 1
1
L=| 2
_lnl
Y11
. 0
Us=s| _

[y

Hence, (3.20) becomes

If we set

then (3.24) may be written as

LUX=B,
UX=Y,

LY=B

.- (3.20)

--- (3.21)

--- (3.22)

--- (3.23)

- (3.24)
-~ (3.25)

--- (3.26)
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which is equivalent to the system

--------------------------------------

and can therefore be solved for Y oY gorensrernsnens Yn by forward substitution.

When Y is known, the system (3.25) becomes, .

Uy Ky H Xy o, -+ X =Y
p22x2 X T Uy X =Y,
u X3 =Y,



RESULTS AND
DISCUSSTON
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Chapter 4 RESULTS AND DISCUSSION

The fluid flows through the porous boundaries are of consid\erazble
fundamental interest because of richness of the physical phenomenon they
encompass. In the recent years the problems of non-Newtonian fluid ﬂows,\\
steady and unsteady, past through porous media or in channels with mass
transfer have gained more importance because of varied applications in
tg:chnological as well as biophysical fields.

Present investigations deals with the flows of classical viscous
fluids su'ch‘ as second-order fluid and Walters liquid B” between a pair of
infinite coaxial rotating disks and in the annulus of coaxial cylinders due to
its both theoretical and practical interest. These flows have technical
applications in many areas, such as rotating machinery, lubrication
viscometry and crystal growth process. We have investigated these types of
problems for higher suction parameters and higher Reynolds numbers,
which have immense practical utility in chemical industry. We have used |
four problems, these are:

Flow of Walters liquid B’ through annulus of coaxial porous circular
cylinders for high suction parameters.
Second-order fluid flow between two rotating discs of different

transpiration for high Réynolds numbers.

Flow of incompressible fluid between two rectangular and circular

plates.
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Numerical solution of steady flows of a visco-elastic fluid between
coaxial rotating porous disks with uniform suction or injection for high

Reynolds numbers. - N

4.1 Flow of Walters liquid B’ through annulus of coaxial

porous circular cylinders for high suction parameter:

The pi'esent .inves'tigation is concerned with the visco-elastic fluid
charactefized by Walters liquid B' in the annulus of two coaxial circular |
cylinders when both the boundaries are rotating with different angular
velocities ét a high injection in inner cylinder and high suction in outer
cylinder. The constitutive equation of Walters liquid B' has already been
“described by the relation (1.8).
4.1.1 Formulation of problem:

"Let us assume that the fluid is flowing in the annulus of
coaxial ci'rcular cylinders whose radii are a,,b,,(a, <b,). Both inner
and outer cylinders are rotating about the common axis with angular
velocities w1 and wz respectively while the inner cylinder is also
rotating with uniform velocity W* along its axis. There is suction in one
cylinder and injection in another. The formulation of the problem has
been done using thé cylindrical polar coordinates(r,e,z), where z-axis
is considered as the common axis. The velocity components depend

orily on the radial distance r due to symmetry about the axis. Hence
u=u(), —\;=v(r)’ W = w(r), e (4.1.1)

where v and w are angular and axial velocities respectively. The

boundary.conditions are
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\
- (4.1.2)

where w W, are the angular velocities u, and U p are the uniform

injection and suction velocities.

Now introducing the non-dimensional quantities:

— P K .U
W=__w P=—_

u v o%0
RTINS TINE 107 ST
0 0’ 0 P~o Mo
pU.L - - b w. L
'R=_—Q—', r=.£., z:E—, a _1 b _]’ Ql =_—l—,
~ o L L L L U()
WL W Ca g\ Ub1
Y27y e T, T
0 0o - -0

—- (4.1.3)

where L and U, are the characteristic length and characteristic velocity

respectively, o is the non-dimensional visco-elastic parameter.

Under these considerations the governing equations in dimensionless
form are:

2 27 2 2 .2 2
I Sl P P xu_ézﬁx+1£+1[§xj LYK
3 r or r dr2 r2 dr rdr rldr
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——— T ~—— —_— —— —— — —

r dr 0z r dr dr2 r

RKdw _ o oP ldw d*w aK[d3w 3d%w 3dw}
3 r 4.2 2 dr
dr dr r —(4.1.7)

4.1.2 Numerical Solution:

Equation (4.1.4) on integration yields

K
u=—,

r
where K is the non-dimensional constant related to injection and
suction velocities as

K=U_.a=U_.b,
a

b - (4.1.8)

.whére Kis positive for injection on the inner cylinder and suction on
the outer cylinder and negative for the reverse order.
From above equations we infer that the pressure should be a function
of r and z only, which is the form

~P =2z + g(f) | - (4.1.9)
where x is an absolute constant and g(r) is an arbitrary‘function of r.
Equations t4.1.6) and (4.1.7) are linear homogeneous in v and w
respectively, The finite-difference approximations scheme for the first,
sécond and third order derivatives have been used to discretize these

differential equations.

Usihg these approximations in equation {4.1.6) and (4.1.7), we obtain

bk

L

e (2_5 ]L_l_[;R_K_lggﬁ] . [‘a_l_d:o
i+ l‘h3 . h2 1'2 _‘ 2hl r r 1'3 i+2 h3

-

ot

--- (4.1.10)

[—ak 1(20K ) 1(RK 1 3eK 3aK 2 (20K RK 1 oK
v. | t—=|— 1| ———-.+~—3— +V; 3T T—l H - ||t
! rh3 h2, r2 2h{r r th® h <



36
o [-aK+'_1_[3aK_ ]_L[g_l_sak.ﬂw [i[gli)__}_[BaK_l]
=1 m3 2l 2 2l 1 3 HpdlrJ p2l 42

“30K 1 (3ak ) 1(RK 1 3aK|| o [aK| o0 o
Yie T2 T 2| 2 2hl r r .3 i+2| 43 B

- (4.2.11)

All vi's and wi‘ s are functions of r. we divide r [1, 2] into hundred

J

equal parts each of length 0.001.The boundary conditions can be
written as:

u=U, v, =aQ,, w,=H at r=1,

u=Ub, V101 =on, Yol =0 at r=2. --- (4.1.12)

The equations (4.1.10) and (4.1.11) have been represented in the
matrix form independently to solve them numerically using Gauss-
eliminating technique.

4.1.3 Results and Discussion:

The Tables 4.1.1;4.1.6 répresent the variation of angular velocity
v with radial distance. r-for fixed valﬁe of suction parameterK . These
tab_les have been depicted through figures 4.1.1-4.1.6. When Reynolds
number is small, even for large value of suction parameterK >0, the
angular velocity v increases with the increase in visco-elastic
parameter a. For large value of Reynolds number, angular velocity
increases.with the increase in visco-elastic parameter but it becomes
negative af;:er iﬁcrement in Reynolds number>10. The results hav¢
also been obtained for the cases considered by Choudhury and Das

(2002).



i 37
. The study for Reynolds number and fixed visco-elastic-parameter a

has also been made and it is shown through figure 4.1.7 and tabulated

in table 4.1.7. It has been noticed that the velocity increases with the

A
decrease in suction parameter.

For fixed value of Reynolds number R, the angular velocity v
increases for all K<O and K>0, with the increase in visco-elasstic
pmaﬁeter a have alsp been depicted through the graphical presentation
in figures 4,1.1, 4.1.6, 4.1.8-4.1.15 and tables 4.1.1, 4.1.6, 4.1.8-4.1.15

The corresponding results for Newtonian fluid can be deduced from
the' abow.'a results by setting a=0 and it is worth mentioning here that

~these res@lts'agree well with that of Choudhury and Das. Tables 4.1.16-
4.1.21 represent the variation of axial velocity w with the change of the
visco-elastic parameter a for fixed K=0.9 and R=1, R=5, R=9, R=13,
R=17, R=21 and the behavior is represented in figures 4.1.16-4.1.21.

It has been observed and concluded that for a fixed K, for a
particular value of R, the axial velocity of the fluid increases with the
increase in a. If K becomes very large {very small) and R is also very
léfge, the axial velocity has a negative sign, i.e. the liquid comeé out of
the cylin'd.er'. The professionals from the chemical industry may be
intereste;i to find this limit of K and R for the fluid they are usin;g these
,values depend on the characteristics of the fluid.

Tables 4.1.24-4.1.29 show that for small values of suction
parameter K>0, the axial velocity increases with the increase in the
value of a, whatever is the value of R and can be depicted from figures

4.1.22-4.1.27.
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For K<O, the results have been tabulated in tables 4.1.28-4.1.33.
The behayior of axial velocity with the increase in visco-elastic
parame'/cer a is shown in fhe figures 4.1.28-4,1.33.

Tables 4.1.36-4.1.39 represent the behavior of axial velocity with
radial distance r for fixed values of R. From figure 4.1.34, fixing R=1
-and a=0.0; axial velocity decreases with decreasing values of K. From
ﬁgilre 4.1.35, fixing a=0.2 and k=0.1 axial velocity w increases with the
increasing. value of R. Similar results can be obtained by fixing a=0.0
and K=O..9 (figure 4.1.36). But as soon as the visco-elastic parameter a
is increased {figure 4.1.37 {a=0.2, k=0.9)), the axial velocity becomes
suddenly \'rery much negative at R=13 then becomes less negativ_e on
further increase in the value of R. Hence, one can’t take the fluids
whose Reynolds number as well as suction parameter is very large.

A study has also been made for different values of A with the
velocity .component in tables 4.1.16, 4.1.38-4.1.39. The graphs in
figures 4.1.16, 4.1.38-4.1.39 have been plotted and noticed that the .

axial velocity increases with the increase in values of A.



. V,R=1, k=0.9, |
a=0.0 } o=0.2 a=0.4. |
1 1 1 1
Fﬁl.OS 1.109651 1.135066 1.177459 Y
1.1 1.223125 1.266851 1.338178
1.15 1.340595 1.397217 1.487716
1.2 1.462193 1.527521 1.630005
1.25 1.588018 1.658764 1.767872
1.3 1.718144 1.791696 1.903382
1.35 1.852622 1.926888 2.038062
1.4 1.991488 2.064773 2.173057
1.45 2.134763 2.205685 2.309234
1.5 2.282458 2.349883 2.447253
1.55 2.434573 2.497566 2.587623
1.6 2.591102 2.648889 2.730738
1.65 2.752034 2.80397 2.876904
1.7 2.917352 2.962899 3.026357
1.75 3.087035 3.125744 3.179283
1.8 3.261059 3.292555 3.335825
1,85 3.439396 3.463368 3.496094
1.9 3.62202 3.638205 3.660173
1.95 3.808898 3.817081 3.828126
2 | "4 1 4 4

Table 4.1,1 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=0.9.

] V,R=5, k=0.9, |
a=0.0 =02 a=0.4
1 1 1 1
1.05 1.348207 1.372235 1.39815
1.] 1.65772 1.699356 1.744058
1.15 1.933567 1.987776 2.04575
1.2 2.17998 2.242782 2.309712
1.25 2.40C555 2.468773 2.541253
1.3 2.598364 2.669445 2.744763
1.35 2.776053 2.847933 2.923913
1.4 2.935912 3.006912 3.0818
1.45 2.079935 3.148683 3.221056
1.5 3.209867 3.275239 3.343937
1.55 3.327242 3.388313 3.45239
1.6 3.433416 3.489422 3.548102
1.65 3.529589 3.579902 3.632547
1.7 3.616833 3.66093 3.707017
1.75 3.696103 3.733554 3.772653
1.8 3.768254 3.798704 3.830462
1.85 3.834058 3.857214 3.881342
1.9 3.894208 3.909829 3.926093
1.95 3.949332 3.957223 3.965431
2 | 4 4 4

Table 4.1.2. variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reyr.olds number R=5and suction parameter k=0.9.



V,R=9, k=0.9, \
r a=0.0 8=0.2 a=0.4 |
1 1 1 1 |
11,05 1.364264 1.648215 1.949154
1.1 1.534825 2.029242 2.551267
1.15 1.560825 2.207448 2.887955
1.2 1.483486 2.235704 3.025085
1.25 1.337626 2.157841 3.016426
1.3 1,152827 2.010496 2.906305
1.35 9.54E-01 1.824518 2.731591
1.4 7.64E-01 1.626052 2.523187
1.45 6.00E-01 1.437377 2.307172
1.5 4.79E-01 1.27758 2.105688
1.55 4.16E-01 1.163086 1.937636
1.6 4.21E-01 1.10808: 1.819226
1.65 5.06E-01 1.124864 1.764418
1.7 6.81E-01 1.224132 1.78528
1.75 9.53E-01 1.415206 1.892274
1.8 1.329744 1.706233 2.094499
1.85 1.817567 2.104346 2.399883
1.9 2.422029 2.615797 2.81535
1.95 3.148058 3.246074 3.346955
2 4 4 4

Table 4.1.3 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=9and suction parameter k=0.9.

l_ V,R=13, k=0.9, |
a=0.0 a=0.2 a=0.4
] 1 1 1

" 1.05 2.037351 2.450579 2.880775
L 2.599386 3.319155 4.066514
[ 1.15 2.795459 3.73709 4.712586

1.2 2.717377 3.813046 4.945861

1.25 2.44274 3.637696 4.871004

1.3 2.037549 3.287282 4,575138

1.35 1.558249 2.826357 4.131364

1.4 1.05335 2.309905 3.601452

1.45 5.65E-01 1.78502 3.037925

1.5 1.29E-01 1.292229 2.485692

1.55 -2.23E-01 8.67E-01 1.983343

1.6 -4.63E-0. 5.38E-01 1.564184
[ 1.65 -5.68E-01 3.34E-01 1.257074
1.7 -5.15E-01 2.77E-01 1.087103 |
. 175 -2.87E-01 3.87E-01 1.076153 \
1.8 1.34E-01 6.83E-01 1.243357 |

1.85 7.60E-01 1.178551 1.605483 \

1.9 1.606363 1.888919 2.177255 \

1.95 2.682905 2.825834 2.971623

2 4 4 4

Table 4.1.4 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=13and suction parameter k=0.9.
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_ V,R=17, k=0.9,
r a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 3.074294 3.616778 4.176257
1.1 4.269755 5.214856 6.187577
1.15 4,779775 6.016392 7.286906
1.2 4.766765 6.205865 7.682144
1.25 4.368063 ,5.937738 7.545802
1.3 3.700528 5.342303 7.022238
1.35 2.86415 4.530187 6.233163
1.4 1.944919 3.595879 5.281871
1.45 1.017118 2.62050¢ 4.256555
1.5 1.45E-01 1.674054 3.232908
1.55 -6.15E-01 | 8.17E-01 2.276204
1.6 -1.21383 ] 1.03E-01 1.442973
1.65 -1.60898 -4 24E-01 7.82E-01
1.7 -1.76256 -7 22E-01 3.37E-01
1.75 1.64137 -7 56E-01 1.45E-01
1.8 -1.21615 -4.95E-01 2.39E-01
1.85 -4.61E-D1 8.85E-02 6.47E-01
1.9 6.47E-01 1.018234 1.395388
1.95 2.127927 2.315744 2.506477
2 4 4 4
Table 4.L5. variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=17and suction parameter k=0.9.
r V,R=21, k=0.9,
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 4.47509 5.146883 5.835616
1.1 6.54593 7.716418 8.914467
1.15 7.51377 9.045431 10.61092
1.2 7.631648 9.414239 11.23394
1.25 7.113592 . 9.058048 11.04082
1.3 6.141758 8.17564 10.2476
1.35 4.872061 6.936094 9.036984
| 1.4 3.438625 5.484059 7.564439
1.45 1.957361 3.943923 5.963055
1.5 5.29E-01 2.423147 . 4.347327
1.55 -7.59E-01 1.014957 2.816211
1.6 -1.83052 -1.99E-01 1.455582
1.65 -2.61772 -1.14921 3.40E-01
1.7 -3.06192 -1.77212 -4.64E-01
1.75 -3.11115 -2.01359 -9.01E-01
1.8 -2.71957 -1.825585 -9.20E-01
1.85 -1.8466 -1.16557 -4.76E-01
1.9 -4.56E-01 3.85E-03 4.70E-01
1.95 1.483117 1.71592 1.951506
2 4 4 4
Table 4.1.¢
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variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21and suction parameter k=0.9.
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Vv, R=1, a=0.0 |
R k=0.9 k=05 K=0.1 =03 k=-0.7
1 1 1 1 1 1
— 1.05 1.109651 1.138181 1.171202 1.208715 1.25072
1.1 1.223125 1.27686 1.338074 1.406767 1.482939
T 1.15 1.340595 1.416285 1.501231 1.595432 1.698888
1.2 1.462193 1.556654 1.661184 1.775781 1.900446
1.25 1.588018 1.698126 1.81836 1.948719 2.089205
1.3 1.718144 1.840827 1.973118 2.115018 . 2.266525
1.35. 1.852622 1.984861 2.125765 2.275337 2.433576
1.4 1.991488 2.130308 2.276561 2.430248 2.591369
1.45 2.134763 2.277235 2.425729 2.580246 2.740786
1.5 2.282458 2.425693 2.573461 2.725762 2.882597
1.55 2.434573 2.575723 2.719925 2.867177 3.017481
1.6 2.5901102 . 2.727358 2.865265 3.004825 3.146036
[ 165 2,752034 2.88062 3.009609 3.139 3.268794
1.7 2.917352 3.03553 3.153068 3.269968 3.386229
1.75 3.087035 3.192008 3.26574 3.397962 3.408763
1.8 3.261059 3.350333 3.437711 3.523192 3.606776
1.85 3.439396 3.510241 3.579058 3.645849 3,710612
1.9 3.62202 3.671822 3.71985 3.766102 3.810579
1.95 3.808898 3.835076 3.860145 3.884106 3.906957
[ 2 4 4 4 4 4

Table 4.1 variation of angular velocity v with radial distance r for different values
suction parameter k and fixed value of Reynolds numbers R=1 and alpha=0.0.

- V,R-1, k=0.5,
a=0.0 a=0.2 a=0.4
1 1 I 1
1.05 1.138181 1.142224 1.151507
1.1 1.27686 1.283834 1.299327
1.15 1.416285 1.42535 1.44487
1.2 1.556654 1.56716 1.589134
1.25 1.698126 1.709561 1.732836
1.3 1.840827 1.85278 1.876503
1.35 1.984861 1.996998 2.020527
1.4 2.130308 2.142353 2.165201
1.45 5.077235 2.288958 2.310751
1.5 2.425693 2.436901 2.457351
1.55 2.575723 2.586252 2.605134
16 3.727358 2.737068 2.754205
1.65 2.88062 2.889393 2.904646
1.7 3.03553 3.043261 3.056521
1.75 3.192098 3.1987 3.20988
1.8 3.350333 3.35573 3.36476
1.85 3.510241 3.514366 3.521193
1.9 3.671822 3.674619 3.679201
1.95 3.835076 3.836496 3.838799
2 T 4 3 4

Table 4.1.8 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=0.5.



V,R=1, k=0.1,
r a=0.0 T a=0.2 a=0.4
1 1 1 1
1.05 1.171202 1.169995 1.168998
1.1 1.338074 1.33600% 1.334277
1.15 1.501231 1.49856¢F 1.496318
1.2 1.661184 1.658127 1.65553
1.25 1.81836 1.815073 1.81226
1.3 1.973118 1.969727 1.966807
1.35 2.125765 2.122369 2.119427
1.4 2.276561 2.273236 2.270344
1.45 2.425729 2.422538 2.41975
1.5 2.573461 2.570452. 2.567814
1.55 2.719925 2.717137 2.714683
1.6 2.865265 2.862729 2.860489
1.65 3.009609 3.007348 3.005345
1.7 3.153068 3.1511 3.149353
1.75 3.29574 3.29408 3.292603
1.8 3.437711 3.43637 3.435175
1.85 3.579058 3.578045 3.57714
1.9 3.71985 3.71917 ' 3.718562
1.95 3.860145 3.859804 3.859498
2 4 4 1 4
Table 41.9 variation of angular velocity with ralial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=0.1.
V,R=1, k=-0.3,
r a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.208715 1.21838 1.229932
1.1 1.406767 1.423364 1.443027
1.15 1.595432 1.616863 1.642059
1.2 1.775781 1.800422 1.829192
1.25 1.948719 1.9753 2.006143
1.3 2.115018 2.142537 2.174292
1.35 2.275337 2.303 2.334765
1.4 2430248 2.457423 2.488486
1.45 2.580246 2.606425 2.636229
1.5 2.725762 2.750533 2.778641
1.55 2.867177 2.890221 2.916271
1.6 3.004825 3.02587 3.04939
| 165 3.139 3.157834 3.179
1.7 3.269968 3.286415 3.304853
1.75 3.397962 3.411884 3.427453
1.8 3.523192 3.534475 3.547068
1.85 3.645849 3.654404 3.663933
19 3.766102 3.771857 3.778256
1.95 3.884106 3.887005 3.890223
2 4 4 1 4

Table 4.1.10 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=-0.3.



V.R=1, k=-0.7,
r a=0.0 a=0.2 a=0.4
1 1 1 ]
1.05 1.25072 1.287379 1.334309
1.1 1.482939 1.54591 1.625578
1.15 1.698888 1.780244 1.882093
1.2 1.900446 1.594045 2.110121
1.25 2.089205 2.190242 3.314486
1.3 2.266525 2.371208 2.49896
1.35 2.433576 2.538893 2.666538
1.4 2.591369 2.604912 2.819628
1.45 2740786 2.840619 2.960189
1.5 2.882597 2.977157 3.089832
1.55 3.017481 3.105503 3.209897
1.6 3.146036 3.226493 3.321507
1.65 3.268794 3.340852 3.425612
1.7 3.386229 3.449207 3.523022
1.75 3.498763 3.552111 3.614431
1.8 3.606776 3.650047 3.70044
T 1.85 3.710612 3.743444 3.781572
1.9 3.810579 3.832682 3.858283
1,95 3.906957 3.918099 3.930974
2 4 4 ] 4

Table 4.1.11 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=-0.7.

r V,R=21, k=0.5,
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.772561 1.976104 2.184875
1.1 2.177221 - 2.531962 2.895208
1.15 2.300618 2.764941 3.239707
1.2 2.21547 2,755995 3.307974
1.25 1.983236 2.572977 3.174543
1.3 1.656171 2.273164 2.901911
1.35 1.278953 1.905216 2.542854
1.4 8.90E-01 1.510705 2.142224
1.45 5.22E-01 1,125326 1.738348
1.5 2.05E-01 7.80E-01 1.364147
1.55 -3.77E-02 5.01E-01 1.048021
1.6 -1.83E-01 3.12E-01 8.15E-01
1.65 -2.13E-01 2.33E-01 6.85E-01
1.7 -1.11E-01 2.81E-0. 6.78E-01
1.75 1.39E-01 4.73E-01 8.11E-01
1.8 5.49E-01 8.21E-01 1.096225
1.85 1.131014 1.337935 1.547534
1.9 1.89423 2.034061 2.175654
1.95 2.847939 2.918685 2,990291
L2 4 4 4

Table 4.1.12. variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21and suction parameter k=0.5.



V,R=21, k=0.1,
! a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.051016 1.05779 1.064772
1.1 1.106795 1.118637 1.130819
™ 1.15 1.169055 1.1846 1.200563
1.2 1.239215 1.257359 1.275962
1.25 1.318451 1.338296 1,358615
1.3 1.407743 1.428553 1.449834
1.35 1.507909 1.529Q77 1,550701
1.4 1.619633 1.640656 1.662111
1.45 1.743488 1.763947 1.784808
1.5 1.879953 1.899498 1.919413
1.55 2.029428 2.047767 2.066439
1.6 2.192248 2.209135 2.226317
1.65 2.368691 2.383918 2.399403
1.7 2.558986 2.572379 2.585992
1.75 2.763323 2.774735 2.786329
1.8 2.981853 2.99116 3.000612
1.85 3.214701 3.221799 3.229005
1.9 3.461962 3.466764 3.471636
1.95 3.72371 3.726142 3.728608
2 4 4 4
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“Table 4.1.13 variation of angular velecity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21and suction parameter k=0.1.

V,R=21, k=-0.3,
r a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 2.310456 2.39194: 2.475309
1.1 3.334653 3.476446 3.621301
" 1.15 4.119083 4.304408 4.493493
1.2 4,702883 4918331 5.137903"
1.25 5.119238 5.354008 5.593037
1.3 5.396476 5.64181 5.891375
1.35 5.55893 5.807679 6.060523
1.4 5.627612 5.873915 6.1241
1.45 5.62076 5.859783 6.102436
1.5 5.55428 5.782042 6.013124
1.55 5.442099 5.655283 5.871467
1.6 5.296463 5.4923106 5.690836
1.65 5.128173 5.304404 5.482961
1,7 4,946792 5.10149 5.258171
1.75 4,760809 4.892381 5.025594
1.8 4.577782 4.684902 4.793321
1.85 4.404458 4.486021 4.568547
19 4.246871 4.30196 4.357683
195 4,110432 4,13829 4,166458
L 2 4 4 4

Table 4.1, 14 variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21and suction parameter k=-0.3.



] V,R=21, k=-0.7,
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 5.550881 5.978558 6.416484
1.1 8.860794 9.605387 10.36665
1.15 . 11.1507 12.12437 13.1185
1.2 12.60647 13.73891 14,8938
1.25 13.3856 14.62011 15.87781
1.3 13,62237 14.91293 16.22653
1.35 13.43202 14.74102 16.07232
1.4 12.91391 14.21048 15.52819
1.45 12.15417 13.41285 14.69123
1.5 11.22779 12.4275 13.64528
1.55 10.20031 - 11.32354 12.4631
1.6 9.129229 10.16142 11.20812
1.65 8.065171 8.99417 9.935833
1.7 7.052832 7.868508 8.694977
1.75 6.131793 6.825682 7.5285
1.8 5.33719 5.902232 6.474353
1.85 4.700287% 5.130599 5.566162
1.9 4.248958 4.539651 4.833796
1.95 4.008104 1 4.15513 4.30384
2 4 ! 4 4

Table 4.115. variation of angular velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21and suction parameter k=-0.7.

. W,R=1, k=0.9, A=1
a=0.0 a=0.2 a=0.4

1 1 : 1 1
1.05 9.72E-01 9.74E-01 9.76E-01
1.1 9.42E-01 9.44E-01 9.49E-01
1.15 9.10E-01 9.12E-01 9.19E-01
1.2 8.7SE-01 8.78E-01 8.85E-01
1.25 8.38E-01 8.41E-01 8.49E-01
1.3 7.98E-01 8.02E-01 8.11E-01
1.35 | 7.56E-01 7.60E-01 7.69E-01
1.4 1 7.12E-01 7.15E-01 7.25E-01
1.45 6.66E-01 6.69E-01 6.79E-01
1.5 6.17E-01 6.20E-01 6.29E-01
1.55 5.66E-01 5,68E-01 5.78E-01
1.6 5.12E-01 5.15E-01 5.23E-01
1.65 4.56E-01 4.59E-01 4.67E-01
1.7 3.98E-01 4.00E-01 4.07E-01
1.75 3.37E-01 3.39E-01 3.46E-01
1.8 2.75E-01 2.76E-01 2.82E-01
1.85 2.09E-01 2.11E-01 2.15E-01
1.9 1.42E-01 1.43E-01 } 1.46E-01
1.98 7.21E-02 7.27E-02 \ 7.41E-02

2 0.00E+00 | 0.00E+00 1 0.00E+00

Table 4.146 variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=0.9.



. . W,R=5, k=0.9, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.058746179 1.126872264 3.0580289
1.1 1.114249911 1.2512126Y4 5.150075859
1.15 1.165335318 1.371029182 7.241634183
1.2 1.21082411 1.484179122 9296498658
1.25 1.24951415 1.58836463 11.27661021
1.3 1.280163085 1.68112818 13.14195115
1.35 1.301475798 1.759848599 14.85047861
1.4 1.312094774 1.821737411 16.35808743
1.45 1.310592657 1.863835556 17.61859642
1.5 1.295466479 1.883010532 18.58375399
1.55 1.265133165 1.875954099 19.20326119
1.6 1.217925985 1.839180656 19.42481197
1.65 1.152091689 1.769026875 19.19415194
1.7 1.065788029 1.661652161 18.45515858
1.75 9.57E-01 1.513041999 17.14994738
1.8 8.24E-01 1.319013773 15.21901003
1.85 6.64E-01 1.075227388 12.60139297
1.9 4,75E-01 7.77E-01 9.234591095
[ 105 2.54E-01 4.20E-01 5.055381931
[ 2 [ 0.00E+00 0.00E+00 0.00E+00

Table 4.1.{T variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=5and suction parameter k=0.9.

: W,R=9, k=0.9, A=1
a=0.0 a =02 a=0.4
1 1 1 1
1.05 1.043373273 1.030800546 1.228494025
1.1 1.08300165 1.090545498 1.418424929
1.15 1.1203181 1.185948962 1.564062815
1.2 1.156008217 1.322752826 1.660877303
1.25 1.19011255 1.505132065 1.705731025
1.3 1.222122128 1.735335356 1.697070667
1.35 1.251064659 2.,012515923 1.635110263
1.4 1.275578901 2.332510286 1.522001464
1.45 1.293974404 2.686825992 1.361985322
1.5 1.304273045 3.061903686 1.161519944
1,55 1.304227099 3.438324339 9.2GE-01
1.6 1,291305669 3.790039315 6.77E-01
1,65 1.262636503 4.,083659923 4,17E-01
1.7 1.214883006 4.,277854687 1.66E-01
v 1.78 1.144027243 4.322917914 -5.73E-02
1.8 1.044924392 4.160593654 -2.34E-01
1.85 8.88E-01 3.724266928 -3.40E-01
1.9 6.69E-01 2.93967224 -3.54E-01
| 1.95 3.77E-01 1.726336448 -2.49E-01
L 2 0.00E~+0C 0.00E+Q0 0.00E+00

Table 4.14%

variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=9 and suctivn parameter k=0.9.



. W,R=13, k=0.9, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1
[ 1.05 1.247441275 1,261490809 1.274530019
11 1.46577808 1.491639392 1.515365432
1.15 1.654526933 1.690212255 1.722559254
1.2 1.813242948 1.856966184 1.896105099
1.25 1.941513469 1.991653093 2.035952991
1.3 2.038954078 2.09402345 2.14202077
1.35 2.105205876 2.163828666 2.214202417
1.4 2.139933947 2.200822676 2.252374176
1.45 2.142826302 2.204762878 2.256399028
1.5 2.113592747 2.175410567 2.226129803
1.55 2.051963122 2.112530924 2.161411829
1.6 1.957684485 2.015892634 2.062083396
1.65 1.830516975 1.885267159 1.927977333
1.7 1.670228193 1.72042768 1.758920634
1.75 1.476586084 1.521147737 1.554734113
1.8 1.24935024 1.287199538 1.315231533
1.85 9.89E-01 1.018351953 1.040218494
1.9 6.94E-01 7.14E-01 7.29E-01
1.95 | 3.64E-01 3.75E-01 3.83E-01 -
| 2 | 0.00E+00 0.00E+00 0.00E+00
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Table 4.1319. variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for f{ixed
value of Reynolds number R=13 and suction parameter k=0.9,

) W,R=17, k=0.9, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1

1.05 1.066159676 1.014142546 1.162973634
1.1 1.135629638 1.075201984 1.41622688
1:.15 1.208199201 1.195342921 1.746977153
1.2 1.283662313 1.380113471 2.135804717
1.25 1.361782591 1.625887013 2.557511696
1.3 1.442233196 1.9178976061 2.982415329
1.35 1.524506656 2.22928236 3.37805346
1.4 1.607786558 2.521549957 3.711255064
1.45 1.690767489 2.746864822 3.950502578
1.5 1.771401391 2.852449781 4.068486941
1.55 1.846537489 2.787271558 4.044731526
1.6 1.911409196 2.51096408 3.868138571
1.65 1.958904834 2.004666222 3.539292254
1.7 1.978539528 1.283099868 3.072337577
1.75 1.955022631 4.07E-01 2.496245304
1.8 1.866287516 | -5.07E-01 1.855271994
1.85 1.680558445 -1.277510712 1.208432246
1.9 1.353252324 -1.658215121 6.28E-01

| 1.85 8.22E-01 -1.345764519 1.96E-01

L2 0.00E+00 B 0.00E+00 0.00E+00

Table 4.}:90 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynulds number R=17 and suction parameter k=0.9.



W,R=21, k=0.9, A=1

a=0.0 a=0.2 a=0.4
1 1 1 1

1.05 1.064158675 9,93E-01 -9.54E-01
11 1.1315354472 9,91E-01 1.002354859
1.15 1.201976628 1.009557687 1.153892961
1.2 1.275364378 1.067045642 1.406162719
1.25 1.351604766 1.178207936 1.746555425
1.3 1.43059427 1.35119713 2.152210625
1.35 1.512162024 1.5836434381 2.591172665
1.4 1.59598155 1.859605845 3.024476183
'1.45 1,68143647 2.148087327 \ 3.40911299
1.5 1.76740876 2.4039270C1 3.701759581
1.55 1.851934448 2.571781092 - 3.863068598
1.6 1.931639 2.593665693 3.862253397
1.65 2.000820768 2.420129043 3.681627507
1.7 2.049991016 2.024545126 3.320705578
1.75 2.0635956 1.419284778 2.799435636
1.8 2.016524508 6.72E-01 2.160119954
1.85 1.868218771 -8.34E-02 1.467599255

1.9 1.556034068 -6.38E-01 8.07E-01

1.95 9.83E-01 -7.16E-01 2.81E-01

2 0 0.00E+00 0.00E+00

Table 4.1.21 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21land suction parameter k=0.9.

] W,R=1, k=0.1, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1

1.05 9.58E-01 9.58E-01 9.57E-01
1.1 9.15E-01 9.15E-01 9.14E-01
1.15 8.72E-01 8.71E-01 8.70E-01
1.2 8.27E-01 8.27E-01 8.26E-01
1.25 7.82E-01 7.81E-01 7.81E-01
1.3 7.37E-01 7.36E-01 7.35E-01
1.35 6.90E-01 6.89E-01 6.88E-01
|14 6.43E-01 6.42E-01 6.41E-01
1.45 5.95E-01 5.93E-01 5.93E-01
1.5 5.46E-01 5.44E-01 5.44E-01
1.55 4.96E-01 4.94E-01 4.94E-01
1.6 4.45E-01 4.43E-01 4.43E-01
1.65 3.93E-01 3.92E-01 3.91E-01
1.7 3.40E-01 3.39E-01 3.38E-01
1.75 2.86E-01 2.85E-01 2.85E-01
1.8 2.31E-01 2.30E-01 2.30E-01
1.85 1.75E-01 1.74E-01 1.74E-01
1.9 1.18E-01 1.17E-01 1.17E-01
1.95 _ 5.94E-02 5.92E-02 5.91E-02
2 0.00E+00 0.00E+00 | 0.00E+00

Table 4.1.22 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for {ixed

value of Reynolds number R=1and suction parameter k=0.1.
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- W,R=5, k=0.1, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.065856721 1.069993623 1.073722673
1.1 1.117876468 1.125289494 1.131918387
1.15 1.156484701 1.166433423 1.175273643
1.2 1.182052454 1,193897244 1.20437166
1.25 1.194904172 1.20809182 1.219712869
1.3 1.195324801 1.209377244 1.221730209
1.35 1.183566062 1.198070921 1.210800867
1.4 1.159851867 1.17445401 1.187255448
1.45 1.124382827 1.13877661 1.151385223
1.5 1.077339871 1.091261918 1.103447887
1.55 1.018887026 1.082109589 1.043672152
1.6 9.49E-01 9.61E-01 9.72E-01
1.65 8.68E-01 8.80E-01 8.89E-01
1.7 7.76E-01 7.87E-01 7.95E-01
1.75 6.74E-01 6.82E-01 6.90E-01
1.8 5.60E-01 5.67E-01 5.74E-01
1.85 4.36E-01 4.42E-01 4.46E-01
1.9 3.01E-01 3.05E-01 3.08E-01
1.95 | 1.56E-01 1.58E-01 1.59E-01
2 | 0.00E+00 ] 0.00E+00 1 0.00E+00 B

Table 4.1.23 variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=5and suction parameter k=0.1.

) W,R=9, k=0.1, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.162248384 | 1.171320774 1.179582306
1.1 1.301361055 1.317846078 1.3327031
1.15 1.417546201 1.439900746 1.460020943
1.2 1.51098679 1.538107702 1.562086439
1.25 1.58184208 1.612499505 1.63936455
13 1.630251287 1.66342732 1.602251221
1.35 1.656334778 1.691117938 1.721086059
1.4 1.660199373 1.69576928 1726162114
1.45 1.641940298 1.677554725 1.707733506
1.5 1.601643691 1.636626481 1.666021365
1.55 1.530388045 1.573118192 1.601218461
1.6 1.455244727 1.487146896 1.51349277
1.65 1.349277614 1.378814444 1.402990167
1.7 1.221541964 1.248208447 1.269836406
1.75 1.072082656 1.095402803 1.114138497
1.8 9.01E-01 9.20E-01 9.36E-01
1.85 7 08E-01 7.23E-01 7.35E-01
1.9 4.94E-01 5.04E-01 5 13E-01
1.95 2.58E-01 2.63E-01 2.67E-01
2 0.00E+00 0.00E+00 0.00E+00

Table 4.1.94 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=9 and suction parameter k=0.1.

o0



. W,R=13, k0.1, A=1
| a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.247441276 1.261490809 1.274530019,
1.1 1.46577808 1.491639392 1.515365432
'1.15 1.654526953 1.690212255 1.722559254
1.2 1.813242948 1.856966184 1.896105099
1.25 1.941513469 1.991653093 2.035952991
1.3 2.038954078 2.09402345 2.14202077
1.35 2.105205876 2.163828666 2.214202417
1.4 2.139933947 2.200822676 2,252374176
1.45 2.142826302 2.204762878 2.256399028
1.5 2.113592747 2.175410567 2.226129893
1.55 2.051963122 2.112530924 2.161411829
1.6 1.957684485 2.015892634 2.062083396
1.65 1.830516975 1.885267159 1.927977333
1.7 1.670228193 1.72042768 1,758920634
1.75 1.476586084 1.521147737 1.554734113
1.8 1.24935024 1,287199538 1.315231533
1.85 9.89E-01 1.018351953 1.040218494
1.9 6.94E-01 7.14E-01 7.29E-01
1.95 3.64E-01 3.75E-01 3.83E-01
2 0.00E+00D 0.00E+00 0.00E+00
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Table 4.1.25 variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=13and suction parameter k=0.1.

. W,R=17, k=0.1, A=1
a=0.0 a=0.2 a=0.4

1 1 1 1
1.05 1.321442106 1.340677074 1.35844852
1.1 1.610529294 1.646521916 1.679238743
1.15 1.865735271 1.91632188 1.961427179
1.2 2.085647044 2.148908752 2.204071326
1.25 2.26896098 2.343157625 2.406237816
1.3 2.414476953 2.497985344 2.567007657
1.35 2.521090953 2.612348663 2.685479452
1.4 2.587787626 2.685242187 2.760771225
1.45 2.613634297 2.715696143 2.792021211
1.5 2.597777045 2.702773996 2.778387869
1.55 2.539437928 2.645569929 2.719049243
1.6 2.437911087 2.543206165 2.613201784
1.65 2.292554691 2.394830124 2.460058668
1.7 2.102775671 2.19961139 2.258847666
1.75 1.868004689 1.956738442 2.008808574
1.8 1.587659118 1.665415112 1.709190251
1.85 1.262019591 1.324856704 1.359247418
1.9 8.90E-01 9.34E-01 9.58E-01
1.95 4.69E-01 4.93E-01 5.05E-01

2 {.00E+Q0 0.00E+Q0 0.00E+00

Table 4.1.26 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=17 and suction parameter k=0.1.



. W,R=21, k=0.1, A=1
a=0.0 a=0.2 a=0.4

1 1 1 1
1.05 1.389003296 '1.409161237 1.431435979 .
1.1 1.745148978 1.782553291 1.824053808
1.15 2.065974507 2.117814828 2.175690854
1.2 2.349113267 2.412659479 2.484227632
1.25 2.59227264 2.664872095 2.747590845.
1.3 2.793219403 2.872304999 2.96375459
1.35 2.949772004 3.03287428 3.130740267
1.4 3.059796457 3.144556123 3.246615627
1.45 3.121201305 3.205383145 3.309493198
1.5 3.121928099 3.21344072 3.317528224
1.55 3.089936685 3.166863224 3.268916191
1.6 2.993188021 3.063830141 3.161889943
1.65 2.83962982 2.902561965 2.994716409
1.7 2.627191211 2.681315797 2.765692885
1.75 2.353791903 2.3983804L,86 2.473142885
1.8 2.017370008 2.052071899 2.115411524
1.85 1.615101475 1.640726154 1.690860576
1.9 ] 1.145739073 1.162694114 1.197859755

195 ] 6.08E-01 6.16E-01 6.35E-01

el 2 ] 0.00E+00 . 0.00E+00 0.00E+00
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Table 4.1.23 variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=2land suction parameter k=0.1.

r W,R=1, k=-0.3, A=1
' a=0.0 #=0.2 a=0.4

1 1 1 1
1.05 9.50E-01 1.217014897 -3.01E-01
1.1 9.01E-01 1.15010875 -7.49E-01
1.15 8.52E-01 1.082561304 -8.30E-01
1.2 8.03E-01 1.016034173 -7.66E-01
1.25 7.54E-01 9.50E-01 - -6.55E-01
1.3 7.06E-01 8.85E-01 -5.36E-01
1.35 6.58E-01 8.21E-01 -4.26E-01
1.4 6.09E-01 7.57E-01 -3.30E-01
1.45 5.61E-01 6.94E-01° -2.47E-01
1.5 5.12E-01 6.31E-01 -1.80E-01
1.55 4.63E-01 5.68E-01 -1.24E-01
1.6 4.13E-01 5.05E-01 -8.24E-02
1.65 3.64E-01 4.42E-Q1 -4.86E-02
1.7 3.13E-01 3.80E-01 -2.65E-02
1.75 2.63E-01 3.17E-01 -1.24E-02
1.8 2.11E-01 2.54E-01 -1.32E-03
1.85 1.59E-01- 1.91E-01 1.28E-03
1.9 1.07E-01 1.28E-01 3.96E-03
1.95 5.38E-02 6.40E-02 3.42E-03

2 0.00E+00 0.00E+00 0.00E+00

Table 4.1.3.% variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1and suction parameter k=-0.3.
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W,R=5, k=-0.3, A=1
r a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.049938672 2.324268335 -1.078499355
1.1 1.082513269 2.260524325 -1.815176056
— 1.15 1.099833626 2.149338502 -1.933179915
1.2 1.103612071 2.0379059 -1.789191842
1.25 1.095251789 1.925649993 -1.55200309 .
1.3 1.075912563 1.812271507 -1.297403769
1.35 1.046560485 1.697499657 -1.056830055
1.4 1.008005676 1.581008121 -8.42E-01
1.45 9.61E-01 1.462859005 -6.55E-01
1.5 9.06E-01 1.342598794 -4.96E-01
k" 1.55 8.43E-01 1.220154764 . -3.61E-01
1.6 7. 74E-01 1.095381924 -2.51E-01
1.65 6.98E-01 9.68E-01 -1.61E-01
1.7 6.15E-01 8.38E-01 -9.21E-02
1.75 5.27E-01 7.06E-01 -4.06E-02
1.8 4.32E-0! 5.71E-01 -3.44E-03
1.85 3.32E-01 4.32E-01 1.54E-02
1.9 2.27E-01 2.91E-01 2.26E-02
1.95 1.16E-01 1.47E-01 1.72E-02
2 0.00E+Q0 ] 0.00E+00 0.00E+00 i

Table 4.1.29 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=5 and suction parameter k=-0.3.

. W,R=9, k=-0.3, A=1 i
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.172747202 2.827795742 -2.844237355
1.1 1.286900476 2.819226674 -4.197369047
1.15 1.381136177 2.689823418 -4,334096559
1.2 1.432132891 2.556587473 -3.937099493
1.25 1.455091483 2.421861385 -3.353476761
1.3 1.454105501 2.285053124 -2.74791936
1.35 1.4324927396 2.145727864 -2.190573665
1.4 1.392665972 2.003526257 -1.705612067
1.45 1.336929112 1.858151812 -1,295871604
1.5 1.266933167 1.709357822 -9,57E-01
1.55 1.184084793 1.556937668 -6.80E-01
1.6 1.089543633 1.400717149 -4,59E-01
1.65 9.84E-01 1.2405484 1 -2.84E-01
1.7 8.69E-01 1.076205029 -1,52E-01
1.75 7.45E-01 9.08E-01 -5.72E-02
1.8 6.11E-01 7.35E-01 7.16E-03
1.85 4,"70E-01 5.58E-01 4 .03E-02
1.9 3.21E-01 3.77E-01 4 .89E-02
1.95 1.64E-01 1.91E-01 3.49E-02
2 0.00E+00 0.00E+00 0.00E+Q0

Table 4.1.30 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=9 and suction parameter k=-0.3.
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. W,R=13, k=-0.3, A=1 .
a=0.0 a=0.2 - a=0.4

1 1 1 1
1.05 1.312775462 3.112350955 -5.737593352
1.1 1.531155115 3.18139109 -8.102570788
1.15 1.676638699 3.043346747 -8.214177532
1.2 1.764888248 2.893536 21 -7.309759748
1.25 1.807474572 2.742466666 -6.063566774
1.3 1.813056659 2.589302047 -4.810672664
1.35 1.788191224 ©2.,433292903 -3.694794522
1.4 1.737896916 2.273875508 -2.760137207
1.45 1.666053176 2.110616214 -2.003932589
1.5 1.575685916 1.943177784 -1.406135425
1.55 1.469174665 | 1.771295179 -9.41E-01
1.6 1.348404449 1.594758186 -5.86E-01
1.65 1.214878322 1.413398657 -3.22E-01
1.7 1.069801556 1.227080968 -1.31E-0Q1
1.75 9,14E-01 1.035694721 -3.44E-03
1.8 7.49E-01 8.39E-01 7.45E-02
1.85 5.74E-01 6.37E-01 1.06E-01
1.9 3.91E-01 4.30E-01 | 1.01E-01
1.95 1.99E-01 2.18E-01 i 6.48E-02

2 0.00E+00 0.00E+00 1 0.00E+00

Table 4.9-3] variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=13 and suction parameter k=-0.3.

. W,R=17, k=-0.3, A=1
a=0.0 a=0.2 a=0.4
1 1 1 1
1.05 1.463596926 3.275098141 -9.75011496
1.1 1.772567098 3.436544244 -13.48800807
1.15 1.969094553 3.297337776 -13.43023877
1.2 2.082237381 3.132598531 -11.63111175
1.25 2.132347133 2.967461436 -9,285474416
1.3 2.133895828 2.801276666 -7.009071782
1.35 2.097318809 2.632662878 -5.06264473 -
1.4 2.03023728 2.460665332 -3.511827881
| 1.45 1.9382825%91 2.284608436 -2.329287385
1.5 1.825660418 2.104005082 -1.454582137
1.55 1.69554233 1.918498457 -8.23E-01
1.6 1.550341069 1.727823683 -3.78E-01
1.65 1.391906421 1.531781897 -7.52E-02
1.7 1.221666122 1.330222304 1.19E-01
1.75 1.040728283 1.123029454 2.27E-01
1.8 8.50E-01 9.10E-01 3.71E-01
1.85 6.50E-01 6.91E-01 2.60E-01
1.9 4.41E-01 4.67E-01 2.07E-01
1.95 2.25E-01 2.36E-01 1.18E-0Q1
2 0.00E+0D 0.00E+00 0.00E+00

Table 4.{.31 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=17 and suction parameter k=-0.3.



] W,R=21, k=-0.3, A=1
a=0.0 | a=0.2 a=0.4

1 1 | 1 1
1.05 1.619511459 3.367540103 -15,02039752
1.1 2.010901883 3.632009909 -20.49112182
1.15 2.245997074 3.496926129 -19.99407382
1.2 2.371548701 3.315885733 -16.73769626
1.25 2.418579195 3.136108327 -12.70296512
1.3 2.408039371 2.95795776 -8.937501126
1.35 2.354308204 2.778798648 -5.870223551
1.4 2,267401159 2.596881077 -3.575152637
1.45 2.154389401 2.411082836 -1.958231507
1.5 2.020327473 2.220660956 -8.72E-01
1.55 1868869257 2.025111845 -1.73E-01
16 1702682959 1.824087443 2.54E-01
1.65 1.523734491 1.617343344 4.92E-01
1.7 1.333483425 1.404705703 6.03E-01
1.75 1.133020072 1.18604951 6.20E-01
1.8 9.23E-01 9.61E-01 5.75E-01
1.85 7.05E-01 7.30E-01 4.79E-01
1.9 4.78E-01 4.93E-01 3.46E-01
1.95 2.43E-01 2.50E-01 1.85E-01

2 0.00E+00 0.00E+00 0.00E+00

Table 4.1.3% variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=21 and suction parameter k=-0.3.
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. W, R=1, a=0.0
K=0.9 K=0.5 K=0.1 =-0.3 =-0.7

[ 1 1 1 1 1 1
1.05 9.72E-01 9.65E-01 9.58E-01 9.50E-01 9.45E-01
1.1 9.42E-01 9.29E-01 9.15E-01 9.01E-01 8.92E-01
1.15 9.10E-01 8.91E-01 8.72E-01 8.52E-01 8.39E-01
1.2 8.75E-01 8.51E-01 8.27E-01 8.03E-01 7.88E-01 |
1.25 8.38E-01 8.10E-01 7.82E-01 7.54E-01 7.37E-01
1.3 7.98E-01 7.67E-01 7.37E-01 7.06E-01 6.86E-01
1.35 7.56E-01 7.23E-01 6.90E-01 6.58E-01 6.36E-01
1.4 7.12E-01 6.77E-01 6.43E-01 6.09E-01 5.87E-01
1.45 6.66E-01 6.29E-01 5.95E-01 5.61E-01 5.38E-01
1.5 6.17E-01 5.80E-01 5.46E-01 5.12E-01 4.89E-01
1.55 5.66E-01 5.29E-01 4.96E-01 4.63E-01 4.40E-01
1.6 5.12E-01 4,77E-01 4.45E-01 4.13E-01 3.92E-01
1.65 4.56E-01 4.23E-01 3.93E-01 3.64E-01 3.43E-01
1.7 3.98E-01 3.68E-01 3.40E-01 3.13E-01 2.95E-01
1.75 3.37E-01 3.10E-01 2.86E-01 2.63E-01 2.46E-01
1.8 2.75E-01 2.52E-01 2.31E-01 2.11E-01 1.97E-01
1.85 2.09E-01 1.91E-01 1.75E-01 1.59E-01 1.48E-01

' 1.9 1.42E-01 1.29E-01 1.18E-01 1.07E-01 9.93E-02
1.95 7.21E-02 6.54E-02 5.94E-02 5.38E-02 4.98E-02
2 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00 |

Table 4., %4 variation of axial velocity with radial distance r for different values of
Suction parameters k and for fixed value of Reynolds number
R=1 and viscoelastic parameter a=0.0.
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W, k=0.1, a=0.2

R=1 R=5 R=8 R=13 R=17 R=21
-1 1 1 1 1 1 1
1.05 9.58E-01 1.069993623 1.171320774 1.261490809 1.340677074 1.409161237
""'fr- 9.15E-01 1.125289494 1.317846078 1.491639392 1.646521916 1.782553291
1.15 8.71E-01 1.166433423 1,439990746 1.690212255 1.91632188 2.117814828
1.2 8.27E-01 1.193857244 1.538107702 1.856966184 2.148908752 2.412659479
1.25 7.81E-01 1.20809182 1.612499505 1.991653093 2.343157625 2.664872095
1.3 7.36E-01 1.209377244 1.66342732 2.09402345 2.497985344 2.872304999
1.35 6.89E-01 1.198070921 1.691117938 | 2.163828666 2.612348663 3.03287428
1.4 6.42E-01 1.17445401 1.69576928 2.200822676 2.685242187 3.144556123
1.45 5.93E-01 1.13877661 1.677554725 | 2.204762878 | 2.715696143 | 3.205383145
1.5 5.44E-01 1.091261918 | 1.636626481 2.175410567 2.702773996 3.21344072
1.55 4.94E-01 1.032109589 1.573118192 2.112530924 2.645569929 3.166863224
4.43E-01 9.61E-01 1.487146896 2.015892634 2.543206165 3.063830141
3.92E-01 8.80E-01 1.378814444 1.885267159 2.394830124 2.902561965
3.39E-01 7.87E-01 1.248208447 1.72042768 2.19961139 2.681315797
2.85E-01 6.82E-01 1.095402803 1.521147737 1.956738442 2.398380586-
2.30E-01 5.67E-01 9.20E-01 1.287199538 1.665415112 2.052071899
1.74E-01 4.42E-01 7.23E-01 1.018351953 1.324856704 1.640726154
1.9 1.17E-01 3.05E-01 5.04E-01 7.14E-01 9.34E-01 1.162694114
1.95 S5.92E-02 1.58E-01 2.63E-01 3.75E-01 4.93E-01 6.16E-01
L_g 0.00E+00 0.00E+0D 0.00E+00 0.00E+00 0.00E+00 0.00E+0N
Table 4.1.35 variation of axial velocity with radial distance r for different values .
of Reynolds number and for fixed value of suction parameter
k=0.1 and viscoelastic parameter a=0.2.
F— W, k=0.9, a=0.0 ’
' R=1 R=5 R=9 R=13 R=17 R=21
1 1 1 1 1 g 1 1
1.05 | 9.72E-01 1.058746179 1.043373273 1.07032343 1.06615968 1.064158675
1.1 9.42E-01 1.114249911 1.08300165 1.144133409 1.13562964 1.131535442
1.15 | 9.10E-01 1.165335318 1.1203181 1.220879755 1.2081992 1.201976628
1.2 8.75E-01 1.21082411 1.156008217 1.299976031 1.28366231 1.275364378
| 1.25 | 8.38E-01 1.24951415 1.19011255 1.380734957 1.36178259 1.351604766
1.3 7.98E-01 1.280163085 1.222122128 1,4622794 1.4422332 1.43059427
| 1.35 7.56E-01 1.301475798 1.251064659 1.543427421 1.52450666 1.512162024
14 7.12E-01 1.312094774 1.275578901 1.622548915 1.60778656 1.59598155
145 | 6.66E-01 1.310892657 1.293974404 1,697389849 1.69076749 1.68143647
1.5 6.17E-01 1.295466479 1.304273045 1.764857975 1.77140139 1.76740876
1.55 | 5.66E-01 1.265133165 1.304227099 1.820761163 1.84653749 1.851934448
1.6 5.12E-01 1.217925985 1.291305669 1.85948642 1.9114092 1.931639
| 1.65 | 4.56E-01 1.152091689 1.262636503 1.873604137 1.95890483 2.000820768
1.7 3.98E-01 1.065788029 1.214883096 1.853378388 1.97853953 2.049991016
1.75 3.37E-01 9.57E-01 1.144027243 1.786160216 1.95502263 2.0635956
i 1L18 | 2.75E-01 8.24E-01 | 1.044924392 1.655636563 1.86628752 2.016524508
LL-B_S__ 2.09E-01 6.64E-01 | 8.88E-01 1.442279252 1.68055845 1.868218771
1.9 1.42E-01 4.75E-01 6.69E-01 1.119142415 1,.35325232 1.556034068
195 | 7.21E-02 2.54E-Q1 3.77E-01 6.53E-01 8.22E-01 9.83E-01
2 0.00E+Q0 0.00E+00 0.00E+00 0.00E+00 0.0CE+00 0.00E+00

Table 4.{.3¢ variation of axial velocity with radial distance r for different values
of Reynolds number and for fixed value of suction parameter
k=0.9 and viscoelastic parameter a=0.0.




Y

W, k=0.9, a=0.2

r R=1 R=5 R=9 | R=13 R=17 R=21

1 1 1 1 1 1 1.
1.05 | 9.74E-01 | 1.126872264 1.030800546 1.44491036 1.014142546 9.93E-01
1.1 | 9.44E-01 | 1.251212694 1.090545498 2.04002049 1.075201984 9.91E-01
1.15 | 9.12E°01 | 1.371029182 1.185948962 2.74341594 1.195342921 1.00955769
1.2 | 8.78E-01 | 1.484179122 1.322752826 3.49088111 1.380113471 1.06704564
1.25 | 8.41E-01 1.58836463 1.505182065 4,19742563 1.625887013 1.17820794
1.3 | 8.02E-Q1 1.68112818 1.735335356 4,76108916 1.917897661 1.35119713
1.35 | 7.60E-01 | 1.759848599 | 2.012515923 5.06933457 |« 2.22928236 1.58364348
1.4 | 7.15E-01 | 1.821737411 2.332510286 5.00825157 2.521549957 1.85960584
1.45 | 6.69E-01 | 1.863835556 | 2.686825992 4,47466697 2,746864822 2.14808733
1.5 | 6.20E-01 | 1.883010532 | 3.061903686 3.39108734 2.852449781 2.40392701
1.55 | 5.68E-01 | 1,875954099 | 3.438324339 1.72318058 2.787271558 2.57178109
1.6 | 5.15E-01 | 1.8391806%6 | 3.790039315 -5.01E-01 2.51096408 2.59366569
1.65 | 4.59E-01 | 1.769026875 | 4.083659923 -3.1693819 2.004666222 2.42012904 -
1.7 | 4.00E-01 1.661652161 4.,277854687 -0.0678853 1.283099868 2.02454513 \
1.75 | 3.39E-01 | 1.513041999 | 4.322917914 -8.8600038 4,07E-01 1.41928478
1.8 | 2.76E-01 | 1,319013773 | 4.160593654 -11.07423 -5.07E-01 |  6.72E-01
1.85 | 2.11E-Q1 1.075227388 | 3.724266928 -12.097651 -1.277510712 -8.34E-02
1.9 | 1.43E-01 7. 77E-01 2.93967224 -11.18113 -1.658215121 -6.38E-01
1.95 | 7.27E-02 4.20E-01 1.726336448 -7.4605674 -1.345764519 -7.16E-01
2 0.00E+00 0.00E+00 0.00E+00 0.00E+00 0.00E+00

Table 4.RFFvariation of axial velocity with radial distance r for different values
of Reynolds number and for fixed value of suction parameter
k=0.9 and viscoelastic parameter a=0.2.

0.00E+00

W,R=1, k=0.9, A=3
r
a=0.0 a=0.2 a=0.4
1 1 1 1
| 1.05 1.019741529 1.039827027 1.05959886

1.1 1,031867278 1.067905305 1.103156539
1.15 1,036429556 1.084940635 1.132096427
1.2 1.033509968 1.091506766 1.147557285
1.25 1.023192802 1.088074845 1.150460532
1.3 1.005543227 1.075035177 1.141559498
1.35 9.81E-01 1.052713523 1.121476022
1.4 9.48E-01 1.021383445 1.090727963
1.45 9.09E-01 9.81E-01 1.049750134
1.5 8.62E-01 9.33E-01 9.99E-01
1.55 8.08E-01 8.75E-01 9.39E-01
1.6 7.47E-01 8.10E-01 8.69E-01
1.65 6.79E-01 7.37E-01 7.90E-01
1.7 6.03E-01 6.55E-01 7.03E-01
1.75 5.21E-01 5.65E-01 6.06E-01
1.8 4 .31E-01 4.68E-01 5.02E-01
1.85 3.34E-01 3.63E-01 3.88E-01
1.9 2.30E-01 2.49E-01 2.67E-01
1.95 1.19E-01 1.29E-01 1.38E-01

2 0.00E+00 0.00E+00 0.00E+00

Table 4.1.38 variation of axial velocity with radial distance r for different

values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1 and suction parameter k=0.9 for A=3.



. W,R=1, k=0.9, A=5 b
a=0.0 a=0.2 a=0.4
1 1 1 1

105 1.067724083 1.106116217 1.143190178
1.1 1.122606831 1.191471059 1.257498298
1.15 1.164736399 1.257390259 1.345614089
1.2 1.194235784 1.30495177 1.409692011
1.25 1.211231023 1.335041335 1.451477615
1.3 1.215823832 1.348393548 1.472400089
1.35 1.208079552 1.34562262 1.473641028
1.4 1,188033938 1.327245723 1.456186217
1.45 1.155712787 1,293700894 1.42086507
1.5 1.111151912 1.245360907 1.368381003
1.55 1.054405582 1.182544108 1.299335076
1.6 9.86E-01 1.105522963 1.214244604
1.65 9.05E-01 1.014530867 1.113558018

1.7 8.12E-01 9.10E-01 9.98E-01

1.75 7.07E-01 7.91E-01 8.67E-01

1.8 5.90E-01 6.60E-01 7.22E-01

1.85 4.60E-01 5.14E-01 5.62E-01

1.3 3.19E-01 3.56E-01 3.88E-01

1.956 1.66E-01 1.85E-01 2.01E-01

2 0.00E+0Q0 0.00E+00 0.00E+00
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Table 4.4.3% variation of axial velocity with radial distance r for different
values of viscoelastic parameter a=0.0, 0.2 and 0.4 and for fixed
value of Reynolds number R=1 and suction parameter k=0.9 A=5.
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FIG. 4.1.1 variation of v with r for different values of a and fixed value

- of R=1 and K=0.9.
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FIG. 4.1.2 variation of v with r for different values of a and fixed value

- of R=5 and K=0.9.
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FIG. 4.1.3 variation of v with r for different values of a and fixed value

of R=9 and K=0.9.
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FIG. 4.1.4 variation of v with r for different values of a and fixed value

of R=13 and K=0.9.
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FIG. 4.1.5 variation of v with r for different values of a and fixed value
of R=17 and K=0.9.
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FIG. 4. 1,.6 \}ariation of v with r for different values of a and fixed value
of R=21 and K=0.9.
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FIG 4.1.7 variation of angular velocity v with radial distance r for
different values K and fixed value of R=1 and alpha=0.0
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FIG. 4.1.8 vériation of v with r for different values of a and fixed value of

R=1 and K=0.5.



N e

alpha=0.2
.1 alpha=0.4

A0A
T
UL S W Y
XA
N
000
I G . §

.1 alpha=0.0 l

FIG. 4.1.9 variation of v with r for different values of a and fixed value of
R=1 and K=0.1.
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FIG. 4.1.10 variation of v with r for different values of a and fixed value
of R=1 and K=-0.3.
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FIG. 4.1.11 variation of v with r for different values of a and fixed value
of R=1 and K=-0.7.

‘wemy
Iy

—¢— R=21 k=0.5 alpha=0.0
——R=21 k=0.5 alpha=0.2
—+— R=21,k=0.5 alpha=0.4

FIG. 4.1.12 variatibn of v with r for different values of a and fixed value
of R=21 and K=0.5.
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FIG. 4.1.13 vaﬁation of v with r for different values of a and fixed value
of R=21 and K=0.1.
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FIG. 4.1.14 variation of v with r for different values of a and fixed value
of R=21 and K=-0.3. :
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FIG. 4.1.15 variation of v with r for different values of a and fixed value
' of R=21 and K=-0.7.

o - j— T TN T T YT T QT T TN T g T e e

A\ A\ - - ~ - - - ™~

~»— R=1.0,k=0.8 alpha=0.0
— R=1.0,k=0.9 alpha=0.2
—e—R=1.0,k=0.9 alpha=0.4

FIG. 4.1.16 variation of w with r for different values of a and fixed value
of R=1 and K=0.9.
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FIG. 4.i.17 variation of w with r for different values of a and fixed
'value of R=5 and K=0.9.
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FIG. 4.1.18 variation of w with r for different values of a and fixed
value of R=9 and K=0.9.
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FIG 4, 1 19 variation of w Wlth r for different values of a and fixed
value of R=13 and K=0.9.
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FIG. 4.1.20 variation of w with r for different values of a and fixed
value of R=17 and K=0.9.
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FIG. 4.1.21 variation of w with r for different values of a and fixed

0.2 |
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FIG. 4.1.22 variation of w with r for different values of a and fixed

value of R=1 and K=0.1.
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FIG. 4.1.23 variation of w with r for different values of a and fixed
value of R=5 and K=0.1.
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FIG. 4.1.24 variation of w with r for different values of a and fixed
' value of R=9 and K=0.1.
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FIG. 4.1.25 variation of w with r for different values of a and fixed

value of R=13 and K=0.1.
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FIG. 4.1.26.variation of w with r for different values of a and fixed

value of R=17 and K=0.1.
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FIG. 4,1.27 variation of w with r for different values of a and fixed
' value of R=1 and K=0.1. ‘
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FIG. 4.1.28 variation of w with r for different values of a and fixed
value of R=1 and K=-0.3.
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FIG. 4.1.29 variation of w with r for different values of a and fixed
' value of R=5 and K=-0.3.
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FIG. 4.1.30 variation of w with. r for different values of a and fixed
value of R=9 and K=-0.3.
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FIG. 4.1.31 variation of w with r for different values of a and fixed
value of R=13 and K=0.1.
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FIG. 4.1.32 variation of w with r for different values of a and fixed
value of R=17 and K=-0.3.
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FIG. 4.1.33 variation of w with r for different values of a and fixed
value of R=21 and K=0.1.
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FIG 4.1.34 variation of w with radial distance r for different values
'K and fixed value of R=1 and alpha=0.0
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FIG 4.1.35 variation of w with radial distance r for different values R
and fixed value of K=0.1 and alpha=0.2
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FIG 4.1.36 variation of w with radial distance r for different values R
and fixed value of K=0.9 and alpha=0.0
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FIG 4.1.38 variation of w with r for different values alpha and fixed
value of R=1,K=0.9, A=3
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FIG 4.1.39 variation of w with r for different values alpha and fixed
value of R=1,K=0.9, A=5
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4.2 Second-order fluid flow between two rotating discs

of different transpiratien for high Reynolds number‘szr

The present investigation deals with the study of non-Newtonian

incompressible. second-order fluid between two infinite porbus rotating

discs by finite-difference scheme for small and large values of Reynolds

numbers. The constitutive equation of the second order fluid has
already been aescribed in equation (1.7).

4.2_.1 Formulation of the problem:

In a 3-dimensional cylindrical set of co-ordinates (r,G ,z), the
system consists of two porous discs of infinite radius coinciding with
the planes z=0 and z=d respectively. Both the discs are rotating with

different angular velocities. The lower disc z=0 is rotating with

constant angular velocity mRQ_; while the upper disc (z=d) is rotating

with constant angular velocity RQr about the z-axis. The rate of

suction at the upper discs is taken different from the injection rate at
the lower disc. A uniform injection nWis applied on the lower disc
while the uniform suction W is applied on the upper disc. The spacé
between tﬁe‘ discs is occupied by a homogeneous incompressible
second-order ﬂﬁid. By symmetry all the variables will be independent of

each other. Now introducing the following non-dimensional quantities.
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By assuming u, v and w as the radial, transverse and axial components
of velocities respectively, the relevant boundary conditions of the

problem are

, W = nW

[®)
ol

Z=0,u=20 v =mR

= W

#

z=0,u=0v=RQr,
we get the non-dimensional equations as

oun . ow u
—t —+ —=0
or oz r --(4.2.1)
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--- (4.2.4)
subject to the boundary conditions
z=20,,u=0 v=mR w=nR
z = 1;. ‘u=0 v=MMR w=R --- (4.2.5)
420
where A = —V— , is a dimensionless rotational parameter,
1
wd ) .
R = " , 1s a suction Reynolds number,
1
= p
@ = —2 B —
pd pd

o and B are dimensionless parameters representing elastico-viscous

and cross-viscous effects. o is negative since By < 0 for thermodynamic
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considerations. Further the constitutive relation (1.7) is valid for flow at

low shear rates such that|a| << 1,

4.2.2 Numerical solution:

To find the solution of equations (4.2.1) to (4.2.4), we introduce
the following variables

‘u = *[EEJF’(Z) ’

2
v = rRA G(z),
- w =RF(z) ,
P = p(z) +—%X 2r2 --- (4.2.6)

X
where F(z) and G(z) are non-dimensional functions of the variable z

and primes denote differentiation with respect to z.

Then the equation of continuity (4.2.1) is identically satisfied with the

equations (4.2.2) to (4.2.4) are transformed to
2RF” - 2R 2FF" + R2F'2 - 4R 20.2G? + 4A2% +a[2R2FFIV —2R2F”2]
+B[2R2F’F’”'—R2F”2 +4R2x2G2] =0
| - (4.2.7)
G"-RFG’+RF'G +a|[RFG”" ~RF'G']+p [RF'G"-RF'G]=0
--- (4.2.8)
RF" - R2FF' -P'+a [1 IRZF'F" + R2FF" + 1 2R2F'F" + 4r2R 222 G’G”]

+B [7R2F’F" . —;—rszF”F'" " 2r2RzG'G”} =0

- (4.2.9)



The corresponding boundary conditions are
z=0; F'=0, G=m, F=n, - (4.2.10)
z=1; F'=0, G=1, F=1, | - (4.2.11)
Equations (4.2.7) and (4.2.8) are highly non-linear in F and G which are

functions of z. In finite-difference approximations, the first, second,

third, fourth and fifth order derivatives of a function F and G as stated

-

in relations (3.9)-(3.13),
The equatiohs (4.2.7) and (4.2.8), we obtain

Hy 105 10Oy BB R L)

g e M PR R o B 2R
v h3 ! h?

2h o4

2
ot B 2R Bl B B B tR-Ko,
2R +B{ 2R
h2 2h B3

2 | 2
2 Bt R ) e Cie G ]|
h2 2h

H, (G, 2:Gi, GGy _ B, pBE =

G. ,-G.+G. F.
1+1 1 1+

- (4.2.12)

1+R 1+1—Fi—1G.—RF. Gi+1d—Gi—]+
2 2h S T

g Sie2 7364173576 GRS mGig ),
i 3 2 oh

B{RFHl'Fi—'l Gi+1_2Gi+Gi—1_RG_Fi+1_Fi+Fi—1}
1

=0

- (4.2.13)

GO

- 2
F  -F : F. ,-4E ,+6F . —4F +F
[1+1 1—1} -—4R27»2Gi2+4A7»2+0{2RFi i+3 i+2 i+1 i i1
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All E's and G/'s are the functions of z. divide z [0, 1] into twenty equal

parts each of length 0.05 with mesh points 2 to 22 and 1 and 23 as the

fictitious points. The boundary conditions (4.2.1Q) and (4.2.11) can be

rewritten as:

G(0O) =m, G@Q)=1,
F(0) =n, F()=1,
F'(0) =n, F'l)=1,
Gy =m Gp =1
Fop=m = Fy =l

Fog =m Far =1

The differences of approximation (I)i with exact values @i i.e.

AF,and AG, can be calculated by

Qi =®. +Ad,, O, canbe E and G,.
Equations (4.2.12) and (4.2.13) involve only E's and G's. Expanding
H ).lanc'i H

1 23 by means of Taylor series expansion and neglecting the

second and higher powers of small quantities.

_ (oH, oH, . oH, . oH, .
Hij=H, +|—aG,  +—=ba6 +—=bac,  +—Lar |+
)| 6G, -1 aG. 1 5G, i+1  aF i-1
i—-1 i i+1 i—1
oH, . oH, . oH, .
aF’JAFi+ . »J AE, ||+ >J AF, =0
i +1 i+2

- (4.2.14)



_ oH, . SH,, . oH, . OH, .
Hyj=H, .+ —=1aG_ +—2daG +—=lac,  +—=Lac.  +
o 2 3G1—1 i-1 aGi i aGi+1 i+1 aGi+2 i+2
AH. . - oH.. . oH. .
_Biap s Ziap . Liap oo
oF. . 1-1 " 5R 1 gF 1+1
i-1 1 i+1
- (4.2.15)

equations (4.2.14) and (4.2.15) can be represented as

CF. H1,3
3 H
F 1.4
Foo H) 20
‘ H
g | Br] 4 [Tw| o2 o
\ G, H, 4
G4 HzA
_ - N
G )
20 H) 50
G
Ga1 ] Hoyop

Where J is the jacobian matrix of order 38. Applying Newton-Raphson -
method (3.9) solving this system, a better approximation for F and G is
found. The procedure is repeated till the desired accuracy is achieved.
The number’ of intervals have been increased for the smooth flow

function study.

4.2.3 Results and Discussion:

Tables 4.2.1-4.2.6 represent the variation of axial velocity F
with z for different values of visco-elastic parametersa , p for fixed

Reynolds number and these tables have been depicted through the

figures 4.2.1-4.2.6. It has been observed and concluded that for larger
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values of Reyﬁolds numbers, the axial velocity has negative sign i.e.
liquid comes out of disc. The study is of great importance that the
chemical industry may be interested to find the limit of Rc;ynolds
numbe;‘ for the fluid beir;g used for such set-ups. These values depend
on the characteristics of the fluid. The results corresponding to
Newtonian fluid caﬁ be deduced from the above results by setting
o =$.=0.

Figures 4.2.1-4.2.2 depict that for o = =0 and a =-0.01,

B =0.01 the results are in good agreement with the results of

Chaudhary and Das (1997), but for a =-0.05, B =0.05 recirculation

N

occurs at the end points in the lower and upper discs. From point z =
0.4 to 0.9 the set of values shows the normal study of circulation and
attains maximum value at z = 0.7. Hence, it is concluded that for non-
Newtonian fluid large recirculation occurs at lower disc in comparison
to the‘ recir;:u_lation at upper disc. The behavior of the fluid is turbulent
as higher Valué of Reynolds number is considered. [t is also noticed
that the behavior of the fluid in the practical purpose is to be seen by
the technocrats and engineers in the industry.

Figure 4.2.3 represents that for o =-0.05, f =0.05

recirculation occurs at end point in lower disc and attains maximum
value at z =0.05. From z = 0.15 to z = 0.1 the set of values depicts
normal behavior of circulation and attains the maximum value at point

z = 0.9, For 'a =-0.01, B =0.01 the curve depicts normal behavior of



circulation which has maxima at point z = 0.8 and minima at point z =
0.05

Figure 4.2.4 depicts that the axial velocity F with z shows
normal circulation curve and attains maximum value at point z = 0.235
excepts from point z =0.5 to 0.7, where recirculation occurs.

Figure 4.2;5 depicts recirculation for o =-0.05, B =0.05 at
end point of lower disc and attains maximum value at point z = 0.5 and
minimum value at z = 0.95. It is almost symmetrical about z = 0.5
except end p(;ints in the lower and ﬁpper discs.

Figure 4.2.6 shows that for o =-0.05, B =0.05 at the end
point of the lower disc-recirculation occurs and is maximum at z =0.35,
but for almdst other values of ¢ and p , the set of values represents
norméi beh-a\{ior-of circulation.

The cbmparison of different values of Reynolds number R has
been tabulated in tables 4.2.7 and shown graphically in figure 4.2.7.

Figures 4.2.8-4.2.11 represent the behavior of transverse
velocity G with z for different values of m, nand A and visc;o-elastic
parameters @ , B for fixed Reynolds numbers R=1 and R=3 and giveﬁ in
detail in tables 4.2.8-4.2.11. It is observed that recirculation takes
place for different values of z at for different parameters. Hence it is
concluded that the distribution of transverse velocity is not syn.metrical
and for non- Newtonian fluid large recirculation éccurs at upper disc in
comparison to the recirculation at lower disc_ on increasing the value of

Reynolds number.
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The comparison of different values of Reynolds number has
been represented by table 4.2.12 and has been depicted through graphs
in figure 4.2.12. The present study could be of much interest to bio-

engineers involved in design and construction of artificial organs, e.g.

artificial dialysis etc.



) F, m=2, n=2, A=1, R=1
=0.0,8=0.0 a=-0.01, p=0.01 a=-0.05, B=0.05

0- 2 2 2
0.05 1.994123192 7.59E-01 26.28936320
0.1 1.977542093 1.267115971 -60.79172157
0.15 1.951902772 1.565934293 -42.61009202
0.2 1.918944059 1.759896249 26.748039627
0.25 1.880492583 1.926147198 236.1655396
0.3 1.838457052 2.128035384 -104.9080007
0.35 1.794821915 2.422115487 -33.50782789
0.4 1.751640254 2.850077688 38.22107807
0.45 1.711026565 3.479597314 133.1253809
0.5 1.67514881 4.30520333 307.5344064
0.55 1.646220612 5.323149597 532.5361978
0.6 1.626493069 6.459995572 762.7643671
0.65 1.618246694 7.546113463 935.8053614
0.7 1.623783414 8.281345100 986.4666994
0.75 1.64541888 8.248719753 873.5249336
0.8 1.685475005 7.056792011 610.0880807
0.85 - 1.792 4.680600693 278.0769884
0.9 1.830126919 1.915317056 10.09140848
0.95 1.939338251 4.27E-01 -88.58554396
1 1 1 1

Table 4.2.1:variation of F with z for different values of parameters a
. and B and fixed values of m=2, n=2, A=1, R=1,

] F, m=2, n=2, A=1, R=3
a=0.0,3=0.0 =-0.01, B=0.01 a=-0.05, =0.05
0 2 2 2
0.05 -1099529.535 -2.38E-01 -970.1294366
0.1 -137.5019638 7.098131302 -409.4647002
0.15 -1052457.899 5.257978119 -451.8929952
0.2 -1181010.245 15.92430841 -233.9182545
0.25 -169517.8263 2480386934 98.03040942
0.3 . -4051.044821 33.1074951 3354171111
0.35 -80313.5553 38.30451501 485.3890974
0.4 -85930.80962 35.36274624 561.4493304
0.45 -11565.83174 21.81511763 572.6262580
0.5 -1894.928108 3.944445991 523.9969443
0.55 446.7272841 -4.122060983 423.4005443
0.6 389,3839237 -5.48621967 288.5510826
0.65 . -793.6766003 15.2257 1663 148.8542768
0.7 -1297.347564 34.28164181 38.34108518
0.75 -730.6642616 48.68535226 -18.13857454
0.8 217.129104 49.38372572 | -14.0333611
0.85 .737.0173229 31.42473325 62.58650074
0.9 0.255582612 3.882235566 161.7635342
0.95 -1422.926233 -9.312940588 202.4965019
1 1 1 1

Table 4.2.2:variation of F with z for different values of parameters a

and P and fixed values of m=2, n=2, A=1, R=3.

30
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z F, m=2, n=2, 4=0.5, R=1
a=0.0,3=0.0 a=-0.01, B=0.01 a=-0.05, B=0.05

0 2 2 2
0.05 1.99462477 1.433878121 -6.16397871
0.1 1.979567593 1.667869335 -3.546575057

©0.15 1.956533132 1.783456382 -1.418909061

0.2 1.927360059 1.825856187 1.79E-01
0.25 1.894017973 1.820871114 1.243172782
0.3 1.858603553 1.785040248 1.863037459
0.35 1.823336085 1.732314862 2.144401404
0.4 1,790552254 1.67844733 2.19052629
0.45 1.762700763 1.643248638 2.099651504
0.5- 1.742336307 1.650287594 1.962117528
0.55 1.732113598 1.723374473 1.854089612
0.6 1.734781076 1.879338971 1.82975453
0.65 1.753174691 2.117267207 1.915143215
0.7 . 1.7902119 2.405663819 2.105055287
0.75 1.84888567 2.671296794 2.362521611
0.8 1.932259008 2.797604667 2.62092719
0.85 2.043459856 2.648808749 2.791897299
0.9 2.18567638 2.156928604 2.783841515
0.95 2.362153832 1.564441548 " 2,533762541

1 1 1 1

Table 4.2.3:variation of F with z for different values of parameters a
and P and fixed values of m=2, n=2, A=0.5 and R=1.

) F, m=0.5, n=2, A=1, R=3
a=0.0,3=0.0 =-0.01, B=0.01 a=-0.05, B=0.05
0 2 2 2
0.05 1.99462477 1.433878121 -6.16397871
0.1 1.979567593 1.667860335 -3.546575057
0.15° 1.956533132 1.783456382 -1.418909061
0.2 1.927360059 1.825856187 1.79E-01
0.25 1.894017973 1.820871114 1.243172782
0.3 1.858603553 1.785040248 1.863037459
0.35 1.823336085 1.732314862 2.144401404
0.4 1.790552254 1.67844733 2.19052629
0.45 1.762700763 1.643248638 2.099651504
0.5 1.742336307 1.650287594 1.962117528
. 0.55 1.732113598 1.723374473 1.854089612
0.6 1.734781076 1.879338971 1.82975453
0.65 1.753174691 2.117267207 1.015143216
0.7 1.7902119 2.405663819 2.105055287
0.75 1.84888567 2.671296794 2.362521611
0.8 1.932259008 2.797604667 2.62092719
0.85 2.,043459856 2.648898749 2.791897299
0.9 2.18567638 2.156928604 2.783841515
0.95 2.362153832 1.564441548 2.533762541
1 1 1 1

Table 4.2.4:variation of F with z for different values of parameters a

and P and fixed values of m=0.5, n=2, A=1, R=3.
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. F, m=0, n=0, A=1, R=1
a=0.0,$=0.0 a=-0.01, p=0.01 =-0.05, p=0.05

0 0.00E+00 0.00E+00 0.00E+00

0.05 6.95E-03 6.87E-03 -9.07E-01
0.1 2.68E-02 2.65E-02 1.391674348
0.15 5.81E-02 5.74E-02 3.399313516
0.2 9.9 9.81E-02 5.154629018
0.25 1,49E-01 1.47E-01 6.720661981
0.3 2.05E-01 2.03E-01 8.116188475
0.35 2.67E-01 2.64E-01 9.289136725
0.4 3.33E-01 3.29E-01 10.12101808
0.45 4.00E-01 3.96E-01 10.45835609
0.5 4.69E-01 4,64E-01 10.16688996
0.55 5.36E-01 5.31E-01 9.108226052
0.6 6.01E-01 5.96E-01 7.648726097
0.65 6.62E-01 6.56E-01 5.781064423
0.7 7.16E-01 7.11E-01 3.976729357
0.75 7.63E-01 7.57E-01 2.604524175
0.8 8.00E-01 7 .95E-01 1.82820429
- 0.85 8.25E-01 8.20E-01 . 1.468921383
0.9 8.36E-01 8.33E-01 © 1.094045319

0.95 8.32E-01 8.30E-01 5.69E-01

1 1 1 1

AN

Table 4.2.5:variation of F w1th z for d1fferent values of parameters a

andBand fixed values of m=0, n=0, A=1, R=1.

F, m=0, n=0, A=1, R=3
z
a=0.0,$=0.0 =-0.01, $=0.01 a=-0.05, $=0.05

0 0.00E+00 0.00E+00 0.00E+00
0.05 6.36E-03 6.11E-03 -169.9479337
0.1 2.44E-02 2.35E-02 -163.9590596
0.15 5.27E-02 5.07E-02 -5.773794339
0.2 8.97E-02 8.62E-02 129.5855752
0.25 1.34E-01 1.29E-01 204.0011967
0.3 1.84E-01 1.77E-01 231.5703055
0.35 2.38E-01 2.29E-01 226.3814389
0.4 2.94E-01 2.83E-01 208.0428067
0.45 3.51E-01 3.38E-01 192.904701
0.5 4.07E-01 3.93E-01 188.4850578
0.55 4.60E-01 4.44E-01 191.9056708
0.6 5.08E-01 4.91E-01 190.5043239
0.65 S5.49E-01 5.32E-01 169.3631373
0.7 5.81E-01 5.64E-01 123.1852037
0.75 6.01E-01 5.85E-01 63.11559941
0.8 6.07F-01 5.92E-01 12.43817763
0.85 5.96E-01 S5.83E-01 -8.566840223
Q.9 5.64E-01 S5.55E-01 3.686160087
0.95 S5.10E-01 5.04E-01 -3.11076689

1 1 1 1

Table 4.2.6:variation of F with z for different values of parameters a

and P and fixed values of m=0, n=0, A=1, R=3.



93

z

m=2, n=2 , A=1 a=-0.01, p=0.01

R=1 R=3 R=5 R=7 R=9
0 -2 2 2 2 2
0.05 7.59E-01 -2.38E-01 -295.670036 -29.864648 285.9172304
0.1 1.267115971 -7.0981313 -385.894013 -3.8857578 -941.020377
0.15 1.565934293 5.257978119 -244.520234 -4.27E-01 -482.0223566
0.2 1.759896249 15.92430841 6.45E-01 13.6017579 102.7515584
0.25 1.926147198 24.80386934 -260.206845 41.4670313 144.93206
0.3 2.128035384 33.1074951 -295.01866 32.2680872 -8.22E-01
Q.35 2.422115487 38.30451501 -348.458222 14.2478716 -155.3726509
0.4 2.859077688 35.36274624 126.2757725 17.2501813 -63.90566168 -
0.45 3.479597314 21.81511763 235.8044862 16.3295582 77.43906403
0.5 = 4.30529333 3.944445991 29.3916735 8.35324298 73.44218932
0.55 5.323149597 -4.12206098 61.45978776 -4.9585971 -15.65655841
0.6 6.459995572 -5.48621967 24.93987021 -9.481939 -55.05674584
0.65 7.546113463 15.22571663 2.137426353 -11.511483 -10.38950591
0.7 8.281345109 34.28164181 -1.87155849 -16.298254 2.688198575
0.75 8.248719753 48.68535226 -4.45E-02 -19.54262 -6.953082215
0.8. 7.056792011 49.38372572 -4.3999499 -16.279353 83.12016576
0.85 4.680600693 31.42473325 26.17377003 -5.1356317 91.35349135
0.9 1.915317056 3.882235566 7.53502198 7.00718672 13.71374467
0.95 4.27E-01 -9.31294959 -29.1004972 8.04621291 -59.73297944
1 1 1 1 1 1

A

Table 4.2.7:variation of F with z for different values R and fixed values

of m=2, n=2, A=1, a=-0.01 and p=0.01.

z G, m=2, n=2, A=0.5, R=1
a=0.0,=0.0 a=-0.01, p=0.01 a=-0.05, $=0.05
0 .2 2 2
0.05 1.950242249 2.180562211 -18.42772303
0.1 1.896876998 2.362520967 -48.6394384
0.15 1.841132368 2.54911777 -51.55819828
0.2 1.784063997 2.751348422 -52.93855280
0.25 1.7265625 2.977466953 -52.40308726
0.3 1.669360987 3.234158755 -49.94739222
0.35 . 1.613042632 3.526966937 -45.86522032
0.4 1.558047994 3.860232623 -40.59984204
0.45 1.504682763 4.236749582 -34.61151426
0.5 1.453125 4.657327273 -28.27980992
0.55 1.403432864 5.120471784 -21.85379307
0.6 1.355551978 5.622374173 -15.45954313
0.65 1.309323023 6.157252466 -9.160772626
0.7 1.264489012 6.717556015 -3.0551129438
0.75 1.220703126 7.291765758 2.607158261
0.8 1.177535991 7.851746956 7.299974112
0.85 1.134483231 8.303257138 10.13260981
- 0.9 1.090972023 8.317411342 9.870923368
0.95 1.046373389 6.802165338 5.154604511
1 1 1 1

Table 4.2.8:variation of G with z for different values of parameters

a and B and fixed values of m=2, n=2, A=0.5, R=1.



i G, m=0.5, n=2, A=1, R=3
0=0.0,3=0.0 a=-0.01, p=0.01 1=-0.05, B=0.05
0 5.00E-01 5.00E-01 5.00E-01

0.05 4.13E-01 440631.4835 -431.4749495
0.1 3.34E-01 -965875.6999 -682.1874215
0.15 2.65E-01 -1037191.94 -658.4236486
0.2 2.06E-01 -903606.7258 -611.3514488

"0.25 1.59E-01 -660255.1607 -606.6892638
0.3 1.24E-01 -430572.6929 -567.3778458
0.35 1.02E-01 -270634.4677 -537.0332264
0.4 "9.33E-02 -192320.9973 -492.7235298
0.45 9.83E-02 -187339.3679 -525.5191434
0.5 1.17E-01 -203894.9344 -471.6358929
0.55 1.50E-01 -140833.2562 2335.07978
0.6 1.97E-01 26788.80053 -180.1630424
0.65 2.58E-01 49665.4 1149 -83.16455018
0.7 3.32E-01 47893.9139 -36.67532286
0.75 4.18E-01 42843.68386 12.25997749
0.8 - 5.16E-01 53922.32801 71.84068089
0.85 6.25E-01 80491.62885 69.54955678
0.9 7.43E-01 87912.7567 54.91276678
0.95 8.68E-01 -142007.3091 10.69665534

1 1 1 1

Table 4.2.9:variation of G with z for different values of parameters

a and P and fixed values of m=0.5, n=2, A=1, R=3.

z G, m=0, n=0, A=1, R=1
a=0.0,$=0.0 a=-0.01, B=0.01 a=-0.05, $=0.05
0 0.00E+00 0.00E+00 0.00E+00
0.05 5.25E-02 5.29E-02 1.397592776
0.1 1.05E-01 1.06E-01 1.64E-01
0.15 1.57E-01 1.58E-01 -1.023602948
0.2 2.10E-01 2.11E-01 -2.165491709
0.25 2.62E-01 2.63E-01 -3.277374683
0.3 3.13E-01 3.14E-01 -4.351680125
0.35 3.65E-01 3.66E-01 -5.337242017
0.4 4.16E-01 4.17E-01 -6.128551735
0.45 4.66E-01 4.67E-01 -6.5646354
0.5 5.16E-01 5.16E-01 -6.443628595
0.55 5.65E-01 5.65E-01 -5.561522248
0.6 6.13E-01 6.14E-01 -3.781446584
* 0.65 6.61E-01 6.61E-01 -1.131352509
0.7 7.09E-01 7.09E-01 2.114910945
0.75 7.56E-01 7.56E-01 5.390153138
0.8 8.03E-01 8.03E-01 8.091581072
0.85 8.51E-01 8.51E-01 9.767612641
0.9 8.99E-01 8.99E-01 9.751210414
0.95 9.49E-01 9.49E-01 7.1418348
1 - 1 1 1

Table 4.2.10:variation of G with z for different values of parameters

a and B and fixed values of m=0, n=0, A=1, R=1.
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2 G, m=0, n=0, A=1, R=3
a=0.0,=0.0 a=-0.01, $=0.01 a=-0.05, B=0.05

0 0.00E+00 0.00E+00 0.00E+00
0.05 5.75E-02 5.88E-02 1532.923556
0.1 1.15E-01 1.17E-01 2836.806444
0.15 1.72E-01 1.75E-01 3586513432
0.2 . 2.29E-01 2.32E-01 3647.222266
0.25 2.85E-01 2.88E-01 3790.871827
0.3. 3.40E-01 3.43E-01 3915.373344
0.35 3.94E-01 3.97E-01 3915.472476
0.4 - 4.47E-)1 4.50E-01 3795.600629
0.45 4.98E-01 5.00E-01 3577.098787
0.5 5.47E-01 5.49E-01 3258.759723
0.55 5.94E-01 5.96E-01 2837.462382
0.6 6.39E-01 6.41E-01 2335.328516
0.65 6.83E-01 6.84E-01 1824.344475
0.7 7.26E-01 7.26E-01 1402.213669
0.75 7.68E-01 7.68E-01 1094.117985
0.8 8.09E-01 8.10E-01 825.8999602
0.85 8.52E-01 8.52E-01 661.2775542
0.9 8.97E-01 8.97E-01 1632.446706

"0.95 9.46E-01 9.46E-01 -1330.006541
1 1 1 1

Table 4.2.11:variation of G with z for different values of parameters
a and B and fixed values of m=0, n=0, A=1, R=3.

z G, m=2, n=2 , A=1, a=-0.01, p=0.01
R=1 R=3 R=5 R=7 R=9
0 2 2 2 2 2
0.05 8.78148 325.617 3045.74 -610.46 72015.6
0.1 15.381 -275 5846.43 -888.89 42584.8
0.15 22.5575 -495.27 2747.06 -127.2 ~-15227
0.2 30.4159 -649.66 2821.89 421.952 -13974 }
0.25 39.0619 -716.99 -7202.5 146.973 -9303.3 |
0.3 48.5834 -699.61 -11754 168.073 6914.91
0.35 59.0289 -607.35 -11433 118.568 4748.53
0.4 70.3833 -466.45 -1262.5 60.3586 123.728
0.45 82.5431 -324.12 2873.57 14.826 -375.03
0.5 95.3056 -222.8 -3154.6 5.87659 -833.3
0.55 108.394 -120.72 -184.57 60.9603 -284.48
0.6 121.548 -17.102 249.46 64.9803 227.69
0.65 134.707 -65.377 356.884 -15.601 1439.74
07 148.253 -182.4 277.867 -86.688 -1450
Q.75 163.118 -310.78 525.167 -139.41 859.562
0.8 180.211 -469.15 -726.62 -149.73 376.54
0.85 198.203 -626.29 -590.85 -102.69 140.442
0.9 208.086 -686.07 -795.46 -26.913 711.925
0.95 179.613 -543.45 -1256.5 45.541 1583.37
1 1 1 1 1 1

Table 4.2.12: variation of F with z for different values of R and fixed
“values of m=2, n=2, A=1, a=-0.0land 3=0.01.
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4.3 Flow of Incompressible Fluid between two rectangular
and circular plates:

In the present investigation, we study the problem of flow of
incompressible fluid between two rec.tangular and circular plates for large
value bf Rey'nc_ylds ngmber a and present interesting results based on the
numérical mpthbds and represented graphically.

4.3.1 Formulation of the Problem:
TWO DIMENSIONAL FLOW:

The geometry of viscous incompressible fluid between two
parallel infinitely long rectangular plates of width 2a separated by a small

distance h (t} is shown in figure 4.3.1. The lower plate remains fixed and

the upper plate is assumed to move downwards.

lw

h (1) T ‘

Figure 4.3.1 Geometry of flow between parallel rectangular plates and
circular glates.

For the above two dimensional flow the fluid has velocity vector (u, 0, w)
and the equation of continuity and of motion of fluid referred to Cartesian

coordinates (Batchelor (1967)) are



ou ow
—_—t— =0
ox 0Oz
Ou Ju ou 1 Op 62u 52y
—FtU—F+W—=——— V| ——+ ——
ot ox 0z pox 2 522

' 2 2
ou ow ow 1 dp o“w 0w
—tU——FW—=———+V +
ot 0x oz p Oz x2 972

and the boundary conditions are

~

u=w=0 at

u=0 and w=f1 at

For .two dimensional flow equations, we ' introduce

transformations (Chandrashekeran and Ramnaih (1983))

Let

Where

Where the prime denotes differentiation with respect to n and h = &

z=0

z=h
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- (4.3.1)

- (4.3.2)

the following

--- (4.3.3)

dh

Substituting equations (4.3.3) into equation (4.4.1) and eliminating

pressure we-obtain a non- linear ordinary differential equation

,F”” + FFm __ (lnFm _ FIF” "‘3GF” =0

with boundai'y conditions
F=0, F'=0 at

F=a, FF=0 at

n=0

n=1

- (4.4.4)

- (4.4.5)
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AXISYMMETRIC FLOW:

Figure 4.3.1 'shows the cylindrical coordinates system used for . the
description of the problem of axisymmetric flow between two parallel
circular plates of radius ‘@’ separated by a small distance h (t) In this
case the upper plate moves towards the lower plate that is fixed. The u
and w represent the velocity components in the radial and axial directions
respectively. The axisymmetric unsteady flow is governed by the following

equations of continuity and of motion

.0 0
?&(xu)+a—£—(xw) =0

'

u du  ou  1dp Lazu Lou 8%u u]
= e ——+

U W= =+ V -—
& ox oz  pox ox? xox a9zt x?

ou  ow ow 1 dp w 1ow 9w '
+u +w = v +— + --- (4.3.6)

o ox oz poz ox? x ox ozt

The relevant boundary conditions are
u=w=0 ét - z=0

~u=0 and w=h at z=h --- (4.3.7)°
For axisymmetric flow, we introduce the transformations
Let C ows= —EF(n)

h
Where n= 2z sothat u= xvE (4.3.8)
h(t) T h? ~

Substituting equation (4.3.8) into (4.3.7), we get
F”” + ZFFW - a,rIFlll __. BQF“ = O

with boundary conditions



[OS
o
o

F=0, F'=0a %=0
o

F=—=, FF=0 at =1
5 | n

These equations and boundary conditions for both the two dimensional
and axisymmetric flows can be put in general form as

F"' + AFF’f’ —anF" - BF’F" -30F"=0 --- (4.3.9)
with boundary conditions

F‘-—-.O, i":O at- n=90

F=Ca F'=0at n=I --- (4.3.10)
For two dimensional flow A=1, B=-1 and C=1 and
Eor axisymmetric flow A=2, B=0, C=1/2 ‘

4.3.2 Method of Solution:

Equatioﬁ (4.4.6) is highly non- linear in F which is function of n. Divide 1, \
[0,1] into hundred equal parts each of length 0.04. The finite difference
apprgximation scheme for first, seéond, third and fourth order derivatives
has béen us.ed_ to discretize the differential equation (4.4.6) to obtain,

i3 4 FOF -4 +E ( _ P 3R P30 -Fo
+\AF, —an.
h4 ’ ! h3

I TS T P P e O O PO (T T Tt TV S
2h h2 h2

with boundary conditions

F,=0, =0 at n=1,
Foo=Co Fy, =0 at n=2.

Above .equat'ion can be solved by using iterative scheme.
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4.3.3 Results and Discussion:
FOR TWO DIMENSIONAL FLOW:

Figure 4.3.2 represents the behavior of axial velocity w with nj for
differ_ent values ‘of Reynolds numbers «. It has been observed and
depict;ad th:;t for two dimensional flow the axial velocity has turbulent
flow at the léwér discs from n=0.0 to n=0.15 and from n=0.15 to n =1.0
the fluid shows the normal behavior of circulation. But as soon as the
Reynolds number increases the recirculation at the upper disc as well as
at the lower disc increases. Though the computations have been made for
higher value of Reynolds numbers, it has been noticed that the flow is
turbulent in the study. |
AXISYMMETRIC FLOW: J

B Figufé 4.3.3 represents the graph between axial velocity and n for
various values of Reynolds numbers o. Hence it is concluded that the
distribution of axial velocity is symmetrical between the two discs only for -
small values qf Reynolds number o« and recirculation occurs at upper
disc in comparison to the recirculation at lower disc on increasing the
value of Reynolds number. Due to recircﬁlation for larger values of
Reynolds numbers, the axial velocity has negative sign i.e. liquid comes
out of disc. The study is of great iinportance that the chemical industry
may be intefested to find the limit of Reynolds number for the fluid being
used for such ;set-ups.

Figuré 4.3.4 represents the behavior of axial velocity w with n for

extremely high values of Reynolds numbers «. Hence it has been
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observed and concluded that for non- Newtoﬁian fluids recirculation
occurs at the lower disc as compared to recirculation at the upper disc.
The recirculation occurs fer nj =0 to nj =0.5 and after that the fluid shows
the normal circulation. The behavior of the fluid is turbulent as higher
. value of Reynolds number is considered. It is also noticed that this
behavior of 'the fluid in the practical purpose is to be seen by the

technocrats and engineers in the industry.



Axial velocity w

n
a=0.5 =1 a=2
0.0 0.00E+00 0.00E+00 0.00E+00
0.05 101.43426 114,09862 138.03267
0.10 79.049278 81.399545 86.699362
0.15 94.43755 94.276556 93.044341
0.20 115.3852 114.74268 112.01587
0.25 129.42872 128.35184 124.49096
0.30 136.94064 135.55535 130.81461
0.35 138.62251 137.04178 131.63867
0.40 135.2252 133.54728 127.67084
0.45 127.51926 125.82587 119.63583
0.50 116.28825 114.64331 108.27066
0.55 102.32869 100.7787 94.327913
0.60 86.454448 85.02662 78.586439
0.65 59.490698 68.212942 61.837022
- 0.70 52.332318 51.146976 44.996444
0.75 35.751338 34.904555 28.757911
0.80 21.052858 19.699668 14.640111
0.85 8.7370743 8.9408801 3.33991883
0.90 -3.71E-01 -1.94531 -5.530556
0.95 -1.45481 -2.088513 -3.103733
1.0 5.00E-01 1 2

Table 4.3.1. variation of axial velocity w with 1 for different

values of o for two- dimensional flow.
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s
n Axial velocity w
a=1 a=3 o =5 a=10

0.0 0.00E+00 0.00E+00 0.COE+00 0.00E+Q0

0.05 16.81093989 22.84596846 28.8967283 2694.21976
0.10 50.91974849 67.09066636 87.9299017 - 771.627927
0.15 73.97101198 95.4131911 119.747543 312.618839
0.20 90,19872292 114.2084381 138.744819 -121.09434
0.25 100.3621201 124.811361 147.017869 -517.76703
0.30 105.2010638 128.4619363 146.49857 -847.23706
0.35 105.4358395 126.3148419 138.95952 -1086.6604
0.40 101.7708451 119.4533677 126.03571 -1235.6559
0.45 94.89798675 108.9001369 109.24217 -1302.7728
0.50 85.49931506 95.62558879 89.9899097 -1298.4347
0.55 74.24996853 80.55450178 69.6006414 -1231.5346
0.60 61.81996287 64.57248834 49.3230081 -1109.5804
0.65 48.87703053 48.53334198 30.351374 -941.27299
0.70 36.08690874 33.26597692 13.8332232 -739.38564
0.75 24,13351517 19.59380608 1.06507064 -521.94041
0.80 13.61286199 8.264560331 -8.0078654 -310.96435
0.85 5.628753863 4.79E-01 -6.1174393 -131.06316
0.90 -6.67E-01 -4.63877143 -7.8750893 9,97E-01

0.95 -5.35E-01 -8.63E-01 -1.0184486 10.8568876
1.0 5.00E-01 1.5 2.5 10

Table 4.3.2. variation of axial velocity w with 1 for different values

of Reynolds numbers o for axisymmetric flow.




| Axial velocity w
a=500 . a=1000

0.0 0.00E+00 0.00E+00
0.05 -3857.26597 -16038.21464
0.10 -20204.6617 -154201.4436
0.15 -23752.2784 -185646.8045
0.20 -23654.6656 -189095.4403
0.25 -22082.5024 -179966.5236
0.30 -19148.983 -158950.4631
0.35 -14694.4345 -124871.0731
0.40 -8854.72898 -78940.10853
0.45 -2217.87997 _-25939.2342
0.50 4192.170451 25956.5346
Q.55 8995.329829 65935.30317
0.60 10326.86406 80675.31395
0.65 11732.49697 93829.21911
0.70 11644.37118 94990.68836
0.75 9800.300788 81206.7718
0.80 6518.471751 54803.18396
0.85 2754.155062 23541.9972
0.90 -8.41E-01 -2.089904806
0.95 -4.89E-03 -2.65E-05
1.0 250 500
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Table 4.3.3 Variation of axial velocity w with 1 for very

high values of o for axisymmetric flow.

1.60E+02
1.40E+02
1.20E+02
1.00E+02
A 8.00E+01
| 6.00E+01
4.00E+01
2.00E+01
0.00E+00

-2.00E+01

)

!

_Fig. 4.3.2 Graph representing the variation of axial velocity w with
1 for different values of o for two- dimensional fluid flow.
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Fig.4.3.3 Graph representing variation of axial velocity w with
n for different values of afor axisymmetric flow.
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Fig.4.3.4 graph representing variation of axial velocity w with
1 for extremely high values of afor axisymmetric flow.
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4.4 Numerical solution of steady flow of a viscoelastic

fluid between coaxial rotating porous disks with

uniform suction or injection for high Reynolds

numbers:

Flows induced by rotating disks are of considerable fundamental
interest because of the richness of the physical phenomenon they
encompass. Thus present investigation is devoted to the computation of
flow of visco-elastic fluids between a pair of coaxial porous rotating disks
with uniform suétion or injection for high value of Reynolds numbers.

4.4.1 Formulation of the Problem:

The computation of the flow of visco-elastic fluids is at best a
complicated affair, therefore, in order to get some insight into their flow

behavior, it is preferable to restrict to a model with minimum number of

e

parameters in the constitutive equations. Accordingly, we have chosen

the moc;lel of Walters liquid B' fluid in the present section as it involves
only non-Newt'onian parameters. The equation of motion for a Walters
liquid B' is giveh iﬁ relation (3.4).

Let us consider the steady flow of a Walters B’ fluid filling the
space between two infinite parallel disks. Choosing a cylindrical polar
coordinate system(r, 0, z), let the lower in the plane z=0 rotate with a

constant angular velocity 8 while the upper disk at z=d has angular
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velocity Q. Let u, v and w represent the velocity component in the
increasing the direction of r, © and z respectively.

The bounciary conditions of the problem are:

u=0, v=r8Q, w=w,at z=0
u=0, v=rQ, w=w,at z=d ---(4.4.1)
4.4.2 Numerical Solution:

In order to solve the problem under consideration, the equations
(3.4) and (4.4. 1) héve to be written in cylindrical polar coordinate system:.
This leads to a set of three non- linear partial differential equations. In
order to obtain their solution, we first transform them to a set of ordinary
non-linear. differential equations by making use of the transformation

Bhatnagar (1961) as:
u= —%rQH', v =1QG(n), w=dQH(n) --- (4.4.2)

where r]=l z/d e;nd prime denotes differentiation with respect to 1.

Substituting' from (4.4.2) into the equation of motion (3.4), the
equation in the 8-direction transforms to:

G"+RH'G ~RHG' + KR2H'G-HG"-H"G") =0 --- (4.4.3)
while the glimination of the pressure between the equations in the radial
direction r and axial rjflirection z leads to:

H™ + KR(H'H" + 72H”H”’ +8G'G"-HH"")-RHH" -4GG' =0 --- (4.4.4)

where
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1 R= Qd?

(Reynolds number) and

K
2. K= d02 (viscoelastic parameter)
' P

.The transformations (4.4.2) applied to the boundary conditions (4.4.1)
which give
¢(0)=s, cf)=1,

H(O)=a, H(l)=a,

H'(0)=0, H()=0, --- (4.4.5)
In th¢ above equations, S is the ratio of the angular velocities of the
two disks, respectively located at z=0 (angular velocitf2Band z=d
(angular velocityQ), and “a” is the suction or injection parameter,
which takes négative values for suction and positive values for
injection, where

_ Wy

a .
Qd

-<"(4.4.6)

Equations-4.4.3 and 4.4.4 are highly non-linear in G and H, which
are functions of 1. The first, second, third, fourth and fifth order
derivatives can Ee given by finite-difference approximation and ‘the
resulting equations are solved by Ne_wton-Raphson iterative method.

4.4.3 Results and Discussion:

Tables 4.4, 1, 4.4.2, 4.4.3 show the detailed values of the function

H(n ) which characterizes the axial component of velocity, choosing the
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fluid to be‘visco-elastic and can be depicted from the figures 4.4.1, 4.4.2,
4.4.3.

The calc.ﬁlations show the rnégnitude of H is maximum for S=0 as
shown in ﬁgur¢ 4.4.1. Also H>0 near the lower disk means that the ﬂow
is directed toward‘s the axis of the two disks and the corresponding value
of H rﬁust be positive, i.e. the fluid flow towards the upper disk as shown
in figure 4.4.1. |

Figure 4.4.2 represents the variatiqn of H with R for S=-1. It has :
been observed and concluded that at S=-1, a=0 and K=0.1 the axial
velocity decreases first with an increase in Reynolds number and start
increasing thereafter middle‘ of the disks at n =0.5. The condition of
recirculation occurs at the lower disk at point n =0 to 1 =0.5 and attains
maximum at Ti=0.25 and from point 1 =0.5 to 1 =1.0 the set éf values

shows the normal study of circulation and attains maximum at n =0.75 ‘

The figure 4.4.3 depiccs .the variation of axial velocity H with Kfor a |
Newtonian fluid and a non-Newtonian fluid and tabulated in table 4.4.3. -
For Newtonian ﬂuid the behavior of fluid between the two discs is normal
but for pon-NeWtonian fluids the cohdition of recirculation takes place at
the upp;:r di;zc_s. With the increase in visco-elastic parameter the
behavior of the.‘ﬂu'id bécomes turbulent near the upper discs.

Tables 4.4.4, 4.4.5, 4 .4.6 show the detailed values of the function

G(n), which characterize the transverse component of velocity and can

be depicted from the figures 4.4.4, 4.4.5, 4.4.6.
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Figure 4.4.4 shows that the trahsverse velocity decreases with the
increase in Re}"rn.olds number.

Ffom ﬁgl,ire 4.4.5 it has been observed and concluded that for fixed
value of S=0, R= 0.2 and a=1 transverse velocity G varies with visco-
elastic pérameter K and larger recirculation takes place at the lower disc
as compared to the uppér disc.

Figu.rc 4.4.6 shows that for injection condition the flow of the
visco-elastic the two discs is normal. But as soon as the suction
parametér inc;reases the behavior lof the fluid between the two discs
becomes turbﬁlen.t and larger recirculation takes place near the upper

disc as compared to the lower disc.



n H, a=0, R=0.2, K=0.1
$=0.0 $=0.5 S=-1

0 0.00E+00 0.00E+00 0.00E+00
0.05 3.08E-05 2.65E-05 -2.71E-05
0.1 1.13E-04 9.58E-05 -8.64E-05
0.15 2.33E-04 1.94E-04 -1.52E-04
0.2 3.75E-04 3.07E-04 -2.05E-04
0.25 5.27E-04 4.25E-04 -2.34E-04
0.3 6.76E-04 5.37E-04 -2.35E-04
0.35 8.11E-04 6.34E-04 -2.07E-04
0.4 9.22E-04 7.10E-04 -1.54E-04
0.45 1.00E-03 7.61E-04 -8.16E-05
0.5 1.04E-03 7.81E-04 5.22E-08
0.55 1.04E 03 7.71E-04 8.17E-05
0.6 9.98E-04 7.30E-04 1.54E-04
0.65 9.14E-04 6.60E-04 2.07E-04
0.7 7.94E-04 5.66E-04 2.35E-04
0.75 6.45E-04 4.54E-04 2.34E-04
0.8 4.78E-04 3.33E-04 2.05E-04
0.85 3.09E-04 2.13E-04 1.52E-04
0.9 1.57E-04 1.07E-04 8.64E-05
0.95 4,44E-05 2.99E-05 2.71E-05
1 0.00E+00 0.00E+00 - 0.00E+00

. —
Table 4.4.1: variation of H with n for different values of S

and fixed values of a=0, R=0.2 and K=0.1

0 H, a=0, S=-1, K=0.1
Re=0.2 Re=0.4 Re=0.6

0 0.00E+00 0.00E+00 0.00E+00
0.05 .3.71E-05 -5.42E-05 -8.13E-05
0.1 -8.64E-05 -1,73E-04 -2.59E-04
0.15 -1.52E-04 -3.04E-04 -4.56E-04
0.2 -2,05E-04 -4.10E-04 -6.15E-04
0.25 -2.34E-04 -4.69E-04 -7.04E-04
0.3 -2.35E-04 -4.71E-04 -7.06E-04
0.35 -2.07E-04 -4.14E-04 -6.21E-04
0.4 -1.54E-04 -3.07E-04 -4.61E-04
0.45 -8.16E-05 -1.63E-04 -2 44E-04
0.5 5.22E-08 4.18E-07 1.41E-06
0.55 8.17E-05 1.64E-04 - 2.47E-04
0.6 1.54E-04 3.08E-04 4.63E-04
0.65 2.07E-04 4.15E-04 6.24E-04
0.7 2.35E-04 4.71E-04 7.088-04
0.75 2.34E-04 4.69E-04 7.05E-04
0.8 2.05E-04 4.10E-04 6.16E-04
0.85 1.52E-04 3.04E-04 4.56E-04
0.9 8.64E-05 1.73E-04 2.60E-04
0.95 2,71E-05 5.,49E-05 8.14E-05

1 0.00E+00 0.00E+00 ! 0.00E+00

Table 4.4.2: variation of H with n for different values of R
and for fixed value of a=0, S=-1 and K=0.1.
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0 H, a=0.5, $=0.5, R=0.2
K=0 K=0.1 K=0.2

0 0.00E+00 0.00E+00 0.00E+00
0.05 5.00E-01 3.86E-01 4.47E-01
0.1 5.00E-01 4.42E-01 4.81E-01
0.15 5.00E-01 2.77E-01 4.98E-01
0.2 5.00E-01 1.45E-01 4.99E-01
0.25 5.00E-01 3.65E-01 5.01E-01
0.3 5.01E-01 7.32E-01 5.02E-01
0.35 5.01E-Q1 7.08E-01 5.02E-01
0.4 5.01E-01 4.84E-02 5.021-01
0.45 5.01E-01 -3.40E-01 4.99E-01
0.5 5.01E-01 1.02361824 4.941%-01)
0.55 5.01E-01 3.39829305 5.0012-01
0.6 5.01E-01 3.70694648 5.21E-01
0.65 5.01E-01 3.24E-01 4.7612-01
0.7 5.01E-01 -3.00E-01 4.17E-01
0.75 5.00E-01 2.19900275 5.961-01
0.8 5.00E-01 ° 1.96356699 7.86E-01
0.85 5.00E-01 -2.54084 -4.55[5-02
0.9 5.00E-01 -7.0129167 -1.1319887
0.95 5.00E-01 5.38E-01 9.18E-0)

] 5.00E-01 S.00E-01 5.00[5-01

Table 4.4.3: variation of H with n for different values of K
and fixed values of a=0.5, $=0.5 and R= 0.2.

0 G, a=1, S=0, K=0.1 -~
R=0.2 R=0.4 R=0.6

0 0.00E+00 0.00E+00 0.00E+Q0
0.05 4.53E-02 4.07E-02 3.6215-02
0.1 9.10E-02 8.23E-02 7.38E-02
0.15 1.37E-01 1.25E-01 1.13E-01
0.2 1.84E-01 1.68E-01 1.53E-01
0.25 2.31E-01 2.13E-01 1.94E-01
0.3 2.79E-01 2.58E-01 2.37E-01
0.35 3.27E-01 3.05E-01 2.82E-01
0.4 3.76E-01 3.52E-01 3.28E-01
0.45 4.25E-01 4,00E-01 3.75E-01
0.5 4.75E-01 4.50E-01 4.24E-01
0.55 5.25E-01 5.00E-01 4.741:-01
0.6 5.76E-01 5.51E-01 5.26L-01
0.65 6.27E-01 6.04E-01 5.79E-01
0.7 6.79E-01 6.57E-01 6.34E-01
0.75 - 7.31E-01 7.i2E-01 6.91E-01
0.8 7.84E-01 7.67E-01 7.49E-01
0.85 8.37E-01 8.24E-01 8.09E-01
0.9 8.91E-01 8.81E-01 8.711-01
0.95 9,45E-01 9.40E-01 9.3515-01

1 1 1 ]

Table 4.4.4: variation of G with n for different values of R

and fixed values of a=1, S=0 and K=0.1
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n G, a=1, S=0, R=0.2
K=0.05 K=0.1 K=1.5
0 _0.00E+00 0.00E+00 0.00E+00
0.05 -2.75E-01 4.53E-02 -1.95869
0.1 -2.63E-01 9.10E-02 -2.92909303
0.15 -1.18E-01 1.37E-01 -1.56604385
0.2 1.15E-01 1.84E-01 5.08E-01
0.25 3.64E-01 ~2.31E-01 1.811314532
0.3 5.52E-01 2.79E-01 1.598443098
0.35 6.30E-01 3.27E-01 4.69E-01
0.4 5.96E-01 3.76E-01 -4.44E-01
0.45 4.86E-01 4.25E-01 ~ -4.82E-01
0.5 3.64E-01 4.75E-01 1.78E-01
0.55 2.91E-01 5.25E-01 8.88E-01
0.6 3.10E-01 5.76E-01 1.155133489
0.65 4.36E-01 6.27E-01 9.69E-01
0.7 6.38E-01 6.79E-01 6.82E-01
0.75 8.39E-01 7.31E-01 6.48E-01
0.8 9.61E-01 7.84E-01 8.07E-01
0.85 1.00965425 8.37E-01 8.66E-01
0.9 1.07150802 8.91E-01 7.04E-01
0.95 1.13116353 9.45E-01 6.84E-02
1 1 1 1
Table 4.4.5: variation of G with n for different values.of K
and fixed values of a=1, S=0 and R= 0.2.
/
i G, K=0.15, 8=0, R=0.2
a=0.0 a=0.5 a=1.5
0 0.00E+00 0.00E+00 0.00E+00
0.05 5.00E-02 -3.26402873 -14.3151004
0.1 1.00E-01 -5.80328882 -21.6568324
0.15 1.50E-01 -6.01923885 -8.83842647
0.2 2.COE-01 -3.5195133 3.963283822
0.25 2.50E-01 5.27E-01 10.63847898
0.3 3.00E-01 3.93555037 6.346511192
0.35 3.50E-01 5.139142158 -1.94975212
0.4 4.00E-01 3.843560974 -5.40710294
0.45 4.50E-01 1.116211803 -2.62153288
0.5 5.00E-01 -1.58474485 1.798318928
0.55 5.50E-01 -3.42977386 3.494467863
0.6 6.00E-01 -4.15909154 1.96723712
0.65 6.50E-01 -5.32470802 -3.35E-01
0.7 7.00E-01 -9.14909355 -1.66743345
0.75 7.50E-01 -9.27579126 -2.46615916
0.8 8.00E-01 -3.62726099 -5.18047713
0.85 8.50E-01 6.27E-01 -20.370823
0.9 9.00E-01 -3.58E-01 -25.8221322
0.95 9.50E-01 6.88E-01 -33.6434517
1 1 1 1

Table 4.4.6: variation of G with | for different values of a
and fixed values of K=0.15, S=0 and R=0.2
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FIG. 4.4.1: variation of H with n for different values of S
and fixed values of a=0, R=0.2 and K=0.1
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FIG. 4.4.3: variation of H with n for different values of K
and fixed values of S=0.5, R=0.2 and a=0.5.
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Chapter 5 SUMMARY
b—%—_—

: \
The study of flow through porous boundaries is a vast area of

research in the field of fluid mechanics. Due to its importarllce in
various fields like soil physics, geo-hydrology, petrochemical
industries', and filtration, it has remained the field of interest for
numerouslreéearch workers. Tremendous work has been done in this
area and is available in literature. It is hard to touch the field as a
whole and hence the present work entitled “Numerical Solution of
Some Flow Problems of non-Newtonian Fluids” is restricted to the
study of flow of non-Newtonian visco-elastic incompressible fluid
such as second-order fluid and Walters liquid B’ through an annulus
of two coaxial rotating cylinders, between the two rotating coaxial
di:;,cs and Iparallel infinite rectangular and parallel circular plates and
is restricted towards theoretical modeling of the phenomena.

The work has been divided into five major chapters. The first
chapter is ir_xtroductory in nature and covers the development of the
fundamental concept of classical fluid mechanics so as to embrace
generalization leading to the theories of second-order fluids and
Walters liquid B’. It introduces the necessary foundations and
fundamental equations of motion and constitutive equations
goﬁerning' the flow phenomena of these visco-elastic fluids. Th;a
Chapter seéond,. Review of Literature, summarizes some relevant

research work done in the past in the area to update the knowledge.
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The third Chapter deals with the problem description, governing
equations and various numerical techniques as Metarials and
Methods, applied in solving the various algebraic equations involved
du‘ring ini/estigation. The Chapter fourth, Results and Discussion,
has been d'ivided into four sections. The section-4.1 is concerned
with the visco-elastic fluid characterized by Walters liquid (Model B’)
in the annulus of two porous coaxial circular cylinders when both
the boundaries are rotating with different angular velocities at a high
injection in inner cylinder and high suction in outer cylinder. The
governing differential equations and boundary conditions are
replaced by difference equations in unknown variables by using
finite-difference approximations for the derivatives. The section-4.2
deals with fhe study of non-Newtonian incompressible second-order
fluid betwéen two infinite porous rotating discs for small and large
values of Reynolds numbers. It is assumed that the rate of suction of
fluid at one.disc is different from the rate of injection of fluid at the
other. disc. The governing differential equations and boundary
conditions are replaced by algebraic equations in unknown variables
by using finite-difference approximations. The section-4.3 covers the
study of unsteady flow of a visconus incompressible fluid filling the
space between two parallel infinitely long rectangular (two
dimensionél) and two parallel circular plates (axisymmetric), which is
of principal interest of many scientific and engineering applications.

The numerical solution of unsteady squeezing of viscous fluid



124

occurring between two plates is obtained by using finite difference
scheme. The section-4.4 is devoted to the study of the numerical solution
of the flow of a visco-elastic fluid between coaxial rotating porous disks
with unifo.rm suction or uniform injection for small as well as large values
of Reynolds numbers.

The numerical computations have been carried out and physical
flow features, velocity components verses radial distance, have been
detailed out through tabular representation for various parameters
involved in the respective | investigation and have been depicted
graphically. Some new significant conclusions have been emerging from
our study are of engineering applications especially for the chemical

industry and mechanical industry perspective.
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C PROGRAM DETERMINING ‘V/AND ‘W/FOR SECTION 4.1
C PROGRAM DETERMINING ‘V’
DIMENSION P(20,20),R(20),X(20),B(20),C(20),F(20),Q(20,20),
1TEMP (20),DET (20) , DELTAV (20) ,V(20) ‘
DOUBLE PRECISION P,Q,X,F,B,R,C,TEMP, DET, PROD, PRO, V
CHARACTER *20 ARG, GETARG, FILNAM, FILO
C FILO=GETARG ()
C FILNAM=GETARG ()
OPEN (UNIT=8,FILE='P709.0U',STATUS="NEW')
WRITE(*,*) 'GIVE ORDER OF EQUATION'
READ{*, *)N
ALPHA=1.0
AK=0.4
RE=1.0
A=ALPHA*AK
R(1)=1.0
R(N+1)=2.0
H= (R(N+1)=R (1)) / (N+1)
DO 10 I=2,N+1
R(I)=R{1)+(I-1)*H
10 CONTINUE
DO 30 I=1,N+1
X(I)=LOG(R(I))
30 CONTINUE
H2=H*H
H3=H*H2
V(1)=R(1)
V(N+1) =R (N+1)
DO 25 I=2,N
25 V(I)=R(I)
DO 20 I=2,20
B(I)=-R(I)*R(I)
C{I)=RE*AK*R(I)*R(I)
C(I)=RE*AK*R(I)*R(I)
© 20 CONTINUE -
DO 50 I=1,N .
P(I,I})=(3.0%A+2.0* (A+B(I+1))*H~(3.0*A-B(I+1)-C(I+1)}*H3)/H3
50 CONTINUE
DO 60 I=2,N-1
J=I-1
P(I,J)=(-2.0*A~2,0* (A+B(I+1l))*H-(3.0*A~
1B(I+1)+C(I+1)*H))/(2.0*H3)
60 CONTINUE
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80

100

114

105

102

103

104
200
1044

101

2222

111

112

DO 70 I=1,N-2
J=I+1

P(I,J)=(-6.0%A-2.0% (A+B(I+1))*H+(3.0%A~

1B(I+1)+C(I+1))*H3)/(2.0%H3)
CONTINUE .

DO 80 I=1,N-3

J=1+2

CONTINUE

CALL ALUD(P,Q,N)
PROD=1.0

DO 100 I=1,N
PROD=PROD*Q(I, I)
PRO=PROD |

WRITE (8, *) PRO

CONTINUE

DO 105 I=1,N

F(I)=V(I+1)

DO 101 J=1,N

DO 102 I=1,N
TEMP(I)=P(I,J)

DO 103 I=1,N

P(I,J)=F(I)

DO 104 I=1,N

DO 104 K=1,N

Q(I,K)=0.0

CALL ALUD(P,Q,N)
PROD=1.0

DO 200 L=1,N
PROD=PROD*Q (L, L)

DET {J) =PROD

WRITE (8, *) ' DETERMINENT VALUES'
DO 1044 I=1,N
P{I,J)=TEMP(I)
WRITE (8, *)DET (J)
CONTINUE

DO 2222 I=1,N

DELTAV (I)=DET(I)/PRO
WRITE (8, *) 'DELTAV'

WRITE (8, *) (DELTAV(I), I=1,N)
DO 111 I=Z2,N
IF({DELTAV(I)).GT.0.001)GOTO 112
CONTINUE ’
WRITE (8, *) '"FINAL VALUE'
WRITE({8, *) (V(K),K=1,N+1)
STOR

DO 113 I=1,N
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110
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150

140

170

160

130

V(I)=V(I)+DELTAV(I)

CONTINUE

GOTO 114

CLOSE (8)

END :
SUBROUTINE ALUD(A,AL,N)

‘136"'

Dimension a(20,20),au(20,20),al(20,20)

DOUBLE PRECISION A,AU,AL
.do 110 i=1,n

do 110 j=1,n
al(i,j)=0.0

au(i, 3)=0.0

do 120 i=1,n
au(i,i)=1.0
al(i,1)=a(i,1)
au(l,i)=a(l,1i)/al(1,1)
do 130 j=2,n

do 140 i=j,n

sun=0

do 150 k=1 ,j-1
sum=sum+al (i, k} *au(k, j)
al(i,j)=a(i,Jj)-sum
continue

if. (3 .1t. n) then

do 160 jj=j+1,n

sum=0 .

do 170 kk=1,j-1

sum=sum+al (j, kk) *au (kk, jj)
au{j,3j)=(a(j,jj)-sum)/al(j, 3)

continue
endif
continue
RETURN
End

PROGRAM DETERMINING ‘W’

dimension R(21),A(19,21),W

(21),B(19),REN(10),AKS(19),ALP(6)

double precision R,P,Q,A,W,AL,B,RE,AK, H3,AKAL, AKS, ALP

N=19

DO 15 K=1,5

DO ‘15 P=1,10

DO 15 Q=1,19

DO 15 S=1,6.
AL=K

RE=P

AKS (Q)=1.0-0/10.0
AK=AKS (Q)
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ALP(S)=(S~1.0)/10.0

ALPHA=ALP(S) _

WRITE (*, *) 'AL="', AL

WRITE (*, *) '"ALPHA=",ALPHA

WRITE (*, *) 'AK="', AK

WRITE (*, *) '"RE="', P

R(1)=1.0

R(N+2)=2.0

H=(R(N+2)~R(1))/ (N+1) _ N

H2=H*H

H3=H*H2

DO 1 I=2,N+1

R(I)=R(1)+(I-1)*H

continue

AKAL=AK*ALPHA

W(l)=1.0

W(N+2)=0.0

DO 2 I=1,N-1

RR=R (I+1)

A(IL,I)=(3.0*AKAL*RR-2.0*H* (3.0*AKAL-RR*RR) )/ (RR*RR*H3)

CONTINUE ’ :

DO 3 I=1,N-1

J=I+1 ‘

RR=R (I+1)

A(I,J)=(-6.0*AKAL*RR*RR+2.0*H*RR* (3.0*AKAL-
1RR*RR) +H2* (RE*AK*RR*RR
1-RR*RR~3.0*AKAL) )/ (2.0*RR*RR*RR*H3)

CONTINUE o

DO 4 I=1,N-2

J=I+2

RR=R(I+1)

A(I,J)=AKAL/(RR*H3)

CONTINUE

DO 5 I=2,N-1

J=I-1

RR=R(I+1)

A(I,J)=(-2.0*RR*RR*AKAL+2.0*H*RR* (3.0*AKAL-RR*RR) -
1H2* (RE*AK*RR*RR
1-RR*RR-3.0*AKAL)) /(2.0*H3*RR*RR*RR)

CONTINUE -

A(N,N=-2)=-AKAL/ (R(N+1) *H3)

A(N,N-1)={6.0*AKAL*R(N+1) *R(N+1)+2.0*H*R(N+1) * (3.0*AKAL-
1R (N+1) *R(N+1) ) -H2* (RE*AK*R (N+1) *R (N+1) -R{(N+1) *R(N+1) -
13.0*AKAL) )/ (2.0*H3*R(N+1) *R(N+1) *R(N+1))
A(N,N)=(~3.0%*AKAL*R(N+1)-2,0*H* (3.0*AKAL~-R(N+1)*R(N+1)))/
1(R(N+1)*R{N+1)*H3)

DO 6 I=1,N
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15

20

10

300

430

420

B(I)=RE*AL .

C=(-2.0*R(2)*R(2)*AKAL+2,0*H*R(2)* (3.0*AKAL-R(2)
1H2* (RE*AK*R (2)*R(2)-R(2) *R(2) -
13.0*AKAL))/(2.0*H3*R(2) *R(2) *R(2))

B(l)=B(1)-W(1l)*C

CALL MINV (A, N)

CALL MATMUL (A, B, W, N)

WRITE (*,*) (W(I),I=1,N+2)

CONTINUE

STOP

END -

SUBROUTINE MATMUL(A,B,W,N)
DIMENSION A({19,19),B(19),wW(21)
DOUBLE PRECISION A,B,W,SUM
DO 10 I=1,N
SUM=0.0
DO 20 K=1;N
SUM=SUM+A (I,K) *B (K)
W(I+1)=SUM
CONTINUE
RETURN
END
subroutineé minv (A,N) . »
program for solution of by matrix inversion
dimension A(19,19),c(19,19}),t(19)
integer pivot(19)
- DOUBLE PRECISION A,C,T,TEMP
do 300 j=1,n
pivot () =]
do 410 i=1,n
temp=A(i,1)
it=1i -
do 420 k=i,n
if{abs(temp).lt.abs(A(k,1)))go to 430
go to 420
temp=A{k,1i)
it=k
continue
if (abs(temp).1t.1.0e-5)go to 440
if{it.eq.i)go to 470
itl=pivot (it)
pivot (it)=pivot (i)
pivot (i)=itl
do 460 k=1,n
temp=A(i, k)
A(i,k)=A(it, k).
A(it, k)=temp

138

*R(2))-
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460 continue
go to 470
440 write(*,901)
901 format (1x, 'singular matrix')
stop’
470 do 480 j=1,n
t(3)=A(3,1)
A(j,i)=0.0
480 continus

A(i,i)=1.0 B -
do 490 k=1,n , .
A(i,k)=A(i,k)/t(1)

do 500 j=1,n

if(j.eq.i)go to 500

A(J, k)=A(3,k)=-A(i,k)*t(])

500 continue
490 continue

410 continue
© do 510 i=1,n
do 510 j=1,n
isc=pivot (j)
510 c(i,isc)=A(1i,3)
DO 1 I=1,N
DO 2 J=1,N
A(I,J)=C(I,J)
CONTINUE
1 CONTINUE.
RETURN
End

N

c PROGRAM DETERMINING F AND G FOR SECTION 4.2.

DIMENSION S(37,37),Q(37,37),TEMP(37),B(37),DET(37),
1DELTA(37),Y(37)

DOUBLE PRECISION F(22),G(22),Z(22),H,ALL,AM,AN,RE, S, H2,H3, H4
1, H5,H6,Q, PROD, B, 22,C1,C2,C3,C4,C5,C6,C7,C8, PRO, DET, DELTA,
1Y, TEMP ’

OPEN (UNIT=8, FILE='P709.0U',STATUS='NEW')

ALPHA=0.0

BETA=0.0

RE=1.0

ALL=1.0

AM=2.0

AN=2.0

F(2)=AN

F(22)=1.0 -

G(2)=AM

G(22)=1.0
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Z2(2)=0.0

2(22)=1.0

H=(2(22)-2(2))/20.0

H2=H*H

H3=H2*H

H4=H2*H2

H5=H3*H2

H6=H3*H3

DO 1 I=3,21
Z(I)=Z(2)+(I-2)*H

CONTINUE .

WRITE (B, *) (2(I),I=2,22) .
A2=1.0/10.0% (3.0*AM*AM+4.0*AM+3.0)-27.0/(35.0*ALL*ALL) +(1.0-
1AN) * (1.0-AN)

C1=2.0*ALL*ALL/15.0* (2.0+AM-3.0*AM*AM)-2.0/35.0* (1. 0-
1AN) * (22.0*AN+13.0)
C3=1.0/6.0*AM* (1.0-AM) *ALL*ALL-1.0/2.0*AN* (1.0-AN)
C4=1.0/2.0*ALL*ALL* (1.0-AM)-9.0/2.0* (1.0-AN) * (1.0-AN)
C5=9.0/2.0*%(1.0-AN)*(1.0-AN)-1.0/2.0%(1.0-AM)* (1.0-
1AM)*ALL*ALL :
C6=1.0/20.0*(1.0+9.0*AM-11.0*AN+AM*AN)

C7=1.0/4.0% (1.0~AN)* (3.0*AM-1.0)

C8=(1.0-3.0*AM)* (1.0~AN)

DO 10 I=3,20

22=7(1)

F(I)=AN+(1l.0-AN)* (3.0-
12.0%22) *22*ZZ+RE*2Z*22* (0.25*C1+C2*Z2Z+C3*
122*22+1.0/30.0*(1.0*AM)*(1.0-2AM) *ALL*ALL*ZZ*ZZ*ZZ~
11.0/10.0*(1.0-AN)* (1.0-AN) *Z2Z2*2Z*ZZ*ZZ+1.0/35.0* (1.0~
1AN)* (1.0~-AN) *ZZ*Z2Z*22*22*2Z~-
11 .0/2'. 0* (1.0-AN) *ALPHA* (1.0-2.0*Z2Z+2Z2*72Z) +BETA* (C4+4C5*22)) ,
CONTINUE :

DO 1101 I=3,21

272=2 (I) _

G(I)=(1l.0-AM) *ZZ+AM+RE* (C6*2Z+0.5*%AN* (1.0-AM) *ZZ*22—
1AM* (1.0-1AN) ,
1% (22*%*3) +'C7* (Z2Z2**4)+0.2* (1.0-AN)* (1.0-AM) * (Z2Z**5) -ALPHA*ZZ
1* (1.0-AN)*{1.0-AM)*(1.0-3.0%22+2.0%Z22*22)-BETA*ZZ2* (1.0-
1AN) * ( (AM=3.0*AM*Z2Z2+ (1.0-AM) *Z2Z2*Z2Z2*ZZ2)-CB*Z22*27Z))
CONTINUE -

F(1)=F(3)

F(21)=F(22)

WRITE (8, *) (F(I),I=2,22)

DO 12 I=1,17 '

NX=I+2

S(I,I)=-2.0*RE/H3-2.0*RE*RE* (F(NX+1)-2.0*F(NX) +F (NX~
11)) /H2+4 .0*RE*RE/H2*F (NX)+2.0*RE*RE/H2* (F (NX+1) +RE*RE* (~
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1F (NX)+F(NX+2)) /(2.0%H2) +ALPHA* (2.0*RE*RE* (F (NX+2) -
14.0*F (NX+1)+6.0*F (NX)—-4.0%*
1F (NX-1) +F (NX-2) ) /H4+12.0*RE*RE*F (NX) /H4+8.0*RE*RE*F (NX+1) /H4
1-2.0*RE*RE* (6.0*F (MX)-4.0*F (NX~1) -
12.0*F (NX+2)) /H4)+BETA* (RE*RE ,

1* (4.0*F (NX)-4,0*F (NX+2) +F (NX+3) -F(NX-1)) / (2.0*H4) —=RE*RE* (
16.0%F (NX)=-4.0*F (NX-1)-2.0*F (NX+2)) /H4))

CONTINUE

S(18,18)=6.0*RE/H3-2.0*RE*RE/H2* (F(21) -
12.0*F(20)+F(19))+4.0*RE*RE

1*F(20) +2.0*RE*RE/H2*F (21) +RE*RE* (6.0*F(20) -
12.0*F(22)+2.0*F (21, -

14.0*F(19))/(4.0%H2) +ALPHA* (2. O*RE*RE/HZ*(lZ O*F(20‘+F(22)
110.0%F(21)+4.0*F(19)+F(18) )~2.0*RE*RE/H2* (6.0*F (20) - .
12.0*F(22)+2.0*F(21)-4.0*F(19))) +BETA* (RE*RE/ (2. 0*H4)*(F(22)—
13.0*F(21)+3.0*F(20)-F(19))-3.0* (F(22)-F(20)) -
1RE*RE/H4* (6.0*F(20)-2.0*F(22)+2.0*F(21)

1-4.0*F(19)))
DO 13 I=1,17
J=I+1
NX=I+2

S(I,J)=-2.0*RE/H3-12.0*RE*RE*F (NX) /H2+2.0*RE*RE* (F (NX+1) -
12.0*F (NX)+F(NX-1) ) /H2.0*RE*RE/H2*F (NX+1) +RE*RE/
1(2.0*H2)* (F(NX+1))-RE*RE*F (NX-1)/(2.0*H2)+ALPHA* (-
18.0*RE*RE*F (NX) /H4~2.0*RE*RE* (F (NX+3) ~
14.0*F (NX+2)+6.0*F (NX+1)-4.0*F(NX) +F (NX~-1) ) /H4~-
12.0*RE*RE*F (NX+1) /H4-2.0*RE*RE* (=6.0*F (NX+1)+2.0*F (NX- ‘
11)+4.0*F (NX+2)) /H4) +BETA* (RE*RE* (-4.0*F (NX+1) +F (NX+2)
144.0*F (NX~1)~F (NX-2))/(2.0*H4) -RE*RE/H4
1* (6.0*F (NX+1)-2.0*F (NX-1) +4 .0*F (NX+2)))

CONTINUE

S(18, 17)——4 0*RE/H3-2. 0*RE*RE*F(20)+RE*RE/(2 O*H2)* (F(19) -
12.0*F(20)+F (21) ) +ALPHA* (2.0*RE*RE/H4* (~4.0%F (20)+4.0*F(21)) -
12.0*RE*RE/H2* (2.0*F(21)-4.0*F(20)+2.0*F(20) ) ) +BETA*
1(RE*RE/ (2.0%*H4)* (- (F(22) -
1-2.0*F(21)+2.0*F(19)-F(18)))+2.0* (F(21)~-F(19))+(F(22) -
1F{20))-RE*RE/H4* (2.0*F(19)-4.0*F(20)+2.0*F(21)))

DO 14 I=1,16 '

J=I+2

NX=I+2 :

S(I,J)=3.0*RE/(2.0*H3)+2,.0*RE*RE*F (NX+1) /H2-
1RE*RE*F (NX+2) / (2.0%*H2)+RE*RE*F (NX) / (2.0*H2) +ALPHA*
1(2.0*RE*RE*F (NX) /H4+8.0*RE*RE*F (NX+1
1) /H4+4.0*RE*RE*F (NX+2) /H4~-8.0*RE*RE*F (NX+1) /H4+
14.0*RE*F (NX) /H4) +BETA* (RE*RE* (4 .0*F (NX+2) +F (NX+1) -F (NX+3) -
14.0*F(NX)+2.0*F(NX-1))/(2.0*H4) -RE*RE* (-2, 0*F (NX+2)
1+4.0*F (NX+1) -2.0*F(NX) ) /H4)
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CONTINUE _

S(18,16) RE/H3+ALPHA*2 0*RE*RE/H4* (F(20)-F(21) ) -BETA*RE*RE/

1(2.0%H4) * (F(21)-F(19))

DO 15 I=2,15

J=I+3

NX=I+2
S(I,J)=-RE/H3-2. O*ALPHA*RE*RE*F(NX+1)/H4+BETA**RE*RE*(—

1F(NX+2)+F(NX))/(2 0*H4)

CONTINUE

DO 16 I=2,17

J=I-1

NX=I+2

S(I,J)=3.0*RE/H3-2.0*RE*RE*F (NX) /H2+RE*RE* (F (NX-1) -F (NX+1))/

1(2.0*H2) +ALPHA* (-8.0*RE*RE*F(NX) /H4~-12.0*RE*RE*H4*F (NX+1) -
12.0*RE*RE/H4* (2.0*F (NX-1)-4.0*F (NX)+2.0*F (NX+1)+4.0% '
1F (NX+2)) ) +BETA* (RE*RE* (-4.0*F (NX-1) +4.0*F (NX+1) +F (NX-2) +
12.0*F (NX+3)-F(NX))/ (2.0%*H4) -RE*RE/H4* (2. 0*F(NX~1) -
14.0*%F (NX) +F (NX+1)))

CONTINUE |

DO 17.1=1,17

J=1-2

NX=I+2

S(I,J)=-RE/H3+2. 0*RE*RE/H4*F(NX +BETA*RE*RE/ (2.0%H4) *

1(-F(NX+1)+F(NX~1))

CONTINUE .

DO 18 I=1,17

J=I+18

NX=I+2 '

S(I,J)=-8.0*RE*RE*ALL*ALL*G (NX)

CONTINUE

DO 19 I=1,16

J=I+1+18

NX=I+2

S(I,J)=8.0*RE*RE*ALL*ALL*G (NX+1)

CONTINUE
S(18,37)=-8.0*RE*RE*ALL*ALL*G(20)+BETA*RE*RE*ALL*ALL*G (20)
S(18,36)=8. O*RE*RE*ALL*ALL*G(ZI)—BETA*RE*RE*ALL*ALL*G(21)

DO 21 I=19,20

J=I-18

NX=I+2-18

S(I,J)=-RE/(2.0%H)* (G(NX+1)-G(NX-1))+ALPHA*RE* (G (NX+2)~-2.0%*

1G (NX+1)+2.0*G(NX-1) -G (NX-2))/(2.0*H3)-ALPHA*RE/
1(2.0*%H3) *{G(NX+1)-G(NX-1))+BETA*RE/ (2.0*H3) * (G (NX+1)~
12.0*G (NX) +G (NX-1) ) -BETA*RE*G (NX) /H2

continue -

${19,19)=~2.0/H2+4RE* (F(5)~F(3))/(2.0*H)+3.0*RE*
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1ALPHA*F (4) /H3+BETA* (~-RE/H3* (F(5)~F(3) ) -RE/H2* (F(5) -
12.0*F(4)+F(3))) _
S(19,20)=1.0/H2-RE*F(4)/(2.0*H) -ALPHA* (3.0*RE*F (4) /H3+RE/"
1(2.0*H3)* (F(5)-2.0*F(4)+F(3))) ,
S(19,21)=ALPHA*RE*F(5) /H3

DO 22 I=20,36

NX=I+2~-18

S(I,I)=-2.0/H2+RE* (F(NX+1)-F(NX-1))/(2.0*H)+BETA* (-
1RE/H3* (F (NX+1)
1-F(NX-1))-RE/H2* (F (NX+1)-2.0*F (NX) +F(NX-1)))

CONTINUE _

DO 23 I=20,36

J=I+1

NX=I+2-18 ‘ .
S(I,J)=RE*G(NX)/(2.0*H)-ALPHA*RE* (G (NX+1) -G (NX-
11))/(2.0*H3)+BETA* (RE/ (2.0*H3) * (G (NX+1)-2.0*G (NX)
1+G(NX-1) ) -RE*G (NX) /H2) " '

CONTINUE .
S(37,18)=-RE* (G(22)-G(20))/(2.0*H)+ALPHA*RE/H3* (G(22) -
13.0*G(21)+3.0*G(20)-G(19) ) +RE*ALPHA/H3* (G(22) -

1G120) ) +BETA*2.0*RE*G (21) /H2 :
S(37,17)=-RE*G(21) /(2.0*H) ~ALPHA*RE/ (2.0%H3) * (G (22)-G(20)) -

1BETA* (RE/(2.0*H3) * (G(22)-2.0*G(21)+G(20) ) +RE/H2*G(21))
$(37,37)=-2.0/H2+RE* (F(22)-F(20))/(2.0*H) -
13.0*RE*ALPHA*F (21) /H3+BETA* (-RE/H3* (F(22)-F(20)) -

1RE/H2* (F(22)-2.0*F(21)+F(20))) ‘
S(37,36)=1.0/H2+RE*F (21) /(2.0*H) +3.0*ALPHA*RE*F (21) +ALPHA*R
1* (F(22)-2.0*F(21)+F(20))/(2.0*H3) +BETA*RE* (F (22) -
1F(20))/{2.0*H3) ‘

S(37,35)=-ALPHA*RE*F(21) /H3

N=37

CALL ALUD(S,Q,N)

PROD=1.0

DO 100 I=1,N

PROD=PROD*Q (I, I)

PRO=PROD

WRITE (8, *) PRO

CONTINUE °

DO 105 I=1,37

B(I)=5.0

B(I)=-B(I)

WRITE (8, *)B(I)

CONTINUE

DO 101 J=1,N

DO 102 I=1,N

TEMP (I)=S(I,J)

DO 103 I=1,N
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- 120

S(I,J)=B(I)
DO 104 I=1,N
DO 104 K=1,N
Q(I,K)=0.0
CALL ALUD(S,Q,N)
PROD=1.0
DO 200 L=1,N
PROD=PROD*Q (L, L)
DET (J)=PROD
WRITE (8, *) 'DETERMINENT VALUES'
DO 1044 1I=1,N
S(I,J)=TEMP(I)
WRITE (8, *) DET (J)
CONTINUE
DO 2222 1I=2,22
DELTA{I)=DET(I)/PRO
WRITE {8, *) ‘DELTA"
WRITE ({8, *) (DELTA(I),I=2,22)
DO 111 I=2,22
IF((DELTA(I)).GT.0.00001)GOTO 112
CCONTINUE
DO 113 I=2,22
Y(I)=F(I)+DELTA(I)
CONTINUE
WRITE (8, *) "INITIAL VALUE, FINAL VALUES'
DO 987 I=2,22
WRITE(8,*)F(I)
DO 97 I=2,22
WRITE(8,*)Y(I)
STOP
GOTO 114
CLOSE (8)
END
SUBROUTINE ALUD(S,AL,N)
dimension S(37,37),au(37,37),al(37,37)
DOUBLE PRECISION S,AU,AL
do 110 i=1l,n
do 110 j=1,n
al(i,j)=0.0
~au(i,j)=0.90
do 120 i=1,n
au(i,i)=1.0
al(i,1)=58(i, 1)
au(l,i)=s81(1,1i)/al(1l,1)
do 130 j=2,n '
do 140 i=j,n
sum=0

1};4.
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do 150 k=1 ,3j-1
sum=sum+al (i, k) *au(k, 3)
al(i,3)=S({i,j)-sum
continue

if (jJ .lt. n) then

do 160 Jjj=j+1l,n

sum=0 :

do 170 kk=1,j-1

sum=sum+al (Jj, kk) *au (kk, 33)
au(j,33)=(8(j,33j)-sum)/al(j,]

continue
endif
continue
RETURN
End

PROGRAM DETERMINING F FOR SECTION 4.3.
Dimension R(21),P(19,19),F(21),S(19,19),

1DELTAF (19),TEMP(19)
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0(19),DET(19),

Double precision R,A,B,F,P,RR,C,D,Q,S, PRO, PROD, DET, DELTAF

1, TEMP, H2,H4,ALPHA,H,E,H3,X

OPEN (UNIT=8,FILE='709.0U0', STATUS="'NEW')

N=19

A=1.0

B=-1.0

CcC=1.0

ALPHA=10.0
F(1)=0.01

F (N+2) =ALPHA*C
R(1)=0.0
R{N+2)=1.0
H=(R(N+2)-R(1))/ (N+1)
H2=H*H

H3=H*H2

H4=H3*H )

DO 1 I=2,N+1
R{I)=R(1)+(I-1)*H
continue

DO 12 I=2,N+1
RR=R(I)

F(I)=ALPHA* (-2.0*RR**3+3.0*RR**2)+ALPHA*ALPHA* (2.0/35.0
1*RR**7~1.0/5.0*RR**6-0.1*RR**5+3.0/4,0%*RR**4~
124.0/35.0*RR**3+5.0/28.0*RR**2) +ALPHA**3* (4,0/5775.0*RR**11-
12.0/525.0*RR**10+11.0/630.0*RR**9-1.0/20.0*RR**8+
1227.0/4900.0*RR**7+187.0/4200.0*RR**6~71.0/700.0
1*RR**5+5,0/112.0*RR**4+283.0/38808.0*RR**3~1229.0/

11215600, 0*RR**2)
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CONTINUE

WRITE (8, *) (F(I),I=1,N+1)

DO 2 I=1,N-2

RR=R(I+1) _
P(I,I)=~4.0/H4+3.0*A*F(I)/H3+A* (F(I4+2)-3.0*F(I+1)+3.0*F(I)-
1F(I-1)) /H3-3.0*ALPHA*RR/H3+6 . 0*ALPRA/H2-B* (F (I+1)-F(I-1)) /H3
CONTINUE

DO 3 I=1,N=2

J=I+1 '

RR=R (I+1)"
P(I,J)=6.0/H4-3.0*A*F(I)/H3+3.0*ALPHA*RR/H3-3.0*ALPHA/H2+B/
1(2.0%H3)* (F(I+1)-2.0*F(I)+F(I-1))+B*(F(I+1)-F(I~1))/(2.0%H3)
CONTINUE

DO 4 I=1,N-2

J=I+2

RR=R(I+1)

P(I,J)=-4.0/H4+A*F(I)/H3-ALPHA*RR/H3

CONTINUE

DO 5 I=1,N-3

J=I+3

RR=R(I+1)

P{I,J)=1.0/H4

CONTINUE °

DO 6 I=2,N=2

J=I-1 :

RR=R (I+1).

P(I,J)=1.0/H4-A*F(I)/H3+ALPHA*RR/H3~3.0*ALPHA/H2

CONTINUE

P(N-1,N-3)=1.0/H4
P(N-1,N-2)=-4.0/H4-A*F(19) /H3+ALPHA*R (20)-3.0*ALPHA/H2~
1B/ (2.0*H3) * (F(20)-2.0*F(19)+F(18))+B/ (2.0%H3) * (F(20)-F(18))
P{N-1,N-1)=6.0/H4+3.0*A*F(19) /H3+A* (F(21)=-3.0*F(20)+3.0%
1F(19)-F(18))/H3-3.0*ALPHA*R(20) /H3+6.0*ALPHA/H2-B* (F(19) -
1F(17)) /H3

P(N-1,N)=-4.0/H4~3.0*A*F(19) /H3+3.0*ALPHA*R(20) /H3~
13.0*ALPHA/H2+B/(2.0%H3) * (F(20)-2.0*F (19) +F (18))
1+B/(2.0%H3)* (F(20)-F(18))

P(N,N-3})=1.0/H3

P(N,N-2)=-4.0/H3-A*F(I)/H3+ALPHA*R(21) /H3
P(N,N-1)=6.0/H3+3.0*A*F(20) /H3+3.0*ALPHA*R (21) /H3~
13.0*ALPHA/H2-B/ (2.0%H3) * (F(21)=2.0%F(20)+F (19) ) +B/
1(2.0*%H3)* (F(21)-F(19))
P(N,N)=-4.0/H3-3.0%*A*F (20) /H3+A* (F(21)~3.0*F (20) +3.0*F(19) -
1F(18)) /H3+3.0*ALPHA*R(21) /H3+6.0*ALPHA/H2-2.0*B* (F(21) -
1F(19))/(2.0%H3) :

Do 7 I=1,N

Q(I}=0.0
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X=1.0/H4-A*F (2) /H3+ALPHA*R(2) /H3-3.0*ALPHA/H2-B* (F(3) -
12.0*F(2)+F(1))/(2.0*H3)+B* (F(3)~-F(1))/(2.0*H3)
Q(L)=Q(1)-F(1)*X
D=1.0/H4+A*F(19) /H3- ALPHA*R(19)/H3
. Q(18)=Q(18)-F(18)*D
- E=1.0/H3+A*F (20) /H3-ALPHA*R (20) /H3-3.0*ALPHA/H2
Q(19)=Q(19)-F(19)*E
Q(I)=-Q(I)
WRITE(8,*)'Q"' " _
WRITE(8,*) (Q(I),I=1,N)
15 CONTINUE
CALL ALUD(P,S,N)
PROD=1.0
DO 100 I=1,N
100 PROD=PROD*S(I,I)
PRO=PROD
WRITE (8, *) PRO
DO '101 J=1,N
DO 102 I=1,N
102  TEMP(I)=P(I,J)
DO 103 I=1,N
103 P(I,J)=0Q(I)
DO 104 I=1,N
DO 104 K=1,N
104 S(I,K)=0.0
CALL ALUD(P,S,N)
PROD=1.0
DO 200 L=1,N
200  PROD=PROD*S (L, L)
DET (J) =PROD
DO 1044 I=1,N
1044 P(I,J)=TEMP(I)
101  CONTINUE
DO 2222 I=1,N
2222 DELTAF(I)=DET(I)/PRO
DO 111 I=1,N
IF(DELTAF(I).GT.0.01)
1GOTO 112
111  CONTINUE
WRITE(8, *) 'FINAL VALUE'
DO 234 K=1,N+2
234  WRITE(8, *)F(K)
333  CONTINUE
STOP
112 DO 113 I=2,N+1
F(I)=F(I)+ (DELTAF(I-1))
113  CONTINUE '
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GOTO 114
CLOSE (8)
END
.SUBROUTINE ALUD(P,AU,N)
,dimension P(19,19),AU(19,19),AL(19,19)
DOUBLE PRECISION F,AU,AL :
DO 75 I=1,N '
DO 75 J=1,N
75 AU(I,J)=P(I,J)
: DO 45 I=1,N
45 AL(I,I)=1.0
MP=2
MS=1
DO 30 K=1,N-1
PO 20 I=MP,N
AL(I,K)=AU(I,K)/AU(K,K)
DO 20 J=MS,N

20 AU(I,J)=AU(I,J)~-AU(K,J)*AL(I,K)
MS=MS+1
Mp=MP+1

30 CONTINUE

DO 40 I=1,N
AU(I,I)=AU(I,I)

40 CONTINUE
RETURN
END
C PROGRAM DETERMINING H AND G FOR SECTION 4.4.

DIMENSION H(21),2(21),G(21),R(38,38),Q(38,38), TEMP(38)
1,DET(38)fDELTAH(21),DELTAG(21),B(38)

DOUBLE PRECISION F,G,Z2,H,RE,R,F2,F3,F4,F5,F6,Q,TEMP,
1DET, DELTAH, DELTAG, B, PRO, PROD, AK, NMK, SS, AA

OPEN (UNIT=8, FILE='79.0U0"',STATUS="'NEW')

N=19
AA=0.
$5=0.
RE=0.
AK=0.
NMK=2*N

H(1)=0.0

H(N+2)=AA

G(1l)=SS

G(N+2)=1.0

Z2(1)=0.0

Z{N+2})=1.0
F=(Z(N+2)-2(1))/(N+1)
F2=F*F

[SS IR RS R &y}
o
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F3=F2*F

F4=F2*F2

F5=F3*F2

F6=F3*F3

DO 1 I=2,N+1

Z(I)=Z(1)+(I-1)*F

DO 10 I=2,N+1

2Z2=2(I) -
H(I)=AA+RE*(1.0/30.0%(-1.0+SS)*(-2.0+SS* (-3.0+22)-22)* (-1 0+
122)**2%*Z2Z2*Z27) +RE*RE* (1.0/360.0*%AA*Z22*Z2* (-1.0+SS) * (- -
11.0422)*(-1.0+22)*(9.0-60.0*AK* (-1.0+5S)~-4.0%22-8.0%22*22
1+SS*(3.0-20.0*22+8.0%22*22) ) ) +RE*RE*RE* (-1.0/2268000.0% { (-
11.0+48S8)* (-1.0+722)* (~-1.0+42Z) *22*Z2* (-332.0-239.0*%SS+34.0
1*SS*SS-63.0*SS*SS*SS-85.0%22+85.0%SS*22~495,0%SS*SS*ZZ-705.0
1*SS*SS*SS*22+162,.0%22*22-71.0%SS*22*%Z2-64.0*SS*SS*Z27Z*
122+273.0*SS*SS*SS*Z22*22+217.0%22%22*%22+349.0%SS*22*22%22
1+631.0%*SS*SS*Z22*Z22*2Z2+603.0%SS*SS*SS*22*22*722+20.0*2Z
1%%4455,0%SS*ZZ**4-270.0%SS*SS*ZZ2**4-T705, 0*SS*SS*SS*Z2** 4~
115.0%22%*5+125,0*SS*Z22**5-205.0*SS*SS*22**5+345,0*SS*
1SS*SS*Z2**5-20.0%22**6-50.0%SS*Z2**6+160.0*SS*SS*ZZ** G~
190.0*%8SS*SS*SS*2Z**6-10.0*%2Z2**7+30,0*SS*Z2Z2**7-10,0*S8*
1SS*SS*ZZ** 741440, 0*AK*AK* (-1.0+SS) **2* (16.0+19.0*SS
1+33.0*22+37.0*SS*22-20.0%2Z2*22~50.0*SS*22*22-10.0*22Z
1**3+410,0*SS*ZZ2**3)+8 ., 0*AK* (78.0+576.0*SS-36.0*SS*SS~
1618.0*SS*SS*SS-676.0%22-11452.0*SS*22+432.0*SS*SS*22Z
1+41696.0%SS*SS*SS*Z22+460*%22*2Z2+1875.0*SS*Z22*22+270.0*
1SS*SS*ZZ2*2Z2-2605,0*SS*SS*SS*22%272~105.0%22**3-1035.0
1*SS*72*%3~1215.0*%SS*ZZ2**3+42355.0%SS*SS*SS*Z2Z2**3~250,0%ZZ**4—
1375.0*SS*SS*22**5+125.0*SS*SS*SS*22**5) +90, 0*AA*AA* (33.0~
1103.0*SS-236.0*Z22-184.0*SS*Z22-120*22*ZZ2+540.0*SS*22*271
1+220.0%22**3-220.0*SS*Z22**34420.0) *AK* (11.0+9.0%SS-12.0*22
1+2.0%SS*Z22))))
G(I)=SS+(1.0-SS)*ZZ+RE* (-0.5*AA* (-1.0+SS)* (-
11.0+42Z)*ZZ) +RE*RE*RE* (1.0/6300.0* ( (=1.0+SS)* (-1.0+2ZZ)*
12Z* (~525.0*AA*AA* (~1.0+2.0%22)-2.0*SS* (-1.0+2.0%*232) *
1(8.0+24,0*Z2+105*AK*22-14*Z2*Z22-105*AK*Z2Z2*Z7Z
1-20.0*Z2**3+10.0%Z2**4) +SS*SS* (-3.0+22) * (-9.0-12.0*22+210
1*AK*ZZ+57.0%22*22-210, 0*AK*Z2Z*22-60.0%2Z**3+20.0
1%¥22%%4)+(2.0+22)* (~4.0-2.0*2Z+210*AK*Z2Z2-3.0*2Z* 22~
1210.0*AK*ZZ2*Z22-20.0%22**3+20.0%2Z**4))) ) +RE*RE*RE

1*RE* (1.0/50400.0* (AA* (-1.0+SS8) * (-1.0+22) *Z2Z* (34.042.0
1*ZZ+2100.0%¥AA*AA*Z%+2.0*22*%2Z-2100.0*AA*AA*Z2*ZZ+
1247.0%22**3-369.0*2Z2**4-75.0%2Z**5+165.0%22**6-140.0*AK* (-
12.0+180.0*AA*AA+4.0*%SS~12.0*SS*SS+19.0*ZZ+28.0*SS
1*%272+12.0*SS*SS*22-13*Z2*%22~52.0%SS*ZZ2*22+5.0*SS*SS*
122*22~-18.0%Z22**3+48,0*SS*ZZ**3-30*SS*SS*22**3+12.0%Z22**4
1-24.0*SS*Z2Z**4+12.0*SS*SS*ZZ**4) +SS*SS* (6.0+114.0*Z22+
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1254.0%22%22-1321.0%22**3+1731.0%22**3-915.0%2Z**5+165.0

1*%22%*6)~2,0%SS* (20.0~12.0%22-222.0*22*22+303.0*2Z**3

1+261.0%2Z2**%4-495,0*Z2**5+165.0%22**6)+3360.0

1*AK*AK* (=1.0+8S) * (-2.0+5.0*Z2+SS* (~3.0+5.0%22)))))
CONTINUE .

WRITE (8, *) 'H(I)"

DO’ 2 I=1,N+2

WRITE (8, *)H(I)

WRITE (8, *)'G(I)"

DO 3 I=1,N+2

WRITE(8,*)G(I)

DO 12 I=1,N-1

NX=I+1 o ,
R(I,I)==-RE*(G(NX+1)-G(NX-1))/(2.0*F)+AK*RE/F3* (-G (NX+2)+4.0*
1G (NX+1)-3,0*G(NX))

DO 13 I=1,N-1

J=I+1

NX=I+1 -
R(I,J)=RE*G(NX)/(2.0*F)+AK*RE/(2.0*F3) * (G (NX+1) -
14.0*G(NX)+3.0*G(NX-1))

DO 15 I=2,N-1

J=I-1

NX=I+1

R(I,J)=-RE*G(NX)/(2.0*F) -AK*RE* (3. O*G(NX+1)-4 0*G(NX)+G(NX-
11))/(2.0*F3) ,

CONTINUE °

DO 16 I=1,N-1

J=N+I

NX=I+1

16 R(I,J)=-2.0/F2+RE* (H(NX+1)-H(NX-1))/(2.0*F)-

1AK*RE* (2.0* (H(NX+1)-2.0*H(NX-1))+3.0*H (NX)) /F3

DO 17 I=1,N-1

J=N+I+1

NX=I+1

R(I,J)=1.0/F2- RE*H(NX Y/ (2. O*F)+AK*RE*(H(NX+1)+8 O*H(NX) 3.0%
IH(NX~1))/(2.0*F3)

DO 18 I=1,N-2

J=N+I+2

NX=I+1

R(I,J)=-RE*H (NX)*AK/F3

CONTINUE

DO 19 I=2,N-1

J=N+I-1

NX=I+1

R(I,J)=1.0/F2+RE*H (JX)/(2.0*F)+AK*RE* (3.0*H(NX+1)-H(NX~-1))/
1(2.0%F3)
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CONTINUE
R(19,19)=-RE/(2.0*F)*(G(21)-G(19) ) +AK*RE/F3* (3.0*G (20)-4.0*
1G(19)+G(18)) o
R(19,18)=-RE*G(20)/(2.0*F)-AK*RE/ (2.0*F3) * (3.0*G(21)~
14.0*G(20)+G(19))
R(19,38)==-2.0/F2+RE/(2.0*F) * (H(21)-H(19) ) +AK*RE/F3* (~
12,0*H(21)+2.0*H(19)+3.0*H(20))

R(19,37)=1.0/F2+RE*H (20) /(2. 0*F)+AK*RE/(2 0*F3) * (3. 0*H(21)
18.0*H(20)~-H(19)) ‘

R(19,36)=AK*RE/F3*H(20)
******************************************************_******
DO 20 I=N+2,NMK-2

J=I-N"

NX=I+1-N ,

R(I,J)=-4.0/F4- RE/F3*(H( X+2)-3.0%H (NX+1)+6.0*H (NX) -

1H (NX-1) ) +AK*RE/F5* (-H (NX+3) +H (NX+2) +6 . 0*H (NX+1) =24 . 0*H (NX)
1+7.0*%H (NX-1) +H (NX-2)) ' '
R(20,1)=-4.0/F4-RE/F3* (H(4)-3.0%H (3)+7.0%H(2)-H(1))+
1AK*RE/F5% (-H (5)+H(4)+6.0*H (3)-23.0%¥H(2)+7.0*H (1))
R(38,19)=7.0/F4~4.0/(2.0*F4)* (H(21)-H(19) ) +AK*RE/F5* (-
129,.0*H(20)+26.0*H(21)+17.0*H(19)-5.0*H(18)+H (17))+

1AK*RE/ (2.0*F5) * (5. 0%*H(21)~10.0*H(20)+3.0*H(19))
R(38,18)=-4.0/F4+RE/(2.0*F4)* (3.0*H(21)+4.0*H(20) -
15.0*%H(18) ) +AK*RE/ (2.0*F5) * (~32.0*H(21)+57.0*H(20)+16.0
1*H(19)+H(18)) '
R(38,17)=1.0/F4+AK*RE/ (2.0*F5)* (H(21)-H(19)-10.0%H(20))
R(38,16)=AK*RE*H (20) /F5

CONTINUE

DO 21. I=N+1, NMK-2

J=I+1-N

NX=I+1-N
R(I,J)=6.0/F4+3.0%RE*H(NX) /F3+AK*RE/ (2.0*F5) * (H (NX+3) -
124.0*H (NX+1)+12.0*H (NX)-9.0*H (NX-1))

CONTINUE

DO 22 I=N+1,NMK-2

J=I1+2-N

NX=I+1-N _

R(I,J)=-4.0/F4+AK*RE/F5* (H(NX)+4.0*H(NX-1))-RE*H (NX) /F3
CONTINUE

DO 23 I=N+1,NMK-3

J=I+3-N

NX=I+1-N
R(I,J)=1.0/F4+AK*RE/(2.0*F5)* (H(NX+1)~-2.0%H (NX)~H(NX-1))
CONTINUE

DO 24 I=N+2,NMK-2

J=I-1-N

NX=I+1-N
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R(I,J)=1.0/F4+RE*H (NX) /F3+AK*RE/ (2.0*F5)* (- .
1H (NX+3) +8.0*H (NX+2)~21.0*H (NX+1) +14.0*H (NX) -10.0%H (NX-1) )

CONTINUE

DO 244 I=N+3,NMK-2

J=I-2-N

NX=I-N '

R(I, J)=AK*RE*H (NX) /F5

DO 25 I=N+1,NMK-1

NX=I+1~N ' :

R(I,I)=-8.0*AK*RE/F3-2.0*RE/F* (G (NX+1)-G(NX-1))

CONTINUE _

DO 26 I=N+1,NMK-2

J=I+1 '

NX=I+1-N '

: R(I,J)=8.0*AK*RE/F3*(G(NX+1)—G(NX))~2.0*RE*G(NX)/F

CONTINUE

DO 27 I=N+2,NMK-2

J=I-1 -

NX=I+1-N

R(I,J)=8.0%AK*RE/F3* (G(NX)~-G(NX-1))+2.0*RE*G (NX) /F -
CONTINUE

R(37,19)=-4.0/F4-RE/F3* (H(20)-3.0*H(20)+6.0*H(19) -
1H(18))+AK*RE/F5* (H(21)+5.0*H(20)-24.0*H(19)+7.0*H(18)+H (17))
R(37,18)=1.0/F4+RE*H (20) /F3+AK*RE/ (2.0*F5) * (8.0*H(21) -
122.0%*H(20)+14.0%*H(19)-10.0*H(18))

R(37,17)=AK*RE*H (20) /F5

R(38,38)=-AK*RE/F3~2.0*RE/F* (G(21)-G(19))
R(38,37)=2.0*RE*G(20)+8.0*AK*RE/F3* (G(20)~-G(19))

DO 1111 I=1,NMK

B(I)=0.0 .
B(1l)=H(2)*(-RE*G(2)/(2.0%*F)-AK*RE/ (2.0*F3)* (3.0*G(3) -
14.0%G(2)+G(1)))+G(2)*(1.0/F2+RE*H(2)/(2.0*F) ) +AK*RE/ (2.0%F3)

1*{3.0*H(3)-H(1))

B(19)=H(20)* (RE*G(20)/(2.0*F)-AK*RE/ (2.0*F3) * (G(21)-4.0*
1G{20)+3.0*G(19)))+G(20) * (1.0*F2-RE*H (20) /(2.0*F) +
LAK*RE/ (2.0*F) * (H(21)-H(19))) ’
B(20)=(1.0/F4+RE*H (2) /F3+AK*RE/ (2.0*F5) * (-H(5)+8.0*H(4)
1-21.0*H(3)+14.0*H(2)-10.0*H(1)))*H(2)

B(21)=H(20)* (AK*RE*H (2) /F5)
B(37)=H(19)*(-4.0/F4+RE/ (2.0*F4)* (3.0*H(21)+4.0*H(20)~
15.0*H(19))) o

B(38)=G(20)* (8 .0*AK*RE/F3* (G(21)-G(19))- ,
12.0*RE*G (20) /F)+H(20) * (-4.0/F4+RE/(2.0*F4)* (3.0*H(21)
1+4.0*H(20)~-5.0*H(19) ) +AK*RE/ (2.0*F5) * (-32.0*H(21) +
157.0%H{20)+16.0*H(19)+H (18)))

B(I)=-B(I)

CONTINUE



888 FORMAT (6£15.6)
‘ CALL ALUD(R,Q,NMK)
PROD=1.0
DO 100 I=1,NMK
100 PROD=PROD*Q (I, I)

C write(B,*)fprod'
C ' write(8,*)prod
PRO=PROD

DO 101 J=1,NMK
DO 102 I=1,NMK
102  TEMP(I)=R(I,J)
DO 103 I=1,NMK
103  R(I,J)=B(I)
DO 104 I=1,NMK
DO 104 K=1,NMK
104 Q(I,K}=0.0
CALL ALUD (R, Q, NMK)
PROD=1.0
DO 200 L=1,NMK
200  PROD=PROD*Q(L, L)
DET.(J)=PROD
DO 1044 I=1,NMK
1044 R{I,J)=TEMP(I)
Cc write(8,*) det(3j)
101  CONTINUE
DO 2222 I=1,N
DELTAG (I)=DET (N+I) /PRO
2222 DELTAH(I)=DET(I)/PRO
c WRITE (8, *) 'DELTAH'
WRITE{8,*) (DELTAH(I), I=1,N)
WRITE (8, *) 'DELTAG'
WRITE{8, *) (DELTAG(I), I=1,N)
DO 111 I=1,N

QaQ

IF( (DELTAH(I)).GT. .0001 .AND.

1GOTO 112

111 . CONTINUE
WRITE (8, *) 'FINAL VALUE'
WRITE (8, *) '"H(K)'
DO 234 K=1,N+2

234  WRITE(8, *)H(K)
WRITE(8, *) 'G(K)’
DO 235 K=1,N+2

235 WRITE(8, *)G(K)
STOP

112 DO 113 I=2,N+1
H(I)=H(I)+(DELTAH(I-1))
G(I)=G(I)+(DELTAG(I-1))

(DELTAG(I)) .GT.

153
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113  CONTINUE

GOTO 114
CLOSE (8)
END

SUBROUTINE ALUD(R,AU,N)
dimension R(38,38),AU(38,38),AL(38,38)
DOUBLE PRECISION R,AU,AL,N

DO 75 I=1;N

DO 75 J=1,N
75 AU(I,J)=R(I,J)

DO 45 I=1,N
45 AL(I,I)=1.0

MPp=2

MS=1

DO 30 K=1,N-1
DO 20 I=MP,N
AL(I,X)=AU(I,K) /AU (K,K)
DO 20 J=MS,N ,
20 AU(I,J)=AU(I,J)-AU(K,J)*AL(I,K)
MS=MS+1 .
MP=MP+1
30 CONTINUE
DO 40 I=1,N
AU(I,I)=AU(I,I)
40 CONTINUE
RETURN
END
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The solutions of problems of engineering interest in the flow of
visco-elastic fluid require a good understanding of the behavior of such
fluids under a variety of circumstances. The study has immense practical
utility. A large number of theoretical investigations dealing with the
study of incompressible laminar flow with either suction or injection have
appeared during the last few decades. The problem of forced flow of a
fluid between two rotating discs has importance in chemical and
mechanical engineering. Flows induced by rotating disks are of
considerable fundamental interest because of the richness of the
physical phenomenon they encompass. These flows have technical
applications in many areas, such as rotating machinery, lubrication,
viscometry and crystal growth processes.

The present investigations are based on the steady and unsteady
flow of visco-elastic incompressible fluids such as Second-order fluid and
Walters liquid B', in the annulus of two porous coaxial circular cylinders,
between the two parallel rectangular plates and parallel circular plates,
and between the two coaxial infinite discs. The discs/cylinders are
rotating with different angular velocities and the rate of suction of the
fluid in one discs/cylinder is different from the rate of injection in the
other discs/cylinder. In the unsteady squeezing of thin film of visco-
elasti¢ fluid in between the plates when the lower plate is fixed and the
upper plate is moving towards the lower plate has been reinvestigated.

All these problems have been discretized by using finite-difference
approximation scheme and later solved by using Numerical techniques
such as Newton-Raphson technique, Factorization technique and Gauss-
elimination technique. The results have been obtained for the small as
well as large value of Reynolds numbers or suction parameters through
graphical representations and it has been concluded that the present
investigation is in the use of technical as well as biophysical fields.
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